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Cambridge Philosophical Society. 

Some problems of Diophantine approximation: A further note on 
the trigonometrical series associated with the elliptic theta-functions. 
By Prof. G. H. Harpy and Mr J. E. LirrLewoop. 

[Received 6 July 1921.} 

1. This note contains a short addition to a memoir, with a 
similar title, published in 1914 in the Acta Mathematica*. In that 
memoir we considered the sums 

Ee ey 

ae (Ce) — ~ el” — 8° ™ cog (Qv — 1) 770, 
v<n 

8,3 = s,° (a, 0) = Xe” ™” cos 278, 
vin 

Sat = Sat (x, 0) = & (— 1)” e”™ cos Qv7, 
von 

where z and @ are real and z irrational}. There is plainly no real 
loss of generality in supposing either z or 6 to be positive and less 
than unity, if it be understood that 6 may be zero. 

Our main results may be stated as follows. We denote by 
S, = &, (x, 6) any one of the sums s,”, s,,3, s,4. Then, in the first place, 

Se = GA ei. Seemann ress csaees es (i-2)2 

for every irrational x, and uniformly in @ {. And this equation is 
a best possible equation of its kind; there is no function ¢ = ¢ (n), 
tending to infinity with n, such that 

for every irrational z §. 

* G. H. Hardy and J. E. Littlewood, ‘Some problems of Diophantine Approxi- 
mation’, Acta Mathematica, vol. 37 (1914), pp. 193-238. 

+ The second and third sums reproduce one another when ¢ +4 is written for @. 
They are considered separately for the sake of formal symmetry in the analysis. 

¢ p. 213 (Theorem 2-14). It should be observed that we there use s,, in the 
more restricted sense of s,, (x, 0). 

§ p. 225 (Theorem 2-221). 

VOL. xxi, PART I. I 



2 Prof. Hardy and Mr Littlewood, Some problems 

On the other hand much more than (1-1) is true for special 
classes of values of x. In particular, if 

| 
a 5 

Tice ee. 

and the partial quotients a, are bounded, then 

$= O (VR) eee ee (1-3), 

and again uniformly in #*. And this result too is a best possible 
of its kind, for 

5 = 0 (Wa) Bee (1-4) 

is false for 6 = 0 and any irrational zt. 

2. There was one obvious gap in our former results. We did 
not give any simple criterion for distinguishing the classes of 
irrationals x for which 

Gs) HOS ae Rated Ape e eae (2-1), 

where @ is an assigned number between $ and 1. The theorems of 
this character which we provedit were avowedly tentative and 
unsatisfactory. We did not even prove that some equation of the 
type (2-1) holds for every algebraic x. It is this gap which we pro- 
pose to fill in the present note. 

We denote by p,/q, a typical convergent to z, taking 

Po __ 9 ne Pos Op 4 

Jo 1? G1’ G2 Gydgt+1°* 

and write, as in our former memoir, 

i 1 
r= 7 — z= 

AOE tiaatnier Es E>) 

Ay = +%y, Ay) =A,+ Le,..., 

In = On, Gna Gn—2- 

We shall say that an irrational « 1s of class k if 

(Peg: PE ST th ey (2-2), 

where A= A (z) is independent of n. We shall use A generally to 
denote a number of this kind, not the same in different formulae. 
If x is of class k, and k< k’, then x is of class k’. 

Tf x is of class &, 

1 A A 
D, t= —_ = ee 

i q n+1 In+1 iP 

13 (Theorem 2-141). 

. 225 (Theorem 2:22). 

14 (Theorems 2-142, 2-143). bo bo bo t+ bh Sits 



of Diophantine approximation 3 

Further | p—qze|> < BES niet tiac ata ee te (2:3) 

for all positive integral values of p and q. Thus a number of class & 
might be defined as one for which (2-3) is true. If a, is bounded, 
(2-2) is true with k =1, so that z is of class 1. In particular a 
quadratic surd is of class 1, and every algebraic number is of 
finite class. 

We shall now prove 

THEOREM A. Jf z 1s of class k then 
k 

Bd eee (2-4), S30) (ee — 

and uniformly in 0. 

In particular we have, as a corollary, 

THEOREM B. Jf x is algebraic then s, = O (n*), for some value 
of a less than 1, and uniformly in 0. 

We shall also prove that Theorem A is in a sense the best 
theorem of its kind. This will follow from 

THEOREM C. /t is possible to choose an x of class k and a 6 so that 
k . 

a ot | Sear 2-5 " Se O(n ye oO kal ccc (2-5) 

3. We require the following lemmas: 

1 
Lemma 1: hat Ads = ane eats 

For 

n n ay Ln In—- 
Qn+1a + Ln+1In = (Ansa + Las) In + Ina = fs af Wate inno . 

n n 

As n+ m= Gt r=, 

the lemma follows. As an obvious corollary we have 

L 2 < : emma 2: ——_—___., 
Yn Ci By Sua Bir 

4. We can now prove Theorem A. If we choose v so that 

DDI cs Dy Cie Stl SS NOT ar Dette tena tee (4-1), 

we have* 

Sn = O (nV xa, ... Ly_1) + O ( 
V xa, vane pag 

* Lic, p. 213. 



4 Prof. Hardy and Mr Littlewood, Some problems 

and also Se (——) This eaeeo ea baeniies (4-22). 
V iia 

We write ; 
LOLs 2A Ky ae Ogres 

Then 

= =(04 te ae =< Agen es ae Ages, 

by (2-2); and so, by Lemma 2, 

1 

- 

=A (GE, oo 0, 4) Te 
v 

It follows, from (4:21) and (4:22), that 

1 5, = O(n), s= OPP) ccscnceces (4:3), 

or Sa = O(n’), y=Min(1—4j,44j) ......... (4:4), 

Up Seer 
— = aby cz Sees Bea AS Now 1 2I SET (G2 5-4). 

k 2 

Hence in any case 

which proves the theorem. 
Theorem B is an immediate corollary, since an algebraic number 

of degree m is of class m— 1*. 

5. The proof of Theorem C also requires only a slight modifica- 
tion of our former analysis. We take 0 = 0, and write, as before, 

Ger Se pom (ae 0 yO a) ee a 

5, = Se (00s) leg eee (5-2). 
1 

Suppose it were true that s, = o (n*). Then the series 

1+ 2 Ze" =1 4+ 2her rir? — Du, r™ 

* By the classical theorem of Liouville: see, e.g. Borel, Lecons sur la théorie des 
fonctions (ed. 2, 1914), pp. 26-29. It has indeed been shown by A. Thue (‘Uber 
Annihernngswerte algebraischer Zahlen’, Journal fiir Math., vol. 135 (1909), 
pp. 284-305) that an algebraic number of degree m is of class 4m +e for every 
positive «. See Borel, Legons sur la théorie de la croissance (1910), pp. 164-165. 
More recently C. Siegel (‘Approximation algebraischer Zahlen,’ Math. Zeitschrift, 
vol. 10 (1921), pp. 173-213) has shown that an algebraic numker of degree m is of 

class 2Vm-—1. 
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would satisfy the condition 

Uy = Up + Uy + 00. + Un = 0 (mE), 

and we should have 

9, = Lu, 7 = (1—r) DU, 7™ = 0{(1— r) — 24 = 0 (y~ #4) ...(5-3). 

It is therefore sufficient to show that (5-3) is false for an appro- 
priate x; that is to say that 

basa ies Ag 72s my hel ee A (5-4) 

for a sequence of values of y whose limit is zero. 
We suppose that 

Ghia Aten ooo ce oan ees (5:5) 

for an infinity of values of x, and consider, as on p. 229 of our 
former memoir, the range R, of values of y defined by 

<= <= 
1 

Tc ade 

It is sufficient to fix our attention on a single value of y, viz. 

a Caos: 

which plainly falls within R, when k> 1. 
We employ (as on p. 226 ef seq.) the linear transformation 

e+ dr Pn—1 — Un-1T 
— = | 

a+br Pn — InT 

where the sign is chosen so as to make ad — bc = 1; and here we 
make another assumption, viz. that this transformation is one of 
the types which (following Tannery and Molk) we denoted by 
1°, 29, 5°, or 6°, and which transform $, (0,7) into one of the 
functions $; (0, 7’) or 3, (0, 7’). It is plain that this may be secured 
by an appropriate choice of «*. 

This being so we have, as on p. 2307, 

4 ' 
| %s | he (7 ie 3 ay) >A (Yn ** us VB Amr) ts Aq, =a 

n+ 

ke 

> Ay 2+) a Ay - ya 

which proves the theorem. 

* We cannot prove that s, =o (n) is never true for an irrational of class k; for 
it is possible that every » for which (5-5) is true should give rise to a transformation 
of type 3° or 4°. 

t+ The condition a,=O(1), used there, is only required in connection with 
cases 3° and 4°, here excluded. 
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Sur le principe de Phragmén-Lindel6f. Par Marcet RixEsz. 
(Extrait dune lettre adressée a M. G. H. Hardy.) 

[Received 11 July 1921.] 

M. Carlson m’a fait observer que le théoréme qui figure au 
n° 1 de ma lettre, adressée a vous et insérée a ce recueil (vol. xx. 
pt. 1, p. 205-207) est un corollaire immédiat de son théoréme (cf. 
n° 2) et que, de plus, ma démonstration est essentiellement identique 
a celle qwil a donnée pour son théoréme dans sa Thése (Upsal, 1914). 
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Some peculiarities of the Wilson ionisation tracks and a suggested 
explanation. By J. L. Guasson, M.A., Caius College, Cambridge. 
(Communicated by Prof. Sir E. Rutherford.) 

[Read 31 October 1921.] 

1. The B-ray tracks. Mr Wilson* draws attention to the fact that 
the f-rays show gradual bending resulting in large deviations. He 
gives a generally accepted explanation, namely that the scattering 
of B-rays is mainly or entirely of the cumulative or compound type 
being due to a large number of successive deflections each in itself 
inappreciable. 

Fig. 1 

I think that Mr Wilson’s plate 7-2 is not fully described or 
explained in this way. This track is traced in fig. 1, and three circles 
are drawn which the tracks follow with great accuracy for long dis- 
tances. The approximate radii of curvature, allowing for the magni- 
fication, are also inserted. It seems to describe the phenomenon 
more adequately to say that the f-ray moves in a succession of 
circular arcs of random radu, length and direction. In the case of 
the B-rays liberated by X-rays the same description seems generally 
applicable, except that in some cases abrupt bends seem to occur. 
These bends can be accounted for on the existing theory of scattering 

* The photographs referred to in this paper are those published by Mr C. T. R. 
Wilson, F.R.S., in the following papers: (a) Proc. Roy. Soc. vol. 87 a, p. 277, 1912; 
(b) Proc. Roy. Inst. of Gt Btn. vol. 20, p. 668, 1913. 
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but it is generally admitted that the circular arcs cannot be ex- 
plained on any theory without some additional hypothesis. Compton* 
has made an attempt to provide this by attributing an additional 
property to the electron, namely, magnetic moment. It is claimed 
that this theory can account for a certain effect observable. But 
as the theory has not yet been fully accepted, and as there are 
other phenomena observable in the photographs for which Compton’s 
theory offers no ready explanation, it seems that there is still room 
for another attempt upon the problem. 

If we start from the conception that these ares are a result 
of compound scattering, then we must assume that the collisions 
are not random but are co-ordinated in such a way as to produce 
a uniform rate of bending. This would involve a regular arrange- 
ment of all the atoms with which the rays collide and does not 
seem very probable. But there is a simple single agency which 
can produce the circular arcs, namely, a uniform magnetic field. 
If we assume the existence of such fields and also that the devia- 
tions produced by atomic collisions are extremely small under the 
conditions prevailing here, then the perfection of the arcs is fully 
explained. On this view the electron moves in a circle not because 
of the collisions but in spite of them. The field required to give the 
observed curvature must be of the order of several hundred Gauss, 
it must extend over an area of a square centimetre or so in some 
cases, and must last for at least 10-!° sec. The only explanation 
which seems to explain all the facts adequately is that the fields 
are produced within the gas itself. They might conceivably be pro- 
duced by the existence of transient crystalline forms. This hypothesis 
receives support in several directions but in this paper that derivable 
from further study of the Wilson photographs is particularly con- 
sidered. 

2. The parallel tracks. If such magnetic fields exist, then two 
f-rays entering the same field or group of fields should describe 
parallel tracks. This prediction is immediately verifiable. A few 
illustrations of this effect are traced in figs. 2 and 3. Quincket has 
drawn attention to a large number of regularities of this type, which 
seem to be fairly well accounted for on the hypothesis here adopted. 
The spiral forms to which Compton has drawn attention are ob- 
viously to be expected when the whole of the path of a ray lies in 
the same field. The three sixes at the bottom of fig. 2 (Mr Wilson’s 
plate 8-4) seem to illustrate this type of effect. Quincke gives many 
other examples of it. In.the case of the three tracks A, B and C of 
fig. 3, we seem to have evidence that the fields can travel some 
distance without change of form or else that there are certain 
peculiar configurations of the fields which are particularly probable. 

* Phil. Mag. vol. 41, p. 279, 1921. 
t Ann. d. Physik, vol. 46, p. 39, 1915. 
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3. The periodicity of the ions. The distribution of the ions along 
a single track seems inconsistent with any theory of chance dis- 
tribution. In Mr Wilson’s plate 7-2 there are eight groups of ions 
in regular sequence. Plate 8-6 shows the same effect, the average 
distance between the groups being about -03 cm. in this case. This 
periodicity in the ionisation is presumably evidence of a similar 
periodicity in the arrangement of the molecules and is an obvious 
consequence of the hypothesis here proposed. The distance between 

ais 

Fig. 3 

the groups would then be determined in some way by the distance 
between successive layers of the crystalline forms. 

4. The curvature of a-ray tracks. The a-ray tracks are not 
absolutely straight lines, but are in the majority of cases slightly 
curved. The radius of curvature in some cases is of the order of 
50 cm. and from this we can calculate that the field strength is of 
the order of several hundred Gauss, in harmony with the value 
deduced from the f-ray curvatures. This agreement seems to afford 
strong confirmation of the hypothesis that the fields really are 
magnetic. 

5. The emanation a-ray curves. The most striking feature of 
Mr Wilson’s plate 6-4 is the existence of 3 @-rays which are within 
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2° of parallelism. There are only 20 a-ray tracks visible on this plate 
and if the direction of projection of the @ particles is a random one, 
the chance that three out of twenty should fall within 2° of one 
another, is quite small. There are three other pairs of parallel rays. 
Further on this plate there is evidently one direction in which very 
few particles are projected. By drawing all the particles as radiating 
from a common origin, I find that the particles tend to be projected 
in two directions inclined at about 60° to one another. Fig. 5 of 
the Royal Institution paper exhibits these effects much more mark- 
edly. Out of fourteen tracks and portions of tracks visible on this 
plate three are within 2° of parallelism, and there are two other 
parallel pairs. The tendency for all the rays to point in definite 
directions is also very marked. There is one pair of quadrants in 
which only a single ray occurs. The chance of getting this result 
on a random distribution is small. We can account for it at once if 
we assume that the atoms of radium emanation are polar and that 
the field is polarised. This is a simple consequence of the hypothesis 

. adopted. Apart from any particular view as to the nature of the 
orienting forces, this plate seems to suggest the idea that the « 
particle is ejected from the nucleus in a definite direction. 

6. Discussion. Of the five phenomena here described, the first 
and second seem to be the most obvious. The other three are 
admittedly less conspicuous and it was only by the help of the 
theory here proposed that I was led to their observation. But 
although taken separately the arguments may appear weak, they 
seem to form in combination a strong basis for the hypothesis that 
gaseous crystalline forms exist in Mr Wilson’s apparatus. The water 
vapour present is in a state of six-fold supersaturation, and its 
temperature is about — 30° C. Even in unsaturated water vapour 
large aggregations are known to occur and in some cases molecules 
having the formula 36 H,O have been detected by vapour density 
measurements. This is the average size and much larger aggregates 
must temporarily occur. It does not seem likely that these aggre- 
gates are to be regarded as amorphous in view of the polar nature 
of the water molecule. In the case of the solid state the aggregation 
is almost universally crystalline and it is in harmony with the ideas 
of the continuity of state that such a conspicuous feature of the 
solid state should persist though in a lessened degree, in the liquid 
and gaseous states. Molecular aggregation in liquids is a generally 
recognised phenomenon, and in the case of certain liquids it has 
been found that this aggregation results in the exhibition of quasi- 
crystalline optical properties. Such liquids are said to form liquid 
crystals. It does not seem to be impossible therefore that in many 
hitherto unrecognised’ cases, molecular association, both in the 
liquid and gaseous state, means crystalline association. 
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Determination of the coefficient of viscosity of Mercury. By 
J. E. P. Waestarr, M.A., St John’s College. (Communicated by 
Prof. R. Whiddington.) 

[Read 31 October 1921.] 

The following is a brief accdunt of a series of experiments for 
determining the coefficient of viscosity of a conducting liquid 
carried out in the Physics Laboratories of the University of Leeds. 

Poiseuille’s Law states that for stream line motion of an in- 
compressible fluid of viscosity 7 through a tube of length / cm. and 
radius @ cm. 

dQ) 
dt 

second corresponding to a pressure difference p, — p». The Fig. shows 
the arrangement of the apparatus. The mercury is contained in 
two identical cylindrical reservoirs A and B of about 1 inch 
diameter, which are connected at their lower extremities by a very 
narrow piece of capillary tube of uniform bore. Initially the mer- 
cury in A is drawn into B by connecting the latter to a filter 

where — is the volume of liquid which flows through the tube per 
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pump, after which B is again put into communication with the 
atmosphere, and the time taken for the difference in level between 
the two surfaces to change from h, to h, is measured.” 

If at any instant, h is the difference of level between the two 
mercury surfaces, at that instant : 

Pi — Po = hpg. 
Let b = radius of either of the two cylindrical reservoirs, then 
corresponding to a rise 6x in the level of the mercury in A, 

6Q = bbz 

and dh = — 262. 

é 6Q) ar 7b? 

cy pattae we 

__ 7b*dh _ apga* St: 
Tome 

ho _ pga 
log hy = An lb? Ee 

where ¢ is the time that elapses for the difference in level of the 
two surfaces to change from h, to h,. This time was measured by 
the following device: long platinum wires C and D, sealed into 
tubes containing mercury were placed in one of the cylinders, so 
that their free ends were at known distances below the common 

: Ecaaeare h h ? 
level of the mercury when in equilibrium, say 5° and = respectively. 

These tubes were connected as shown to a battery and a Weston 
Students’ Galvanometer so that initially when either of the plugs 
£ and F was inserted a suitable deflection was obtained. Mercury 
was now drawn out of A into B until both the platinum wires 
were out of the mercury. At this instant the plug F was inserted, 
both tubes being now open to the atmosphere, and the instant was 
noted when the galvanometer needle was deflected. The plug was 
now removed from F and placed in £, and the instant noted when 
the galvanometer was again deflected. The time between these 
two successive deflections corresponded to the interval that elapsed 
from the instant the two surfaces were at a distant hy apart until 
they were at h, apart. 

The mean radius (a?) of the capillary tube was found by inserting 
a thread of mercury and comparing its length and mass at a known 
temperature. The results obtained in several experiments are 
tabulated below. 
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Series I. 
Radius of tube = -02868 cm. 

2b = 2:311 cm. 
t= 19 cm. 

6 (temperature during experiment) = 16° C. 

= (cm.) bs (cm.) t (sec.) n 

2-03 1-30 80-4 -01618 
80-4 
80-6 

Series II (performed by Colin Barnes of Leeds University). 

Length of tube = 20-10 cm. 
2b = 2-56 em. 
G14 C. 
a = :03838 cm. 

Warburg found that 7 at 17-2°C. for mercury is -016329 and a 
later determination by Umani gives 7 =-01577 at 10°C. The 
values obtained above are seen to be in close agreement with these. 
The method has been applied successfully to the determination of 
the viscosity of liquid electrolytes. 
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A laboratory method of determining Youngs Modulus for a micro- 
scopic cover slip. By J. E. P. Waesrarr, M.A., St John’s College. 
(Communicated by Prof. R. Whiddington.) 

[Read 31 October 1921.] 

This paper is a short account of some experiments carried out 
in the Physics Laboratory of the University of Leeds on the elastic 
properties of thin glass discs. 

A thin slip of glass A (diameter 2 cm.) whose modulus of elas- 
ticity is to be found is made to rest on the top of a pressure cham- 
ber B, as shown in Fig. in the upper surface of which is a circular 

14 

ae AOU 

Ny 
G) 

hole of diameter 1-93 cm. In order to clamp the edges of the slip, 
a plate C having a hole of diameter 1-97 em. concentric with that 
in the upper face of the chamber, is screwed down on to the top 
surface of the glass slip. A small plate of glass D (diameter 1-95 
cm. approximately and thickness 1 millimetre) is made to rest on 
the top of the slp, care being taken that the air in the space 
between the slip and the plate remains at atmospheric pressure. 
The chamber is connected to a large reservoir of air #, which can 
be partially exhausted by a filter pump and the pressure is measured 
by a Mercury manometer F as shown. The air in the reservoir can 
be allowed to escape very slowly through a fine tube by opening 
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the tap G. The film of air between 4 and D is illuminated with a 
parallel beam of monochromatic light by means of a sodium flame, 
a convex lens, and a semi-transparent mirror and is viewed by a 
telescope at H. 

When a circular plate of material of radius R em. and thickness 
t cm. is clamped at the edge and subjected to a uniform pressure p 
over one face the centre sags an amount 

fo ple 1 
eae tae oa 

; : aes ; 
where # is Young’s Modulus of the material and mi Poisson’s 

Ratio. 
Assuming for glass m = 4, corresponding to a pressure differ- 

ence p 
45pR4 

°= REP 
and the change in sag 6, — 6, corresponding to a change in pressure 
Pi — P2 1s 

45 ( ) Rs 
3, — 82 = ig 

This change in sag corresponding to a pressure change p, — py is 
determined by observing the circular fringes when the chamber B 
is placed in communication with the reservoir E and counting the 
number of fringes which close into the centre as the pressure is 
changed from p, to pz, by opening the tap G. If N is the number 
of fringes which disappear for light of wave length A 

ier A 

As the fringes get distorted due to irregularities in the surface of 
the glass when the pressure difference between the two faces of 
the disc approaches zero, the pressure in the chamber is during an 
experiment kept definitely less than atmospheric. 

In a second series the cover slip was freely supported, and the 
system of fringes formed in the film between this and a second 
light disc supported on the edge of the former was examined. The 
formula giving Young’s Modulus in this case becomes 

nA _ 189 R* (p, — pr) 
2 162 Be j 

It will be noticed that the two sets of observations are in satis- 
factory agreement. 
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Experiment I. 

Thickness of cover shp = -02117 cm. 
Diameter of aperture = 1-93 cm. 

Pressure 
difference | Number of 

Manometer readings in between two | fringes that Young’s 
cm. of Hg faces of have Modulus 

cover slip | disappeared 

49-75 35°95 13-8 0 
48-75 36-95 11-8 25 5:8 x 104 
47-7 37-9 9-8 50 5:8 x 104 
46-85 38°75 8-1 70 5:9 x 1041 

49-85 35°85 14-0 0 
48-8 36:8 12-0 25 5-8 x 10 
47-85 37°8 10-05 50 5:7 x10" 
47-0 38-5 8-5 70 5:7 x19" 
46-65 38-9 7:75 80 Serpe gd its 
46-2 39-35 6-85 90 5:8 x 104 
45-75 39-75 6-0 100 5:8 x 10U 

Experiment II. 

The cover slip examined was that used in I. 

Pressure 
; difference | Number of 

Manometer readings in between two | fringes that Young’s 
em. of mercury faces of have dis- Modulus 

cover slip appeared 

45-65 39-75 5:9 0 
45-45 39-95 5:5 25 4-9 x 104 
45-15 40-20 4-95 50 5:8 x10" . 
44-85 40-45 4-4 75 6-1 x 10" 
44-65 40-70 3-95 100 5:9 x 104 
44-4 40-95 3-45 125 5-8 x 10U 
44-2 41-15 * 3-05 150 5-8 x 1012 
43-9 41-4 2:5 175 5:9 x 10! 
43-7 41-6 2-1 200 5:8 x 104 

45-6 39-8 5-8 0 
45-1 40-25 4-85 50 5:8 x 104 
44-9 40-45 4-45 75 5:5 x 104 
44-65 40-7 3°95 100 5:64 x 101 
44-4 40-95 3°45 125 5-7 x 10U 
44-15 41-2 2°95 150 5-8 x 104 
43-9 41-4 2 ipegeg aa 5:7 x 104 
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On a problem concerning the Riemann C-function. By 8. WIGERT, 
Stockholm. (Communicated by G. H. Hardy.) 

[Received 5 November: Read 28 November 1921.] 

1. Let us denote by @ a positive real number and by S, (x) 

the arithmetic function & d-“. If the real part o of the variable 
dd’ =n 

s is greater than 1, then we have* 

Poa ou) os Ce pe pata 
ras ns hee (P= p> (lS ps) ae 

= Ul 1 . gas a 

pe pe) Ce pe) i ps eer) 

SS@L6 + VEC) Gee) 

€(2s+ «+ 1) 
SUNS), SS ae ag ON a tee (1) 

Now suppose @ > 3 and z real and positive. It is known that the 

function F (x) = 3 S, (n) Sa (n) e~”” can be expressed by the follow- 
1 

ing integral 

vs ee T' (s) # (s) ds 
Qa ‘ c s 

a-in oa 

ifa@>1. We now transform this integral by Cauchy’s theorem 
and obtain 

—gtt@ 
TORO ca (2) 

where 

0 (0) = et ES og 2 6-119 «| 

pO CHD gag) bi 
2 (C(a+1) oF aaa ras 

As for the integral in (2), it is 0 (a2), for « > Of. 

* This is not a new result. It is contained in a more general formula indicated 
by the late Mr S. Ramanujan (Messenger of Mathematics, Vol. xtv, 1916, p. 15). 
t See Landau, Handbuch t, p. 265. 

VOL. XXI. PART I, 2 
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But if we admit an upper limit less than 1 for the real parts 
of the complex zeros of the ¢-function, we can deform the path of 
integration and replace 0 (a**) by O(a****), where0 <A <i. Again, 
if we suppose F (x) — Q(x) =O (x****), we can prove the formula 

pr CO 

DC) Ae) A eee 

which holds for —1>o0>— > — xX. Hence it follows that 

G(s) 0nor | > as =— 2a 

The order of magnitude (for 7 ~ 0) of F (x) — Q (x) being thus 
most intimately connected with the position of the zeros of € (s), 
the question arises whether this function can be represented in a 
manner which does not involve the function 1/¢. For this purpose 
we may proceed as follows. If we write 

it is easy to show that 

ee m 0) , 9) , 

2 1S (G2) ea a x fe “- me) +f (« be =) 
n=1 = 2M» =1 | m m /) 

ie Qarvi 

mM at (+ m ), 

and furthermore + 

ao 3 Sit) wa (enn — 3 ak y S, (mn) e-™"= 
n=1 m=1M n=1 

oe 1 ule ATIVE 

ore eae ae 
2. The series f (z) = y S, (n) e-” = — log mf (1 — e-"*) is well 

=1 = n= 

known from the theory of the elliptic modular functions. If 
R (w/i) > 0, and if a, b,c, d are four integers, such that ad — be = 1, 
the function f satisfiest the transformation formula 

1) 2 FE) TO pag 0 + 0) 124 

+K(abe@) 7, (6) 
* Compare Gram, Acta Math. 27, p. 290. 
+ Wigert, Acta Math. 37, pp. 134 et seq. 
{ Tannery et Molk, Fonctions elliptiques, Vol. 2. See also Dedekind’s commentary 

on Riemann, Fragmente iiber die Grenzfélle der elliptischen Modulfunctionen (Gesam- 
melte Werke, pp. 466 et seq.). 
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Sia eam g 
oy cw +d 

of no importance. Suppose first v and m without common factor 
and let us write 

and K (a, b, c,d) is an integer, whose form is 

Qa 
2= —Iriw = 2+ as c=m,d=v, aw —bm=1. 
: 7 

Then 
ye ee Mz 

=== =s5, Mofyv= =z, 
m 2770 270 

and 

a ] a da ae An® = 2Qnai 
o, = — — = SS = my = 
‘m m(mw+v) ms ma’ + SMe om? 

so that, from (6) 

; 2 

Rp (w+ =") T _+4 hlogz-+dlogm 
m/]  6m2a 

Ag = Iara 

max m 

z S 
— flog 27 — 5 + Rf ( (7) 

We have again to establish the corresponding formula in the 
general case, where v and m are no longer relative primes. Denot- 
ing then by D (v, m) the greatest common divisor of v and m, it is 
plain that we must have 

2mvi\ _ wD? (vim) | , . m ; 3 

Hy (z 4) = geag + bloga + $ logy Gai eee 
z 422D*(v,m) 2a’ (v,m) D (v,m) ‘) zale 

yO sell e mx i m wae) 

where 

’ ie See joie a’ (v,m) Gane 1, mod. Be: 

If we refer back to (5), we see that the function F (x) will be 
represented in the form 

F (x) = — > es 9 D? (v,m) + g (a) log x — : (a) 
> v=l1 _ a 

¢ (a) 2 1m ¢ (a) 
~ 2 Y lore D'(v, my — — los 27 — =——2 
2 m=1 meth v=1 ( ; 2 5 24 

ry ( 4D? (v,m) __ 27a’ (v, m) D (v,m) ) 

mx m 
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From (2), (3) ES (8) we obtain the curious formulae 

e €(a+1)G(a+4+ 2) 

' ee EDM) = eps) (9) oo | eae cured Gate) ae 

m=1 mth eas set ile & (a ) G(e—- Bic 

which can also be proved directly*. 
In this manner we have really formed a new expression for the 

integral in (2), but its further discussion seems to be as difficult 
as would be expected from its bearing upon the zeros of € (s). 

3. In this section we add a few remarks on the last term of 
(8). First, it may be observed that the series 

tis gil Ga rtlt R (= (v,m) 2a’ (v,m) D(v,m) 2 

1 
Dy : 
inet = mx m 

) (20) 
is absolutely and uniformly convergent for 0=x=h. Since the 
function yf (y) is bounded for y 2 0, we have 

eT] my Sy e/a, m)) 
m=q+l1 matt 2 ce oz m can moti v=1 f & ma 

bs i| — Ue Si ee eet Cz 
Ai pinged We 1) Ama 3) ge 

which proves the assertion. 

On the other hand, the majorant 
fora) m Aare T)2 ‘ 1 2 oe D ae) 

1 
a ey nd 

eT pe mx 

can give us no information about the order of magnitude (forz—>0O) . 
of the series (10). We know it, in fact, to be o (x), but the 
majorant cannot be O (2° “7 Dte for any positive value of e. 
To show this we may writet 

* It is easily verified that we have, more generally, 

peprA_] 

“peat pe; DDE (v, pa) =(pd = pr) 
v=1 

and this leads to 

s I$ _ §(8s —&) ¢(s- 1) 2 fe et e(3) , 

where o must be greater than k + 1 if k > 1. Otherwise o > 2 is sufficient. The 
second formula in (9) follows (for s =a +1) by differentiating with respect to k 
and putting k=0. 

+ @(m) is the well-known Eulerian function. It was shown§by Landau that 

ig ¢ (m) log log m 
= =e-Y, where y is Euler’s constant. 

NSD 
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co) m 2 7)2 \ 4) m S 1 5 (* D (, ay te 1 . 

PS (ae | WEG = ., = may mer a4 mar 

si 4ir?D? (v, m} 

00 na (00 p —4r°*/zt? 
aes dp (m) e-itimz ys Dd ; e —4n°/mix > | € : dt 

m =1 meth m =p mA 1 Pp bane 

4( 1+e) ane 3 3+.) —— 4(a—l1l+e 4(a-—3+e —w 
i) Qare arena , ee € des, 

for any positive value of «. If x is sufficiently small, we can choose 

Sar? 
v= 1 — | =| - 

The function t-*~* e~47"/* then decreases for t > p, and 

eS (1 ee 

Pu By 2 aaa 

It is obvious, then, that the order of magnitude of (10) is due 
entirely to the variations of sign. 
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Note on Prof. T. H. Morgan’s Theory of Hen Feathering in Cocks. 
By M. 8. Pease. (Communicated by Professor Punnett.) 

[Read 28 November 1921.] 

It has been shown* that in the ovary of the hen there are 
cells whose appearance and chemical reactions are very similar, 
if not identical, with the luteal cells in the corpus luteum of 
mammals. In three recent publicationst, Prof. T. H. Morgan 
has stated that such luteal cells can be found in the interstitial 
tissue of the testes of henny feathered cocks. “The abundance of 
these clear cells,” says Prof. Morgant, “supposedly gland cells 
with endocrine influences, in the testes of hen feathered birds is in 
sharp contrast to their absence in normal adult cock birds. It 
seems to follow therefore, that the hen feathering in the Sebright 
is due to the presence of these cells whose function is the same as 
of similar cells in the female, 7.e. the suppression in both of cock 
feathering.” 

With a view to confirming this very attractive theory, 
Prof. Punnett suggested that I should look through material col- 
lected from birds in his experiments on the inheritance of hen 
feathering§. The material has been taken from 28 birds at various 
ages, at every season of the year, and over a number of years. 
Several methods of staining were used, but for the most part 
Mallory’s technique (cited by Boring and Pearl||) was adopted. 
No difficulty was found in identifying the luteal cells in the ovaries 
and in some of the testes. But in material where spermatogenesis 
was in full swing with plenty of mature spermatozoa in the 
tubules, no indubitable luteal cells were found, either in the hen 
feathered or in the normal control material. Conversely, wherever 
material was taken from immature birds, or from birds where 
spermatogenesis was inactive or only beginning, luteal cells were 
always found not only in the hen feathered material, but also in the 
control material from normal birds. The complete results are given 
in the following table: 

* Boring and Pearl, Anat. Record, xm, 1917. 
+ (a) Boring and Morgan, Journal Gen. Phys. 1918. 

(6) Morgan, Endocrinology, Vol. tv, No. 3. 
(c) Morgan. The genetic and the operative evidence relating to secondary 

sexual characters. Carnegie Institute, 1919. 
t Op. cit. (note + (c)), p. 34. 
§ Journal of Genetics, Vol. x1, No. 1. 
|| Anat. Record, x1, 1917. 
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These results point to the conclusion that the quantity of luteal 
cells in the testes depends on the state of spermatogenesis and is not, 
as Prof. Morgan has on several occasions asserted, associated with 
the type of plumage of the bird. It would seem more likely that the 
luteal cells constitute a supply of food for the actively forming 

\ yy =i THEGA 

MEMBRANA 
/ go NULOEA 

Fig. 1. Ovary. 

sperms, which supply becomes used up as spermatogenesis proceeds. 
There is, let it be said at once, no direct evidence for this conjecture, 
but at any rate it does not so far conflict with observation. 

One cannot escape the suspicion that Prof. Morgan has based 
his theory on material from two birds only, and that in these two 
birds spermatogenesis happened to be inactive. For in the first 
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place, he says* “...in the summer of 1918 I had some new material 
derived from a castrated Sebright male that had partly regenerated 
its testes and was again going back to hen feathering and pieces 
from one of the old testes of a castrated bird.” The slides described 
are apparently from this “new material” and nothing is subse- 
quently said about any previous material. In any case, it should 
be noted, some of the material was admittedly obtained from 

\ 
LUTEAL CEES INTERSTITIAL TISSUE 

Fig. 2. Testis of Normal Cock. Spermatogenesis inactive. 

regenerated testes, and it cannot be assumed without further in- 
vestigation that this would be normal}. In the second place, Prof. 
Morgan’s own figures bear out the suggestion put forward in this 
paper; for in the drawings t where he shows luteal cells in the testes, 

* Op. cit. p. 1 note + (c), p. 34. 
+ My own observations on this point are confined to one henny feathered bird. 

The regenerated testicular tissue on the peritoneum and on the wall of the body 
cavity showed active spermatogenesis and no luteal cells. 

t Op. cit. p. 1, note + (a) and (0). 



26 Mr Pease, Prof. Morgan’s Theory of Hen Feathering in Cocks 

no divisions at all are taking place in the sperm mother cells: 
moreover no control material from normal cocks for comparison 
is shown; in no figure does he show spermatozoa and luteal cells 
on the same slide. 

Fig. 3. Testis of Henny Feathered Cock. Spermatogenesis active: no luteal cells. 
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The Bionomics of certain parasitic Hymenoptera. By Maun D. 
HavItanp, Research Fellow of Newnham College. (Communicated 
by Mr H. H. Brindley.) 

[Read 28 November 1921.] 

The relations of an animal with its enemies, predatory or 
parasitic, its commensals, or its symbionts, form what may for 
convenience be termed a bionomical complex. 

Aphides, with their parasites and hyperparasites, form a well 
defined complex of considerable intricacy. Numerous species of 
Aphidiidae (Braconidae) are obligative internal parasites of plant- 
lice, and their larvae, during development, are liable to infestation 
by certain Cynipids, Chalcids, and Proctotrypids, which are there- 
fore hyperparasites of the aphid. 

The Cynipids (Charips) are endoparasites, and oviposit in the 
Aphidius larva before development is complete, and while the 
aphid host is still living (1). The Chalcids (Asaphes, Pachycrepis, 
ete.) and the Proctotrypids (Lygocerus) are ectoparasites, and 
infest the Aphidius after the latter has devoured the aphid, and 
has woven a cocoon within the empty skin (2). The Cynipid is 
always a parasite of the Aphidius and therefore a hyperparasite 
of the aphid. The status of the Chalcids and Proctotrypids is more 
difficult. to determine, for, although usually parasites of A phidius, 
and therefore standing in the same relation to the aphid as does 
Charips, they may on occasion be parasitic on each other. An 
Aphidius cocoon sometimes contains two hyperparasites of either, 
or of both, these forms, the result of successive ovipositions. This 
phase of parasitism is sometimes called “superparasitism”; but 
as the word means neither more nor less than hyperparasitism, a 
term already employed to define cases where the parasite is itself 
attacked by ‘another parasite, I would suggest replacing this 
etymological hybrid by “epiparasitism.” In such cases in the 
aphid complex, a single hyperparasite emerges from the cocoon, 
having caused the death of its rival, not by direct attack, but by 
obtaining the major share of the food. 

Epiparasitism then may be defined as successive infestations of 
a single host by two or more species, or by two or more individuals 
of the same species, of parasite. 

But occasionally a Chalcid hyperparasite larva may be found 
with the larva of another Chalcid or Proctotrypid on its body. 
The explanation seems to be that the intention of the second 
hyperparasite was to oviposit upon the Aphidius, but when by 
chance her ovipositor encountered the larva of the first, she was 



28 Miss Haviland, Bionomics of certain parasitic Hymenoptera 

unable to distinguish between it and the proper host, and placed 
her egg upon it. The mature larva of Lygocerus was never found 
thus infested. In this form, the last instar is capable of active 
movement in the cocoon when irritated, and thus possibly evades 
the ovipositor of another hyperparasite. 

It is clear that.this phase of parasitism differs somewhat from 
ordinary epiparasitism. It has been called “accidental super- 
parasitism,” but might better be termed “metaparasitism,”’ and 
defined as the direct attack of one epiparasite upon another. 

The terms suggested here may be illustrated with examples 
from the aphid complex as follows: 

Parasitism Aphid + Aphidius. 
Epiparasitism Aphid + Aphidius + Lygocerus and Asaphes. 
Metaparasitism Aphid + Aphidius + Asaphes + Lygocerus. 
Hyperparasitism Aphid + Aphidius + Lygocerus or Asaphes or Charips. 

Objection may be taken that the distinctions are too subtle 
for new nomenclature; but, of late years, the practice of intro- 
ducing parasites to control pests in a new area has been much 
extended, and, before importing a parasite, it is very important to 
ascertain to what extent it is potentially metaparasitic. 

In Hawaii (3) for instance, the efficiency of Opius humilis, Sil. 
in the control of the fruit fly (Ceratitis capitata) has been reduced 
by the introduction of two other forms, Diachasma tryoni and 
Tetastichus giffordianus, which, although primary parasites of the 
fly, proved to be metaparasitic on Opiws when epiparasitic with it, 
and therefore tend to supplant it. 

Cases such as these are of interest as a possible indication of 
the origin of parasitism in the Hymenoptera Parasitica. Thus 
epiparasitism, which is brought about by a high proportion of 
parasites to the host population, may lead to metaparasitism, and 
thence to obligative hyperparasitism. The origin of primary 
parasitism still remains to be accounted for. The suggestion that 
the parasitic habit arose in a common ancestor of the existing 
Parasitica, and was perpetuated by natural selection, involves the 
assumption of a considerable initial mutation. It seems more 
probable that in this group, the parasitic developed from the 
inquiline habit. In other words, the proto-Hymenoptera were 
phytophagous, and oviposited on plants. Later, for protection of 
the eggs and larvae, they resorted to galls and other vegetable 
deformities produced by members of their own, or other tribes of 
insects, and from inquilinism to parasitism is possibly not a 
great step. 
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A Method of testing Microscope Objectives. By Dr HartripGE. 

[Read 31 October 1921.] 

In order that any substantial improvement may be introduced 
in the immediate future in the design of microscope objectives, it 
is essential that better methods of testing should be evolved than 
those worked out by Abbe and the older microscopists. 

Methods previously in use had four disadvantages: (1) they 
tested the lens as a whole, (2) they did not give quantitative results, 
(3) they depended on the judgment and memory of the observer, 
(4) they tested an objective when combined with a certain eye- 
piece, not the objective only. 

Recently two methods of testing microscope objectives have 
been proposed. (1) is a modification of the Hartmann test used 
for camera lenses and the like*, (2) is a proposed modification of an 
interference method of testing lensesf. 

The first method has certain disadvantages. In order that the 
rays through the separate small apertures (placed at the back of 
the objective) should not interfere with one another, the photo- 
graphic plate, used to record the positions of the rays, has to be 
moved a long way inside and outside the focus. Thus in the tests 
described by the author the displacement of the plate was 10-15 cms. 
(the distance of objective from its focus being 16-5 cms.). This big 
displacement causes the distances between the marks left by the 
rays on the plate to be large compared with the displacements of 
the rays by aberrations. Since also the centres of the marks on 
the plate are indefinite the accuracy of the determinations of 
aberration is small. 

The second method (Twyman’s) has in its application to camera 
lenses been recently described in some detail. The determination 
of aberrations depends on the recognition of a certain interference 
pattern and on its interpretation in terms of aberration. No data 
have so far been given of any tests on microscopic objectives 
carried out with it. And it would seem that with high power 
objectives at all events such a method of testing w ould prove 
very difficult. 

The methods to be described by the author do not suffer from 
these disadvantages. In these methods either the focussing points 

* L. C. Martin, The physical meaning of spherical aberration, T’rans. Optical 
Soc. Noy. 10th, 1921. 

+ Twyman, Phil. Mag. [6], xtu, 1921, p. 777. 
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of rays from different zones, or the lateral displacements of an 
image formed by the rays from different zones are determined. 
For the latter method either direct visual observation may be used 
or the displacements as recorded in a photographic plate can be 
subsequently measured. The principles on which these methods 
are based may be briefly described as follows: 

According to geometrical optics, with a perfect lens system, 
points in the object are represented as corresponding points in 
the image. The image produced by an imperfect lens system differs 
from the above in that points in the object are represented as 
patterns, whose size, position and light distribution depend on 
diffraction and on the aberrations present. When as is generally 
the case all zones of an imperfect objective operate together, and 
white light is being employed, the image pattern 1s of a compli- 
cated nature, but if the aperture of the objective be sub-divided 
and examined piece by piece with approximately monochromatic 
light, then the pattern can be measured in detail by suitable micro- 
metric apparatus. It is clear however that the dimensions of the 
image pattern will vary not only with the amounts of the different 
aberrations present in the objective, but also on the scale of the 
image (t.e. the magnification) and this will depend on the focal 
length of the objective. Therefore if objectives of high power are 
not to be penalized to the advantage of those of low, it is necessary 
either that the images should be on the same scale before the 
dimensions of the image patterns are measured, or that after the 
measurements have been made, the values should be reduced to 
unit magnification. In this way the values obtained should be 
comparable between one objective and another, and be independent 
of focal length, tube length and magnifying power. 

Further the part of the aperture of the objective forming a 
given image pattern should be expressed in terms of N.A. so that 
the values at unit magnification may be plotted on squared paper 
against the N.A. values of the apertures. 

This method of lens testing consists of two processes; firstly 
isolation of portions of the lens aperture the boundaries being 
determined in terms of N.A., and secondly the measurement of 
the sizes and positions of the image patterns thus produced. 

With regard to the isolation of the required portion of the lens 
aperture, it was found that there were two alternative methods: 
(a) to illuminate the object on the stage by a full cone of light, 
and to limit the rays proceeding to the image plane by post ob- 
jective stops. This method has the advantage that the isolation 
of a given objective zone is carried out very efficiently; it has the 
disadvantage however that the image pattern is to a considerable 
extent disturbed by diffraction effects which appear to be directly 
traceable to the post objective stop: (b) to limit the rays illum- 
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inating the object on the stage to narrow bundles corresponding 
to the particular objective aperture to be tested, by means of 
suitable stops placed in the lower focal plane of a well corrected 
condenser system. This method has the disadvantage that isolation 
of the required aperture is not perfect, because the diffraction 
caused by the object causes a wider zone to be filled than would 
otherwise be the case; on the other hand it is found that the defini- 
tion of the image pattern is particularly good, being practically 
unspoiled by diffraction effects, and therefore greatly facilitating 
the micrometric measurements which form the basis of the method. 
For these reasons I adopted the latter method as being the more 
advantageous, depending on the selection of a special test object 
to reduce diffraction to a minimum. 

DESCRIPTION OF APPARATUS. 

Test object. 

With regard to test objects, since isolation is performed as I 
have just mentioned before the rays reach the stage, a test object 
producing diffraction effects to the smallest possible extent should 
be selected. Such an object may be readily obtained by mounting 
any fine metal filings, e.g. silver, between a slide and coverglass 
with Canada Balsam. One metal particle of small size is selected 
as the test object. 

Microscope. 

The illumination of the test slide was effected by an oil immersion 
Conrady condenser of 1:35 N.A. which was fitted with an auxiliary 
lens as previously described*, so that an iris diaphragm attached 
to the tail piece of the microscope should form the radiant at the 
correct “tube length” from the condenser. On this iris was focussed 
the image of a small automatic arc lamp (or later a pointolite lamp). 
A movable carrier actuated by a graduated micrometer screw, 
bearing the slit-shaped aperture, was placed between the auxiliary 
lens and the Conrady condenser, so that it admitted light to the 
required part of the aperture of the condenser, and so past the 
test object to the corresponding part of the aperture of the ob- 
jective. The micrometer scale was calibrated in terms of N.A. by 
the method that I have previously described}. The objective being 
attached to the nose piece, an image of the test slide was caused 
to fall on the plane of an index placed at the upper end of the 
draw tube on the special stage shown in the diagram. This index 
was prepared by mounting a sable hair between two glass slips 

* Journ. Quekett Micro. Club, xtv, Nov. 1919. 
+ Journ. R. Micro. Soc. 1918, p. 337. 
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with balsam. The end of the index, with the magnified image of 
the test slide in coincidence with it, were together magnified and 
presented to the eye of the observer by means of a high power 
compound eyepiece, consisting of a l-inch objective and a x 8 eye- 
piece, the whole magnifying about 50 diameters. Experiment 
showed that an eyepiece of this magnification was required. 

‘ 

The Micrometer. 

For the measurements of the image pattern a glass plate micro- 
meter was found to meet requirements because of its precision and 
freedom from back lash. The glass plate was 1 mm. thick and was 
mounted below the index already described, on a stand separate 
from the rest of the instrument, so that rays from the objective 
going to form the magnified image of the test slide passed through 
it, as shown in Fig. 1. 

The following 1s a brief description of the method of measure- 
ment. 

The test slide having been so adjusted on the stage that the 
edge of a speck of silver coincided with the point of the index, 
with the micrometer at its zero, alteration was now made in the 
part of the aperture of the objective under illumination by shifting 
the slit. If then the image pattern was seen to move, the glass 
plate micrometer was tilted until the image of the silver edge once 
more coincided with the point of the index. The tilt of the glass 
plate could then be ascertained from a scale which was so arranged 
that the deflections produced by the plate should be proportional 
to the scale readings of the pointer by which it was tilted, and 
from the tilt the actual movement of the image could be ascer- 
tained. 

Calibration of the Micrometer. 

Theory shows that the deflection obtained for a given angle of 
tilt varies not only with the thickness of the glass plate, but also 
with the optical tube length. But the latter is not always readily 
ascertainable, since it does not correspond in any way with the 
length of the mechanical tube. Further the deflection when found 
must be divided by the magnification of the objective in order, as 
pointed out above, to state the size and position of the image 
pattern at unit magnification. But the magnification of the ob- 
jective also varies with the tube length. A method was therefore 
sought for that would avoid the measurements of magnification 
and optical tube length, and would calibrate the tangent scale of 
the glass plate micrometer directly in terms of unit magnification. 
I found that this could be done by substituting a ruled glass stage 



Dr Hartridge, A method of testing microscope objectives 33 

micrometer for the test slide, keeping the tube the same length as 
that used for the tests. By placing on the stage the ruled glass 
micrometer so that two of its standard lines lay on either side of 
the index, then, by rotating the glass plate, the index could be 

—--—------- Index mounted on slide 

Cae as ae Glass plate micrometer mounted 
on separate stand 

=~ — Tube length adjustment 

ea es ee at ee Objective under test 

Sac E 
= aan a — Test object on slide 

a — Substage condenser 

<--—-— Micrometer for moving slit 

-~------- Auxiliary lens 

ee Set Tris diaphragm of radiant 

made to coincide first with one and then with the other, and in 
this way the glass plate scale could be calibrated with each ob- 
jective to be tested in terms of the same stage micrometer, that is 
at unit magnification. 

VOL, XXI. PARTI 3 
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Performance Curves and their Interpretation. 

The form of the curves found under certain typical conditions 
according to theory will now be briefly described. 

Centre of Field. 

Perfect lens and correct focus give, when the deflections are 
plotted against N.A., a straight line parallel with the aperture axis 
as shown at A, Fig. 2. If the focus is imperfect the curve is still 
a straight line, but it is inclined to the axis, as shown at B, Fig. 2. 
When chromatic aberration is present the inclination of the ‘line 
differs with the wave-length of the light. 

Spherical aberration gives an S-shaped graph. For example C 
in Fig. 2. When the spherical aberration is regular (7.e. can be 
corrected by a change in tube length) the curve is found to follow 
the equation 

where N = total N.A. of lens and y = N.A. of aperture considered. 
If the experimental curve deviates from one given by this 
equation, then irregular (zonal) spherical aberration is -present 
which cannot be corrected by any change in tube length. For 
example D, Fig. 2 which shows under “correction. of spherical 
aberration in the zones of large N.A. At EH, Fig. 2 is shown effect 
of attempting to correct this ‘under correction of the outer zones 
by over-correcting the whole lens by increasing the optical tube 
length. At F is shown the graph of a lens in which the attempt 
has been made to correct the outer zones by over-correcting the 
intermediate ones. If the shape of the curve differs with the wave- 
length of the hght, then tube-length varies with wave-length and 
the elimination of spherical aberration for one colour leaves other 
colours uncorrected. Thirdly zonal spherical aberration absent for 
some colours may be present for others. 

Periphery of Field. 

A straight horizontal line denotes a perfect lens in correct focus, 
as for centre of field. If inclined the focus is imperfect. The 
difference in the inclinations of performance curves for centre and 
periphery shows the amount of curvature of field present. See 
fie. 2G, -H, fT. 

A bent line is due to the presence of aberrations. If S-shaped 
spherical aberration is present. If L-shaped disobedience of the 
sine condition is indicated. See Fig. 2, J. 

Chromatic difference of magnification i is shown by inclination 
of line when wave-length is plotted against deflection. See Fig. 
2, I. 
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<-> a deflection 
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True flare is shown by presence of a second image distinct from 
that of the ordinary image pattern, but the effects of flare are 
closely imitated by any uncorrected aberration when of large 
amount. See Fig. 2, L. 

Fig. 3 

The actual performance curves of a few objectives are given 
in Fig. 3. 

B is that of a Zeiss apo. 2 mm. oil immersion 1-4 N.A., the 
tube length being a little too long, 7.e. spherical over correction. 

A is that of a Leitz 2 mm. oil immersion 1-3 N.A. tube length 
slightly too short. 
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C is same lens and adjustment as for A, but using glycerine 
as the immersion fluid instead of cedar oil. The curve shows nearly 
regular spherical aberration to be present. Cf. Fig. 2, C. 

D is that of a Watson 4 mm. Holos :95 N.A. dry, the under 
correction in the outer zones being partially corrected by using a 
long tube length. Cf. Fig. 2, E. 

E is that of a Beck 4 mm. -82 N.A. dry correct tube length 
and focus, showing under correction of spherical aberration in the 
outer zones. 
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The Insects and Arachnids of Jan Mayen. By W. 8. Bristowe. 
(Communicated by Mr H. H. Brindley.) 

[Read 28 November 1921.] 

The faunas of isolated islands are always interesting and of an 
arctic one like Jan Mayen doubly so on account of the severe 
hardships through which its inhabitants have to pass during the 
long winter. 

A brief analysis of my captures during August 1921 (exclusive 
of water material to he mentioned later) shows that the following 
arthropods, 65 per cent. of which are new to the island, were 
obtained : 

Arachnida: 5 spiders, 6 mites, | tick. 

Hymenoptera: 2 Ichneumons. 

Diptera: about 12 species. 
Apterygota: 8 Collembola. 

An examination of the known distribution of the Jan Mayen 
species shows that, whereas all the spiders and ichneumons and 
most of the Collembola are British, the flies, with one exception, 
are not. There is reason to believe that at one time an insect fauna 
existed in the south of the United States, among other regions, 
similar to that found in the arctic. A period of cooling and of the 
establishment of an arctic or circumpolar fauna followed. Then 
came a glacial epoch during which all animal life was driven south. 
Later on the temperature began to rise and the survivors, which 
had now become adapted to a cold climate, began to pass north, 
some settling on the high mountains and forming the alpine faunas 
while stragglers reached the home of their ancestors. How does 
this theory fit our facts? In the first place it should be noted that 
arctic spiders and insects differ very little from those found in 
temperate regions and in many cases identical species are found 
in both. The same may be said of the arctic faunas of the east and 
west hemispheres, several similar species being found in both. These 
facts hold for the Jan Mayen species, for many are also found in 
Continental Kurope and a few in arctic North America, while the 
remainder have been recorded from other arctic localities and 
belong to genera represented in temperate regions. The theory is 
further borne out by there being species in Jan Mayen identical 
with those found in the Swiss and French Alps and Scottish moun- 
tains. An interesting fact is that as they get further north the 
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altitude at which they are found decreases. Taking the spiders, 
we find that in Switzerland they occur above 7000 feet and in 
Scotland none have beén taken below 3000 feet, yet in Jan Mayen 
they were all to be found wherever there was vegetation, some- 
times almost at sea level. The case of the flies cannot be dealt 
with satisfactorily till they have been identified, but it is con- 
ceivable that isolation coupled with evolution should account for 
new species. 

This brings us to the difficult question of how these arthropods 
ever reached an island so isolated as Jan Mayen, for it cannot be 
argued that it ever had any land connection. They must have 
crossed more than two hundred miles of open sea. It will be noticed 
that a large proportion of the species have also been recorded from 
Britain, Greenland and Siberia, while practically none occurs in 
Iceland. It may be that birds are largely responsible for the 
transport of insects, mites, or their eggs, from one place to another 
by these taking shelter amongst their feathers or being attached 
to their legs. “They might even swallow and not digest them. 
A friend recently extracted a living weevil from a bird’s dropping, 
but these beetles have a very tough integument. Birds may there- 
fore transport insects to Jan Mayen from Greenland and possibly 
Britain during migrations. The driftwood so plentiful in all the 
bays of the island is supposed to come from the mouths of Siberian 
rivers. The eggs of spiders laid in a crack in the wood and pro- 
tected by a waterproof covering of silk might easily travel across 
the sea, and it is conceivable that the eggs or even mature forms 
of other arthropods could do so also, The above appear to be the 
ey likely means whereby the fauna of Jan Mayen arose, but in 
a subject like this where nothing definite can be proved unlikely 
explanations also should be considered. It is known that spiders 
can float enormous distances by their gossamer streamers. The 
flight of a fly is supposed to be a matter of a mile or two, but, in 
sailing up the fiords of Norway, I have seen a large number of 
flies and a few ichneumons flying round the ship even where the 
water way was nearly five miles wide. I watched a bluebottle 
following the ship for some way, then I saw it descend and settle 
on the surface of the water just where it was churned up most by 
the screw. It rested here for perhaps ten seconds before it rose and 
flew away. Long flight certainly seems a possible means whereby 
flies can travel long distances over water. Some mites can walk 
over water and Collembola do not get wet when submerged, though 
it is highly improbable that they can travel far across the sea. 
Another suggestion which has been advanced seems unlikely to be 
correct, viz., ‘that some of the insec ts, particularly Collembola, may 
have passed north actually on the ice, or with occasional rests on 
it, during an ice connection between the arctic and subarctic zones. 
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The shortness of the summer necessitates growth in great haste 
in order that the life cycle may be completed, and it has been 
suggested that more than one year is necessary for this, but my 
observations led me to suppose that in Jan Mayen at any rate this 
is not the case. It must be borne in mind that during summer 
there is no night, and in all probability the activities of Arthropods 
are fairly continuous. My grounds for holding that in the case of 
the spiders maturity is reached in one year were the comparative 
scarcity of immature specimens and the number of dead mature 
ones found towards the end of our visit, 7.e., early in September. 
An interesting modification due to the necessary haste was that all 
the eggs were beginning to hatch, whereas in temperate climates the 
winter is passed i in the e; oe stage. The young would remain inside 
their protective silken cocoons during the winter and emerge 
directly the thaw arrived. Flies probably pass the winter in the 
pupal stage, for it is known that pupae can be frozen until they 
are as brittle as twigs and yet suffer no harm, and I found several 
pupae and larvae in advanced stages towards the end of our stay. 
The tick which is parasitic on sea birds and which has a very wide 
distribution was found in large numbers under stones on the cliffs 
where birds were accustomed to sit. It afforded one point of special 
interest, viz., that it was found in all stages from the egg to 
maturity, and, as far as I am aware, the breeding of this form in 
the arctic has not previously been recorded. 

As is usually the case in the arctic, species were few but specimens 
numerous. Under nearly every stone suitably situated amongst 
vegetation one or more spiders were found, and under one quite 
small stone I counted twenty-eight spider cocoons. Amongst the 
moss Collembola were numerous, and from two heads of one dande- 
lion plant I shook eighteen ichneumons. These and the flies must be 
very useful in the fertilization of plants in these regions. Dandelions 
and Saxifraga caespitosa were the favourite haunts and in the latter 
small flies often seemed to be caught owing to the stickiness of the 
flower. The only arthropods to be found by turning over the drift- 
wood on the bare stretches of sand were red mites. They acted as 
scavengers and were often very numerous under dead birds. They 
could walk over water and in this way devoured drowned insects. 
Flies also acted as scavengers by laying eggs in dead creatures and 
in bird droppings. I watched some of these and saw that the 
female Jaid her eggs whilst the male was on her back. She walked 
along, occasionally lowering the tip of her abdomen, while at the 
same time the male gave a jab with the end of his body. A fine 
bluebottle with a yellow head was the most “showy” member of 
the arthropod fauna. 

Our sudden departure prevented me from doing several things 
in mind especially as regards the aquatic fauna. A bottle which 
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was let down in the North Lagoon to a depth of about 35 metres 
and left for a fortnight contained Ostracods, Daphnids and Naupli. 
It also contained diatoms of various straight types, particularly - 
Navicula. On the last day of our stay some small trout were found 
at the edge close to the entry of a stream. The water of this lagoon 
tastes quite fresh. 

In a small freshwater pool at the base of the Siule I picked out 
three Cladocerans of the genus Macrothrix, and some diatoms of 
the genus Synedra were taken in bottles left there for several days. 

Fishing from the ship anchored on sand in about four fathoms 
I secured swarming hordes of pink-eyed sand-hoppers. These and 
also Clione were washed up by the sea and appeared to form the 
chief food of the birds, among which ringed Plovers, Sanderlings 
and Turnstones strutted up and down looking for them all day. 

The following is a list of the Arachnids and Insects collected on 
the island in August 1921, followed by a few fungi and mosses 
which I happened to pick up and which have been identified for me: 

Arachnida 
Araneida 

Coryphoeus mendicus L. Koch. Everywhere. Specimens eating 
Collembola. 

Sib., Nov. Zem., Spits., Scotland. 
Hilaira frigida Thor. The only spider previously recorded. 

Arc. N. Amer., E. and W. Green., Scotland above 3000 ft. 
Micryphantes nigripes Sim. Not previously recorded from the 

arctic. 
French and Swiss Alps. Scottish mountains above 3500 ft. 

Erigone tirolensis L. Koch. No males. 
Sib., Nov. Zem., Spits., Tyrol, Swiss Alps (2700 metres), 

Scotland. 
Microneta sp.¢ One immature specimen. 

Acarina 
Bdella littoralis Linn. Scavenger. 

Sib., Nov. Zem., Spits., Iceland, W. and KE. Green., Nor., 
Eng. 

Cyta brevirostris L. Koch. 
Sib., Nov. Zem., Green., Kur. 

Rhagidia gelida Thor. 
Sib., Nov. Zem., Spits., Green., Lce., Lap. 

Ceratoppia bipilis Herm. 
Sib., Nov. Zem., Green. 

Scutovertex lineatus Thor. 
Sib., Nov. Zem., Spits., Hng., Hur. 
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Acarina 
Cyrlolaelops Kochi Trag. New to Jan Mayen. 

Sib., Nov. Zem., Green., Eng. 
Ixodes putus O. P. GC. New to Jan Mayen. 

Eng., Green., Alaska, Cape Horn, Brit. Columbia, ete. 

Hymenoptera 

Sltenomacrus intermedius Her. | New to the arctic. Probably 
5 cubiceps Thor. J parasitic on fungus-gnat larvae. 

Aptera 
Collembola 
tae humicola Fab. 

Green., Nov. Zem., Kur., N. America, Eng. 
Onychiurus armatus Tullb. 

Sib., Green., Eur., Brit. 
Onychiurus duodecompunctatus Vol. 

Arctic Canada. 
Isotoma sensibilis Tullb. 

Nov. Zem., N. Amer., Eur., Brit. 
Isotoma viridis Bour. Only species previously recorded. 

Sib., Green., Spits., N. Amer., Eur., Brit. 
Tsoloma grisesiens Schaffer. 

Kur., Brit. 
Sminthurides aquaticus Bour. 

Kur., Brit. 
Sminthurinus niger Lubb. 

Sib., Eur., Brit. 

Diptera 
Cynomyia mortuorum. The only British species. 

Sib., Nov. Zem., Green., Ice., Brit. 
Limnophora. Three species not yet identified. 
Scotophaga. Two species. 
Acroptera. One species. 
Nemocera. About five species. 

Fungi 
Omphalia 
Entoloma } Agarics. 
Hebeloma 
Pleurotus. 
Cordyceps. Growing on spiders. 
Rhytisma. Growing on the leaves of Salix herbacea ML. 

Mosses 
Tetraplodon mniodes Br. and Sch. Previously recorded. 
Bartramia subulata Br. and Sch. 
Dicranoweisia crispula. 



Mr Bristowe, The Insects and Arachnids of Jan Mayen 43 

In conclusion I must thank very heartily the authorities who 
have so willingly identified and examined my species:—Professor 
G. H. Carpenter and Miss Phillips the Collembola, Mr J. E. Collin 
and Mr F. W. Edwards the Diptera, Mr C. Morley the Hymenoptera, 
Dr Randell Jackson, Mr J. EK. Hull and Mr L. E. Robinson the 
Arachnida, and Mr F. T. Brooks and some specialists at Kew the 
Fungi and Mosses. My gratitude is also due to Professor Stanley 
Gardiner who has siven me much useful help and advice and who 
has taken charge of the aquatic specimens obtained. 
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An Attempt to separate the Isotopes of Chlorine. By E. B. 
LupLam. (Communicated by Mr F. W. Aston.) 

[Read 27 February 1922.] 

PARAS Te 

The work described in this paper was commenced immediately 
following the discussion on the subject of Isotopes at the Royal 
Society meeting on March 3, 1921 (P.R.S. May 2, 1921, p. 87). 
Since that time details of work by Harkins have been published 
(J. Amer. Chem. Soc. August, 1921) and a letter in Nature, July 14, 
1921, from Bronsted and Hevesey announcing the success of their 
methods of separation. Although the experiments described below do 
not lead to a satisfactory positive result they possess some interest 
and value at the present juncture and will be briefly described. 

The method adopted is the one suggested by Sir J. J. Thomson 
at the Royal Society discussion. As the masses of the two isotopes 
are different their average velocities will be different, and con- 
sequently the number of impacts per second on a surface exposed 
to the gas will be different, in inverse ratio to the square root of 
the mass. If, on striking the surface, they are removed by solution 
or chemical action, the composition of the residual gas should 
steadily alter, the process resembling diffusion but differing ex- 
perimentally in technique. 

Hydrogen chloride is superior to chlorine for a number. of 
reasons, chief of which is that it only contains two types of molecule, 
HCl,; and HCl,,, whereas chlorine contains the three types 
ey Cl. Cl, Cl, Cl,,Cl,,. 

A great variety of absorbents were tried but finally pure water 
was preferred. The HCl from a Kipps apparatus containing cone. 
sulphuric acid and large lumps of ammonium chloride, was ‘passed 
through two wash bottles containing saturated HCl solution and 
issued from a jet over the surface of he water, producing a slight 

depression. The heavy solution immediately sank, setting up the 
circulation of about two litres of water and maintaining the water 
surface in a constant condition throughout the experiment. The 
vacuum above the surface was about 2 cm. of mercury and the rate 
of flow of HCl was so regulated that only a small fraction was able 
to escape absorption and pass forward into another vessel where it 
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was all absorbed. The solution of this residual gas was added to a 
known weight of silver dissolved in nitric acid, the whole slowly and 
carefully evaporated to dryness and the silver chloride fused and 
weighed. 

Identical operations were carried out with the gas which had 
not been passed over a water surface first. Absolute values for the 
ratio of silver to chlorine were not being sought: the method was 
extremely simple and accurate. 

in order to arrive at the most convenient rate for passing the 
gas a large number of preliminary experiments were performed and 
the solution of HCl obtained in the circulation water and the final 
absorption water was titrated, in suitable quantity, with standard 
sodium hydroxide solution. In some experiments a little methyl 
orange was added to the water in the end vessel so that it was 
possible to note the very gradual nature of the change in colour 
from yellow through orange to pink. 

All water used for the quantitative work was distilled water 
which had been re-distilled, using a silica condenser, and was kept 
in a silica flask; similarly ‘the nitric acid used for dissolving the 
silver was the middle portion of the distillate obtained by distilling 
ordinary pure nitric acid twice in the same silica apparatus and it 
was used as distilled without being kept at all. 

Glass had to be used for the flask in which the residual HCl was 
absorbed, but the solution was dilute and was poured into a silica 
vessel at the end of each experiment, so that it was only in contact 
with glass for about two hours and the amount of alkali dissolved 
should be very small indeed. 

The silver was obtained from Messrs Johnson and Mathey, 
guaranteed 99-9 °% pure: such traces of impurity as might be 
present would probably be copper. For the purpose in hand absolute 
purity was not important; it was necessary that the material should 
be absolutely homogeneous. 

The vessels used for the precipitation, evaporation and weighing 
were beakers of silica, which is superior to glass in that it can be 
obtained perfectly clean by a final heating in the blowpipe flame 
without any fear of cracking, being hard there is no loss by abrasion, 
and it is less likely to condense films of moisture on its surface. The 
beakers were tested for loss of weight on heating and cleaning, and 
at first there was a slight loss, but, afterwards, experiment showed 
that there was no loss when the vessels were taken round the same 
cycle of operations as in the actual determination, culminating in 
gentle heating to 460° C. and cooling in a vacuum desiccator. 

The balance was a beautiful modern instrument very kindly 
placed at my disposal by Mr C. T. Heycock. With pans unloaded 
a deflection of one scale division was produced by -095 milligram. 
¥'o Mr Heycock also I am indebted for the use of a set of weights 
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with National Physical Laboratory certificate giving the correct 
weight in vacuo, and with this set I calibrated the set I used. 

All weighings were performed against a counterpoise beaker of 
the same size and shape as the one containing the silver chloride, 
small pieces of silica having been added to bring the weights still 
nearer together. In this way atmospheric effects were eliminated 
and the actual metal weights were very few and small in bulk. The 
final weighings were always made in the early morning after the 
beakers had been left in the balance room over night. 

With these precautions great confidence can be placed in the 
weighings. 

Some trial experiments were made to obtain experience in the 
evaporating and drying of the silver chloride. The method finally 
adopted was to use a form of air bath consisting ot silica plates 
and a glass bell jar. It was heated by a Bunsen burner and the 
acid fumes could be drawn off by a water pump. The beaker was 
always kept covered by a watch glass, separated from it by small 
glass rests. The silver chloride was kept screened from the light by 
large sheets of brown paper and the colour remained perfectly white. 
When dry it was gently heated until the silver chloride had all 
melted, then placed in a vacuum desiccator containing calcium 
chloride and sodium hydroxide until cold. It was then transferred 
to another desiccator, taken to the balance room and weighed 
several hours later. The fusion was repeated until there was no loss 
greater than a tenth of a milligram, the final weighing then being 
made after the beaker had been left in the balance room over night. 

The following are the actual weights obtained: 

Ordinary HCl (a) 
wt. of silver = 29671 wt. of AgCl = 3-9429 

corrected for air displaced = 2-96744 é = 3-943705 
Ag: Cl = 1: -3290 (0). 

‘Residual’ HCl (6) Reduction in volume 1000 : 15 
wt. of silver = 2:7401 wt. of AgCl = 3-6413 

corrected - = 2-74041 ir = 3-64208 

Ag: Cli 1, --5290i(5): 

(c) Reduction in volume 1000 : 28 

wt. of silver = 5-9053 wt. of AgCl = 7-8477 
corrected 3 = 590589 . = 7-84938 

Ag: Cl = 1: +3290 (8). 

The specific gravity of silver was taken as 10-5 and of silver 
chloride as 5-6. 

Richards’ value by the same method was 

Ag’; Cl = 15.3287, 
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The difference between this result and (a) may be attributed to 
the extra purity of his silver. 

It is clear that the differences obtained all lie in the region of 
experimental error, and this would not have been the case had the 
method been providing an efficient means of separation. 

The increase of (6) over (a) for 1 gm. of silver is 00003 gm. For 
3 gms. of silver (about the actual wt. taken) this would be -00009 
gm.: a perfect separation* should have given an increase of -0012 gm. 

The increase of (c) over (a) for 1 gm. of silver is 00008. For the 
6 gms. of silver this would be -00048: a perfect separation should 
have given -0021 gm. 

Hence, if the separation had been effected, the weighings would 
have shown it with certainty. 

Peachey oak; 

AMMONIA GAS THE ABSORBING SURFACE. 

As no separation of the isotopes of chlorine had been effected 
by passing HCl over water, another method was adopted, exactly 
the same in principle but free from the objection that the ‘mixing’ 
at the surface of the water might be very imperfect owing to the 
extreme rapidity with which the absorption takes place even under 
greatly reduced pressure. 

The method chosen was to make use of the fact that ammonium 
chloride can be made to sublime and dissociate by a convenient 
rise of temperature, and association precedes condensation. 

By adding a slight excess of HCl before each sublimation and 
removing the excess remaining after condensation it was hoped that 
the latter would show an increase in density; the chief assumption 
being that recombination would take place as the result of mole- 
cular impact and that the lighter HCl would make a greater number 
of impacts per second than the heavier in virtue of its greater 
average velocity. It was also assumed that mere volatilisation and 
condensation alone, as distinct from dissociation, would effect 
practically no separation at all under the conditions of the ex- 
periment. 

Twenty grams of ammonium chloride were employed. This 
quantity would give rise to about 9 litres of HCl at ordinary tem- 
perature and pressure, if dissociation were complete, but as the 
degree of dissociation is not much above 66 % the volume of HCl 
would only be about 6 litres. The presence of excess HCl would tend 
to reduce this to an extent dependent on its partial pressure. As 
about 20 c.c. at ordinary temperature and pressure were added, 
this would produce a pressure of about one-hundredth of an atmo- 
sphere at the ordinary temperature in the two litre flask employed, 

* Lord Rayleigh, Phil. Mag. 1896, um. p. 493. 
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and double that at the temperature employed, about 290° C., 
1-5 cm. of mercury. The observed pressure during sublimation on 
the bulb into the neck of the flask was about 14 cm. but when the 
neck was heated and condensation took place in the bulb, the 
manometer only showed a pressure of about 4cm. In the former 
case the effect may be neglected, in the latter case it might have 
been of importance if our final result had shown that any appreciable 
separation was being attained. Making rough allowance for this 
effect we may set the volume of HCl produced at 5 litres. . 

The operation is, then, analogous to passing 5 litres of HCl over 
a large surface of ammonia with which it is perfectly mixed and 
allowing combination to proceed until only 20 ¢.c. of HCl remain. 
The reduction in volume is 1000 : 4 and the increase in the density 
of the hydrochloric acid should amount to -058 (say, from 36-5 to 
36-558). One gram of silver should combine with -32922 gm. of 
this heavier chlorine as compared with -3287 obtained by Richards 
for ordinary chlorine, difference -00052. 

In our experiments about 3 gms. of silver were employed, so 
that the actual increase in weight to be sought was 

-00052 x 3 = -00156, 

which is fifteen times the experimental error and should be deter- 
minable with certainty. 

It is, perhaps, well to point out that even had the reduction in 
volume been only half that claimed, there would still have been an 
increase in weight on 3 gms. of silver of ‘0013, and the success 
of the method does not depend in any important degree on being 
able -to calculate with great accuracy the relation “between the 
volumes of the total and residual HCl. 

As before, the HCl was prepared by the action of conc. sulphuric 
acid on ammonium chloride in a Kipps apparatus, washed twice 
with saturated HCl solution and in this case dried by P,O,. A 
tube, 20 ¢.c. in volume, was filled with the gas which could then 
be allowed to enter the two litre flask by opening a tap. The flask 
contained 20 gms. of pure ammonium chloride and was placed in 
an electrically heated oven. The temperature was raised to 290° C. 
and kept there for about an hour and a half, after which time all 
the ammonium chloride had sublimed into the neck. It was then 
allowed to cool and when quite cool the residual HCl was pumped 
off through a U tube containing pure water, a P,O; tube being 
interposed to prevent any moisture finding its way into the tubes 
leading to the flask. 

Another 20 c.c. of HCl were allowed to enter the flask and the 
ammonium chloride sublimed back into the bulb of the flask by 
means of an electrical heater placed round the neck. On cooling, 
the residual HCl was removed as before and this cycle of operations 
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was repeated until a sufficient quantity of HCl solution had been 
obtained to precipitate all the silver which had been weighed out 
and dissolved in nitric acid in advance. The same water was not 
used for the whole series, but was changed three times, consequently 
the acid was always very dilute and the effect on the glass would 
only be very slight. 

Before commencing the final series of operations tests were made 
by titration to see that of the 20 c.c. admitted practically the whole 
was obtained in the water after pumping out, and this was found 
to be the case. 

With the apparatus in its final form 29 sublimations were carried 
out, and the solutions of HCl were added as they were obtained to 
the silica crucible containing the silver nitrate. For the twenty- 
ninth, fresh water was used and this was added cautiously to the 
clear liquid above the precipitate. It produced no turbidity, 
showing that all the silver had been precipitated. 

The silver chloride was dealt with as described in Part I, the 
only difference being that a smaller and lighter silica crucible and 
counterpoise were used and the evaporation was conducted in a 
copper steam oven at 95° C. The crucible was covered by a watch 
glass resting on glass supports and the oven was lined with clean 
sheet lead. As before, the final weighings of the fused silver chloride 
were made in the morning after the crucible and counterpoise had 
been standing all night in the balance room. 

RESULTS. 

(1) Ordinary HCl (7.e. HCl passed through the apparatus and 
absorbed in the water in the U tube but the ammonium chloride 
not heated): 

3:1311 gms. Ag gave 4-1607 gms. AgCl uncorrected. 

3°13145 gms. Ag gave 41616 gms. AgCl corrected. 
1 gm. Ag combined with -3289 (7) gm. Cl. 

(2) ‘Heavy’ HCl: 

2-5990 gms. Ag gave 3-4540 ems. AgCl uncorrected. 

25993 gms. Ag gave 3-45474 gms. AgCl corrected. 
1 gm. Ag combined with -3290 (3) gm. Cl. 

This is a gain of 6 in 32,000. 
This is equivalent to an actual -gain on 3 gms. of silver of 1-9 

tenths of a milligram. This can be weighed with: certainty, but, 
nevertheless, must be considered as being of the order of experi- 
mental error when, in addition to weighing, all the manipulation 
is contributory. 
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DISCUSSION OF RESULT. 

There is a positive increase in weight, but very minute. The only 
differences in treatment in the two cases were that the ‘heavy’ HCl 
had been obtained as residue after the sublimation of the ammonium 
chloride and that it had been kept for several days in a glass U tube. 
This tube was not of new glass and had been used in preliminary 
experiments for a month before quantitative work was begun. 
Nevertheless it might contribute so slight an amount. 

To account for the failure to obtain a separation we must 
suppose that the determining factor in the re-combination of the 
ammonia with the HCl is not mere collision. It is known that a 
trace of moisture is necessary before the combination takes place; 
the relatively few water molecules may be combined with HCl 
molecules and these may be the nuclei round which all the con- 
densation occurs. Even so, one would have expected the hghter 
molecules to get there most frequently. 

If, however, there is some attractive force between the mole- 
cules of ammonia and HCl, due to polarisation in the molecules 
themselves and exerted when they approach in favourable positions, 
the chance of such a position will not depend at all on the mass of 
the two HCl molecules and no separation would be expected. 

RESULT OF Part I AND Part II. 

Ag: Cl 
Ordinary HCl (August) - 1: -3290 (0) 

is (December) 1 : -3289 (7) 

: , (1 : -3290 (3)) Mean 
Heavy HCl (August) (water surface) 1 3290 (8)/_ 1: -3290 (6) 

o (December) (ammonia) : 3290 (3) 

Richards’ result by same method, oh specially pure silver, 
be o25p 

Increase August (average) -6 in 3290 = about 1 in 5000. 

December “6 >» = » Lm S000: 

SUMMARY. 

Hydrogen chloride at a pressure of a few centimetres of mercury 
was passed over (a) a water surface, (6) ammonia gas, and a small 
fraction allowed to remain unc ombined. In neither case was there 
an increase in density greater than 1 in 5000 and this could be 
attributed to experimental error. 

My thanks are due to Sir J. J. Thomson, at whose suggestion 
the work was undertaken, for his continued interest and advice. 
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The Measurement of Magnetic Susceptibilities at High Fre- 
quencies. By Maurice H. Betz, B.Sc., Barker Graduate Scholar 
of the University of Sydney. (Communicated by Professor Sir 
E. Rutherford, F.R.S.) 

[Read 27 February 1922. ] 

The heterodyne beat method, employing thermionic valves, has 
been successfully employed by Herweg*, Whiddingtony, and others 
in the measurement of physical quantities. In the present paper, 
an account is given of its application to the measurement of sus- 
ceptibilities of fairly low order at frequencies ranging from 3 x 10° 
to 4 x 10° per second. 

If in a circuit containing inductance L and capacity C, oscilla- 
tions are maintained which have a frequency very different from 
the natural frequency of the coil / alone, then the frequency is 
given very approximately by 

1 

2 VLC 
If the inductance is altered to L + dL, the capacity remaining 
unchanged, the new frequency will be » + dn, where 

dn Ladi 

n Aaa Ei, 

The change in inductance can, under proper conditions, be pro- 
duced by inserting the specimen inside the coil, hence since a 

_ change in v of | per second can easily be measured, with a frequency 
of 3 x 10° per second, it is possible to measure the ratio dL/Z 
to 1 part in 150,000. 

oe f i : ee 

* Herweg, Verh. d. D. Phys. Ges. 21, 572, 1919; Zeit. f. Phys. 3, 36, 1920. 
7 Whiddington, Phil. Mag. 40, 634, 1920. 
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The experimental arrangements are shown in Fig. 1. Set 1 is 
an ordinary oscillating circuit having an amplifier A and telephone 
T in the plate circuit. Set 2 is the oscillating circuit in which the 
changes in inductance were produced. The plate inductance was 
divided into two parts L, and L, between which there was no 
mutual inductance, the part LZ, being coupled to the grid in- 
ductance Lg to maintain the oscillations, the part L, being un- 
coupled. The two sets were loosely coupled to produce the hetero- 
dyne note in the telephone 7. 

The specimen was inserted inside the coil Z,, the whole change 
in the inductance L, + L, causing the note in 7 to alter. In 
practice this note was adjusted so as to be slightly out of tune 
with a third oscillating system producing an audible note, thus 
giving a certain number of beats per second. The insertion of the 
specimen caused this number to change, and by observing this 
change it is possible to calculate the susceptibility of the specimen. 

Let A be the area of cross section of the coil, A’ that of the 
specimen. Then if / is the length of the coil, U’ the length of the 
specimen, the volume susceptibility of which is K,, the new 
inductance of the circuit is 

L,’ = L,[A — A’4+ (1+ 47 K,) AV /(AD) 

=1,(1+ 47rK,A’/A]U/U. 

Therefore dL = L,.47K,. A'l’/(Al), 

(1D Nes Oa rear AR. iol 
Sat Dh = Dac) By Pete pe 

1 dn volume of coil [, + L, 
rence iy Ko 27° n volume of specimen’ JL, 

On account of the very high frequency oscillations employed, 
it was necessary to shield everything from outside electrostatic 
disturbances. The whole of the apparatus was enclosed in earthed 
metal lined boxes, and the capacity C,, by means of which final 
small adjustments were made, was provided with a long spindle 
which projected beyond the box. The coil L, was outside the box, 
but was specially shielded from all disturbances, both from outside 
and inside. The whole success of the experiment resulted from the 
precaution to shield the coil from the electrostatic effects of the 
specimen. The importance of this precaution was realised in some 
work similar to that described here, in which an electric discharge 
took the place of the specimen. Without it, the dielectric constant 
of the substance produces effects which completely mask the 
magnetic effect. The coil was wound on a long glass tube on which 
a very thin layer of platinum, 10~-° em. thick, had been deposited 
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and which was earthed. The coil was protected on the outside by 
a metal cylinder. 

The inductances of the coils L,, L,, and L, were designed to 
give approximately the same frequency of oscillation, but it was 
found that the fundamentals of the two circuits could not, on 
account of the limitations in the size of the box, be made to 
produce a sufliciently low beat note for comparison with the 
audible note from the third circuit. This synchronisation effect 
has been examined by Mr E. V. Appleton. In practice, the funda- 
mental of Set 1 was made to beat with the first overtone of Set 2 
to give the required note. 

To determine the frequency of the fundamental of Set 2, the 
capacity C, was altered until the mid-point of the silent space was 
reached. The wave length of Set 1 was then observed with a eali- 
brated Townsend wave-meter, and the frequency calculated. Let 
this be N, then if » is the frequency of the fundamental of Set 2, 
NG — 270 

Let the frequency of the third circuit be m. Then when Set. 1 
is altered so as to give ¢ beats per second between the heterodyne 
and the audible note, the frequency of Set 1 is 2n + m+ q. Now if 
the frequency of the fundamental of Set 2 is altered by dn, the 
frequency of the first overtone is altered by 2dn, so that the fre- 
quency of the heterodyne beat note is now m+ ¢ + 2dn, whence 
if a change of p beats per second is counted when the specimen 
is inserted, p = 2dn. 

Therefore pi Ni — ann 

_1 p _ volume of coil L,+ L, 
eee 27° N ‘volume of specimen’ L, ~” (1). 

Before the formula can be applied several corrections have to 
be investigated. Eddy currents are produced in the substance, the 
effect of which is to diminish the inductance and produce a change 
of frequency in a direction opposite to that due to the susceptibility. 
This effect should depend on the conductivity of the substance. 
In order to test the point, a solution of sulphuric acid, which had 
a susceptibility below the limit of reading and a conductivity far 
greater than that of any of the substances examined, was inserted 
inside the coil. No change in the beat note was observed over 
10 seconds. It was thus certain that this correction is negligible. 

Further corrections are required for the demagnetising effect 
on the field due to the magnetism induced on the specimen; for 
the absorption in the platinum shield; and for the fact that the 
specimen had a length small compared with the length of the coil. 
However, the effect of all these corrections can be shown to produce 
a change in K,, comparable with the experimental error, and so can 
be included therein. 
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Employing formula (i), the susceptibilities of certain iron salts 
have been calculated. In each case, over the range of frequency 
employed it was found that A, was constant. The specimens were 
contained in short lengths of glass tube, and were inserted by means 
of a silk thread passing over a pulley. The change of beat note was 
observed on insertion and removal. The effect of the glass was 
previously found to be zero. 

The results with iron salts are included in Table I. 

TABLE I. 

Mass susceptibility 
of water-free salt, 

Substance 1G Temperature 

FeCl, (solution) Aft 90-7 x 10-* 5 eC: 

FeSO,, 7H,0O (crystals fat pewder) ses 74-0 x 10-6 16°C. 

FeSO, (NH,),8O,, 6H,O (crystals) ... 41-1 10-* 16°C. 

These results compare well with the values found by balance 
and low frequency methods, the mean of these values, taken from 
Landolt and Bornstein’s Tables (1912), being 91 = 10 6, TS lalOne 
and 44 x 10-6 respectively. This is probably to be expected, for it 
is only at very high frequencies when the period of oscillation is 
comparable with the ‘time of relaxation’ of the molecule that a 
change in the permeability would occur. Such changes have been 
observed in the case of iron and nickel by Arkadief* who found 
that for a frequency of 2 x 10° per sec., the permeability of iron 
was about 8. 

I wish to record my best thanks to Sir Ernest Rutherford for 
suggesting the problem and for his helpful advice and encourage- 
ment during its progress; also to Mr E. V. Appleton for initiation 
into the technique of the experiment and for many useful suggestions. 

* Arkadief, Ann. d. Phys. 58, 2, 105. 1919. 
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Note on an attempt to influence the random direction of a particle 
emission. By G. H. HENDERSON. (Communicated by Prof. Sir 
E. Rutherford, F.R.S.) ; 

[Read 27 February 1922. | 

$1. Purpose of Experiment. 

In a recent communication to the Cambridge Philosophical 
Society Mr J. L. Glasson* drew attention to some peculiarities in 
the ionization photographs of Mr C. T. R. Wilson, which depicted 
the @ ray tracks due to radium emanation which was diffused 
throughout the expansion chamber. It was pointed out that there 
seems to be a tendency for all the @ ray tracks to point in definite 
directions. It was suggested-by Mr Glasson that such an effect 
was unlikely to be due to chance but might be explained by as- 
suming that the @ particles were emitted from the emanation 
nucleus in a definite direction, the emanation atoms themselves 
being oriented by some orienting force, possibly a magnetic field. 

It occurred to the writer that such a suggestion could be readily 
tested by an ionization method which gives an average effect, for 
which a statistical study of a large number of photographs would 
be necessary. The verification of Mr Glasson’s suggestion that the 
a ray tracks may be oriented in definite directions in some con- 
ditions, is evidently a matter of some importance. For such an 
effect must have the following consequences, (1) that in some 
manner the emanation atoms have been oriented in a definite 
direction, and (2) that the @ particle itself is emitted from the 
emanation nucleus in a definite direction. The experimental verifi- 
cation of (2) would be of assistance in furthering our views of 
nuclear structure. A negative result (which, to anticipate, is the 
result of the present attempt) would not necessarily lead to a 
negation of (2) but may only mean that the forces applied were 
unable to orient the atoms as in (1). 

$2. Apparatus. 

The experimental arrangement used is indicated in the accom- 
panying diagram. At one end of the glass vessel A is fixed the 
ionization chamber B, formed of an insulated brass disk connected 
to a quadrant electrometer, and a gauze 4 mm. in front of the 
disk and maintained at a potential of 80 volts.; 4 mm. in front of 
the gauze was a second gauze connected to earth, thus forming 

* Glasson, Proc. Camb. Phil. Soc. xxi, p. 7. 1921. 
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the usual protective antechamber to the ionization chamber proper. 
At the other end of A was fitted a narrower tube closed by a ground 
glass joint carrying the emanation chamber C. This chamber was 
formed by widening the end of a glass capillary tube and covering 
the end with a thin sheet of mica of about 1 cm. air equivalent. 
A fraction of a millicurie of radium emanation was used. 

The distance from C to the ionization chamber was about 
22 em. and accordingly the air pressure in the chamber A was 
reduced until the @ particles could enter the ionization chamber. 
To allow for the effect of 8 and y ray ionization, a thin aluminium 
sheet D of 8 cm. air equivalent could be moved to intercept the 
a rays. Thus the ionization current due to 8 and y rays, which was 
always small compared with that of the a rays, could be measured 
and allowed for. The sheet D was connected by means of a thread 
to a piece of brass rod in the rubber tube forming the connection 
to the pump. By moving the rod along the rubber tube the sheet 
D could be moved from outside the vessel into any position desired. 

§3. Results. 

By means of an electromagnet with split pole pieces a magnetic 
field of 860 gauss could be applied either perpendicular or parallel 
to the axis of the @ ray beam. The effect of the 8 and y rays was 
allowed for and as the @ ray beam was limited by diaphragms so 
that the particles entered only the central portion of the ionization 
chamber, no appreciable error could arise due to the bending of 
the « rays by the field. The air pressure was adjusted so that the 
ionization chamber was at the maximum of the ionization curve 
due to emanation «@ particles. 

The results obtained were entirely negative. Single ionization 
measurements with parallel and perpendicular fields agreed within 
1-5 per cent., the experimental error, while the averages agreed 
well within 1 per cent. As a little less than half of the ionization 
measured was due to emanation @ particles (the rest being due to 
the active deposit) this result means that if any effect at all is 
produced by the magnetic field, it is certainly less than 2 per cent. 

The air pressure in the vessel was also adjusted until the maxima 
due to the @ particles from radium A and radium C fell within the 
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ionization chamber and an orienting effect of the field on the solid 
active deposit was looked for with similar negative results. Equally 
unsuccessful was an attempt with a deposit of thorium C' on a 
nickel plate. 

Thus a magnetic field of the order of magnitude which Mr 
Glasson has suggested might be present in the Wilson apparatus 
is quite unable to produce any appreciable influence on the distri- 
bution of a ray tracks, and the cause of such distributions as those 
called attention to, if not due to chance, must be looked for else- 
where. 

On theoretical grounds no appreciable effect could be expected. 
Taking Langevin’s* theory of paramagnetism as a basis it may be 
shown simply that, unless the emanation atom possessed an extra- 
ordinarily high magnetic moment, an appreciable orienting of the 
emanation atoms could only take place at extremely low tempera- 
tures. 

The possible effect of an electric field was also looked for. 
Small electrodes were sealed into the emanation chamber and 
ionization currents measured (1) when the electrodes were at the 
same potential, and (2) when they were charged so as to give a 
potential gradient of about 400 volts per em. perpendicular to the 
a ray beam. Again no appreciable effect was observed. 

* Langevin, Ann. de Chim. et de Phys. 5, p. 70. 1905. 
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Determination of the Coefficient of Rigidity of a glass plate. By 
J. K. P. Waastarr, M.A., Lecturer in Physics at the University 
of Leeds. (Communicated by Prof. R. Whiddington.) 

[Read 27 February 1922.] 

The following is a short account of an interference method of 
determining the rigidity of a glass plate, which was originally devised 
as a laboratory experiment. Since no experiments made along 
similar lines have been found, it was thought an account of the 
apparatus and the results which have been obtained might be of 
interest. The work was suggested by Cornu’s experiments (Comptes 
Rendus, 1869) on the measurement by an interference method of 
the bending of glass plates, and was carried out in the Physics 
Laboratories of Leeds University. 

Description of apparatus. The beams, whose rigidities have so 
far been determined, have been 10 to 15 em. long, of rectangular 
section, having a width of 1-8 cm. and a depth of -18 cm. approxi- 
mately. The surfaces of the beams are reasonably flat and give 
broad straight fringes when placed in contact with an optically 
flat surface. One end of the beam D is clamped tightly at A (see 
Fig. 1) to a fixed vertical pillar B, and the other end is fastened 

Fig. 1 

securely to a cross-piece P attached to a circular rod R which rests 
in a socket S; the height of S can be accurately regulated by 
three levelling screws. In this way the plate can be subjected to 
known torsional stresses by means of suitable couples applied to 
the wheel W. A piece of optically worked glass G rests on a small 
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table E fitted with three screws for accurate adjustment of the 
height, and is arranged so that a very thin film of air separates 
the two plates, the two V’s in which G@ rests acting as a geometrical 
slide. Before torsion is applied te the lower plate D, the fringe 
system formed in the thin air film is made as broad as possible by 
adjusting the screws attached to the table £ and also those attached 
to the frame carrying the socket. When these adjustments have 
been made and broad fringes are obtained, the plate can be assumed 

Source 

Fig. 2 

to be free from all bending stresses. The film is illuminated, as 

illustrated in Fig.2, with monochromatic light and the fringe system 

is observed and measured by means of a travelling microscope 7’. 

When a pure couple is applied to the beam, the fringe system, 

consisting of a number of rectangular hyperbolas, can be brought. 

into view by adjusting the position of the glass G very slightly. 

By the measurement of these curves, the rigidity of the plate may 

be determined. A photograph of the frimges accompanies the 

paper. 



61 lity of a glass plate 10 ig of r 

XXI. PART II. VOL, 



62 Mr Wagstaff, Determination of the coefficient 

Theory. Let the surface ABCD (Fig. 3) represent the portion 
of the under-surface of the plate G above the plate D. Let EFGH, 
parallel to ABCD, represent the adjacent surface of the plate D 
originally, and #’F’G'H’ the surface when the couple is applied. 
The new surface is called a helicoid and the lines #’F’ and H’G’ 
are portions of uniform right-handed helices. Take a system of 
rectangular axes at a particular point O on the upper surface of 
the plate D, such that Oz is parallel to the length of the plate and 
Oy is parallel to the surface ABCD. 

Let » = Rigidity of the material of the plate. 
C' = Couple applied to the plate. 
6 = Angle turned through about Ox by a point Q whose 

original coordinates are x, y, 0. 
b = Width of plate. 
d = Thickness of plate. 

— 0 
Then* C= (1 — -63d/b). 

Now 6 = 2/y, where z is the new third coordinate of Q, and hence 

pbd3z 
BLY 

Let ¢ be the thickness of the air film between the two plates 
originally. If, after the lower plate has been twisted, the thick- 
ness at any point x, y becomes ¢’, then 

3xyC 

pebd3 (1 —-63d/b) ° 

Hence those points of the film for which the thickness ¢ — z is 

C= (1 — -63d/b). 

t’=t—z=t 

constant lie on the rectangular hyperbolas given by the above ~ 
equation. Corresponding to t— z= 4NA, where WN is an integer 
and A is the wave-length of the light, a dark fringe is formed. The 
dark lines in the fringe system are given by 

oa 
pbd? (1 — -63d/b) ° 

If t = }nA, where n is a particular value of V, the asymptotes 
of the hyperbolic fringe system will also be dark lines. The equations 
of the hyperbolas in this case become 

dsayC (mn — NYA 

pba? (l ="63d/6) — a” 

where for the hyperbola marked | in Fig. 3, n — N = 1, and for the 
hyperbola marked 2 in Fig. 3, n — N = 2, ete. 

pes 

* Love, Mathematical Theory of Elasticity, 2nd edit. p. 311. 
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In order to determine p, two different methods have been 
adopted. The values of x corresponding to a given value of y for 
the different hyperbolas have been observed. In this case 

(iN) (eae o), 

from which p can be calculated. 
Again, if the microscope be arranged to move along the line 

x = y, which bisects the asymptotes, and if the semi-diameters, OP, 
etc., for the different hyperbolas be measured, then for the hyper- 
bola n — N = s, 

ty = FOP: 

S0PSC sr 
2ubd? (1 — -63d/b) 2 * 

Thus, by measuring the semi-diameters of the different hyper- 
bolas the rigidity can be found. 

It has been found more convenient to measure the distance 
PP, = 20P, where P, is the point of intersection of «= y with 
the second branch of the same hyperbola, as the origin O is rather 
indistinct, whereas the points P and P, are perfectly well defined. 

Observations have been made with widely varying loads; the 
results are tabulated below. 

Series [. 

Width of glass plate = 6 = 1-835 cm. 
Mean thickness of plate = d = -1793 cm. 
Diameter of wheel = 7-42 cm. . 
Tensions in wires attached to wheel = 227-5 x 981 dynes. 
Wave length = A = 5-89 x 10-° cm. 

and 

x(measured| p». Dynes i 
y n—N by percm.* per y n—N x a 

microscope) | unit shear 

3867 cm 8 | -3185 em. | 2:59 x 10°. ]-3688em.| 4 |-169 cm. | 2-64 x 104% 
12 | -478 Syl wHelles IC 8 | -330 » | 2°58 x 1012 

16 | -6502 ,, | 2-66 x 10¥ 12 |-4963 ,, | 2-59 x 1014 

19 | -7691 ,, | 2°65 x 1014 16 |-6714 ,, | 2:63 x 104 

19 | -8035 2-64 x 1014 

ax (measured 
y n—-N by be | y n—-N £ mM 

microscope) 

-3688 cm. 8 | -3294 em. | 2:58 x 10%]-6187cem.| 4 |:103 cm.| 2-54 x 104% 
12 | -497 2-59 x 104 12 | -308 2°53 x 10U 

16 | -675 ,, | 2:64 x 104 -4065 ,, | 2:50 x 104 
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The following two sets of observations, taken at different times, 
show the results when the distances from the origin of the points 
of intersection of the various hyperbolas with the line = y were 
measured. 

n= N Distanoe along 1 A Peace alone i 

4 3469 cm. 2-56 x 101 4 3525 cm. 2-63 x 1011 
8 49125 ,, 2-56 x 101 8 493 Cs 2-58 x 101 

12 -6082_—s, 2-61 x 10" 12 6075, 2-61 x 104 
16 OOS7 sea 2°59 x 10” 16 6995, 2-60 x 104 
20 *78125 2°59 x 101 20 18a 35 2-60 x 101 
24 8600, 2-61 x 10% 

Series I gives the mean value p = 2:59 x 104 dynes per cm.? per 
unit shear. 

SERIES II. 

In a short series of observations, in which the distance PP, was 
measured, the following results were obtained: 

Width of glass plate = 6 = 1-825 em. 
Mean thickness of plate = d = -17532 em. 
Diameter of wheel = 7-42 cm. 
Tensions in wires attached to wheel = 367 x 981 dynes. 
Wave length = A = 5-89 x 10 cm. 

aN Distance along i 

4 -52835 cm. 2-57 x 1012 

8 = ASI ess 2:58 x 1012 
12 -91705 - ,, 2°58 x 1012 

Series IT gives the mean value p = 2-576 x 101 dynes per em.? 
per unit shear. 

Series IIT. 

These observations were taken by Mr L. Fouracre of Leeds. 
University. 

Width of glass plate = 6 = 1-83 em. 
Mean thickness of plate = d = -1740 cm. 
Diameter of wheel = 7-42 cm. 
Tensions in wires attached to wheel = 265 x 981 dynes. 
Wave length = A = 5-89 x 10cm. 



of rigidity of a glass plate 65 

y (measured 
x n—-N by be x n—N y p 

microscope) 

-3876 cm. 4 | -1254 cm. | 2-63 x 1011] -5472cm.| 4 |-0912cm.|2-70 x 10! 
8 | -2394 ,, |2-52x 104 Sees 24 2 Ona loo 

12 | -3648 ,, |2-56~x 10U IP) BIB 5 I\e7K se I 
16 | -4788 ,, | 2-51 x 104 16 | -3420° ,, |'2-54 x 10! 

In the following observations the tensions in the wires = 465 x 
981 dynes. 

_ ar | Distance along n—N 2=Y¥ 

4 -057 cm. | 2-48 x 1042 

-4788 cm. 8 “114 ~=—«g,_:=«|:« 2-60 x 10% 8 -3306 cm. | 2°6 
il -171~=,,_:~«| 2-60 x 10424 12 -4104 -,, 2-67 x 1044 
16 -2166 ,, | 2-47 x 10%} 16 -4674 ,, 2-6 

Series III gives the mean value p = 2-59 = 101! dynes per cm.” 
per unit shear. 

In conclusion, the coefficient of rigidity thus obtained may be 
compared with that deduced from determinations of Young’s 
Modulus F£, and Poisson’s Ratio o, by direct observation for the 
same glass beam. The values obtained as a result of several deter- 
minations were # = 6-07 x 10! dynes per cm.” per unit elongation, 
o—-2. Hence 

— E —o 

Gay DiC 6) 

It gives me great pleasure to thank Dr G. F. C. Searle, F.R.S., 
for revising the manuscript before publication. 

= 2-53 x 10! dynes per cm.” per unit shear. 
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Low Voltage Glows in Mercury Vapour. By G. Stnap, M.A., and 
E. C. Stoner, B.A., Honorary Research Student of Emmanuel 
College, Cambridge. 

[Read 27 February 1922.] 

When the anode voltage in a soft thermionic tube exceeds a 
certain critical value, a general glow fills the tube, and there is an 
apparently discontinuous change in current. On decreasing the 
voltage, there is a marked lag, and the glow disappears at a potential 
considerably lower than that at which it appeared. Although the 
phenomenon is familiar*, a completely satisfactory explanation 
does not seem to have been given. 

In the present work mercury vapour was used, and the effect 
of varying the filament temperature and the pressure was investi- 
gated in some detail. 

Apparatus. The main observations were made using a valve of 
the form shown in Fig. 1. The grid was a flat spiral, about 1-5 mm. 

Fig. 1 

from the tungsten filament. Clean, freshly distilled mercury was 
placed in the valve which was evacuated and baked in the usual 
way. (The mercury which distilled over during the baking was 
caught in a suitable trap so that it could be reintroduced into the 
tube.) The pressure on sealing off, as measured by a McLeod gauge, 
was less than -00005 mm. Different pressures of mercury could 
be obtained by heating up the tube in an electric oven. It may here 
be noted that change in the anode voltage produced little change 
in the effects observed, and the anode current was always small 
compared with the grid current. The current measured is the total 
current from filament to grid and anode, the two being connected. 

Experiments have also been made on a valve similar to that 
shown in the figure but without an anode. The general nature of 
the effects is exactly the same. 

* Cf. Stead and Gosling, Phil. Mag. xu. p. 424 (1920), and G.E.C. Research Staff, 
Phil. Mag. xu. p. 585 (1920); xu1. p. 685 (1921); xui. p. 227 (1921). 
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OBSERVATIONS. 

15° C. Pressure -0012 mm. mercury. 

A ey peal example of the type of characteristic obtained is shown 
in Fig. 2. With the low pressure, and the arrangement of grid and 
anode, the ordinary ionisation kink corresponding to 10-4 volts is 
not observed. The emission increases gradually as the voltage is 
raised through A to B. At B under definite conditions of DEE 
and filament ome an increase in voltage of less than .4—prob- 
ably less than ;1,—of a volt is sufficient to produce a bright blue 
glow which fills the whole tube in which before no glow whatever 
was visible. At the same time there is an enormous increase in 
the current passing between the filament and the anode and grid. 
On further increase of voltage, there is up to 40 volts only a very 
slight increase of current (C—D). On decreasing the voltage the 
change is very slight until # is reached. Here there is a sudden 

12 

Milliamperes 

Fig. 2. Typical characteristics at 15°C. 

discontinuous decrease of current, and a sudden marked decrease 
in the brightness of the glow. Further, the glow disappears entirely 
underneath the filament. The space between the grid and anode 
is now filled with a blue glow fainter than before, but quite easily 
seen in a bright room. Gradual diminution of the voltage results 
in a decrease in the length of the glow. The limit is sharply marked, 
as a dome, as suggested in Fig. 1. By varying the voltage between 
F and F’ the dome can be made to rise and fall in a beautifully 
regular manner; it could not, however, be lowered indefinitely, as 
the glow invariably disappeared suddenly, with decrease of current 
(F’—A) when its length became slightly less than about two centi- 
metres. (For brevity, the faint glow will be referred to as the first 
glow, and the bright glow as the second; and the glow beneath the 
filament as the under glow.) If the glow is obtained in the dome 
state (the path ABCEF must be traversed) and the voltage in- 
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creased, the faint glow completely fills the grid anode space. With 
further voltage increase the second glow suddenly appears at G, 
the current increasing from G to H. There is then a gradual increase 
from H to J. The JK jump corresponds to the appearance of the 
under glow. Decrease is by the EF path, under glow and second 
glow disappearing almost simultaneously. 

The spectrum of the glows was examined by a Hilger Wave- 
Length Spectroscope. As photographs were not taken, some of the 
fainter lines may have been missed. Those observed indicated that 
the spectrum (as far as the visible region was concerned) showed 
the ordinary mercury arc lines: 

6234 2S — 4P 5676 2s — 5P 

6123 — 5461 2p, — 2s 

6073 2s — 4P 4916 2P — 38 

5790 2P - 2D 4358 - 2s — 2p, 

5770 2P — 2d, 4348 2P -— 3D 

The most prominent lines were those underlined. No change was 
observed in the spectrum when the second glow appeared, but all 
the lines became brighter. 

With a hotter filament the current increase corresponding to 
the second glow is relatively much greater. 

Milliamperes 

Fig. 3. Series of characteristics at 15°C. 

Fig. 3 shows the result of a series of observations with different 
filament currents. The appearance voltage at first increases with 
increase of filament current, and then decreases. The disappearance 
voltage decreases regularly. 

Although in general at constant voltage, the current remains 
constant with time after the glow point is passed, with smaller 
filament temperatures, and so smaller currents, there is a gradual 
decrease of current with time towards an asymptotic limit. Such 
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time effects seem to be associated with phenomena of decrease of 
current with increase of voltage and vice versa. 

60° C. Pressure -025 mm. 

The glow appearance voltages were lower than at 15° C., but 
at this pressure there were more marked changes in current with 
time and voltage after the glow point was reached. At the glow 
appearance point the sudden increase in current was followed by 
a decrease with time at first rapid, but slowing down to a limit. 
On increasing the voltage the current decreased; on decreasing 
the voltage again the current increased. The final current after 
disappearance of the glow was usually slightly less than the original, 
though there seemed to be no large permanent effect on the filament. 

°C. Pressure -075 mm. 

At this pressure, though time decrease effects were noticed for 
saturation currents less than 4 m.a., the phenomena became fairly 
regular again. The critical voltages were lower. With different 
filament currents, the appearance voltage varied regularly between 
12-4 and 13 volts, the disappearance between |1 and 12 volts. Only 
one glow was produced, as with the smaller currents at 15° C. 

10 

Milliamperes 

4 ; 6 8 

. Volts 

Fiz. 4. Characteristics at 130° C. 

130° C. Pressure 1-15 mm. 

The lowest voltages for appearance and disappearance were 
obtained in this region. Two curves are shown. The disappearing 
voltage was as low as 5-6; the appearing 6-4—both well below the 
ionisation potential of mercury at 10-4 volts. The glow at this 
pressure was still visible though it was confined to the filament 
grid region. There was no sharp line of demarcation, the glow 
gradually shading off. Observations of the glow are obviously 
difficult under the: conditions; but with a small direct vision spectro- 
scope the mercury lines were readily seen on the bright continuous 
spectrum background with applied voltages well under 8 volts. 

145° C. Pressure 2-3 mm. 160° C. Pressure 4-17 mm. 

The curves for these pressures show very well the gradual change 
in the characteristics with change in filament current. With small 
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filament currents little or no hysteresis is shown. (See lower curve 
in Fig. 5.) Also, what is apparently the usual ionisation kink 
becomes marked. At 160° with smaller currents there seems to be 
hysteresis for this ionisation potential, but with higher currents a 
kink of the usual kind is obtained. Similar effects were noticed at 
165° C. 

At higher pressures the glow voltages increase, and the kinks 
become less and less marked, eventually disappearing. At 230° C. 
(43 mm.) the currents were very small, rising only to -1 m.a. at 
40 volts, and no kinks were noticed. 

Milliamperes 

Volts 

Fig. 5. Characteristics at 145° C. 

Pressure (mm.mercur. 
0/4 : y) 

6) 50 190 150 

Temperature 

Fig. 6. Curves showing appearance voltages (full line) and disappearance 
voltages (dotted line) at different pressures. 

Summary of observations. 

At a definite pressure the appearing voltage at first increases 
and then decreases with the filament current, and seems to approach 
a definite lower limit. (As increasing the filament temperature 
cannot be carried on indefinitely, it is impossible to be quite certain 
of this.) Taking as values the lowest appearing and disappearing 
voltages observed at the various pressures, these can be plotted 
against the pressure, with the result shown in Fig. 6. The full line 
represents the appearing voltage, and the dotted line the dis- 
appearing voltage. 
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At the conclusion of the above experiments an induction coil 
discharge was passed through the tube to see if any appreciable 
amount of hydrogen had accumulated. The amount was estimated 
at ;1, mm., the effect of which should be negligibly small. 

With other types of valves the characteristics obtained were 
somewhat different. With a guard ring cylindrical type triode, 
which may be regarded as having a filament with an almost closed 
grid round it, the current gradually decreased with the appearance 
of the glow. The appearance and disappearance voltages were 
similar to those above. 

A diode, which had as anode a filament parallel to the cathode 
filament, gave no glow below 27-5 volts. 

DIscuUSSION. 

In a soft valve ionisation by collisions between electrons and 
gas molecules may cause an increase in the current directly owing 
to the production of fresh ions, and indirectly through the effect 
of the positive ions in neutralising the electronic space charge*. 
The neutralising effect will be of greater importance the nearer the 
positives approach the hot filament. 

Let us consider for simplicity a gas with an ionisation potential 
V (no resonance potentials). Neglecting initial velocities, no 1onisa- 
tion will be produced unless the applied voltage is greater than JV’, 
and at a given voltage above this the number of ions produced will 
at first increase and then decrease with increase of the gas pressure. 

Now consider the indirect effect. The positives will travel towards 
the filament, but if they are few in number, and their velocity is 
small, they will recombine before reaching it. As the applied voltage 
is increased, some will eventually reach the neighbourhood of the 
filament. The emission of electrons from the filament will increase 
owing to the partial neutralisation of the space charge. The state 
is essentially unstable. The increased emission current will increase 
the ionisation which in turn affects the emission. The measured 
current will increase discontinuously to a value depending on the 
saturation current at the temperature. On decreasing the voltage 
the current will not immediately return to its former value, but 
will remain practically constant, until the re-combination, owing to 
the lower velocities, is again sufficient to prevent the positives 
reaching the filament. The state is again unstable and a discon- 
tinuous current decrease occurs. 

Such considerations explain the possibility of discontinuous 
current changes, and of a hysteresis effect. They also suggest an 
explanation of the changes in the voltages at which the discon- 
tinuous current increases and decreases occur with change of 

* See Richardson, Emission of Electricity from Hot Bodies (1921), p. 67 et seq. 
for discussion. 
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filament temperature at a definite gas pressure. A rise of filament 
temperature will cause an increased space charge, and the appearing 
voltage will at first be higher. The disappearing voltage will be 
lower owing to the greater number of positives formed. 

Omitting the ‘second glow’ for the present, the phenomena 
observed with mercury are in general agreement with the explana- 
tion proposed. It must however be concluded that mercury can 
be ionised below its accepted 1.p. of 10-4 volts. Production of 
ionisation under 6 volts cannot be ascribed to electrons having 
initial velocities greater than 4 volts for several reasons. The number 
would be negligibly small (less than -0001 °% at 2400° K have an 
energy greater than 3 volts) and on the above views ionisation 
occurs before the discontinuous current increase. Moreover, the 
ordinary ionisation potential, in certain circumstances, is indicated 
by a kink in the characteristic above and distinct from the glow 
potential (see Fig. 5). 

To explain such effects various suggestions have been made*. 
Although impact and radiation may be jointly responsible, it seems 
simpler to suppose that the outer mercury electron may be ejected 
from its normal ‘orbit’ (1, S) to an outer stationary orbit, and 
ejected from this in turn by a second impact. There seems no reason 
to suppose that the electron cannot remain in an outer orbit for 
an appreciable time. Indeed, unless the outer ‘orbits’ could in 
some cases form stable ‘resting places, no visible glow would ever 
be observed, for the visible glow lines are due not to complete 
re-combination (return to 1, S) but to return to outer orbits such 
as (2, P) after complete or partial ionisation. 

Although the many-lined spectrum seems only to be produced 
as a result of complete ionisation, a glow is not observed associated 
with the ordinary 1.p. kink in a valve containing mercury at low 
pressures. This may be because it is very faint. It may be, however, 
that ionisation, though necessary, is not in itself sufficient to bring 
out the many-lined spectrum. The appearance of the mercury glow 
is possibly due not only directly to ionisation, but to the changed 
electrical environment accompanying vigorous ionisation, which in 
some way renders stable outer orbits, to ‘which the electron returns 
in giving rise to the visible glow lines. 

We have now to discuss various effects which seem to depend 
on the form of valve used—the shape of the first glow, and the 
second glow. Reverting to the gas with simply one LP., it 1s 
obvious that ionisation will occur only within a space round the 
anode bounded by a definite equipotential surface. With a small 
anode—as in the bifilament valve—the space bounded by a given 
equipotential will be smaller than with a large anode. On the view 

* See Hughes, Report on Photo-Electricity (National Research Council Bulletin, 
No. 10) for summary and references. 
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taken above, the glow (current increase) potential should be larger, 
owing to a larger voltage being necessary before sufficient positives 
are produced for any to reach the filament without re-combination. 
This suggests why the glow potential observed with the bifilament 
valve was larger than with the grid valve (27 as compared with 17 
volts). For a low glow potential it is necessary that the space 
through which ionisation can take place should be large, and that 
the positives should be able to reach the neighbourhood of the 
filament. The anode (or grid) must be as close as possible to the 
filament. The fact that in a valve with a closed cylindrical anode* 
no glow (or corresponding current increase) was observed supports 
this view. 

In the guard ring cylindrical valve the positives (formed mainly 
beyond the anode) could not readily return to the filament. They 
would be repelled to the glass walls and there neutralised by an 
electron current from the filament. The glow should in this case 
be accompanied by a decrease in the filament-anode current, as 
was actually observed. 

The boundary of the first glow (see Fig. 1) may be considered 
as the equipotential within w hich ionisation occurs. As would be 
expected, it varies in length with varying applied voltages. The 
shape of the equipotential is modified by the glass walls of the valve, 
with the result that the glow is dome-shaped. 

At higher pressures the first glow is confined to the neighbour- 
hood of the filament and grid. There is no second glow unless the 
first glow can fill the valve, reaching the walls. This suggests that 
the second glow is associated with a sudden change in the electric 
condition of the dielectric boundary. As mentioned in connection 
with the guard ring valve, the glass can become positively 
charged under first glow conditions. The electron current from the 
filament is partly used up in neutralising this charge. When the 
first glow reaches the walls the charge is neutralised by the electrons 
in the glow region, with the result that the electron current from 
tbe filament to the glass is diverted to the grid. The result is an 
increase in the filament grid current, and so in ionisation and 
in the brightness of the glow throughout the tube. The effect will 
be more marked at the higher filament temperatures when there 
are more electrons in the glow region. This seems to account for 
the facts. 

Under some conditions the current decreases with increasing 
voltage and there are peculiar time effects (see account of observa. 
tions at 60°). Such effects are usually ascribed to chemical actionf. 
It is noteworthy that they are most pronounced when the production 
of positives is a maximum compared with the number of electrons. 

* See Stead, Phil. Mag. xut. p. 474 (1921). 
t See Richardson, Emission of Electricity from Hot Bodies (1921), p. 138. 
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When this is the case the possibility arises of the positives being 
able to pass right through the electron atmosphere without re- 
combination, and to reach the filament itself. Positive charges 
reaching the filament will decrease the emission, which will, after 
the first sudden increase, decrease to an equilibrium limit. Increased 
voltages will increase the number of positives reaching the filament 
itself (owing to greater velocities) with the result that the current 
will decrease. The effects can thus be explained independently of 
any chemical action, though it is obvious that if chemical action 
could take place, the conditions might be favourable. 

It remains to mention the bearing of these experiments on the 
question of the mean free path of the electron. If it is taken as 
four times that of the mercury atom, calculated in the usual way, 
it has approximately the following values at the given temperatures 
of the mercury vapour: 

15° 8-5 em. 60° 3-6 mm. 100°-36 mm. 140° -05 mm. 

With these figures may be compared the facts that even above 
60° the glow can be obtained several centimetres long, and that 
ionisation occurs above 140°, with the stated voltages applied, 
although the distance (1-5 mm.) between the filament and grid is 
many times the calculated m.r.p. of the electron. 

SUMMARY. 

Experiments are described on the effect of varying conditions 
on the glow potentials of mercury in a thermionic tube. A special 
type of tube was used with a grid close to the filament, and a large 
space in which ionisation could take place. The glow phenomena 
are accompanied by current changes which may be very large. 
Curves are given showing the nature of the 7, V characteristics 
obtained with different filament temperatures and different 
pressures. 

The length of the glow, in the tube used, could be varied by 
varying the voltage, the edge being sharp and dome-shaped. At 
low pressures, and fairly high filament temperatures, a ‘second 
glow’ is obtained. The experiments show that ionisation of mercury 
can occur well below 10 volts (as low as 5-6 volts). 

The main features of the current phenomena are explained by 
considering the effect of positive ions on the space charge, and the 
effects of re-combination. Ionisation below the 1.P. is ascribed to 
successive impacts. 

An explanation is suggested as to why in some circumstances 
an increase of voltage causes a decrease in current. Several minor 
points of interest are noticed. 

We should like to express our thanks to Prof. Sir Ernest 
Rutherford for the interest he has taken in the work. 
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An experiment illustrating the conservation of angular momentum. 
By G. F. C. SEARLE, Sc.D., F.R.S., University Lecturer in Experi- 
mental Physics. 

[Read 27 February 1922. ] 

§1. Angular momentum of a system. For the experiment we 
need only consider the case in which every particle of the system 
moves parallel to a fixed plane, which we take as the plane of Oxy. 
In the experiment this plane is horizontal. Let P (Fig. 1) be the 
projection on Oxy of a particle of mass m. 
Let the coordinates of P relative to the ‘” 7 
fixed axes Ox, Oy be x, y, and let the com- Pet = 
ponents of the velocity of P be u, v. Then 4 
the components of the momentum of the G 
particle are mu, mv. Hence, counting Y g 
counter-clockwise rotation as positive, the 
sum of the moments about Oz of the 
momenta mu, mv, or the angular momen- 
tum of the particle about Oz, is m (vz — uy). If H be the angular 
momentum about Oz of the whole system, 

= Sn (ena). ets cones enter ay: 

Let G be the projection of the centre of gravity of the system. 
Let its coordinates relative to the fixed axes Or, Oy be X, Y, and 
let the components of its velocity be U, V. Let r=X+€, 
y= Y +7, so that €, 7 are the coordinates of P relative to axes 
through G parallel to Ox, Oy. Then, since G is the centre of gravity, 

Xmé = 0, Ln = 10! |) ss sash ja aeewareds (2). 

Let u= U+a,v=V+ 8, so that a, B are the components of 
the velocity of P relative to G. Then, since u = da/dt, v = dy/dt, 
U =dX/dt, V=dY/dt, we have a = dE/dt, B =dy/dt. But, by (2), 

xumdé/dt = 0, Xmdn/dt = 0, 

and hence uma = 0, DEBI O) Oeit ee Rare eaee (3). 

Thus, by (1), 

Dam (0+ 8) (X + €) =(0 +o) (¥ mys 

= Um {VX — UY + VE — Un + XB — Ya + Bé — an}. 

Since U, V do not change from particle to particle, we may bring 
them outside the sign of summation. Denoting Xm by VW and using 
(2) and (3) we have 

H=M(VX — UY) + Xm (BE— an) ......... (4). 

Fig. 1 
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The first term in (4) is the angular momentum about Oz of a particle 
of mass M placed at G and moving with G. The second term is the 
angular momentum of the system about an axis through G@ parallel 
to Oz. 

§2. Method. A board D (Fig. 2) is suspended by a silk thread 
supposed to exert no torsional control. The plane of the board is. 
horizontal and the axis of suspension cuts the board in O. The 
vertical through O is the axis Oz of § J. The inertia bar 4B turns. 
about a vertical shaft fixed to the board, the axis of the shaft 
passing through G, the centre of gravity of AB. A second bar C, 
suitably fixed to the board, acts as a counterpoise to 4B. By 
adjusting C, the plane of D is made horizontal. By a light spring 
E attached to the board and operating by a string wound round a 
drum carried by AB, this bar can be set into ‘motion about @ 
relative to the board, when a thread attached to the board and 
holding AB in its initial position is burned. Before the thread is 
burned, the system is at rest. 
At any later time let the axis 
OG of the board make an angle 
@ with OF, its initial direction, 
and let the axis AGB of the bar 
make an angle ¢ + e with OG, 
where ¢« is the angle between 
GA and GO before the thread is 
burned. Let ¢ be measured in the opposite direction to 0. 

With the exception of gravity and the tension of the suspension, 
no external forces act on the system after the thread is burned, and 
hence the angular momentum of the system about the vertical axis. 
Oz is zero. If the moment of inertia about Oz of the board, the 
counterpoise and all the other fittings except the bar AB be Ky, 
the angular momentum about Oz of this part of the system is 
K,d0/dt. 

Let M be the mass of AB and let OG =a. Since the linear 
velocity of G is ad6/dt, the momentum of M at Gis Mad6/dt, and 
the moment of this momentum about Oz is Ma?d6/dt. This angular 
momentum is in the same direction as that of the board. 

The angular velocity of AB in space, in the same direction as 
that of the board, is d0/dt — dd/dt, and hence, if the moment of 
inertia of AB about a vertical axis through G be K,, its angular — 
momentum about that axis is K, (d0/dt — dd/dt). Hence, by (4), 
the angular momentum of AB about Oz is 

Ma*d0/dt + K, (d6/dt — dd/dt). 

The angular momentum of the whole system is zero, and hence 

K,d6/dt + Ma?d6/dt + K, (d0/dt — dd/dt) = 0......(5). 

Fig. 2 



ond 
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' do jd 0 
s chy fc 
ahd = di dq’ 

we have, by (5), Gu Ks ae eee (6). 
dd: | Kao phe maa? ie, 

The quantity A, + AK, + Ma?, or Ks, is the moment of inertia 
about Oz of the whole system, when the bar AB is fixed relative 
to the board. 

Since (6) holds at every instant, we have 

Obi Ki Kins sectent aaisenencaeacen res (7) 

where 6 and ¢ are, respectively, the angles turned through by the 
board relative to the earth and by the bar relative to the board in 
any time, each measured from the corresponding zero. 

Let the bar 4B be removed from the board and be attached to 
a vertical torsion wire and be made to execute torsional vibrations, 

the axis of suspension agreeing with that about which AB turns 
when on the board. Let 7, be the periodic time. Let 7’ be the 
periodic time when the complete system is suspended from the same 
wire. Then K,/K, = T,7/T,” and thus 

Ohi = Loti Dae \ eessnmepeetgicer arene (8). 

In the experiment 0/¢ is compared with T,?/T,?. 

§3. Haperimental details. Fig. 3 shows some details of the 
apparatus. The counterpoise does not appear, as it is fixed to the 
part of the board which is omitted. The counterpoise and other 
fittings should be designed so that the axis of suspension is as 
nearly as possible a “principal axis.” If this condition be not 
secured, the motion of the board will be unsteady. The ends of the 
torsion wire W, used in comparing A, with Ks, are soldered into 
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two short cylinders 0°5 cm. in diameter. At the centre of the board 
is a socket H, provided with a set-screw. Into this socket fits either 
the rod N, by which the system is attached to the thread, or the 
cylinder at the end of the torsion wire. The hole in the bar at G is 
of the same diameter as that in H. By a set-screw, the bar can be 
secured to the torsion wire. 

The bar is held in its initial position A,B, against the pull of 
the spring # by a thread Q secured under the button R; this position 
is defined by the stop Z. When the thread is burned, the bar turns 
round until it hits the other side of Z and is arrested in the position 
A,B,. To prevent rebound, a small pellet of plasticene is placed 
on L as shown. Unless the plasticene be re-moulded into pellet 
form after each impact, the bar will rebound. Though the rebound 
does not vitiate the experiment, it makes the observations more 
difficult. The angle ¢ turned through by AB relative to the board is 
a — A,GB,. li A,G =1, we have sin 44,GB, = 44, B,/r. Then 

6 = 7 — A, GB, = 7 — 2 sin (4A, B,/r) radians ...(9). 

The angle 6 turned through by the board is measured by the 
fine wire UV, which is stretched in a metal frame carried by the 
board and has the same projection on Oxy as the line GO. The wire 
moves over a horizontal scale whose edge is T7. A zero J on TT 
is chosen, and 7'T is set perpendicular to OJ. If UV cut the edge 
in J initially and in P finally, 

tanO = PISO). 50.5 lncasneacnscbaotes (10). 

To determine JO, a “set square” is held so that one edge is 
vertical and one horizontal, as tested by a level. The vertical edge 
is adjusted to touch TT at J, and the horizontal distance of this 
edge from the axis of the suspending thread is measured. 

For success, the system must be at rest when the thread Q is 
burned. The silk thread supporting the system is attached to a 
torsion head, which is adjusted so that UV cuts TT in some point 
very near J when the system is at rest. A stop S is fixed to the 
scale so that, when the frame touches S, UV cuts TT in J. A current 
sent through the coil Y attracts the small magnet X attached to 
the board and holds the pointer against the stop. The attraction 
should be only just great enough to keep the frame against the 
stop. The centre O of the board is then reduced to rest. A flame 
or a small gas jet is prepared and, when the system is at rest, the 
thread @ is burned. The current is stopped just before the flame 
is applied. The board moves round, and the reading of UV in its 
new position of rest at P is taken. The wire may subsequently 
drift very slowly from P on account of shght torsion of the silk 
thread or on account of draughts, and thus the reading should be 
taken without delay. 
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The supporting thread should be of plaated silk; fine fishing 
line may be used. If a twisted thread be used, it will be difficult 
to obtain anything like a steady zero position, since a twisted 
thread exerts a couple approximately proportional to the load, 
unless the thread be practically “unwound.” 

In the apparatus as finally constructed, the board is 56 cm. 
long, 8 em. wide and 1-5 cm. thick. The inertia bar is 26 cm. 
long, 1-6 cm. wide and 1-6 cm. thick. The mass of the whole 
system is 1770 grms. 

§ 4. Practical example. The following results were obtained by 
Mr J. A. Pattern: 

Determination of 6. The values found for JP were 7-50, 7-80, 7-50, 7-70. 
Mean 7-625 em. The distance JO was 38:5 cm. Hence tan 6 =7-625/38-5 =-19805, 

and hence 
6=11° 12’ 9” =-19552 radians. 

Determination of ». The distances were, A,G=15-0cem., A,B, =2-42 cm. 
Hence $ =r —2 sin~ (1-21/15) =180° —9° 15’ 14” =7 —-1615 radians. Thus 

gd =2-9801 radians. 

Determination of T, and T,. The inertia bar was suspended by the torsion 
wire and the transits were observed as follows: 

Transit Time Transit Time 50T, 

min. sec. min. sec. min. sec. 
0 59 50 3 43 2 44 

10 1 32 60 4 16 2 44 
20 2 5 70 4 48 2 43 
30 2 37 80 5 21 2 44 
40 3 10 90 by 53 2 43 

The mean value of 507’, is 163-6 secs. Hence 7’, =3-272 sees. 
When the whole system, including the inertia bar, was suspended by the 

same wire, similar observations gave 507’, =638-9 secs. Hence 7’; =12-778 secs. 

Comparison of results. For the times, we have 

T/T? =3-2727/12-778" =-06557. 

For the angles, we have 
6/¢ =+19552/2-9801 =-06561. 

Hence equation (8) is closely verified. 

6—2 
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A general condition for the quantisation of the conditionally 
periodic motions with an application for the Bohr atom. By Victor 
TrKAL, Ph.D., Lecturer in Theoretical Physics in the Czech 
University, Prague. (Communicated by Mr F. W. Aston.) 

[Received 14 February. Read 1 May 1922.] 

In a conservative dynamical system of k degrees of freedom let 
91> 25 +++> J, be the generalized Lagrangian coordinates and let L 
be the kinetic potential: we shall suppose that the constraints are 
independent of the time, so that LZ is a given function of the co- 
ordinates 91, 42, ---> 4, and of the velocities g,, qs, ---, J, only, not 
involving the time ¢ explicitly. If we further introduce momenta, 
defined in the usual manner as 

oL 
Pr 04; ’ 

ve total energy of the system, W, is given asf 

z Peds —— L= W= Const. ; L= = Exin —_ Exot, W = Exin + ID 

eke Exin and Epo, denote the kinetic energy and the potential 
energy respectively. 

Multiply each side of this equation by dt and integrate from the 
time 0 to T and divide the equation by 7’. Letting now T increase 
beyond all limits, we have 

lim 1 Ff pededt— 5 [ Lal = ii 7 [| Wa= Ww LON any PA) OPO = hm — 
ne 7 g Prd al | en i 

In the case of a conditionally periodic motion, it follows that 
g 
A aa PrGrdt — ml, da—sWve 

where 7’. and 7* denote the period of the function p,q, and of the 
kinetic potential L, respectively. Denoting further the time mean 
of the kinetic potential 

Caan ene 
L= Ts ee 

and writing frequencies v, instead of peak ( ai ) we obtain 

DUE [p.dg,— L = WY a, aetna eae (GN) 

+ Cf. E. T. Whittaker, A treatise on Analytical Dynamics, 2nd ed., Cambridge, 
1917, p. 62. 
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Tr 
where Dp: 04, = | p,g,dt denotes the phase integral. Denote 

J 0 

| p.dg, BOG igi. 0 6 eee ee (2), 

the equation (1) then becomes 

Did Be eet BES 7' aren  ayreey -ae eaee (3) 

Imagine now J,, v,, L, W expressed as functions of ‘structural’ 
constants (e.g. of matter, charges, field) and ‘kinematical’ con- 
stants. These latter usually specify the shape of the path of the 
motion considered (e.g. the semi-axis and the numerical excen- 
tricity of an elliptical orbit of an electron rotating round a positive 
nucleus), in other cases they may specify for example the velocity 
of rotation of a spinning sphere; in the classical theory these 
‘kinematical’ constants can generally acquire any value. 

Obviously I,, v, as well as L and W are functions of the ‘kine- 
matical’ quantities (a, ¢, ...); W, however, can be regarded as a 
function of J,, I,, ..., 1,, these latter again being functions of 
AEE. <2) 

Thus we can write 

mera Wiol.  &. ol, dW. Kk oWol. se sole MOE Ss 5) LEIS se gneiss ALTE OS) ea HY, meer Ga. ci da’ Ge On ee ace 

since * ae =p (r= Mh De eee ieee eee ae (5). 

Now let us quantise the motion of this dynamical system; then 
we must use Sommerfeld’s condition 

a [ p-da, == (9), (Fallen A ere ee (6), 

where n, is a positive integer and h Planck’s constant. Then 
I,, Iz, .-., I, are constants independent of (a, ¢,...), so that 
formula (3) becomes 

k ; 
De Melt, =e cu acataseeaceenceens (7). 

r=1 

Further, the formula (4) is transformed into 

ow OWiae 
-- ces, CUCL! Sacdhameteudatcces aa 0, Be = 0, ... ete (8), 

ey OW SAOe 4 alt eee Recados: (S)5 

I, being constant and equal to n,h. 

* Cf. J. M. Burgers, Het atoommodel van Rutherford-Bohr. (Proefschrift.) 
Haarlem, 1918, p. 43, § 10, equation (5). N. Bohr, “On the Quantum Theory of Line- 
Spectra. Part I.” (D. Kgl. Danske Vidensk. Selsk. Skrifter, Naturvidensk. og Mathem. 
Afd., 8 Raekke, tv. 1). Kobenhavn, 1918. Separate copy, p. 29, equation (5*). 
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Substituting into (9) the value W from equation (7), we obtain 
for the total quantised energy the following condition 

k bt 

5 Se i} Ty aR er i (10), 
ri 

in which the variation extends to the ‘kinematical’ constants only. 
Of course, before variating, we must express the term within the 
brackets as a function of these ‘kinematical’ constants. 

We notice, that the stationary states of conditionally periodic 
systems are determined by the condition that the difference be- 

k a 
tween & n,hv, and the mean kinetic potential LZ should be an 

r= 
extremum (as we shall see from examples, a minimum). 

In special relativity-mechanics all the above suppositions re- 
main valid; only the kinetic potential Z must be substituted by the 
modified Lagrangian function 

‘ 
C= F—-E£, 4; F= — me? (V1 — B?—1), B= = pan (ibs Ry: 

and for the kinetic energy the expression 

Ben Mgc- ie = Fe = 1) Se astiae aaetatsos (12), 

where v denotes the actual velocity, c the velocity of light and imp, 
the mass when at rest. 

According to special relativity-mechanics 

L= F — Ey = Exin + F — W, since Exin + Epot = W...(13). 

Multiplying each side by dt and integrating from 0 to 7, we obtain 
7 Zh 
[ bat = { (Buin + F)dt— WE reece (14). 
0 /0 

Introducing the principal function (‘ Wirkungsfunktion’) 
i 

ge | (Bagi aclyn eae WD co! (15), 
ih 

we have 78 - ir Lat) SS (> 1 eee (16); 

if the motion is periodic, we see that the following relation must 
hold 

fen 7(8- [ na)=8 - ee Aas (17), 
T>o fi 

where S and ZL denote the time means of the functions S and L 

respectively. Comparison with the relations (3) and (7) gives 
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by the classical theory, and 
k 

SS Da erty ech te ned se hee een (19), 
T= 

by the quantum theory, where 
MRIS ik: 
= rab FTN at aa (20), 

in ordinary mechanics (since F = Eyj,) and 
ee 
Se Fall SS ian ae (21), 

in special relativity mechanics, 7* being the period of the functions 
behind the integral sign. 

Hence we can summarize the chief results as follows: 

(1) The total (classical) energy can be expressed as 
k = k aA 

aes v,| pedg, — E = Eee 
n= : r=1 

(2) Its quantisation results from the following variation principle: 
k cs 

5 | x n,hv, — x} = (I), 
1 T= 

EXAMPLES. 

Exampte 1. An oscillator vibrating linearly about a fixed 
equilibrium position. 

The motion of this (Planck’s) oscillator is given by the following 
known equation " 

me=— ke, k>0, 

or E4 4a vE = 0, 

where the constant v denotes the frequency of this harmonic 
motion; integrating we obtain 

€=acos (2m + $). 
The kinetic energy is 

M : 
Exin = 3 E? = 207? mvc? sin? (2mt +9), 

2 
and the potential energy 

Enos = 277m? = 27? mvc? cos® (2avt + 9). 

Hence the kinetic potential 

L= Eyxin — Epot = 277?mv*a? cos 2 (2avt + 3) 

and its time-mean 

L= »| 27r?mva? cos 2 (2avt + 3) dt = 0. 
0 
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Thus we obtain W =v{ pdg = L=v | atip 
and the quantisation gives W = nhv. 

The only kinematical parameter is v; the variation of the last ex- 
pression would have here of course no meaning. Thus the last 
expression is the definite form for the quantised energy and agrees 
with the Planck expression *. 

EXAMPLE 2. A rotator spinning round its fixed axis. 

The kinetic energy of such a rotator is Eyin = $Jw? = 3S (2a), 
where J, w and v have their usual significance; this is also the total 
energy W of the rotator as well as the kinetic potential 

L=L—W = Euins 

Our general condition takes the form 

8 {nhv — L} = 6 {nhv — 3 (27v)} = 0. 

The only kinematic variable is of course v. Hence 

_ mh es 
Ag? W 2 (ar) 82? J’ 

as it is well known from other communications *. 

Vv 

Examp.e 3. An electron rotates round a nucleus in a circular 
orbit. 

If we denote by m, the mass of the electron, vits velocity, a the 
radius of its circular orbit, T the period, v the frequency, — e its 
charge and # the nuclear charge, we have 

1 eH _s eH eH e 

Eon N me ye ae ue oer: 
Cone : = seh 

The kinetic potential L=L= > ; 

applying our general condition 

5 {nh — L} = 8 fh. oa 71 <0, 

we obtain, varying in a oo eS 
j : 47?cHimg ” 

hence the total energy 
Mie kee 27777 HM 
me es 

which coincides with the Bohr valuef. 

* M. Planck, Vorlesungen iiber die Theorie der Warmestrahlung, 4 Aufl. Leipzig 
(J. A. Barth), 1921, p. 139, form. (223 a), p. 140, form. (231). 

t A. Sommerfeld, Atombawu und Spektrallinien, 2 Aufl. Braunschweig (Fr. 
Vieweg & Sohn), 1921, p. 243, form. (13). 
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i Exampte 4. An electron rotates round a nucleus in an elliptical 
orbit. 

The system involves two degrees of freedom and two equal 
periods (azimuthal and radial) 

| 

In this case the general condition 
6 {nhv + n'hy’— Dk = 8 {(n +n’) hv — D} 

} i WAR es 
afin inh gel ea oe oF 

(n+ n')*h? 

role 
Ios) as) & 

SS 

I oO 

ives the semi-axis LS 
6 4neHing © 
and the total energy 

Woe eH —_ Ame? H? my 
9 247 (wen) 

coincident with Sommerfeld’s caleulations*. 

EXAMPLE 5. An electron rotates round a nucleus in a ‘ relativ- 
istic circle.’ 

In this case the Coulomb’s attraction balances the centrifugal 
force, hence 

eE mv e#F 3 C2 
= , —=™mM€ 

a2 a a ye 
LS os 2 

Further, the total energy 

Ein + Epos = W = moc” rs = ‘) _ eh 
pe a 

But 
—, 9.| S 

tw nf 
SS 

no 

I aa 
eH i 1 aa 

amc ec]? / 

a Pail (tee oy y+( y 
G 2 \amyc? 4 \am,c? amc)” 

* A. Sommerfeld, l.c., p. 267, form. (20). 
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eH ‘yi eB, * Xe 

ene Nt: = ae ve LS aN Ge) , 

But v= 2mav, v= 5 Sai M7? Ze 
: 2710 

and 7a — aa aE 
amg C 

2 (] — 72) eee eK Z ect (l= 77) 

Tne Ve oe eek aaa 
The kinetic potential 

u eH 
L= F — Ey = — met (4/1 artra 1) + ; 

=— mec (Z—1)+ he = 

and L=L=me (1 + 2 22) = peo neee eee (22). 

Our general condition bus 

- moc? (1— Z)* _ 2 ee he 
6 {nhv — L} = Binh. 3 ey MS fan 1+, oF ae 

Evidently we can vary this expression in Z instead of in a. 
Finally we have 

2areL\ 

Tone A/T ase Ee A 
nhe MC? 

which again is the Bohr expression*. 

EXAMPLE 6. An electron rotates round a nucleus in a ‘re- 
lativistic ellipse.’ 

(1) Sommerfeld calculated the total energy in such a case as 

Wi nA ea itis =P 
ao = Sly 

when the equation of the ‘relativistic ellipse’ is 

ale) 

~ 1+ ecosyd’ 
E z 

and p= — , ¢ denoting the velocity of lhght, p?= 1 Po 5, the 
re 

semi-axis being 

_V Pp peV Pep 
mepy (1 — e?) 

Hence we obtain a quadratic equation for p? 

p* — pov (1 + €*) p? + €pg* — aPamg?e* pg” (1 — €*)? = 0, 
2rre* 

he ~ 

a 

* A. Sommerfeld, l.c., p. 330, form. (22), where a = - 
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then 

P= Bp (1+ 2) + py Va — e+ fee (1 — 2}; 
further we obtain 

on Dan Por Ca exo cf ( Po i} 

a= pP—ep2 ame Gy a 2amc/ 

According to the binomial theorem we have 

W eL nd Os 
———— ————— a ——— 

Myc” 2am,c* 2 4a?m,c* 
Le 

Putting c= ©, we obtain W = — = which is the energy in the 

non-relativistic case. 

(2) The calculation of the two frequencies (radial and azimuthal). 
The areal constant 

. m : v 
= mrb = ord f2e=—, Pp p V/] as p p p @ 

according to Sommerfeld * is 

1 eH 1 Ww 

Ve?) Mee eit, HOO 

Hence p= m, (2 an 0 =) rh, 4 At (z ~ Po *) r2 (23). 
Meer d P MCT 

] — é?) or eH B tes, Wa ks ei ia ys eh a 
ef fewacomiad OY pr? Po c es 

If 7’ denotes the time of revolution counted from a perihelion to 
the next one, we obtain from the relation 

cis 
20 2r : 

the period 7” = [’ iN = [ i = ei (Z wi Po.) Pdeb. 
HOD. Owl OP Moc r 

Substituting the above values we have 

db my ae a (l—e) a mes See ON eek ee ce Sa) 
q ae ‘ ) mod | (1+ cosy) c [, ea ; Vp — py 

Ebon 2 V7 gt ee ee 
cae myc 1 — Z?’ VP Po Ai a 

iy difs Qa ie dis 2a 

But 

o (1 + «cos ¢#)” 1—e)? Jo l+ecose . VT_-@ 

* Ann. d. Phys. 51 (1916), p. 48, form. (B). 
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Thus iP = ay ee 
m,c* (1 — Z?)2 

Replacing the period 7” by the frequency v’, we obtain 
We MC Bae 

nie Tae 

iy eas Po where Zi 1+ — : 
Cee 2amoe 

Hence v’ is a function of the single variable a. But we can also | 
regard v’ as a function of the only variable Z. The second frequency 
is the reciprocal of the second (azimuthal) period. In increasing the 

angle 4 = y¢ from 0 to 27 in the time 7”, the angle ¢ = » nerense | 

1 1 : 
from 0 to 27 in the time T = T’y; putting T = —, T’ =— we obtain 
the relation us 

Vv 
YL — 5 

; Y 
But from the expression 

Ve © ogee ch) y 
Pepa Eee wel 

it follows 
_ 72 

Ti ceg Pe y= mae 
ee (a 

hence aos oR ea ayy 

We have thus expressed vy as a function of variables Z and e 
(or of a and e). 

(3) Calculation of the kinetic potential. We have 

eye ee ee 2 a ped hy tet) Zs ae F-me=mev1 Bp? = (1 — Ze”) + (1 — Z?) e cos xf’ 

Eb). nage WN 
Lnctee tare met Z (1 + € cos #), 

DSP hes, 
BY m,c? (1 — e) Z mel 2 oll 
(= 2-(— yeconmicmesctees, (1 1° Oar 

Putting « = 0, we obtain the kinetic potential of a circle, which 
agrees with the result i in (22). 

We have found in (23), (25) the expression for dt. Substituting 
into (25), (24) the ee 

ei: 5 a 

pie pe aly = Pye ; 
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we obtain 

My V1i-2 fae ae dis peane M 
1— Z2 (1+ecos#)? | 1+ .€cosp) Ee, MyC21/1 — Z 

and 
7 _ <2)2 78 

iq Ldt= — == Po vl Se (eda Ze 

Vaz, Ve? 
| i dis P an das 

Jo (1 + ecos#)? (1 — 22%) + (1 — Z)ecosd} ~ Jo 1+ecosé 
¢ Qa dif 

diye ee eee 
( a) Z| (1 + e cos #) {(1 — eZ?) + (1 — 2) e cos J} 

i Wee 

ete atk ap. 

Let us calculate some an, 
Qn ¢ 

ofS Sees 2 0 l+ecosp Vi_—& 

Putting «= 8: a,|a|> ||, we have 
2a 5) 

Jo a+ Boosp Wo? — BP 

Differentiating this integral in the parameter a, we obtain 

r2ar dif 
_ ie a) ee 2 Ph a JOR 5 = ‘ (ILL) ip Pigaeme Beyne. peil= [5 

Further 
2r dif 

I Renee eee ¢ ete eee ee 
oy) ip (a + B cos #) (y + 6 cos #) 

ware i dif ras Qn dis 

~ By—ad)o a+ Beosp By—adJo y+ dcosp 

2a B 3) 5 = a la rca le eh v= BP 
Differentiating this integral in the parameter @ we obtain 

Df —— 9 = - |e 
0 (a+ Bcosp)?(y+Scosp) (By — 08)” Va? — B 

) elles 
— ——__. | + —___—_—_.,,, > >|d 7 oo] ape eet 

b= We = 
Hence L= = 7 |, bae= emg [1 -- eae Z 
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Our general condition gives 

5 (nhv + n'hv'— L) = 0. 

Instead of varying in a and e we may also vary in Zande. It will 
be more convenient to use new variables z and qg and vary with 
respect to these. Putting 

ela 5 1 (se =<) 

ie 4d Rez waihe Cc 

we obtain 

M, Ce x \? ——__—=- M,C 
§ {2 ( ) nV 1+ ga +n’) + —° 
ee r+1 le fae ] (x+1)? 

The variation in z and in q gives these conditions 

(1 — q?x) — mye =O) 

— C2 — qa) +5 “ot (nV1 + gat n’) 
2 

peter rq _ otk 210) 2 + qg(x+1)an lee z ae) ...(26), 

ea ei el EUG (27). 
1+ qx 

Substituting (27) into (26), we find 

or Z = 1 => TeNteiAO —005095>F02 ee [PD 

aly? |? 
[w+ / nt (4 ) | 

e 

which also is identical with the Sommerfeld* equation. 

In conclusion, I desire to express my thanks to Professors | 
P. Ehrenfest, F. anil and J. Heyrovsky for their kind interest 

and advice. 

* A. Sommerfeld, /.c., p. 330, form. (23); p. 521, form. (5). 
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The tide in the Bristol Channel. By Sir GEORGE GREENHILL. 

[Received 7 October. Read 31 October 1921.] 

An interesting comparison with reality of the theory of the 
long flat tidal wave up an estuary is made by Mr G. I. Taylor in 
the Proceedings of the Cambridge Philosophical Society, Jan. 1921, 
p- 230, in the application to the tide in the Bristol Channel, taken 
as increasing slowly and uniformly in breadth and depth out to sea 
from an origin at Portishead. 

Similar applications can be made to the remarkable tide in the 
Bay of Fundy, Nova Scotia; also to the Gulf of California, and to 
the Humber and others, as in the Principia, Book mt, 24, 26, 27, 

. 390. 
; Then there are the investigations by Chrystal of the Seiche in 
the Lake of Geneva, in the Trans. R. S. Edinburgh, 1905, leading 
to the same analytical treatment, to be rewritten in the Fourier 
notation. 

Sunilar theoretical calculation was given in the Phil. Mag., Nov. 
1919, on the flat tidal wave in a channel, changing its section slowly 
according tosome simple mathematical law, with the view of bringing 
forward the Clifford function (Mathematical Papers, p. 346), really 
the original Fourier function, and anterior to the Bessel function, 
to illustrate its advantage. 

A memoir was read to the Mathematical Congress at Strasburg, 
Sept. 1920, in the Pedagogic Section, with the hope of attracting 
the attention of the mathematician to the Fourier function in 
preference to the usual Bessel function, and the application here 
to the tidal problem will serve as an illustration. 

The conventional notation may be followed as adopted by Mr 
G. I. Taylor, except that the equations become more convenient 
and canonical, if we work to ¢ = A€, the flow through the cross 
section A of the horizontal displacement €, making the equation of 
continuity, for surface breadth B, 

dl 
ae ae Bn =a OF rns ert a te er ct Cis 

On the usual dynamical assumption that the pressure head in 
along flat wave is the depth below the free surface, and so neglecting 
the effect of the vertical velocity as insensible, and supposing the 
liquid to oscillate in the swing over the ground of a pendulum of 
length /, the equation of motion is 

ica 
gate eee 
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and the dynamical equation is written 

dn a6 iae 
dg ALO ee 

and (I), (II) are the equations of the motion, in a canonical form. 
By the alternate elimination of ¢ and 7 

(4G!) + aE=0 dy _dlogAdn | By iG Lari 

dz\ a [Ria Fie Neg ae All 

dl HG: G6 dloe Bal BG 

dix 7; (Baz) Al mee Figs Gli. GER ay aa On Fe (EV); 

two more canonical equations. 
Assuming that A and B vary slowly as some power of 2, 

A = az? and B = Bz", and with Tee = hg”, 

dn  pdn b Pl ga me al : aoa teal + hat Tia Up Ee ye dy ites ven! 0") 2 

and changing to the new variable 

ihn ailectntts 

pa e 
, dy dy 

ee ee 2 aes making ae (g— p-+ 2) aa 

dy dy say , dy 
p2 ) malbiier) grates 

- Fes Pea see (2 bee), 

the two equations in (V) reduce to the Fourier form of his D.£. of — 
order n, 

me d SoD ai) ot ye Oper eats (VD, 
“ke dz 

with a solution y = F,, (z), in which 

Fy() = 2 (1) = = pe ces ; 

ae d n (— eye ane 

F(2)= (- =) Fy (@)= 2a) (2); 

and F_,, denoting the nth integral of Fo, 

F_,(2)=2F, (2), 2s = Fate ee eee (3). 

Expressed by the Bessel function 

EF yi(2) dig (2 a7 Zann lee atid (2a 2 eee (4). 

! 

| 
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Then the solution of (V) by the Fourier function is 

ap Og 2) set (GeO Seat (2)ie sastaces sone 09% (5), 

AG Ride Na a a 
Tg peer nls f= Dae 

and the ratio of a to b would be assigned by (I) or (II). 
Thus with uniform depth p, p=q, n=4(p— 1); and with 

2q—1 

2—q- 
similar cross section, p = 2q, n = 

In Mr G. I. Taylor’s assumption of an estuary shallowing uni- 
formly at one in m, 

 ¢ | 8 ae 

aS x p=qrl, Us 13/5 n= aF,(""). (Ch os (*)...6) 

and further, with the breadth increasing uniformly, 

eet, pen nee q=aF,(*), Ee (“*) AD) 

agreeing with the Bessel function form given by Mr Taylor, with 

J, 2/(ka) ; F_, (kx) 
——_____ — ered le 25)) == in\) Mee AUS) TEE) F (kx), J,2+/(kz) ve eel (edi ce) 

Then for the first three roots of 

BE. (2)=0, | = 1-445, 6-945, 18-72 
(20: oO 12-30, 25°88) ...(9), 

JAE) sez (0), z = 6-59, Ley 33-77 

and so on. These give a place where the tide is a maximum, horizontal 
or vertical. 

The tables calculated for the Bessel function J (2) can then be 
utilised for the Fourier function F (z) by entering a new column 
of the argument z = 12”. 

When » is half an integer, the Fourier and Bessel function is 
expressible by the circular function 

in (2+/z 
/ 7 Ff _; (2) = cos (24/z + €), /7F; (z) = an y2*9) (10), 

and so on, by differentiation and integration, including both solu- 
tions of the differential equation by the addition of the lead € as an 
arbitrary constant. 

The reciprocal of Mr Taylor’s & is a length of 84-74 miles, the 

equivalent of our , the fictitious depth of water at a distance / 

from the origin, and in his calculations the slope is about one in 
3000, in round numbers. 

VOL, XXI. PART II. 7 
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In a tidal current the swing over the ground of the equivalent 
pendulum motion is on an arc of too great a radius to be expressed 
except in a unit such as # the radius of the Harth, 3438 geographical 
(G) miles, the circumference of the Earth being 360 x 60 = 21600 
G miles. 

The discount in gravity at the equator due to diurnal rotation p 
is usually taken as one part in 289, in round numbers (Principia, 
lib. 111, prop. xix); and then 

17\2 
g = 289Rp? = 1 (Np), 2 a (=) ee dee (11), 

for an oscillation of / making N double beats a day. 
Thus in a semi-diurnal tide, taking N = 2, it makes | = 72k; 

but with an average tide of 24 minutes over 12 hours, 12-4 hours, 

1 is raised to over 77R, making m = kl = a = 3080, agreeing 

fairly with the average of Mr Taylor’s measurements. 
With such a great value of /, it must not be taken as the radius 

of the are of pendulum swing over the ground. The radiation of 
gravity must be taken into account from the centre of the Earth, 
and the swing of pendulum oscillation over the ground must be 
imitated by a truck over a line apparently straight and level, but 
bent downward slightly to a curvature of m’ (minutes) per mile, a 
radius a = R/m miles, with centre beyond the centre of the Earth. 
and then the truck will make N = 17 +/(1 — m) oscillations, to and 
fro, in the day in the absence of resistance. 

Because on a radius a, when the truck is displaced from equi- 
librium through a small angle @, and gravity through an angle 4, 

Eis ke erinah geek (a 1) sin 0 = -(5- 1) sind ...(12), 
gdt? sin 0 

2 
a =— sin § = — (a- -) sin 0, : oe --=5= mM) te( lla) 

Thus if the line is level with the surface of the sea, m = 1, and 
the truck is everywhere in equilibrium. 

But if straight like a Channel tunnel, m= 0, and the truck 
oscillates 17 times a day, in unison with the grazing satellite, or 
the free oscillation of water filling a diametral tunnel, as imagined 
by Socrates (Phedo). 

For a semi-diurnal tide, with N = 2, 

R R 1 289 
Oar aan —~ 989° = 985 doo 0noodd (14). 

If the line is curved upward, m is taken negative. Thus if curved 
upward to a radius k, n=— 1, 1= 3h, N=17/2, say 24, re- 
placing 289 by 288, and the single pendulum beat is half an hour. 
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This radiation of gravity is ignored by Kelvin in his statement 
of the oscillation of a liquid globe, say of the radius of the Earth, if 
slightly disturbed in a spherical harmonic of order ; and then he 
finds 

L201 

R- 2n(n—1)’ 

and in the gravest mode when 

n= 2, b= 2h. 

But this / is not the radius of the are of equivalent pendulum 
swing over the ground; the radius a = 5R must be taken, or the 
are must be curved downward at one minute in 5 miles. 

A sailor calls the horizontal motion, € or €, the tide out at sea, 
estimated as a current, independent of the depth. But in soundings 
7 the vertical motion is called the tide, to be considered in crossing 
shallows and entering a dock or port. 

In a ground swell (houle) of long flat waves in shallow water, 
7 will be small compared with €; so that although the pitching 
motion of a steamer may be insensible, the engines will race from 
the fluctuation of € and Z, and the flow of water through the screw. 

In nautical units of the G mile for length, and the hour for time- 
longitude, speed K is given in knots. Here 289 may be replaced for 
convenience by 288, allowing for discount in g due to diurnal 
rotation, the true number lying between these limits, thus making 

) 2 

g = 288Rp2 = 288R (57 ) — 2m? = 216007 (knots an hour) ...(15), 

too large a number to be remembered easily, like the familiar 
g = 32 {/s*. The grazing satellite velocity is then given by 

G =/(gR) = 7R/2 = 10800 1/2 knots. 

This value of g in cosmopolitan nautical units is suitable to 
employ in Newton’s calculation applied to the Moon, when he 
tested his theory of gravitation. 

With a parallax 573, cosec. parallax 60, the range of the 
Moon r = 60R; and on the inverse square law, g must be reduced 
from 216007 on the Earth to 67 at the Moon; so that for a 
sidereal lunation of H hours, 

har? Ae 
ee =67r, H?= ae = 407R = 40 x 10800, H = 120/30 hours, 

or 54/30 = 5 x 5°48 = 27:4 days. 

This results at once from Kepler’s Law III, with the grazing 
satellite taken as making 1/(288) = 124/2 revolutions a day, and 
289 reduced to 288 when pure gravity is discounted for diurnal 

a 
i—s 
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rotation. Then for a satellite at the range of the Moon, r= 60R; 
and Law III makes the sidereal lunation 

60/60 
12/2 = 54/30 = 27-4 days, 

as before. 

Long free rollers of length A out at the offing in the deep sea 
advance with velocity K, where 

7 \ 2 
Ke= gn 7RA— 10800A, (=) Ey eee (16), 

2 60 

and then if MW is the number of waves per minute, 

a) (ah ik? 
M= 60° NL = AT Ge LSBs uate eee (in): 

Thus, for example, if M Atlantic rollers were counted in the 
minute, breaking on the shore one day, and M’ the day before, 
24 hours earlier, the distance of the storm centre in the offing out 
at sea will be x ia where 

40 L 24 x 180 
Bul a= = SVL = ———. ..... é 24 = gr= Tey (MM), 2 = apap 18) 

Hor/instance, 1 6 eo — 30) Ne 0 ie 
then x = 1080 miles, and the storm took place 36 hours earlier : 
a Smith’s Prize question by Prof. Stokes. 

In a further application of the Fourier function for Mr G. I. 
Taylor’s consideration, take his Report to the Aeronautical Committee 
on Dissipation of Eddies, R. and M. 598, Dec. 1918. 

Equation (1) there, on the assumption that w the angular 
velocity of a ring of fluid of radius 7 dies out on the compound 

WwW 
discount law, — oe ae k, in consequence of viscosity p, 

Ww 

Z Ms =)7 = 2rr 1 “ = =— 2rkrpw ...... (19), 

do kp 
y se oat 3r Te rw = 0 Co rcccccccccce (20), 

: saa pre 
and this, with A becomes 

be 
d*w da 
—,+2— =) Us epee 21). ° ae da ie 

Fourier’s p.£. for n = 1, having a solution 

a oy kpr*\ Jy (Ar) yj. __ kp 5 w= Fy(2)=F, (Po) = i eC) 

The rest of the investigation can easily be supplied, as WM and @ 
there are then expressed by F (z). 
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The Definition of an Envelope. By KE. H. Nevitin*. 

[Received 1 December 1921. Read 6 February 1922.] 

1. The remark that circles of curvature at neighbouring points 
of a plane curve do not as a rule intersect was a sentence of death 
on the classical definition. of the envelope of a family of real plane 
curves; if a definition does not allow a curve to be the envelope of 
its own circles of curvature, so much the worse for the definition. 

The gist of the definition by which de la Vallée Poussin replaced 
the classical definition is that the envelope is the locus of points 
where the members of the family are unnaturally close together. 
To render the definition precise, the members of the family are 
associated with the values of a real variable a. It is then shewn 
that for small values of 6 the shortest distance from a point Q 
on the curve a to the curve a+ is in general of the first 
order in f, but may be of a higher order. An ordinary point 
on a at which the distance is of a higher order than the first is 
called a characteristic pot of @, and the envelope is defined 
as the aggregate of the characteristic points of a for those values 
of « for which the curve « does not consist entirely of characteristic 
points. 

This definition is unsatisfactory in certain respects. In the first 
place, the change from «@ to a new variable € defined by 

a — a = (€ — &))3 

gives B = 7° if ay + B = (€&) + 7). A distance which is of the first 
order in f is of order higher than the first in 7, and therefore if the 
family is associated with the variable € instead of with the variable 
a, the curve €), which is an arbitrary member of the family, is 
composed entirely of characteristic points, and according to the 
definition no points of the envelope can be found on &,. That is to 
say, the envelope depends on the parameter used, and any point 
of the envelope can be removed by an appropriate choice of para- 
meter. 

Again, if the members of the family are the tangents to a given 
curve, any tangent whose order of contact is higher than the first 
proves to be composed entirely of characteristic points: the en- 
velope is not the curve from which the family is derived, but is this 
curve deprived of its points of inflexion as well as of its singular 
points. 

* The germ of this paper is in a review of R. H. Fowler's ‘Elementary Differential 
Geometry “of Plane Curves’ which appeared in the Mathematical Gazette (Vol. 10, 
p. 151, 1920). 
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One modification of de la Vallée Poussin’s definition is to 
complete the envelope as he defined it by the addition of all its 
limiting points. This process is effective in simple cases, but it may 
admit singular points whose exclusion is actually desirable, and it 
does not discriminate between points at which there is some 
genuine geometrical peculiarity and points omitted accidentally, 
that is, owing to some peculiarity in the variable associated with 
the family. Moreover, the method is inherently troublesome to use. 

An alternative is to define Q as a characteristic point on the 
curve @ if the concentration of the family near Q is unnaturally 
close not merely in comparison with points in general but 7 com- 
parison with most points on the curve ay. This is the view that is 
developed here. 

2. We suppose the family of curves to be 

ACs SC) — OO ts a eee 2-1 

referred to rectangular axes, and we consider a point Y on the 
curve @; for the present we assume Q to be an ordinary point of 
a@- With this hypothesis, f, (xg, ya, &) and f, (xg, Ya, Ap) are not 
both zero, and therefore the range of x, y, and @ can be so restricted 
that the two square-roots of f,” + f,? are separate functions; we 
denote one of these functions by g (z, y, a), and we write 

l (z, Y, a) Hie (z, Y, a)/9 (z, Y, at), m (x, Y, at) ie (x, Y, a)/g (z, Y, at). 

If the point P is on the curve a, then | (xp, yp, a), m (xp, yp, @) are 
the ratios of a direction normal to @ at P. But since it is essential 
that 2-1 should not be regarded as expressing a in terms of x and y, 
the functions J, m must be taken primarily as functions of three 
variables, not of two. 

3. Instead of dealing with the shortest distance from Q to the 
curve a@ + $8, we deal with the distance from Q to the nearest 
point in which this curve cuts the normal QN to ay; the two 
distances are asymptotically equivalent on the assumption that 
/, m are continuous functions of z, y, and a. An arbitrary point P 
on YN may be represented as (zg + lg, yo + rmg), Where lg, me 
stand for 1 (xg, Ya, &), M (Le, Ye, &) and 7 is the distance QP, and 
if we write 

Lane B) =f (xe + rl, YQ + TMQ, a + B), 

the condition for P to be on the curve a + f is 
EG Bye NP OE ene 3:1 

Since @ is on @, (ORO) FOr kB eee 3:2 

Also for all values of r and B 

F,.(r, B) = lofe (Ze + Tle, Ye + rmQ, % + B) 

a mo fu (xq + rla, yo + TMQ, % + B); 

} 
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hence F,, (0, 0) = (lq? + m@”) 9 (Xe, Ya, %) = J (a; Yo; &)s 
and therefore AON) Osten i, Peace 3:3 

But 3-2 and 3-3 together imply that 3-1 is equivalent for small 
values of r and f to a relation 

Tree) 
in which ® (f) is a single-valued function expressible for any value 
of n as 

(®,/s!) Br + O(B™9); 
s=1 

®, is independent of 6 but depends of course on the numbers 
LQ, YQ, % Which have been treated as constants. To calculate ®,, 
we have only to determine d*r/df* from the implicit relation 

Ff (te + re, Yo + TMQ, & + B) = 9, 
and to give r and f zero values; 3-3 implies that each coefficient is 
determinate and finite. 

The order of 7 as a function of 8, which will be called the a-order 
of concentration of the family at Q, is the index of the first of the 
coefficients ®,, ®,, O,, ... that is not zero, and because F, (0, 0) 
is not zero, this is merely the index of the first of the derivatives 
F (0, 0), Fag (0, 0), Page (0, 0), ... that is not zero. In other words, 

Tu. I. The a-order of concentration of the family of curves 
I (x, y, @) = 0 at an ordinary point Q of the curve a, vs the index of 
the first of the derivatives fa, faa, faaa, --. that does not vanish for the 
values LEQ, YQ; & Of L, Y, & 

4, To compare orders of concentration at different points, we 
have only to regard the derivatives f,, faa, -.. as functions of the 
three variables x, y, a instead of fixing our attention on the values 
which these derivatives have for given arguments %@, Yq, a- 
Keeping @ constant and allowing z, y to vary subject to the relation 
ft (x, y, &) = 0, we have one analytical form of the definition of 
characteristic ‘points under consideration : 

Tu. IL. The characteristic ordinary points of the member cy of the 
family of curves f (x, y, a) = 0 are those ordinary points of a» whose 
coordinates satisfy the first of the equations 

Ve (x, 4 Ys ao) )= 90, Maat (x, Y, Qo) = 0, eas 

that is not satisfied at every point of ag. 
Let us write f (a, y, @) as an abbreviation for o"f (x, y, @)/0a”. 

It is possible, though exceptional, for a function /” (x, y, a) to 
have a factor independent of x and y; to meet this case let us 
suppose 

f™ (a, y, @) = h” (a) H (a, y, a), 
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where H™) (x, y, a) can not vanish independently of x and y for 
any value of a. 

The vanishing of f (x, y, @) along the curve a may be due 
either to the vanishing of H) (x, 4, a) along the curve or to the 
vanishing of h®) (a), that is, to the presence of a factor (@ — ap)? in 
h’) (a). If h®) (a) is expressible as (a — a)” 7 (a), then, for all values 
of r from 0 to p — 1, f+) (x, y, a) has a factor (a — a»), and 
6+?) (x, y, dy) reduces to a numerical multiple of 7 (a) H® (a, y, a). 

bi vAg) fe), 2)... f&) are known to vanish along a, the a-order of 
concentration at a point @ of ag is s+ p+4q, where p+ q is the 
smallest value of u for which 

0” {(a — G)” 9 (a) H) (a, y, a)}/ea¥ 

does not vanish along a, that is, where q is the smallest value of 
v for which Cv {9 (a (a Nee H's) (x, Y, @ a)+ Oa” 

does not vanish along ap; if then 7 (a) is not zero, qg is the smallest 
value of v for which 0’H“)/da” does not vanish at every point of 
@, and Q is or is not a characteristic point of a according as 
OH) (xg, Ye, &)/Oa? 1s or is not zero. That is to say, if we wish only 
to find the characteristic points and not to determine their a- -orders, 
we may simply ignore any factor h) (a) whether or not we are dealing 
with a curve for which this factor vs zero. 

The application to a change from the variable a to another 
variable € is obvious. If 

I (@ Y, a) = k (x, Y; Sh 

then fa = ke (dé[da), faa = hep (dé[da)? + hy (PE[da”), 
and so on. If kzis not zero along a curve of the family, the charac- 
teristic points of this curve are determinable equally from f, = 0 
and from k; = 0, whether or not d&/da is zero. If these equations 
are ineffective because kz is zero along the curve, then for this same 
reason the equations f,, = 0, kig= 0 are equivalent but for the 
factor (d&/da)?, and this factor can be ignored; the argument can 
be prolonged to any necessary extent. 

The difficulty with regard to points of inflexion also disappears. 
Taking the equation of a family of tangents* as 

y —f (a) — (x — a) f" (a) = 0, 
where f(a) is a given oe of a, we have the characteristic 
points given by 

(x — a) f" (a) = 0, 
and therefore on the line @ we must have z = a whether or not 
J” (a) is zero. Since on a line every point is ordinary, the envelope 
of the family of lines is 

DO Yh =f (a), 

* Cf, Fowler, op. cit. p. 67. 
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that is, is y=f (x), without subtraction of any point to which 
there is a value of @ to correspond. 

5. The definition of a characteristic point is applicable if the 
family is given as 

EO (E508) eat (Cm Wy Ste cae 5-1 

where the functions are regular and uniform. We assume now that 
the derivatives ¢, (t, a), %; (t, @) are not both zero at a point Q of 
the curve a and therefore are not both zero for any values of 
t, a near totg, a. The ratios of the normal QW are definite numbers 
lg, mg, not both zero, such that 

lad: (te, &o) + me; (ta, &) = 9, 

and therefore such that 

med; (tg, ao) = lewd; (tg, ao) # OSS ny oes 5-2 

In order that the point (wg + 7lg, yg + rmg) should be on the 
curve a + f, there must be a value of ¢ such that simultaneously 

tgt+rlg=¢(t,%+ 8), Yyotrmea=4¢(t, a + B). ...5°3 

The condition for a pair of equations 

Oe Bb) — 0 arate) AO 

to define r and ¢ as functions of f in the neighbourhood of a given 
set of values is 

. 

0 (®, F)/o (r, t) #9, 
and if ®, Y denote 

LQ +r rlg iz d (t, Oy B), Yor Trme sate (t, Og B) 

this condition is simply 5-2. 
From 5-3, treating r and ¢ as functions of B, we have 

lq (dr/dB) = $4 (¢, & + B) (dt/dB) + da (t, & + 8), 

Me (dr/dB) = pe (t, ao i B) (dt/dp) a Pa (¢, Q + B), 

dr _ FA(d, W/0 Ut, a) | and therefore cam We tialals ee Fore 5-4. 

Hence unless GA, sei (te pa ee rae 5-5 

for t= tg, a = dp, the a-order of concentration at Q is unity and 
@) is not a characteristic point on a. 

Now if 5-5 was satisfied identically, there would be a functional 
relation, independent of ¢ and a, between ¢ (t, «) and ¢ (t, a), that 
is, between x and y, and the original pair of equations 5-1 would 
represent not a family of curves but a single curve; this case there- 
fore can not occur. Hence further, 5-5 can not be satisfied at every 
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point of a curve @ except through the presence of a factor (@ — a)? 
in 0 (4, #)/o (t, a). Writing 

0 (4, )/0 (t, a) a (a Ty Qo)” {me pi (t, a) ay lor; (t, «)} F (t, a) 

we have - dr/dB = BF (to, a + B); 

where F (t, a) is not zero independently of ¢. Since the successive 
derivatives of ¢ with respect to f, as implied by 5-3, are all finite 
when f is zero, and since the successive derivatives of r with 
respect to 8 may be conceived as calculated from 5-4 by substitution 
for derivatives of ¢, a point Q@ on @ has a-order of concentration 
equal to p if F (tg, @) 1s not zero and greater than p if F (tg, a) 
is Zero: 

Tu. If. The characteristic ordinary points of the typical curve in 
the famaly 

a= > (t, a), y= 4 (t, a) 

are those for which t satisfies the condition 

(Ete) — a0 

where F (t, a) is derived from 0 (4, #)/0 (t, «) by the suppression of 
every factor that is a function of a alone. 

For example, the envelope of the line 

G=— X (a) exe (ce), “Y= Via)soey (a); 

where X (a), Y (a) are given functions of @ and X’ (a), Y’ (a) are 
their derivatives, is given by the relevant factor of 

t{X’ (a) Y" (a) — Y' (a) X" (a@)} = 0, 
that is, by t = 0, even for values of a for which X’Y’— Y’X” is | 
zero, provided only that ox/0et and dy/ot are not both zero, that is, 
provided only that X’ (a) and Y’ (a) are not both zero. 

6. The method of §5 is more powerful than that of §§ 2-4, | 
for some points that have to be treated as singular in a functional — 
representation of a curve are ordinary in a parametric representa- 
tion. For example, if the function f(z, y, a) happens to have the — 
form {v (x, y, «)}2, every point is singular in the sense that f, and - 
f, are zero, but the family f = 0 is geometrically indistinguishable — 
from the family v = 0; a parametric substitution of the form 5-1 
does not reduce f identically to zero without reducing v, and there- — 
fore preserves no record of the peculiar form of f. Again, for a — 
multiple point through which all the branches are regular, the 
parametric representation separates the branches completely; the 
point may be characteristic on some branches and not on others, | 
or may not be characteristic at all, but unless it is a cusp or a 
transcendental singularity on one of the branches the general 
analysis needs no modification. 



fig (t, a), ob (t, a), a} APN Nr Vent eater 6:1 

for all values of ¢ and a. Then identically 

Sob + fiht = 9, 
Sicha + fitha a0: 

© clelsieie 6-2 

G (é, a) such that, for all values of ¢ and a, 

ig Gl fg = — Ge ase tes 6:3 

jsince ¢, and %, are not simultaneously zero, and f, and jf, are 
finite, G is finite. Substituting in 6-2 from 6-3 we have 

f= G8 (4, #)/2 (t, @). 
All the characteristic points are to be found from factors of 
0 (d, %)/0 (¢, @) that do not vanish independently of ¢; hence we 
can ignore factors of f, that vanish in virtue of the equation f = 0, 
and factors that vanish independently of ¢ for particular values of 
a, without considering whether these factors belong to the function 
|G or to the Jacobian 0 (¢, )/0 (t, a). 

Thus we are justified, for the family 

f (x, Y; a) = {v (x, Y, ay}? = 0, 

in neglecting the factor v in f, and deriving the characteristic 
points from v, = 0. For a multiple point through which there are 

only regular branches, G is necessarily zero; hence f, is zero there, 
but the vanishing of f, does not indicate that the point is character- 
istic. If G (t, ag) is not identically zero, the order of a value fg as 
a zero of G(t, a) is the smaller of the orders of tg as a zero of 
Se { (t, &), & (t, @q), %t and as a zero of f, {¢ (t, a), w (t, ap), Ao}; 
and therefore @ is a characteristic point on the branch of a 
represented by values of ¢ near fg if and only if the smaller of these 
orders is less than the order of tg as a zero of 

ic td (t, ao), if (t, Go); Xo} 5 

‘supposing this last function not to be identically zero; this con- 
dition is of little use in general, for if the functions ¢, % are known, 
teference to f is superfluous. But the case in which G (fg, ap) 1s 
not zero, that is, in which f, (vq, ya, %) and fy (ve, Ye, &o) are not 
both zero, is that of §§ 2-4, which is in this way subordinated to 
that of § 5. 

7. Itis perhaps 6-1 that gives the simplest basis for examining 
the classical definition of an envelope. To suppose the curve a to 
be intersected by its neighbours is to assume that for every 
sufficiently small value of 8 the equation 

FAG (b, Oy)s b(t Q)y GHB =O sevens 7] 
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is satisfied by some real value of ¢. It is impossible for 7-1 to be an 
identity for all small values of 8, and if » is the index of the first 
of the functions f™ (x, y, a), f°) (x, y, a), ... that is not zdentzcally | 
zero for the values ¢ (t, a), % (£, &), @ of x, y, a, there is some 
number y (¢, @&, 8) between 0 and f such that 

ti¢ (t, Go), ip (t, Go), a) a B} —fi¢ (t, Go) ob (é, q) Qo} 

= BYP {Ph (t, a), H(t, &), My + ¥ (F, &> B)}/n!. 
From 6-1, this last identity implies that 7-1 is equivalent to 

FOLD Oy) NE ee)s Gy aay Ee oats) One eee 7-2 

As B tends to zero, y (¢, ay, 8) tends to zero uniformly with respect 
to t, and therefore* any root of 7-2 necessarily tends to some root of | 

if Ach (ERMAN (Eee) hp = Oe ee 73 

Tu. IV. The ordinary points of ay that are limits of points in 
which a rs intersected by a variable neighbouring curve of the family | 
are among the characteristic points of a. 

But there is no reason to suppose that every root of 7-3 is a 
limit of a root of 7-2, or that if 6 (¢) is a given function of ¢ there 
is a value of 8 such that y (¢, ag, B) is 6 (¢): on both accounts the 
argument is irreversible, and we must discuss otherwise whether - 
in general characteristic points are limits of points of intersection. | 

If we isle 

(t, B) =f 1h (t, @o), $ (4, &), % + BI; 
then for the curve a to be intersected by neighbouring curves, the 
equation 

AE (ESBS OT le i as sees 7-4 
which is 7-1, must represent an effective relation between ¢ and B- 
for sufficiently small values of 8. In examining this equation, we 
have to remember that ’ (¢, 0) is cdentically zero, and that there- 
fore 

Y, (t, 0) — 0, ger (é, 0) SS 0,- sees 

Supposing that we are to expand ¢ in powers of 8, we must find | 
the values of the derivatives dt/dB, d?t/dB?, ... when f is zero. 
From 7-4, 

O=A50 + Ys, 4 

0S Oe ee ot ae 
0 — LACES Be Bae eee = BY it” 

+ Pret’? + 38 net? + 3V pet’ + Vppe, 
and so on. Hence it is impossible for ¢’ to be finite when f = 0 
unless ‘Y’, = 0, that is, unless f, = 0, but if this condition is sabia 
by a value fg of t, and if 

bh ar (tg, 0) $ 0, seeeee T-5 

* See $9 below. 
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then the first equation is satisfied identically, the second determines 
‘a unique finite value for ¢’, the third a unique finite value for 0”, 
and so on. On the assumption that f, (v9, Ya, &) and fy (xQ, Ye, 9) 

[o Ge fa)/0 (x, Y) keo,yos a F 0; 

hence 

Tu. V. If the Jacobian 0(f, f.)/0 (x, y) does not vanish at a 
characteristic ordinary point Q of the curve ao, then Q is a limit of 
intersections of ay by neighbouring curves of the family f (x, y, @) = 0. 

8. Concentration and intersection are not more closely as- 

notation we are using, the envelope is given parametrically by 

z=(t,0), y=P(e) vee 8-1 
)when ¢, a are connected by a relation which imphes 

ae {¢ (t, a), ip (t, a), a} =A Te aia Be 8-2 

0 (p, #)/0 (t, a) = 0. ho GE 8-3 
\If r is any current parameter on the envelope, da/dr is not zero 
}everywhere, since no a@-curve is formed wholly of characteristic 
| points; hence to suppose da/dr not zero is only to exclude isolated 
| points of the envelope. That is, we may use @ for the parameter of 
‘the envelope without any sensible loss of generality. 
| Let Q be a characteristic ordinary point on the curve a), and 
‘assume that Q is ordinary also on the envelope and that «@ is 
javailable as the parameter of the envelope near Q. Let x,, y, be 
the direction ratios of the tangent to a@ at Q, and xp, yp those of 
the tangent to the envelope there. Then 
| Ls : Ys = Ox/ot : dy/ot 

/where the derivatives come from 8-1 on the assumption that @ is 
constant; since ¢ is a regular variable on @ and Q is an ordinary 
point on ay, these values of Ox/ot and oy/ot are not both zero. 

wp 2 Yr = dx/da : dy/da 

where the derivatives come from 8-1 on the assumption that ¢ and 
_@are connected by 8-2; since on the envelope @ is a regular variable 
and Q is an ordinary point, the values of dx/da and dy/Sa are not 
both zero. Hence the condition 

LSYT — Ystr = 0 

(0x/Ot) (Sy/Sa) — (Cy/Ot) (dx/da) = 0, 

Pt {oh (8t/Sa) + pat — py {; (5t/Sa) + Pat = 0, «0... 8-4 
| which is satisfied in virtue of 8-3. 

“is equivalent to 

that is, to 
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Thus at any characteristic point Q that is ordinary both on the 
a-curve through it and on the envelope, these two curves touch 
provided only that @ can be used as a parameter on the envelope 
near Q. The last restriction can be removed immediately; any 
point R at which the restriction operates must be a limit of points 
at which it does not operate. If # is ordinary on the a-curve 
through R, any point Y sufficiently near to R is ordinary on its 
own a-curve, and the limit of the tangent QSg as QY tends to R in 
any way (not necessarily along the a-curve through R) is the tangent 
RSp. li Q tends to R along the envelope, RSp appears as the hmit 
of QTg, the tangent to the envelope at Q, and if RF is an ordinary 
point on the envelope, this limit is the tangent to the envelope at R. 

Tu. VI. At any characteristic point that 1s ordinary both on the 
curve to which it belongs and on the envelope, the envelope touches the 
curve. 

The steps by which we have proved this theorem are valid to 
establish the converse. Suppose that a regular curve touches at 
every point a member of the family. Then the curve is determined 
by a functional relation 

wit Swe nay i (SS ye eee 8-5 

and the current point on the curve has its coordinates given by 
8-1 with ¢, @ subject to this relation. Arguing as before we can 
begin by considering points near which @ can be used as the 
parameter, and the condition for contact at such points takes the © 
form 8-4, where now 6f/da is to be determined from 8-5. But what- 
ever the form of a (é, a), the condition 8-4 is equivalent to 8-3, and 
therefore the point of contact is either a characteristic point, a 
cusp, or a transcendental singularity on the @-curve to which it 
belongs. The restriction involving @ may again be removed, and 
therefore 

Tu. VII. If a curve touches at each of its points one member ay 
of a family of curves, then if the point of contact is an ordinary point 
on the branch of &, which is touched, the curve is part of the envelope 
of the family. 

9. In §7 we have used a lemma of which proof is perhaps 
necessary: 

Tu. VIII. If as u tends to zero the function ¢ (x, u) tends to zero 
uniformly with respect to x, and if for all sufficiently small values of 
u the equation 

i {z, u, o (x, u)} = 0 

has roots, then any value of x which is a limit of roots of this equation 
as u tends to zero is a root of the equation 

f (x, 0, 0) = 0, 
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provided that the function f (x, u, v) is a continuous function of the 
three variables on which ut depends. 

To suppose that / is a limit of roots of 

f fx, u, $ (@, w)} = 0 
is to suppose that given any positive numbers €, 7 there are numbers 
X, U such that 

PS tle OU <a fer, GG. 0)} = 0: 

If f (1, 0, 0) = m # 0, then because f (x, wu, v) is continuous there 
is a number @,, such that if simultaneously 

[ay rere fer aOR ON Kay, 

then | f(a, u, v) —f (L, 0, 0) |< m 

and therefore F(z. u, v) $9. 

Because ¢ (x, u) tends to zero uniformly, it is possible to find 
a number 6 such that 

| $ (2, u) |< Sm 
for all values of x and for all values of w subject to 

[ea i: 

Now take € equal to ¢,,, and 7 equal to the smaller of ¢,, and 6; 
there are values X, U satisfying 

PSG, 0 | Oa XG 0 CX, WU) 0: 

If V denotes ¢ (X, U), then| V | < @,, because <4; also | U|<Z,, 
because 7 <Z,,. Hence 

Ga Ge | <ee VAs. ACS U, V)=0, 

and this contradicts the definition of ¢,,. That is, the assumption 
that f (l, 0, 0) # 0 is untenable. 

The important feature of this lemma is that the restriction on 
¢ (x, u) is slight; this function is not supposed to be regular or 
continuous or even single-valued. 
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Note on the number of primes of the form n?+1. By A. E. 
WESTERN, Sc.D. 

[Recei ved 6 April. Read 1 May 1922. ] 

Prof. G. H. Hardy and Mr J. E. Littlewood* have suggested, 
but have not been able to obtain a rigorous proof of, the following 
asymptotic formula for P (x), the number of primes less than «z of 
the form 

an” + bn + ¢, 

where a, 6, and ¢ are given integers, @ is positive, a + b and ¢ are 
not both even, A = 6? — 4ac is not a square, and 7 is any integer: 

yaw feOo-FT Li (a 

wherein « = 1 if a+ 5 is odd, « = 2 if a + 6 is even, 

cH. 0-Qet) w>3 ao/a—1 

and @ represents all primes not divisors of a, and a’ all odd prime 
common factors of a and b. 

For the particular case of the form n? + 1, this formula becomes 

P (x) ~ 30 Li (2), 
where 

z cae a 1 1 c= 1 (1~{ J)—5)=9 Q->4)00+—). 
@w>3 @ aa. p jos q T= LI 

and p and q represent all primes of the forms 4n + 1 and 4n — I 
respectively. 

In this case a more thorough verification is possible than in any 
other case, because Lt.-Col. A. Cunningham, R.E. has computed 
a table of all primes of the form n? + 1 up to n = 15,0007, and has 
at my request kindly made the enumerations of such primes given 
in the table at the end of this note. 

The infinite product C is convergent but, in the form given 
above, it converges too slowly to be convenient for calculation. 
I have calculated C by the use of a transformation suggested by 
Mr Littlewood, which reduces to 

TC = 10242 a,b,d, 1d, (I1¢ (p))-, 

where G32 = CB); 46, le re — -2 

dy =I (i= as): dg =ll(1- me): 

* G. H. Hardy and J. E. Littlewood, “Some problems of ‘ partitio numerorum,” 
IIT: On the expression of a number as a sum of primes,’ Acta Mathematica, vol. xuiv- 
(to appear shortly). 

+ Messenger of Mathematics, vol. xxxvi. p. 152; and A. Cunningham, Binomial 
Factorisations, vol. 1., in print, but not yet published. 
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Ge EE pee iG: 
a Co ero 

As a, and b, are known, the evaluation of C depends only upon 
d,, d,, and IId (p), all of which converge rapidly. In fact, it is 
easily proved that 

1 + 3p < ¢ (p) < 1+ (3:3) p, 
when ps 29. I find that $C = 0-68641. 

The table given below shews the total number of primes of the 
form n? + 1 up to various limits, chosen because values of Li (7) 
were known for them, and finally up to 2-25 x 108, which is the 
limit of Cunningham’s table. It will be seen from the last column 
of the table that the ratio of the predicted to the actual number 
shews a satisfactory tendency to converge towards 1, that there 
are three minima within the range of this table, and that the magni- 
tude of the oscillations of the ratio tends to diminish as the variable 
y increases. 

If Cunningham’s table had not existed, this table would have 
had to end at about y = 8, which corresponds to the end of the 
published factor-tables, and one would then have been tempted to 
draw the incorrect inference that the ratio tends steadily towards 1. 

The number of primes of form n? + 1 less than e?” and 
comparison with Hardy and Littlewood’s conjectured formula. 

Actual num- 

eo primes less | Ratio of 
y (integer next Li (e”) LEE ee than e*4 predic 

below) eS) (counted by te aoe 
A. Cunning- nee 

ham) 

7:0 1096 191-50 131-45 121 1-086 
7:2 1339 225-69 154-92 143 1-083 
7-4 1635 266-30 182-79 173 1-051 
7-6 1998 314-57 215-92 208 °¢ 1-038 
7:8 2440 372-01 255-35 248 1-030 
8-0 2980 440-38 302-28 301 1-004 
8-2 3640 521-83 358-19 351 1-020 
8-4 4447 618-92 424-83 425 1-000 
8-6 5431 734-71 504-31 508 0-993 
8:8 6634 872-89 599-16 603 0-994 
9-0 8103 1037-88 712-41 706 1-009 
9-2 9897 1234-96 847-69 833 1-018 
9-4 12088 1470-51 1009-37 993 1-016 
9-6 14764 1752-14 1202-68 1186 1-014 
9-6158 15000 1776-62 | 1219-49 1199 1-017 

VOL. XXI, PART II. 8 



110 Mr Thomas, On some new and rare 

On some new and rare Jurassic Plants from Yorkshire. V : fertile 
specimens of Dictyophyllum rugosum L. and H. By H. HamsHaw 
THOMAS. 

(Plate I.) 

[Read 6 February 1922.]} 

The genus Dictyophyllum was founded by Lindley and Hutton 
for certain pinnatifid leaves from the Yorkshire Oolite which had 
a somewhat characteristic nervation and were named Dictyo- 
phyllum rugosum*. The original authors regarded it as a doubtful 
Dicotyledon, but it became clear by comparison with other forms 
subsequently discovered that it should be considered as a fern. 
Some years later attention was drawn by Prof. Seward} and others 
to the similarity which existed between these leaves and the fronds 
of the modern Dipteris, a view which has been widely discussed. 
In 1841 Goppert t described the sporangia of a somewhat similar 
fern which he named Thaumatopteris Munsteri, but which was sub- 
sequently transferred to the genus Dictyophyllum by Nathorst. 
Later Schenk§ described fertile fronds of another species, Dictyo- 
phyllum obtusilobum, from Franconia, and Nathorst|| made a careful 
study of the sporangia of Dictyophyllum exile (Brauns), discovered 
in the Rhaetic beds of Skania. Zeiller found two: species bearing 
sporangia among the plants which he described from Tonkin in 
19039]. Recently Prof. Halle** of Stockholm has made a careful 
re-investigation of the sporangia of D. exile and of fertile specimens 
belonging to the allied genera Hausmannia and Thaumatopteris, 
using modern methods of study. No sporangia have, however, 
been yet described for the original English species. 

While most recent authors have agreed that Dictyophyllum may 
be regarded as allied to the modern Dipterids, they have differed 
as to the closeness of this relationship, and meanwhile the study 
of the phylogeny of the ferns as indicated by the investigation of 
living forms has made great progress, mainly by the work of Prof. 
Bower. He has investigated many forms +f and finds that among 

* Fossil Flora, 1. Pl. CIV, 1833. 
+ Jurassic Flora of Yorkshire, p. 123, 1900. 
t Die Gattungen der fossilen Pflanzen, Lief. 1 and 2, p. 1, Tab. 1-1, 1841. 
§ Die foss. Flor. des Keupers und Lias Frankens, p. 77, 1867. 
|| Svenska Vet. Akad. Handl. Bd. 41, No. 5, p. 12, 1906. 
§| Flor. Foss. des Gites de Charbon du Tonkin, pp. 102, 114, Pl. X XI, Fig. 16, 

Pl. XXVI, Fig. 3, 1903. 
** The Sporangia of some Mesozoic Ferns. Arkiv for Botanik, Bd. 17, No. 1, 

1921. 
tt Annals of Botany, xx1x. p. 495, 1915 and xxxt. p. 1, 1917. 
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modern ferns other types, such as Platycerium, Leptochilus tricuspis 
and Cheiropleuria, must be regarded as derivatives of the Dipterid 
stock, though their sporangia are not arranged in distinct sori but 
distributed on the fertile fronds in the *Acrostichoid’ manner. A 
series of forms has been described which illustrate progressive 
advance from circumscribed sori to an Acrostichoid spread of the 
sporangia over the whole leaf-surface, which are of great phylo- 
genetic interest. He has thus introduced the conception of a wider 
alliance, termed the Dipteroideae, and has brought into it some forms 
which have hitherto been included in that unwieldy and probably 
unnatural group, the Polypodiaceae. 

It is consequently of some interest to consider the extent to 
which the Mesozoic Dipterids agree with this wider conception and 
to look for early indications of the spread of the soral areas to 
give the Acrostichoid type. The discovery of fertile specimens of 
Dictyophyllum rugosum throws some light on these questions. 

Occurrence. While collecting from the plant-bearing beds of the 
Yorkshire coast in 1912 and 1913, I obtained a few fragments of 
pinnules with a characteristic nervation bearing fairly well- 
preserved sporangia. The best specimens (see Figs. 2 and 4) were 
obtained from the bed at Cloughton Wyke, which occurs on the 
shore between tide-marks and contains singularly well-preserved 
examples of Ptilophyllum fronds, strobili of Wilhamsonias, Solenites 
(Czekanowskia) and a few other forms. Other specimens were 
obtained in the Gristhorpe plant bed to the south of Scarborough* 
(Figs. 1 and 3). It is probable that in both cases the plants are 
of the same age, belonging to the Middle Estuarine Series of the 
Lower Oolite. They were preserved in fine-grained shale which has 
formed moulds of the fertile surface, showing clearly the positions 
of the sporangia after the carbonaceous remains of the actual plant 
tissue have been removed (see Figs. | and 3). 

All the specimens are small, the largest being 3 ems. long and 
just over 1 cm. broad. They appear to have been parts of frond 
segments similar to that figured by Prof. Sewardt. They can be 
readily recognised by their shape and by their characteristic vena- 
tion. Fortunately, only one species with this type of venation is 
known to occur in these Yorkshire beds, so that the attribution of 
these examples to D. rugosum is fairly certain. 

Description. In spite of the conversion of the plant tissue into 
black coaly material, the specimens retain clearly their chief ex- 
ternal characters. As collected, the upper side of the frond is 
usually seen, the lower side with its sporangia adhering more firmly 
to the matrix (Fig. 2). In one case the fertile side was seen (Fig. 4) 

* While this paper was in the press I was fortunate in discovering about ten 
additional specimens in Gristhorpe Bay. Some of them are beautifully preserved and 
show the sporangia very clearly. They confirm the observations previously made, 

{ Jurassic Flora of Yorkshire, Pl. X11, Fig. 3, 1900. 

8—2 
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and it is also possible to detach from the rock (by means of plas- 
ticine) portions of the coaly leaf-material with the sporangia. 

From such examples as well as from the moulds left in the matrix 
it is seen that the whole of the surface of the lamina was covered 
with sporangia, only the midrib and some of the larger veins being 
free. The sporangia do not appear to be grouped into sori but 
scattered without trace of regular arrangement. The margin of the 
lamina seems to have been slightly reflexed. As far as can be 
ascertained the sporangia were all of the same size with a fully 
developed annulus, and when some groups were removed from the 
rock and treated chemically the spores in each case appeared to 
be in the same stage of development. Thus it seems probable, 
though not absolutely certain, that Dictyophyllum should be classed 
with the Simplices. I have been able to examine a specimen of 
D. exile from Bjuf in Sweden, sent by Nathorst some time ago, 
and here also the sporangia, which are large and are clearly seen, 
appear to have arisen simultaneously in the sori (Fig. 5). 

The individual sporangium was probably more or less lenti- 
cular in shape. On the frond they are seen in various positions, 
but are seldom observed lying flat with the annulus in the 
horizontal plane; this may be an indication that they originally 
possessed a short massive stalk. They were small, and though it 
is difficult to make accurate measurements, the diameter of the 
annulus was between -35 mm. and -5 mm. The spore masses can be 
measured more accurately and are -25--28 mm. Thus the sporangia 
are about half the size of those seen in the Cambridge specimen of 
D. exile. A part of the annulus is always clearly seen, but in no 
case can we determine absolutely whether it was complete or not, nor 
can we count the number of the cells composing it*. There can, how- 
ever, be no doubt that it was oblique. We get indications of this 
by examination of the specimens with a binocular microscope and 
better by the treatment of sporangia with chromic acid, which 
gradually dissolves the black substance, leaving, however, parts of 
the indurated cells of the annulus; the cells of the annulus are then 
seen to lie slightly to one side of the lenticular spore mass. These 
preparations show the remains of 8 to 10 cells of the annulus 
extending over rather less than half the diameter of the spore mass. 
From the most complete examples, it would appear that near the 
stalk of the sporangium the cells of the annulus were either wanting 
or incompletely indurated. 

It is somewhat difficult to remove single sporangia from the 
specimens, but if a small group is detached from the matrix and . 
treated with a warm solution of chromic acid for some hours, the 

* A few sporangia in the newly discovered specimens are lying almost flat. The 
annulus then appears to be complete and oblique, its cells are not so distinct near 
the short thick stalk, but it is safe to say that their number was between 20 and 24. 
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individual sporangia become separated and their walls begin to 
disappear, the spores still remaining firmly united together. When 
this stage is reached the separated groups of spores may be treated 
for a short time with Schultz’s macerating fluid followed by dilute 
ammonia or ammonium carbonate solution; the spores then separate 
from one another and can be counted. The counts gave the following 
as the numbers of spores per sporangium: 99, 121, 121, 92 (in the last 
count a few spores were known to have been lost in manipulation). 
From this it would appear that the original typical number was 
128, the nearest power of 2. 

The individual spores have a somewhat tetrahedral shape and 
show the usual triradiate marking, indicating that they originated 
in tetrads. They are about -036 mm. in size. 

I have been unable to detect any definite relation between the 
arrangement of the sporangia and the venation. I have, however, 
observed in one specimen that the sporangia do not entirely cover 
the surface but still show no tendency to be grouped in circular 
sori. In one place a line of sporangia appears to extend between 
two larger veins, possibly an elongated sorus. In another case 
there are indications of fine veins above the fertile areas, but I 
have not been able to confirm the presence of additional veins. 

Comparison with other forms. When we compare the structures 
described above with the fertile specimens previously known as 
species of Dictyophyllum, we may at once notice several important 
points of difference. The form D. exile (Brauns) has been very 
carefully studied by Halle, and I have had a specimen before 
me for comparison (Fig. 5). Here the sori, though closely ap- 
proximated, are quite distinct and contain 4—7 sporangia, whereas 
D. rugosum shows no distinct sori but an Acrostichoid spread of 
the sporangia over the whole surface from margin to margin. The 
individual sporangia in the Rhaetic species are double the size of 
the Yorkshire examples and they generally contained four times 
as many spores. Our knowledge of the frond form of D. rugosum 
is not yet complete, and, of course, we have no information as to 
the internal structure of either of these types, but the important 
differences above noted clearly call for the generic separation of 
the species exile and rugosum. The other species, such as Munstert 
of Géppert and Nathorsti of Zeiller, which show general agreement 
with exile, must also be separated from the Yorkshire type. 

Since the genus Dictyophyllum was instituted for the Yorkshire 
species, it must be retained for this type and another generic name 
must be found for the Continental species. It will probably be 
necessary to revive Géppert’s name of Thaumatopteris, notwith- 
standing the fact that it has been used in a restricted sense by 
Nathorst. I fear that the changes in nomenclature involved will 
be somewhat numerous and it is impossible to consider them in 
detail here. 



114 Mr Thomas, On some new and rare 

Nathorst used the name Thaumatopteris for a species from the 
Rhaetic of Skania, 7’. Schenki. This has also been found in a fertile 
condition*, possessing very distinct sori of 8-10 sporangia, each 
containing typically 128 spores and having a diameter of -2—-3 mm. 
This form resembles D. rugosum in the size of its sporangia but 
differs in their arrangement. If the differences in frond form and 
in spore output are to be considered as sufficient to separate 
T. Schenki and D. exile generically, then a new generic name will 
have to be found for the former. 

Another fossil Dipterid genus is Hausmannia. We are again 
indebted to Prof. Hallet for our knowledge of its sporangia. He 
has found that they cover the whole of the lower surface of the 
fertile frond, as in the examples described above. They were, 
however, small (-18—-24 mm. in diameter), producing typically 64 
spores but sometimes 128. Half the annulus showed 10-12 cells. 
This type is then closely allied to D. rugosum, though it is generically 
distinct in the size, texture and venation of its fronds. 

Fertile specimens of the allied genus Clathropteris were described 
by Schenkt. They seem to have had very distinct sori of 7-9 
spherical sporangia. 

The sporangia of the genus Camptopteris have been described 
by Nathorst for C. spiralis§, and from his figures we may judge 
that this form also was non-soral. The sporangia are stated to be 
large, 0-44-0-5 mm. in diameter, but their spore content is not 
given. Nathorst states that they cover the entire surface of the 
frond as in Dictyophyllum, but this does not indicate whether they 
were grouped in sori or not, for in his species of Dictyophyllum there 
were distinct sori. Further information on this genus is desirable. 

The relationship of Dictyophyllum to living ferns. In comparing 
this group of Jurassic ferns with their possible modern relatives, 
we must no longer limit our observations to Dipteris but must 
notice also those newly recognised members of the Dipterid alliance 
Cheiropleurva and Platycervum. 

In the general features of frond construction and nervation, a 
comparison is possible between the Jurassic forms and the three 
genera just mentioned. The indications which we noted of an 
occasional elongated sorus and the possible presence of fine veins 
additional to the series normally seen in sterile fronds, are of interest 
in connection with the fertile leaves of Platycerium described by 
Prof. Bower. 

In the spread of the sporangia over the surface of the frond, 
D. rugosum resembles Platycervum and Cheiropleuria more closely 
than it does Dipteris, but we cannot of course determine whether, 

* Halle, The Sporangia of some Mesozoic Ferns, ibid. p. 22. = 
+ Ibid. p. 19. 
t Schenk, ibid. p. 83, Taf. XVI, Fig. 9 6, XVII, Fig. 3. 
§ Svenska Vet. Akad. Handl. Bd. 41, No. 5, p. 17, Taf. VII, Figs. 12-14. 
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as in Platycerium, the distribution of the sporangia is really due 
to the elongation and crowding of the sori, or to their becoming 
confluent; in both cases a similar outward appearance is produced. 

Most, if not all, of the species referred to Dictyophyllum should 
be classed with the Simplices, while it has generally been thought 
that Dipteris, together with Cheiropleuria and Platycerium, showed 
typical mixed sori. However, Prof. Bower* reports that in Dipteris 
Lobbiana the sporangia arise simultaneously as in the Yorkshire 
form and thus we have a further point of resemblance rather than 
of difference. 

In respect of the size of the sporangia and spore output Dictyo- 
phyllum rugosum comes nearer to Cheiropleuria than to Dupteris 
or Platycerium. Owing to the kindness of Prof. Bower, who has 
sent me material from his collection, I have been able to examine 
the sporangia of Cheiropleuria bicuspis, Dipteris conjugata (Hors- 
fieldir), D. Lobbiana and also Leptochilus tricuspis, a form which 
has also been shown by Bower to be referable to the Dipterid 
alliance. In each case it has been possible to treat the more or less 
mature sporangia in the same way as the fossil sporangia and to 
count the number of spores contained in them for comparison with 
the spore output of the fossil forms. The actual number of spores 
seen may have been less than the theoretical and probable number 
owing to the failure of all the spores to reach maturity, to low 
visibility after treatment, or to mistakes in the counting, but the 
typical number is clear in each case. 

The typical spore outputs are as follows, the actual numbers 
recorded being given in brackets: 

Cheiropleuria bicuspis ( Bl.) 128 (124, 123, 108) 
Dipteris conjugata Reinw. 64 (62, 60, 61) 
Dipteris Lobbiana (Hook.) 64 (52, 50, 47) 
Leptochilus tricuspis (Hook.) 64 (63, 61, 60) 
Platycerium alcicorne (Sw.) 64 (62, 60) 

As might be expected from the fact that Cheiropleuria is nearest 
to Dictyophyllum rugosum in spore output, it is also most similar 
in the size of the sporangia which are about 0-37 mm. in diameter, 
while those of Dipteris conjugata, as has been previously recorded, 
are about 0-2 mm. If we may judge from Prof. Bower's figures, the 
sporangia of D. Lobbiana may sometimes be rather larger than 
0-2 mm. though the specimens which I examined, and which were 
somewhat immature, were smaller than those of D. conjugata. 

It should be noticed that among the recent species examined 
only Cheiropleuria has spores which develop in a tetrahedral manner 
as in the fossil forms. 

* Annals of Botany, xxtx. p. 514, 1915. 
t+ These spores were not quite mature and their visibility was low. 
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Prof. Halle’s examination of Thaumatopteris (Dictyophyllum) 
exile led him to the conclusion that the size of its sporangia, the 
number of spores and the greater extension of the annulus precluded 
the actual classification of Dictyophyllum under either the Dipteri- 
dineae or the Matoniaceae, a view previously held by Nathorst on 
less complete evidence. The present work, however, seems to 
strengthen considerably the suggestion made by Prof. Seward and 
others, that not only Dictyophyllum but other related Mesozoic 
forms should be considered as closely allied to the modern Dipterid 
ferns. From the consideration of the fertile fronds of this wider 
alliance we obtain strong confirmation of Prof. Bower's phyletic 
conclusions. One of the oldest known forms, which we must now call 
Thaumatopteris (Dictyophyllum) exile (Brauns), had sori of large 
sporangia which may be compared to the Gleicheniaceous type. 
The Rhaetic Thaumatopteris Schenki Nath. had distinct sori of 
smaller and more numerous sporangia. The Jurassic species Dictyo- 
phyllum rugosum and probably the genus Hausmannia had small 
sporangia which had apparently spread over the whole surface of 
the frond and the soral arrangement seems to have been lost, though 
the sporangia still appear to have arisen simultaneously. Among 
the modern forms the mixed arrangement of sporangia has come in 
generally, and while Dipteris retains distinct sori, Platycerium and 
Cheiropleuria show the Acrostichoid condition. 

In so far as we can judge from the sporangial characters and the 
nervation, it seems probable that the modern Cheiropleuria bicuspis 
is the nearest living relative to the Jurassic Dictyophyllum rugosum 
described in this paper. 

DESCRIPTION OF PLATE I. 

Photographs by the author. 

Dictyophyllum rugosum L. and H. 

Fig. 1. Impression of part of a fertile pinna from Gristhorpe Point, showing the 
non-soral spread of the sporangia over the whole surface. x 5. 

Fig. 2. Part of a fertile pinna from Cloughton Wyke. Some of the original leaf 
substance remains with a well-preserved upper surface. Where this has been 
removed the moulds of the sporangia are visible. x 4. 

Fig. 3. Moulds of sporangia from Gristhorpe Point. x 8-5. 
Fig. 4. Photograph of a group of sporangia from Cloughton Wyke. Most of these 

sporangia show an annulus which is not clearly shown in the figure. There are 
no indications of a soral arrangement. x 12. 

Thaumatopteris (Dictyophyllum) exile (Brauns). 

Fig. 5. Part of a fertile pinna from the Rhaetic of Bjuf (Sweden) showing the distinct 
soral arrangement of the sporangia, which are much larger than in Dictyophyllum 
rugosum. x4, 
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Dictyophyllum and Thaumatopteris. 
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A Proof of the Impossibility of the Coexistence of two Mathieu 
Functions. By H. L. Ince, M.A., Trinity College. 

[Received 13 April. Read 1 May 1922.] 

$1. The four types of Mathieu functions. 
Mathieu functions* are defined as solutions of Mathieu’s equation 

d?y 
pees 2, a Sesoae 1-1 qq2 t (4 + 16g cos a) y—O (ie) 

which admit the period 27 (or in certain cases, 7). They are of 
four types: 

ao 

C= ee-leos Arg, 

ie) 

C,= = a, cos (2r + 1) 2, 
r= 0) 

2 : 
S,= & @,sin (27 -+ 1) a, 

r=0 

, DP 

S,= & a,sin (2r + 2) a, 
r=0 

corresponding to Whittaker’s notation ce, (%), Céxn +4 (®), Sansa (“); 
S€y,, (4) respectively. The equation admits such solutions when, an 
only when, a and q are related in a definite manner indicated by 
the vanishing of an infinite determinant. 

The second solutions which correspond to the Mathieu functions 
have been investigated; they are in general not periodic, but it has 
been suggested by several writers that for particular numerical 
values of qg, the second solution might be periodic and therefore fall 
within the above classification. The supposed second periodic 
solution corresponding to C, would be of type S, and vice versa, and 
that corresponding to C, would be of type S, and vice versa. 

Thus the second solution which corresponds to the Mathieu 
function 

Cy (x) = 1 + 4q cos 2x + 29? cos 4x + g? (4 cos 6% — 28 cos 2x) + ... 

with @ = — 32q? + 224q4 — ... 

is 

@ C€y (x) — 4q sin 2a — 3q? sin 4x + g (— 32 sin 6x + 54 sin 2x) + ... 
and cannot be periodic. Similarly, the second solution which 
corresponds to 

ce, (x) = cos x + g cos 3x + q* (} cos 5x — Cos @) — ... 

with a= 1— 8q — 8¢? + 89° — Sq — ... 

* Whittaker and Watson, Modern Analysis, chap. Xrx. 
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is 

— 8q (1 — 39? + 69° + Atg* + ... ) @ ce, (x) 
+ sin z+ qsin 32 + g? (4 sin 5z + 5 sin 3z) + .... 

This would be periodic if g were a root of the transcendental 
equation 

1 — 3q? + 693 + 34¢4+ ... = 0, 

assuming such a root to exist. 
The purpose of this paper is to show that these second periodic 

solutions, expressible as convergent trigonometrical series, cannot 
exist apart from the trivial case g = 0, which will be excluded in 
all that follows. 

$2. The case of C, and S,. 
The two cases may be treated together, for if C, (x, q) be a 

Mathieu function C, ($7 — x, — q) will be a Mathieu function of type 

S, (x, q)- 
By direct substitution of C, in Mathieu’s equation, the following 

relations between the coefficients are obtained 

(a— 1+ 89) a, 8aa,=0 i.2 (2-1), 

[(Qn + 1)? — aja, = 89 (Grigg Ga) -seeee (2-2). 

These relations determine the coefticients, and show that all the 
coefficients remain finite except, possibly, when a is the square of 
an odd integer. The solution then reduces to the trivial case corre- 
sponding to. q = 0, viz. cos (2r + 1) x where a = (2r + 1)?. 

Let a second periodic solution be supposed to exist for the same 
value of a, and let it be 

ie 2) 

Sos lug, sur pal). 
7— 0 

The coefficients are found to be determined by the relations 

(a= 189) Gy + Sage Ol ye aheeees (2-3), 

(Qn + 1) = alia,’ — 89 (e444 + @ ay) sie... (2-4). 

From (2-1) and (2-3) is found 

ay a, | = 2a5dy 

Ge NG. 

and from (2-2) and (2-4) 
, : , , 1 

Ay (a n+1 1 a a = A, (Qnsy WT Gn) 

GQn4+ Un 
/ / 

Ga n—-1 Ay 

or (oe ee 
/ / 

Gy a n+1 

whence, for all values of n, 
/ 

Gy | eet etay hi) BND A Dees (2:5). 
/ / 

An, G ni |} 
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The equations (2-1) to (2-4) show that a, and a,’ cannot reduce 
to zero except in the excluded case where q = 0 and a is the square 
of an odd integer. Hence the determinant in (2:5) must preserve 
a constant non-zero value for all values of n. But the convergence 
of the series in C, renders it necessary that 

a,7~O0 ano, 

leading to a contradiction. The non-existence of a second periodic 
solution is thus established. 

$3. The case of C, and S,. 
The presence of a constant term in the series for C, renders it 

a priori almost evident that no periodic second solution can exist. 
Nevertheless the outlines of a proof similar to that of the previous 
section will be given. 

D 

Let Cy) a, cosine 
r=0 

and Sy = si a, sin 2rz, 
r=1 

satisfy Mathieu’s equation simultaneously, then 

Gd |= OUG — 10 eee a rcs (3-1), 

(4n? — a) a, = 89 (Gnip + Gna) «oes (3-2), 

(a= 4).a," 890520 ee Ree (3°3), 

(An? = G)a,e—Sq(Giee Qing)  sesse- (3-4), 

and the trivial case where a is the square of an even integer is ex- 
cluded. From these relations it follows that 

= ¢ / Geren y Oy, Ga -=|a@, a, | = 2090; - 
/ / / 

Gn a n+1 

Both a, and a,’ are non-zero, apart from the trivial case, which 
leads to the same contradiction as before. 

/ / @ pea Ge Gy 

§ 4. Functions whose period is 47. 
It was shown recently by Mr E. G. C. Poole* that Mathieu's 

equation may admit, for the same value of a, two solutions having 
the period 47. They are not Mathieu functions in the accepted sense 
of the term since they appear as series of sines or cosines of odd 
multiples of the half argument. It is, however, interesting to in- 
vestigate this case in the light of the preceding paragraphs. 

iv 2) het (= 5 fee 
n=0 

a 
2 

Lk 

S — x Ay! sim. (n ae ) a 
n= 

* Proc. Lond. Math. Soc. (2) 20 (1922), p. 878. 
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be supposed to satisfy Mathieu’s equation for the same value of a, 
then 

[(m + 4)? — a] a, = 89 (Qnig + Gn) n=0,1,2... (4-1) 

with the proviso that 

OE iy P27) 
and 

[(m + 8 = a] ay’ = 89 (@'nsa + ng) 2 =0,1,2... (42) 
me Os —— 0, C= = —ine 

ence 
A443 — Ay’ As = AA,’ + Ay a,, 

Ap’ — Ay Ay = AA, + Ay ay. 

From (4-1) and (4-2) 
, , 

On Onyg |=| Ong Gm |= --- = Apt,’ +a), (4:3) 

Gn. O'n+2 U'n-2 Ay 

whether 7 be even or odd. 
Now the first of the equations in (4-1), viz. that where n = 0, 

holds between the three undetermined constants a), a,, ad), and 
each subsequent equation introduces a further constant from the 
set a,. Hence a) and a,, and for a similar reason a,’ and a,’, may 
be regarded as arbitrary. Let them therefore be chosen in such 
manner that 

Aja, + ay a, = 0. 

It is the possibility of this choice that renders possible the simul- 
taneous existence of two periodic solutions, for now the conditions 

dn, ~ 0, a, >0 asn>o 
are not violated. 

The equations in (4-3) show that 
, , , , 

a Uap Gn a XQ 
= 5) 

An+2 Gn ay Ao 

Let a, = dp, then a, = (— 1)"a,. Hence 

C (7 — z) = S (2). 

The existence of periodic simultaneous solutions of period 2sz 
may be demonstrated in the same manner. 
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The interpretation of B-ray and y-ray spectra. By C. D, Exuis. 

[Read 1 May 1922.] 

The typical B-ray disintegration involves the emission of both 
B-rays and y-rays. The statistical result of the B-ray emission of 
a large number of disintegrating atoms is very complicated since 
the energies of the emitted f-particles vary within wide limits. 
The work of Rutherford* and Chadwick} showed that the emission 
should really be considered as consisting of two parts. The first is 
a continuous distribution in which the number of electrons ejected 
with any assigned energy varies continuously with this energy. 
This may be analysed by a magnetic field into a general spectrum 
and will be denoted by this name. The other part consists of a 
series of groups of electrons, the electrons in any one group having 
all the same energy. These groups are termed collectively the 
magnetic line spectrum from the type of photograph obtained when 
this part of the emission is analysed by a magnetic field. 

Rutherford pointed out that this line spectrum was almost 
certainly due to the ejection of electrons from the radioactive 
atoms by the y-rays which are also emitted in the disintegration, 
the energy of the B-rays being connected with the frequency of the 
y-rays by the quantum relation. Later experiments§ on the mag- 
netic spectra of the electrons ejected from various metals by the 
y-rays have shown this to be undoubtedly the correct explanation. 
In general, the radioactive element emits a number of mono- 
chromatic y-rays which may be converted in any of the electronic 
levels of the radioactive atom itself. Hach y-ray will give rise to 
a series of groups of energy hv— A, where A is the absorption 
energy of the K, L, M, etc. levels. In this way it has been possible 
to account for the observed f-ray line spectra of several bodies 
and, what is most important, to deduce the frequencies of the 
y-rays from these spectra. 

It is clear then that the primary results of the B-ray disintegra- 
tion are the emission of monochromatic y-rays and the general 
spectrum of f-rays. It is quite certain that these last electrons, 
which may be called the disintegration electrons, come from the 
nucleus and there is very strong evidence that the y-rays also have 
their origin there. What is not clear, however, is the connection 

* Phil. Mag. 26, p. 717 (1913). 
+ Verh. der Deut. Physik. Gesell. xvi. No. 8, p. 383 (1914). 
t Phil. Mag. 34, p. 153 (1917). 
§ Ellis, Proc. Roy. Soc. A, 99, p. 261 (1921). 



122 Mr Ellis, The interpretation of B-ray and y-ray spectra 

between the general B-ray spectrum and the y-rays. For instance, 
there is not sufficient evidence to decide whether the disintegration 
electron is emitted first and stimulates the y-rays or whether con- 
versely the y-ray comes first and subsequently the disintegration 
electron is emitted. This is a very difficult point and has been 
treated by the author from one point of view in another place*. 
It was there pointed out that the evidence from the y-ray spectra 
showed that it was simpler to assume the y-ray came first but did 
not prove it. The great difficulty in this view is in accounting for 
the wide range of energy of the disintegration electrons. I have 
shown that it is probable that the quantum dynamics applies to 
the nucleus and that the various constituent particles occupy some 
of a series of positions of definite energy. Any disintegration would 
therefore at first sight appear to give an electron with a definite 
characteristic energy. The alternative view of the y-ray emission 
being after the disintegration would give a possibility of a varying 
loss of energy in stimulating the y-ray. 

It would seem reasonable, however, provisionally to assume 
that, if there is any y-ray, it immediately precedes the disin- 
tegration. The actual emission of @- and f-particles would then be 
essentially the same process and the fact that @-particles appear 
with definite energies and f-particles with energies varying over 
a wide range would be referred to the difference in the structure of 
the a-particle and the electron. 

In whichever way this particular point may be settled the 
general picture of a B-ray disintegration is clear. Supposing the 
y-ray emission is the primary phenomenon the process would be 
as follows. One of the electrons in the nucleus must be considered 
as a result of the previous disintegration to occupy one of the 
higher energy stationary states out of the series of such states that 
it can occupy. After an interval depending only on the conditions 
inside the nucleus this electron will make transitions to lower 
energy states, emitting y-rays in the process. Some of these y-rays 
are absorbed in the electronic structure of the same atom and 
eject electrons with characteristic energies. These electrons form 
the B-ray line spectrum. Finally, the electron arrives in a stationary 
state in which it is not permanently stable and it flies out from 
the nucleus. The kinetic energy of this electron must be considered 
to depend on other factors besides those of the stationary state, 
and the variable kinetic energy is possibly connected with the two 
facts that the nuclear field must vary considerably in distances 
comparable with the diameter of the electron and that the electron 
cannot be considered as rigid under these conditions. 

The f-ray spectra of radium B and C and thorium D have 
already been treated from this point of view. Some measurements 

* Proc. Roy. Soc. A, vol. 101, p. 1 (1922). 

Ties Sige! 
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of the B-ray spectra of thorium B, radium D and the lower energy 
part of radium B will be given here because in these cases the 
results are slightly peculiar and have led Frl. Meitner to propose 
quite a different theory of f-ray disintegration. The peculiarity of 
these spectra lies wholly in the fact that they are mainly due to 
one intense y-ray and not to several less intense ones. In fact, the 
y-rays are sufficiently strong to enable the f-ray groups from the 
M and N levels to be measured. 

The f-rays of all these bodies have been measured before, but 
the experiments have been repeated and some new lines have been 
found and some of the old values altered slightly. All the measure- 
ments refer to Rutherford and Robinson’s determination of the 
f-rays of radium B as standard and were carried out in the same 
way. 

The B-rays of ThB. 

The f-ray groups of thorium B are given in Table I. They were 
measured from an active source prepared by electrolysis of a 
thorium X solution. These measurements differ considerably from 
those of Frl. Meitner*, her values for the energies of groups 
numbers 2 and 3 being greater. It is possible that in her experi- 
ments the faster rays penetrated into the weaker regions of the 
magnetic field and so travelled in a larger circle. In addition, three 
new lines (Nos. 1, 4, 6) are included. It is certain that these lines 
come from thorium B since, although during the experiment some 
thorium D was formed, only the strongest of the thorium D lines 
were visible and there are not even weak lines of these energies in 
its spectrum. 

Column V refers to Table II and shows which y-ray gives the 
B-ray lines. Column VI shows the origin of the line and column VII 
the energy calculated from the absorption voltages given in Table 
bit: 

TABLE I. fB-ray groups of ThB. 

- am Le ated obs. VE pied 
No. Hp Intens. alts y-ray | Origin Sealer 

i 2015 m.f. 2-813 x 10° 2 L, 2-80 
2 1798 m.s. 2-327 1 M 2-32 
3 1738 8. 2-197 ] Ee 2-20 
1 1677 m 2-066 2 K 2-07 
5 1382 V.8. 1-475 1 Kk 1-47 
6 1110 m. 0-993 Sat 2 

* Meitner, Zeit. f. Physik, Bd. 9, p. 131 (1922). 
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TABLE II. TaBLe III. 

y-rays of ThB. Absorption Voltages at No. 82. 

Energy in . K 0-891 x 10° No. ata y in A.U. iB 0-158 

ies 0-152 
aa 0 0-130 
1 2-36 x 105 0-0523 M 0-03 to 0-04 
2 2°96 0-0417 N about 0-004 

It can be seen that excellent agreement is obtained on the 
assumption that two y-rays acting on the levels shown produce 
these lines. It is certain therefore that ThB emits at least these 
two y-rays. Some evidence of two lines giving a third y-ray of 
energy 5:05 x 10° volts was obtained, but there is some doubt 
whether it should be assigned to thorium B and it is not included. 
There is also one other line Hp 1913 m.f. about which there is a 
similar doubt. 

The y-ray No. 1 is exceptionally strong and it is due to this 
fact that it is possible to observe a line from the M level. The relative 
intensities of lines 5, 3 and 2 is exactly what one would anticipate 
from the general laws of absorption and lends support to the 
analysis. 

Frl. Meitner has already shown that thorium B emits a y-ray 
of wave-length 0-052 a.v. and that the line 5 is due to the conversion 
of this y-ray in the K level. In other respects her account of the 
thorium B, f’s and y’s, is very different from that given here. 

The B-rays of Radium D. 

These B-rays have been measured by Danysz*. I have been 
able to confirm his measurements and find one new line No. 3. 
There do not appear to be any more strong lines up to 3-0 x 10° 
volts. The values are given in Table IV and the origin of the lines 
shown. The absorption voltages are those for a body of atomic 
No. 82 and were given in Table III. 

All these lines appear to be due to one y-ray acting on the 
L, M, N ... levels. The agreement that is obtained is convincing 
proof of the correctness of the analysis. The first line, however, 
does not agree so well. 

* Le Radium, Jan. 1913, p. 1. 
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TABLE IV. f-ray groups RaD due to one y-ray of energy 

0-467 x 10° volts = A 0-264 a.v. 

Hp Intens. | Energy obs. | Origin Energy calc. 

742 m.f. 0-466 x 10° N 0-463 approx. 
CZ: m.8. 0-436 M 0-432 approx. 
628 m.f. 0-338 I, 0-337 
605 m. 0-314 L, 0-315 
600 V.S. 0-309 L, 0-308 

It is interesting to note that all the LZ levels are represented, 
and that the line from the L, level is the strongest. The relative 
intensity of the groups from the L, M and N levels is in agreement 
with the X-ray evidence. 

Radium D appears to emit only this one y-ray of wave-length 
0-264 a.u. As Frl. Meitner has already pointed out, the absorption 
measurements of Rutherford and Richardson confirm this con- 
clusion strongly. Frl. Meitner deduced a value 0-26 a.v. for the 
wave-length of this y-ray from slightly different measurements of 
three of these lines (Nos. 1, 2, 5) by considering No. 5 to come from 
the L, level. In view of the undoubted existence of lines 3 and 4 
and the agreement that is shown in the above table it seems very 
probable that the analysis given here is correct. 

Low Energy B-rays of RaB. 

In a note to a previous paper* [ mentioned that these lines were 
probably due to one y-ray of wave-length about 0-229 a.u. The 
analysis is shown in Table V. The atomic number of radium B is 
82, so the absorption voltages given in Table III apply here. These 
lines have been measured by Rutherford and Robinsony. Line 
No. 4 was not given, but its existence is quite certain. Danyszt 
measured it and I have found it also. I obtained some evidence 
of a line from the L, level, but accurate measurements could not 
be made. Line No. 1 was measured by Rutherford and Robinson 
as Hp 798, I found slightly lower values about 794 by comparison 
with lines 2 and 4. The value given is the mean. 

* Proc. Roy. Soc. A, vol. 101, p. 1 (1922). 
+ Phil. Mag. 26, p. 717 (1913). 
{ Loc. cit. 
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TABLE V. B-rays of RaB due to one y-ray of energy 
0-533 x 10° volts = A 0-231 a.v. 

No. Hp Intens. | Energy obs. | Origin Energy calc. 

1 796 m.s. 0-533 x 10° N 0-529 approx. 
2 770 s. 0-500 M 0-498 approx. 
3 668 m.s 0-380 L, 0-381 
4 663 v.S. 0-375 L, 0-375 

It can be seen that the agreement is good and that again the 
relative intensities support the analysis. 

It is very interesting to note that this y-ray was actually 
measured by the crystal method by Rutherford and Andrade*, 
their value being 0-229 a.v. This is very strong evidence in favour 
of this view of the f-ray lines and of the applicability of the 
quantum theory. Owing to the difficulties of the experiment 
Rutherford and Andrade were unable to determine whether this 
y-ray came from radium B or radium C. A hypothesis that I have 
proposed} about the existence of certain stationary states in the 
radium B nucleus, however, suggested that this y-ray came from 
radium B. This direct evidence from the f-ray lines therefore 
supports this hypothesis about the radium B nucleus. 

In the case of both radium B and radium D the f-ray line from 
the L, level is stronger than those from the LZ, and J, levels. 
Similar results are found for thorium Dy. For y-rays of this and 
higher frequencies it would appear that the LZ, group has a greater 
absorption than the L, or L,. This justifies the use of the L, level 
in the analysis of the thorium B and similar spectra. At first sight 
this might seem to be in contradiction with the X-ray evidence, but 
the relative absorbing powers of the Z3, L, and L, levels is only 
found by X-ray absorption measurements for frequencies im- 
mediately adjoining the critical absorption frequencies. There is 
no evidence at all about the relative absorbing powers at higher 
frequencies except this evidence from the f-ray lines and this 
admits only of the interpretation I have given. 

Discussion. 

At the commencement of this paper I gave an account of the 
general view of a B-ray disintegration that has evolved from the 
researches of Rutherford and others on this problem. It has been 
possible to account for the details of five different B-ray spectra 

* Phil. Mag. 28, p. 263 (1914). Loe. cit. i 
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(RaB, RaC, RaD, ThB, ThD) and so it would appear that there is 
very strong evidence for the essential correctness of the view. 

In a recent paper*, however, Frl. Meitner has proposed a very 
interesting and completely different theory of B-ray disintegration. 
She supposes that the initial phenomenon in the disintegration is 
the emission of a f-particle from the nucleus with a definite 
characteristic energy. Its initial energy ‘inside’ the nucleus may 
be denoted by £,. This disintegration electron may escape with 
no other loss of energy except that, ‘w,’ of separating itself from 
the nucleus. In this way the disintegration electrons will give a 
B-ray line of energy #, — w= E,. Another process may happen, 
however, and that is, that this electron may convert part of its 
energy into y-ray energy. The amount it converts is determined by 
a special assumption and is H, — w giving a y-ray of frequency 

vy = (E, — w)/h = E,fh. 

This leaves the electron ‘inside’ the nucleus with energy 

EH, — (£, — v) =», 

which is just sufficient to take it to the surface of the atom. The 
y-ray will give secondary f-ray lines in the usual way due to con- 
version in the K, L, M... levels. I shall not here discuss the 
arbitrary nature of the assumption determining the frequency of 
the y-ray. 

This theory predicts that the total emission should consist of 
one series of definite groups and of one y-ray. The energies of these 
groups should be 

E,, hv — Kans; hy — Eee 32s, ete. 

which in virtue of the assumption H, = hv become 

hy, hv — Kane «--, ete. 

Of these the first group comes from the nucleus, the remainder 
are secondary and due to the conversion of the y-ray. 

Fri. Meitner claims that groups having energies related in this 
way actually exist. I shall return to this point. The line she 
associates with the disintegration electrons (energy hv) is always 
the weakest. This would mean that the disintegration electron 
rarely escapes with any energy, but usually excites y-rays. Even 
allowing for the secondary electrons ejected by the y-rays it is 
clear that the total number of electrons emitted would be less than 
the number of atoms disintegrating. This seems to be directly con- 
trary to experiment, since Danysz and Duane found that radium 
B + C emitted about three electrons for every pair of electrons 
disintegrating. 

* “Loc. cit. + Le Radium, Dec. 1913, p. 417. I 
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Again a most serious objection is that this theory gives no 
possibility of explaining the general spectrum of f-rays, in fact it 
appears to deny its existence. This general spectrum certainly does 
exist* and no theory which disregards it can be correct. 

The proof that Meitner gives of her theory is that groups having 
energies related in the manner predicted by the theory actually 
exist in the B-ray spectra of thorium B, radium D and radium B. 

Consider the thorium B spectrum. Leaving aside the question 
of the extra lines Nos. 1, 4 and 6, her theory predicts that there 
should be a line of energy 2-36 x 10° volts. The measurements I 
have given have a relative accuracy of | in 300 and it can be seen 
from the table that this line does not occur. 

In the case of the radium D and the low energy part of the 
radium B spectra lines do occur having energies agreeing well with 
hv. Although the agreement is not very good, I have suggested 
that these lines were due to conversion of the y-ray in levels near 
the surface of the atom like the N level. This last explanation is 
natural and one would anticipate that N level lines might be found 
in cases like this where the energy of the y-ray is nearer the energy 
of the N ring. Also, as I pointed out, the relative intensity is in 
accordance with what one would expect. 

The thorium D and radium C spectra provide no evidence at all 
for Meitner’s theory and the case of the radium B spectrum is 
equally definite. Whatever else it may emit it is certain that 
radium B emits three prominent y-rays, and according to this 
theory there should be found three f-ray groups of energies 
hv,, hv,, hv,. The second group is quite definitely absent; there are, * 
however, two groups agreeing with fv, and hv. These are the lines 
Hp 1815 and 2295. If Meitner’s theory were correct these groups 
would be primary and would originate in the radium B nucleus. 
Not being due to y-rays they could not be excited in other metals. 
Groups of precisely these energies, however, are excited in the 
isotropic element lead. Rutherford, Robinson and Rawlinsony 
observed the 1815 group from lead and I have repeated the ob- 
servations and also found evidence of the group 2295. 

There would appear therefore to be no evidence in favour of 
this theory, but on the contrary very direct evidence against it. 

Note added. The N,,, energy may be greater than that given. 
It is possible that the first groups of Tables IV and V are com- 
posite and due to faint O-level lines superimposed on the stronger 
N-level lines. 

* Chadwick, loc. cit. 
+ Phil. Mag. 38, p. 281 (1914). 
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Fellow of the Physics Technical Institute, Petrograd. (Communi- 
cated by Mr C. G. Darwin.) 

[ Recewed 20 May, 1922.] 

In the Phil. Mag. of February, 1921, Prof. Compton gives an 
explanation of the curvature in the paths of 6 particles in the 
photographs taken by the Wilson expansion apparatus. The fact 
that the particle does not move in a straight line is, indeed, of 
great interest if this effect is not due to some stray cause; for 
instance, it is not yet clear from the published experiments what 
may be the influence of the motion of the air currents which prob- 
ably exist in the expansion chamber. But the fact that the tracks 
of the @ particles obtained in the same way are nearly straight shows 
that the curvature in the case of the f particle may very likely be 
due to some other cause. The explanation of this curvature may be 
given either by some anisotropy of the space in which the f particle 
is moving, or by some new property of the f particle itself. Con- 
sidering the modern view of the gaseous state it is very doubtful 
whether we may expect in a gas any kind of anisotropy over such 
distances as the path of a 8 particle. The second explanation which 
considers an asymmetry in the f particle is much more probable. 
Such an asymmetry can be imagined in two ways. Firstly, the 
particle may not be spherical but possess an oblate form. In this 
case it may be possible that if the 6 particle is not moving along 
its longest axis of symmetry it would describe a curved path. But 
this explanation has the objection that such an oblate f particle 
would possess two electromagnetic masses, along the short and 
long axes respectively. But no such difference in the masses of 
6 particles has been found although the determination of e/m*has 
been made with great accuracy. 

Evidently the more probable explanation is that given by 
Compton, who assumes that the § particle has a magnetic moment. 
This new property of the 6 particle is rather to be expected, for if 
the B particle is set in rotation about any axis it will possess a 
magnetic moment along that axis. It is indeed difficult to imagine 
how the electron can be set in rotation, but once it is rotating we 
possess no means to stop its motion. 

Such a magnetic § particle moving through matter will create 
a magnetic polarisation in it. This means that there will be super- 
imposed on the magnetic field due to the f particle itself an additional 

VOL. XXI. PART III. 9 
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field due to the surrounding matter. Owing to its electric charge 
the path of the f particle in this additional field will be a helix. 
This is the Compton explanation of the curved tracks. But in the 
approximate calculation (loc. cit.) a very doubtful assumption is 
made in determining the magnetisation of the surrounding matter 
by simply using the value of the susceptibility obtained by ordinary 
experiments in a static magnetic field. I do not consider this 
justifiable in this case. The magnetic field surrounding the f particle 
diminishes very rapidly, as the third power of the distance, so that 
only the molecules nearest to the f particle would be affected. As 
the 8 particle is moving with an extremely high velocity the time 
during which the molecules are under the action of the f particle 
is very short. According to the modern view of magnetism there 
are two ways in which magnetisation may be produced in a body. 
The first is a paramagnetic phenomenon which is due to the change 
in the orientation of the molecules which possess magnetic moments. 
The time required for such a change in the orientation of molecules 
is clearly much greater than the period during which the f particle 
affects them. So the paramagnetic effect will not occur. The second 
method is diamagnetic, and is due, on Langevin’s theory, to the 
change in the velocity of rotation of the electrons in their orbits. 
This change is produced at the moment when the magnetic field 
is created, and constitutes the only type of magnetic polarisation 
which can occur in the space surrounding the f particle. But the 
diamagnetic susceptibility measured in ordinary experiments is a 
mean value taken over a time which includes a great number of 
revolutions of the electrons and is calculated on the assumption that 
the magnetisation is uniform in the body. It is obvious that neither 
of these assumptions can be made in the case of the f particle. 
For the 6 particle afiects the atom for such a short interval that 
in it the electrons can only cover a very small part of their orbits. In 

addition the non-uniformity of the 
field must be taken into account. 

The purpose of this short note 
is to make the calculation more 
accurately and to determine the 
magnetic moment which a particle 
must possess in order to produce an 
appreciable curvature in its path. 

Suppose the f particle is at A 
(Mie): 

Let it possess charge e, velocity 
Fig. 1. V and magnetic moment M. 

Suppose that one of the elec- 
trons is at B, its position being determined by R, which is the 
distance AB, and by a unit vector 7, giving the direction of AB. 
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Now if the f particle is in motion there is an electric force at 
B, and the electron will be set in motion. If H is the magnetic 
field due to the magnetic moment of the f particle, the electric 
force H created by the moving H will be given by 

10H 
curl H = — mare 

Instead of H we shall use U, the vector potential, given by 

curl Ue —sHe 
Integrating we have 

pee: 1 + grad $ sue (1). 

1 : 
The part of the electric force — — av is due to the magnetic 

c ot 
moment of the f particle, the other part grad ¢ to its electric 
charge. 

We shall consider the electron at B to be free and at rest, as 1s 
usually assumed. These assumptions are quite legitimate, because 
the orbital motion is negligibly slow, and the force from the nucleus 
is small. Then the velocity of the electron at B will be 

an Edt. 
~ mM 

Using (1) we find 
Cale e =e | erad dat <0. 

The vector potential from a magnetic doublet is 

il 
= R2 [M, r| S00050 (2). 

Using this eee we get 

v -<[ erad d dt — —— a LM, r|. 

Divide v into two ir V15 Ve 80 a 

e ee TE ee (3), 

and ies [ orad ¢ dt (4) 2 m j 0 be] eee eee . 

The component v, is due to the magnetic part of the action, 
and v, is due to the ordinary electrostatic effect. Now we will 
assume that the displacement of the electron is small compared 
with R, and shall therefore neglect it. This assumption will permit 
the calculation of v, independently of v,, but this is not always 

QO—2 
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quite legitimate, because if the distance R is of the order of 10-” em., 
the total displacement of the electron is of the same order of 
magnitude. But it is easy to see that the force grad ¢ acts in such 
a way as to increase f, and to bring the electron into a region 
where U is smaller. So the actual velocity v, will be less than that 
calculated. We shall see later that v, contributes nothing to the 
effect under consideration and that the curvature of the path will 
be proportional to v,. Hence the magnetic moment so calculated _ 
will be less than the true moment. 

Using first the velocity v,, the electron at B moving with this ; 
velocity will create a magnetic field at A whose value is given by 

eee eal . 
HA apts. a) Wiha kae (5). 

The f particle at A suffers in time dt a change of velocity given 
by the Lorentz formula 

é dW [V,Haldt 0. (6). 

Now from (3), (5), (6), we have 

e> dt suai BSF Hf Vea L aes rij}. 

Performing the multiplication we get 

edt ” 
dW = Bye pa lV: MM) = (M4, 1) (Vor)}. eee (ie 

en 

Take rectangular coordinates with axes as shown in Fig. 2. 

The axis of X coincides with V, M lies in the plane ZOX, and 
the electron in the plane ZOY at a distance a from O. The angle 
between M and V is f, between r and V, a, and the angle in the 
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plane ZOY between a and the axis OZ, 6. Now in (7) the first 
term which we shall denote by 

3 dt dW,= ao pal MEAN nee (8), 

does not depend on @, because it is independent of 7, and is parallel 
to OY. The second term which we shall call 

edt 
dW, — — Ga Ba |” M)([V, M| seletolele (9), 

has two components parallel to OZ and OY. 
These are 

dW, (z) « VM [cos f cosa sina sin 6 

+ sin 8 cos @sin @sin?a]_ ...(10), 
and 

dW, (vy) « — VM [cos f cosa sina cos 8 

+ sin B cos? @sin?a]_ ...(11). 

In order to make the calculation simpler we shall assume 
that for a given value of a all values of @ are equally probable. 
Taking the mean value of dW, for all possible values of 6 and calling 
this mean dW,, where 

iW [" aw,aa a te 

we get, by using (10) and (11) 

dW, (Z) —— 0, 

3 

IW — — og VU oe sin? asin 8. Am? 2R! 
From (8) we find that the increase of velocity is parallel to 

OY and is equal to 
— e° Pat : dt c 
dW iy) = Bye VM sin f (1 — $ sin? a) Rio (12). 

Now the total increase of velocity during one “collision”’ is 
Bit mee AE 

Ware i dW a. 
Using dx = Vat 

to change ae variable of integration, we have 

2 da rE: ) ere dl Pe a eo a MsinB || apm tl 

ee the integration we get 
5r e MsinB 

Wir) = Soe ttre (13). 
16 cm? 
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Now we have to take into consideration not only one electron but 
all the electrons contained in the space surrounding the f particle. 

Let the number of electrons per 
ae a unit volume be ». Instead of 

sz>, the change of velocity in a 
a ‘collision consider the change of 

| Qeencchaee/ “Hf velocity per unit time, ie. the 
“| f7 acceleration. 
ee Then in a second the f par- 

Fig. 3. ticle will meet in a cylindrical 
shell of radius @ and thickness 

da (Fig. 3), dn electrons where 

dn = 27 Vnada. 

The acceleration will be equal to dA where 

2 3 

ay eee ee (14). 
8) en Fa 

If the nearest distance between an electron and a f particle is 
a), we get by integration 

D7? en -da  5n? 

8 em ty ai a, @ a 7, UY) . za 2) 8 ae Ay 
A 

This is an equation of helical motion. 
Before gomg further we shall prove that the motion v, of 

the electron (see (4)) will contribute nothing to the curvature of 
the path of the particle. This is the result of the symmetry of the 
force 

grad g = p91 1 (16). 

Consider in Fig. 2 an electron with coordinates z and y and 
velocities , (x), V2(¥), Vg(z)- Then from (16) another electron with 
coordinates — z,and — Y, iil have velocities — Up (X)> — Va (V)> — V2 (Z): 
The magnetic force at A from the two electrons is equal to zero, as 
1s easily seen from (4). 

Returning to (15) it follows that the 8 particle will describe a 
helix drawn on a cylinder of radius 6 given by 

nz =e ee (17). 

The angle of inclination of the helix will be equal to 6 the angle 
between VM and V (Fig. 4). 

Fig. 4 shows how ify B particle will move. M keeps its direction 
fixed in space. 
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From (17) and (15) we can find the magnetic moment of the 
B particle 

V sin f ay 
get mea a, 

8 m2” 

Now if we try to introduce numerical values, we get a very 
large estimate for M. In (18) e, c, m, V, are known accurately. 
The minimum distance between the f particle 
and an electron on the theory of collisions can- 
not be less than 10-1, while » depends on the 
surrounding space and for oxygen molecules, 
which contain 16 electrons, is 16 « 2:7 x 1018. Now 
b and sin 8 have to be taken from the Wilson 
photographs, but no definite numerical values 
have yet been given. But we may say that for 
appreciable curvature in the paths 6 must le 
roughly between | and 10 cms. and sin f between 
0-1 and 1. This gives for the two limits 1-9 x 10-18 
and 1:9 x 10-16. This is a very large magnetic Fig. 4. 
moment and we can scarcely believe that the f 
particle possesses it. It is sufficient to notice that the magnetic 
field at a distance of 10-8 ems., i.e. at imtermolecular distances 
will be millions of Gauss and would affect the structure of the 
atoms. If we calculate the energy of the electric field due to the 
motion of the magnetic field of the f particle, and determine as is 
done for the electromagnetic mass the new “magneto-electric” 
mass, taking MW of the order found above, we find that the latter 
is more than 1000 times the ordinary mass. Hence we see that it 
is extremely difficult to explain quantitatively the curvature in the 
paths of 8 particles by means of magnetic moments in the particles. 

The author has also made similar calculations along other lines. 
In these it was supposed that the magnetic field of the 8 particle 
sets the surrounding electrons in rotation. Each electron will then 
possess a magnetic moment. The magnetic field created by the 
electrons will produce the same effect as that described above but 
the magnetic moment of the 6 particle comes out a million times 
greater than that calculated from (18). So this assumption is 
equally of no avail. 

My best thanks are due to Mr C. G. Darwin for reading this 
paper in manuscript. 

M 
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Waves of Permanent Type on the Interface of two Liquids. 

By Dr H. Lams. 

[ Received 21 April, read 1 May, 1922.] 

The literature of waves of permanent type is already extensive, 
but the investigations have related mostly to the case of a single 
liquid with a free surface*. In the present communication I con- 
sider the case of waves on the horizontal interface between two 
fluids, both of great depth. This is of some interest in its applica- 
tion to atmospheric waves on the common boundary of two strata 
of slightly different densities. 

Taking the axis of y vertical, with the positive direction upwards, 
and reducing the problem to one of steady motion in the usual way, 
the stream-function for the lower fluid may be written 

alle + A,e™ cos kx + A,e?*” cos 2kxa + Ane? cos 3kx + ... 2 | 1 2 3 

een (2); 

where 27/k is the wave-length, and c the corresponding wave 
velocity, to be found. For the upper fluid 

z =— y+ A,'e™ cos kx + A,'e-?™ cos 2kx + A,’e" cos 3kx + ... 

aan (23) 

In the very simple treatment by the late Lord Rayleigh? of 
the case of a single fluid it is shewn that if we neglect terms of 
higher order in the amplitude than the third, the conditions of 
the problem can all be satisfied on the supposition that A, = 0, 
A, = 0. In the present question this is no longer possible, and a 
more elaborate scheme of approximation 1s necessary. 

Taking the origin in the mean level of the common surface, the 
equation of the profile may be written 

y = C, cos kx + C, cos 2kx + Cy cos 3ka+... — ...(3). 

We have to express that when this value of y is substituted 
in (1), the resulting value of % is constant. We find with sufficient 
approximation in each casey 

* See, however, the note at the end of this paper. 
+ Phil. Mag. (5) vol. 1, p. 251 (1876); Papers, vol. 1, p. 251. 
+ A provisional assumption, to be verified in the sequel, is here made. If C, 

be regarded as of the first order it is assumed that the remaining coefficients in (1), 
(2) and (3) are at least of the orders indicated by the suffixes. Terms of higher 
order than the third are neglected throughout this paper. 
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e cos kx = $kC, + (1 + $kC, + 3h?C,”) cos ka + $kC, cos 2kax 

+ (SKC, + $17C,?) cos Sha ss wes (4), 

ev cos 2kx = kC, cos kx + cos 2ka + kC, cos 3kex ...(5), 

Cr! COS DE — COSMND p)) ))| vecees (6). 
Hence 

! 

K = —y + $A,C, + (A, + $RA,C, + $°A,C? + bAQC;) cos he 

+ (A, + 44A,C) cos 2ka 

+ (A, + $kA,C, + $4°A,C,? + KA,C,) cos 3kx...(7). 
Hence 

As +: ticA, Cy Ce ne Re ee eee 

A, + 4hA,C, + $h7A,C}? + kA,C, = C3 

From these we find 

A, + 4kA,C, + 81°A,C2 + bA,C, = i 
(8) 

A, 

Ag = Cs — $hC,C, + 3h°C,3 

The corresponding quantities for the upper fluid are obtained 
by merely reversing the sign of k. Thus 

Ay =O, + GROG, + PCS | 
A,’ = C, + $kC,C, + 31°C? | 

We have still to secure equality of pressure on the two sides of 
the common boundary. If q, q’ denote the velocities in the two fluids, 
and p, p’ the densities, the requisite condition is 

p (q* + 2gy) — p’ (q* + 2gy) = const. ....... (11) 

over the interface. Now 
g@_ 1 (/@ Ous\ 2 

a aie i (i) 
= — 2kA,e™ cos kx — 4kA,e?*" cos 2kx — 6hA,e™ cos 3ka 

+ k2A,2e*% + 4h27A, Ane coska 8 sane (12). 

Substituting from (4), (5) and (6), we find after some reduction 

f= 1— #A,0, + BA? 
+ (— 2kA, — k?A,C, — 24°A,C{? — 4h°A,0, + 24°A,7C, 

+ 4k?A, A.) cos kx 

— (k®A,C, + 4kAQ) cos 2ka 

— (k?A,C, + 443A,C/? + 4h°A,C, + 64A,) cos 3ka ...(13). 

= C, — 3kC,C, + $°C,° 
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Introducing the values of A,, A,, Az, from (9), we have finally 
2 
T= 1+ (— 2kC, + 20,0, + C2) cos ke 

+ (KC? — 4604) cos 2ka 

+ (— 6kC, + 4h?C,C, — 443C,8) cos 3kx (14). 

The value of q’? follows by reversing the sign of k. Hence, 
substituting in (11), and equating separately to zero the coefficients 
of cos kx, cos 2ka, cos 3kaz, we find 

2g (p — p’) — 2ke® (p + p’) + 2kPe? (p — p’) Cz + Be? (p + p’) C2 = 

{29 (p — p’) — 4ke? (p + p’)} C, + he? (p — p’) CP=0_...... (16), 

{29 (p — p’) — 6ke? io p )} Cs + 4h*0? (p — p’) C,C, 
{Re (of py OS=0 ...... (17). 

From (15) we have as a first approximation 

zs Penta) 18 Cc Samui, te | Mae (18), 

the well-known formula of Stokes. Using this, we have from (16) 

lp C—— NS en. gaan 19), 

a sa Ch oreo Ciara) (oa 3) LO at eae (20). 
8 (p + p’)? 

The next approximation to c? is obtained from (15); we find 

2_P— PG, Poe eost Hanoi 
OT eae a pe pyre 2 ea 

The values of A,, A,, A, etc. now follow from (9) and (10). 
Thus 

5p — Tp’ : AO IE Be 4 re ee ae 1 1 8 (p + p’) 1 2 p +p 1 

— 3p’) Ag SP See Dine Cia\< ee Gioy 
: Cuma al 

—7 Ay pee ec git aie (a, 
2 aah eS p $ Pat 

/ a 3 ) 

go MPS IE) jac) ah ore (23). 
; Zip p')=— 5) 

Known results are reproduced by putting p’ = 0. Thus 

ea FL ERO Se (24), 
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and the equation of the wave-profile becomes 

y = C, cos ka + $kC,2 cos 2ka + 3k?C{3 cos 3ka = (25). 
Also 

A; = Ci ( a 3h?C;"), An = 0, An SH WE gocranic (26), 

to our order of approximation, in agreement with Stokes and 
Rayleigh. 

When, on the other hand, p and p’ are nearly equal (as in the 
atmospheric application), we have 

Perera) 1721.2 27 C ree yk re Gas Or ia) a CE (27), 

nearly. The limiting form of the profile is now 

y = C; coke — IPC cos aie 0) Wee (28), 

the coefficient of cos 2kx being negligible. The condition for per- 
manent type is therefore much more nearly fulfilled by waves of 
simple harmonic profile than in the former case, to which (25) 
relates. Moreover, the formula (28) makes the elevations and de- 
pressions relatively to the mean level anti-symmetrical, whereas 
(25) gives higher and narrower crests and broader and shallower 
hollows*. We may also notice that 

A= 06,4403, A/S tee Ae 1eO es 2(29), 
¥=0,+ 408, A’ an2, WAS = yee? Lo). 

confirming the statement previously made that A, and A; are no 
longer negligibley. 

* Cf. the diagram in Hydrodynamics (1916), p. 410. A similar representation 
of the curve (28), with kC,=4 would hardly shew the deviation from the simple 
harmonic form. 

+ The theory of waves of permanent type on the horizontal interface of two 
currents was attacked by Helmholtz by a difficult analysis in Berl. Sitzb. 1889 
(Wiss. Abh., Bd. 3, p. 309). The investigation was continued by Wien, see his 
Lehrbuch d. Hydrodynamik (1900), p 170. The theory includes the problems of this 
paper as a particular case, but I have not found it possible to compare results. 
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An asymptotic relation between the arithmetic sums = o;(n) 
Nx 

and «” = o_,(n). By B. M. Witson. (Communicated by Prof. 
NSU 

G. H. Harpy.) 

[ Recewed 9 May, read 15 May, 1922.] 

$1. Ramanujan has proved that, if r > 0 and if o, () denote, 
as usual, the sum of the rth powers of the divisors of n, 

(1:1) 2 o,(n)=a" = o_,(n)— Ra 6¢(1+7) 
nsx NSU 1l+r 

Lar oe * +40" (r)- = f1-1) + O(m)*, 
where 

(Vl) m=a* (<2), m=clog@ (r=2), m=a"> (r>2). 

Since (2) = (5) =n'o_,(n), 
d/n d/n d 

equation (1°1) clearly gives an asymptotic formula for the sum 

Gie3) ~ (a —n") o_,(n) (77> 0): 
NS 

In the particular case 7 =1 the asymptotic representation of 
this sum had already been discussed by Wigert+ and Landaut; 
Landau, reporting on Wigert’s memoir showed, by transcendental 

methods, that the error-term in (1°1) is then of the form O(a *‘), 
and, by using a special transformation into a series of Bessel 
Functions obtained by Wigert§, that this may be replaced by 

O(«°)|) 

§2. We write 

(271) > (a7 —n") cz, (2) =P@7) + £G,r) (c>0); 
NSU 

* §. Ramanujan, ‘On certain trigonometrical sums and their applications in 
the Theory of Numbers,’’ Trans. Cambridge Phil. Soc., vol. xx11, pp. 259-276 (1918), 
page 276, equation (17-5). 

+ Wigert, ‘‘Sur quelques fonctions arithmétiques,’’? Acta Math., vol. xxxvu, 
pp. 113-140 (1914). 

{ E. Landau, Gittingische Gelehrte Anzeigen, 1915, pp. 377-414. 
§ Loc. cit., p. 140, equation (27). 
|| Loc. cit., p. 414. 
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where 
‘ roltr 

(215) P(#,r)=7— §(1 +7) - 327 S(r) 

TX 

7 GUS eel), 

and obtain, in the present note, estimates of the order of the 

function R(#,7) which are, for values of r not exceeding §, better 
than those given by Ramanujan. The methods used are, throughout, 
transcendental, and depend upon the representation of the left- 
hand member of (2°1) which is afforded by the following lemma: 

Lemma 1. If the Dirichlet’s series 

1-r 

(2;2) ZS) ome 
n=1 

is absolutely convergent on the line o=a>0, and r is any positive 
number, then 

O22). > a,(@—n)= 
x ns 

Z(s) ds. 
yp fati~m gsrr 

Qari ain 8(8+ 7) 
To prove this formula* one has only to express the integrand 

on the right as the sum of two partial fractions, and apply to each 
of the integrals so arising the well-known result that, if 8 > 0 

Ll| EMR eth) =a: SOen eT => i = > >= = >= 2 oa 3 (y>1) =s¢=1) (0<y<1) 

From equation (2°22) it follows, by an argument familiar in 
the establishment of asymptotic formulae+, that, under the con- 
ditions of Lemma 1, if w denotes a real function of 2, which tends 
to infinity with #, then 

9-95) & Ks t fee abr VANE ae Gan 

eo aa ae 
It is in this form that Lemma 1 will be used in what follows. 

We may place here also 

Lemma 2. If y denotes a constant not less than —4, and w is 
independent of wu, then 

(23) < KU (y>-4) 
U 
| uy ettu (log uU—Ww) du 

1 

< K log U (y=-—}), 

where K is independent both of U and of w. 

* The proof of a similar formula is given in full in Landau’s report already 
quoted. We have not, of course, attempted to state the lemma in its most general 
form. 

t Compare e.g. Landau, Handbuch der Primzahlen, page 184 and passim. 



142 Mr Wilson, An asymptotic relation between 

Landau has already shown the first imequality to hold if 
y>0*; so that, if we write 

U0 
F( U) =| exiu (log w—w) du, 

1 

HC) = O)(Us): 

If then 0 >y >—4, an integration by parts gives 
U U 
[ yy etiu(logu—w) dy = U1F (U) — 7] uu F (w) du 

1 “1 
Gi 

= 0(Ur+) — 7 0 (w-!) du, 
1 

whence, since y—4>-—1, the complete result stated in (2°3) 
follows at once. 

$3. Since 

(3:1) > Gael) ge — 6 (5) Si) ie 10 ogi 
n=1 

it follows from (2°25) that, if a is greater than unity and @ isa 
real positive function of # which tends to infinity with 7, then 

i : i ratio gtr 

(3:2) ee (a7 — n")o_,(n) = one lee rea f(s) €(s+r) ds 

+0 (=), (> Oh ab), 

hence if 8 < a, we obtain, by an application of Cauchy’s Theorem, 

(3:3) (> @= WW) e231) = Gyr) sel (ae +f 
nSx Daly eeees, oat 

atte estr 
grte 

+ Wri Ces | C(s)o(s+r) as| +0 ee 1) > 0a): 

where Q (a, 7) denotes the sum of the residues of the function 
rastt 

een Oe? 
at its poles inside the rectangle of vertices a +t, B+ 1%; so 
that, if 

(3°4) Bias 
(35) Oana eu). 

* KE. Landau, ‘‘Uber die Anzahl der Gitterpunkte in gewissen Bereichen,” 
Gottinger Nachrichten, 1912, pp. 687-770, Hilfssatz 10, p. 707 et seq. Landau 
shows, in fact, that, for y=0, we may take K=23. The inequality was applied by 
Landau to a discussion of Dirichlet’s Divisor Problem, and his discussion served 
as a model for much of the present note. Full details of the method, not given 
here, will be found in Professor Landau’s memoir. 
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where P (a, r) is given by (2°15). The integrals along the lines 
t=-+ are most easily discussed; for, in virtue of (3°4), on the 
lnec=8 

F(s)=E(8) F(s +r) =O(|t|**); 
also on o=a@ Fits) — G(s) GG nr) OCs 

and f(s) is regular for B< o <a, |t|>h. 
Hence by Lindeléf’s Theorem * 

1-28-71) | f(s)=0( |) 
uniformly for a< o< 8, and, hence we find 

atiw str re. gts 
3:6 NS SEAS es i : a ee eee a 4 

a) th s(s+r) AS) SS) does 0 ( wo 40 cee) 

We now have, therefore, 

(37) = @—n’)c_,(n)=P(a,r)+0 (=) +0 (San) 
nen Oo @it28+r 

> 

Bt+iw str 

+0([ sean f@s@+rds), @>1; B<-r<0). 
The constant @ and the function w(#) are still in large 

measure arbitrary ; they are now to be chosen so as to make the 
ageregate order of the last three terms on the right of (3:7) as 
low as possible. 

Inequality (3°4) ensures that the line «= 8 shall lie to the 
left of the critical strips of both the functions €(s), €(s+7). The 
integral along the line o = 8, can therefore, by transforming both 
-functions by means of the functional equation, be written as the 
integral of a product of elementary functions by two absolutely 
and uniformly convergent series. On changing the order of in- 
tegration and summation, we find, in fact 

3:8) ae gstr £(s) £(s sf e Sp 

(3° p—-in S(S +1) 

=) a ga S TOA TE as i ——= as 
m,n=1 -—w (B iP it) (8 iets ut) 

* KB. Lindeléf, ‘*Quelques remarques sur la croissance de la fonction ¢ (s),” 
Bull, de Soc. Math, Ser. 2, vol. xxxm (1908, pp. 341-356 (346-348)). See also 
Landau, loc. cit., p. 704, Hilfsatz 6. 
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and hence, approximating to the [functions by means of a general 
form of Stirling’s formula*, we have 

3-85 Bio  8+r ¢ 5 

(B85) fe pS estr ds 
wo 

= g3tr qe3tr > ms nstr-1 | O ( i ia ear e~2ti (log t—w) dt) 

1 

(3) a: ) 

+0 i tae at). 

In order that Lemma 2 may be applied effectively to the first 
integral on the right of (3°85) it is necessary that 

. —1-28-r>-4, ve. that 

(3°9) B<—3r—-4. 
A comparison of the two inequalities (3°4) and (3°9), which £ is 
supposed to satisfy, shows that we have now to distinguish two 
cases, according as 7 is or is not less than $F. 

§4. If r<t, (39) is the more stringent inequality, and we 
satisfy both conditions by taking 

(41) = $0 #3 
(3°85) then gives, on applying Lemma 2 (with y = — 4), 

B+iw at a 

he bes eres Ue O (x*"-* log w) 

so that (3°7) becomes 

(42) R(a, r)= = (a —n") c_,(n)—P (a, 7) 

= 0 (2) 4 ale 

The resultant order of the right-hand member of (4°2) is made as 
low as possible by now taking 

) + O (ai"-* log w), (a> 1). 

@=x; p>Ir+2a+ §, 
and in this way we arrive at the asymptotic equation 

(4:5) R (a, r) = O (a4"-+ log 2), (<r<s): 

§ 5. If, on the other hand, r >4 the two conditions (3'4) and 
(3°9) are to be satisfied by taking 

(51) B=-r—-—e<-r; 

* See e.g. Landau, loc. cit., pp. 701— 702. 
+ I wish here to express my thanks to Professor Hardy for calling my attention 

to the problem presented by the order of the function R (x, r), and for his criticisms 
and encouragement. 
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we now obtain from (3°85) and Lemma 2 (with y=7 + 2e—1>-— 4) 

[peep tO E@trds=0 earth — S) G(s ds Ore a 8 Fa eee ) 

so that now, from (3°7), 

(52) Rr) =0(=S)4+0(tor), (a>); 
and hence, if we write a= 1+¢>1, and take 

2(7-+1) 
Oo=2 Qr+3 : 

we have 
(el Ce A 

(33>) Ee (a7) = OG ea ); (4 <7). 

$6. The method used in §5 is the natural generalization of 
that by which Landau showed that 

R(a, 1) = 0 (a***)*. 

Equation (5°5) gives an upper bound to the order of R (a, 7) which 
remains better than Ramanujan’s (1:11) so long as 

1 po ee 
4 

It is, however, possible so to modify the method as to obtain 
an asymptotic equation for R(«, r) which is better than (5°5) if 

89 — 3 
r>1, and better than (1:11) ifr< a =1:61.... 

We return therefore to equation (33), which was, of course, 
proved independently of any particular hypothesis concerning 7 ; 
but in this equation we take the line o=8 to be situated no 
longer to the left of the critical strip for the function €(s+7r) but 
actually inside this strip ; v.e. we now suppose that 

(6:1) —y <i Bai Pe: 

The integrals in (3°3) which are taken along the lines t= + @ are 
again readily estimated by means of Lindeldf’s Theorem and well- 
known expressions for the order of the ¢-function imside and 
outside the critical strip; we thus find 

Ps atiw gstr d 0 grte 

atts 

+0 (ae .) (e>0). 
* See footnote, p. 140. For what concerns the natural analogue of Landau’s 

‘*deeper” result that R(«, 1)=0 (x8), see below, § 9. 
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In the integral along o=£ the factor €(s) is transformed by 
means of the functional equation, but the factor €(s +7) by means 
of an important equation recently discovered by Hardy and 
Littlewood and named by them the Approximate Functional 
Equation for the ¢-function. The Hardy-Littlewood Theorem 
gives the following representation for the €-function in the critical 
strip*: if o ws fiwed and 

(6°3) OA 6 A Arey — 0 | 
then 

(G35) 1G (6) = Si se a te ONES) Ot) cae) 
n<& n<H 

where A is a certain constant and 

7 ee | t | \o | t hep inisgnt 

en) ae = J : 
Taking 

(6°4) E=n= v(\t\/27) 
in this formula, carrying out the steps indicated, and approximating 
to the TP functions as im § 3, we find that, as w increases, 

65 Aapevae d (6°5) I. i eGunee e s 

® t-3-B eg-ti(logt—w) 

=o S| So see Be 
Bn<é m8 nits 

fe r—23 ~—2ti (log t—ww) é @ . \ 

+K, =f" 3 se dt+0(["e-8- 8 at) 
m=1/ Bn<é ne 2 at B / 

=a" (K\S, + K,S, + O(@ *—38-#)), 

say. Here K,, K, and B are constants, and w is independent of F. 
In the integrals occurring in S, and S,, & is a function of tf, 

and we find, on inverting the order of integration and summation 
with regard to n, that, in virtue of (6°4) 

Gia dt, 
2en? 4-3-B e- ti (log t — w) 

ic B mB nts | 

D 272 t7 725 e72ti (log t—2) 

(6:65) S.= 2 ape ak 
aH m3 n 
ete Nn 8 

For effective application of Lemma 2 to the integrals on the right 
of (6°6) and (6°65) it is necessary that both 

(6°7) —8—B2>-4, te. B<—1 and 

(675) —l-r—-28>-}, te. B<—dr-f. 

* Hardy and Littlewood, Proc. London Math. Soc., vol. xx1 (1922), pp. 39-74; 
see also Math. Zeitschrift, vol..x (1921), page 301. 
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It is inequalities (6:1), (6°7), (6°75) which take the place of 
(3:4), (3:9) of our earlier method. On comparison of (67) and 
(6°75) it is seen that two cases have again to be distinguished, 
namely according as 7 is or is not less than 3. 

§7. If l<r<3, all three inequalities are satisfied by taking 
&=—1. An application of Lemma 2 (with y= — 4) to (66) then 
gives 

(71) S= < S O (log n) 

ae 1 wal ) mens 

Similarly Lemma 2 (with y=1—7r>—}) and (6°65) give 
2 0 OC) me pat O (w!-#). 

= 0 (w!~*" log @). 

( S= 5. = = 
m=1 nel (2) mn 

Thus, in virtue of (3°3), (6'2), (6°5) we now have 

(73) = @ —7n') co_(2)=QVG r)+0 (=) 
n<u oa 

+ 0 (#’ w!-* log w), (a >1) 

where, by the definition of P (a, 7) and Q(z, r), 

0G@n=PG@ nod): 

Taking now #=«#*-” we obtain the equation 

Cir) TE C25 7) . a —n") o_,(n)— P (a, 7) 

Br—72—2 
(ee 3) (l<r¢?). 

OT ae ee ee 
6—r 2(6—r) 

it is seen by how much (7'5) improves upon Ramanujan’s estimate 
(etl) for Rh (@, 7). 

Since dr — 

§8. Finally, if 2>7r >, we satisfy all conditions by taking 
8 =—4r-—H, and so obtain, by exactly the same method as in §7 

S, = O (w*”~>), 

S, = O (w*"~* log @); 
2 (2r-+5) 

we are then led to take w =a *”*!, and so arrive at the equation 

fs r= Dr+5) +) 
(8:5) R(a,r)=O\e +5 (r > 8), 

1o—2 
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It is noteworthy that the right-hand member of (8°5) is of lower 
order than (1°11) only if 

Beyer 3 
7 =" [6 z 

/89-—3 
There would in fact appear to be an interval, SST ae 

4 
which transcendental methods of the type here employed are 
incapable of giving an estimate as good as that obtained by 
Ramanujan by elementary methods. 

$9. It is natural, both on general grounds and, in particular, 
on the analogy of the Landau © A bschiitzung ” 

(9'1) R (x, 1)=0(#*), 
to enquire whether the factors z* which appear in our asymptotic 
formula (5°5), (75), (8°5) for R(a,r) when r>4% are not either 
entirely superfluous or at least capable of being replaced, by 
suitable refinements of the analysis, by logarithmic factors. On 
the other hand reference to Landau’s report will show that (9:1) 
is an equation of considerable “depth”; and, in any case, the 
proof of it there given depends essentially on the particular value 
of r. And, in fact, the improvement of the general formulae in 
the direction indicated is found to be by no means easy: there is 
one case, however, in which it is almost “eels, that, namely 
of ry =4. In this case we take, in (3°3) 8 = — 3, and, in the integral 
along aS 8, transform the integrand by applying to the factor 
€(s) the Functional Equation, and to €(s+r) a HOP of the 
type 

92) C= K| epee soe) SS notit 
<A|t| 

(|¢] > 8 >0), 
wherein A, K, w are independent of t. We thus obtain integrals 
of the type already discussed, leading to the equation 

(9°3) R (a, 4) = O (log z)?). 

In a similar manner taking 8 = —1 and using the equation 

(9-4) aie) es m4 0(7), ({t] >8>0)*, 
n<A\t| 

we show that 

(95) RAg, 2)= 0 (eCor 2z)). 

* For (9°4), see, for example, Hardy and Littlewood, ‘‘ The zeros of Riemann’s 
Zeta-Functions on the critical line,” Math. Zeitschrift, vol. x (1921), pp. 283-317 
(p. 285, lemma 2). Equation (9°2), is, of course, a consequence of (9°4) and the 
functional equation. 
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Finally, when r >2, we take @ =—1, and no transformation is 
then needed for the factor €(s+~7) which is already expressible as 
an absolutely and uniformly convergent series; this leads to 

(9-6) R (a, r) = O (a1 log x) (r > 2). 

It is again noteworthy that each of the equations (95), (9°6) 
is, on comparison with (1'11) seen to contain a superfluous factor 
log « gL. 

$10. Thus, to sum up, the present note shows that transcen- 
dental methods enable us to replace Ramanujan’s equation 

Gert) R (a, 7) = O (@*) (0<r<2) 

by the set of equations 

(4:5) R (a, r) = O (a-?@-" log x) (0<r<#). 

(93) R(w, }) = 0 ((log 2)’. 
Qr— YO+) 

(5°5) i= ee an *) G<r<l): 
ott Tvs 

(7°5) R(z,r)= o(« sek =) (1 <r <3). 
r-1(r+5) 

(8°5) Toe — Ole a a) 

/89 — 

(3 rad *) 
It would appear that for tolerably small values of 7 formulae 

(2:1), (215) give an unexpectedly close approximation to the value 
of the arithmetic function discussed, even for a quite small value 
of z. Thus, taking r= 4, «= 25, I find, by computation, that 

> (= 1). e22 Gh) — eee 
NSX 
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On the Analytical Representation of Congruences of Conics. By 
C. G. F. James, Trinity College, Cambridge. (Communicated by 
Professor H, F. BAKER.) 

[Read 15 May, 1922.] 

§ 1. A congruence of space curves is a system of curves de- 
pending on two parameters; or, for brevity, a system 0% A general 
curve of the system will be subjected to conditions, two less in 
number than those required to determine the curve as one of a 
finite set of solutions. These will be in general conditions of contact 
with a fixed surface, the Focal Surface ; including, in special cases, 
conditions of incidence with fixed points or curves. The order of the 
system is defined as the number of curves which pass through a 
given arbitrary point; the class as the number which have a given 
line as chord. A Singular Point of such a system is a point through 
which «2! curves pass; a Fundamental Point is one through which 
all the curves pass. The singular points, if any exist, will in general 
lie on a curve, or curves ; except in the special case when the order 
is zero. In this case we have a doubly intinite system of curves on 
a surface, every point of which is singular. The fundamental points 
can be at most finite in number, provided all the curves do not 
degenerate, and contain a fixed part. 

In the same way there will be, in general, a congruence of 
Singular Chords, or lines which are met twice by 0! curves of the 
system, and at most a finite number of Mundamental Chords, which 
meet twice all the curves. Neither fundamental points nor chords 
will exist in general. 

§ 2. A congruence of conics will be formed by curves satisfying 
six independent conditions. If the system is lmear these conditions 
are usually conditions of incidence. Such congruences may be ob- 
tained in at least three ways: 

(a) As defined directly by suitable conditions of incidence ; 

b) As defined by the intersection, residual to a suitable base Wi 

group of 

(1) Any pair of surfaces of two distinct pencils, 

or (2) A surface S of a pencil with any surface of a pencil a, 
belonging to a system oo?” of surfaces, not necessarily 
linear, the pencil (S) and the system (a) being in pro- 
jective correspondence, 
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or (8) Corresponding surfaces of two collinear nets * 

(c) As the residual base curve of pencils in a net of surfaces 

with a suitable base group. 

Similar methods, of course, are applicable to systems of any order. 
The discussion of congruences of conics appears to have been 

opened by Montesanot+, who discusses synthetically the unique 
type of congruence of the first order and class. Pieri has considered 
congruences of conics with a singular conic. Some of these systems 
appear as special cases of congruences obtained in this paper. The 
bilinear congruence is also obtained, and will be quickly passed 
over. Congruences of conics of order 2 have also been discussed 
by various authors. 

§ 3. The object of this paper is to discuss a general class of 
congruence, to which we are led by the consideration of the matrix 
equation ofa conic. Stuyvaert|| has shewn that the matrix equation { 

Gig, DEC NSO eee ee (1), 

Oe 0 CH 

where the a, etc. are linear forms In (a... 2), represents a con- 
eruence of space cubics, when these forms are also homogeneous 
forms i in parameters Oy May Ms. In particular he considers the case 
of forms linear in the a’s, giving rise in general to a congruence of 
order 3, and finds that in six special cases this reduces to unity, 
Now this classification can plainly be used for congruences of curves 
of any order, and, in particular, for conics ; for the order in « has 
no effect on the order of the system, which is determined solely by 

* A net of surfaces is a system of surfaces dependent linearly on three homo- 
geneous parameters. The typical surface has an equation ayu + av +a3;w~=0; where 
u, V, w, equated to zero represent fixed surfaces. Similar definitions hold for nets 
of plane curyes, etc. 

+ ‘Un sistema lineare de coniche nello spazio,’’ Atti Accad. Torino, t. xxv, 
p. 660, 1892. A paper entitled ‘‘Sur un complexe remarquable etc.,’’ Humbert, 
Jour. Ecole. Poly. Cr. 64, p. 123, 1894, has an important bearing on a special case. 

+ ‘*Sopra alcune congruenze di coniche, ” Atti Accad. Torino, t. XXVIII, p. 289, 
1893. One of his congruences has been considered in greater detail, and apparently 
independently, by Stuyvaert ‘‘On Certain Twisted Sexties.”” Royal Acad. of Sciences 
of Amsterdam (English ed.), vol. x1, i, p. 346, 1908. 

§ See ‘*Sulle Congruenze [2, 1] di coniche nello spazio,’? Veneroni, Rend. Ist. 
Lomb., Ser. 11, t. tiv, p. 166, 1921. ‘‘Tipi particolari di sistemi [2, 1] di coniche 
nello spazio,’’ Id., Id., p. 383. 

|| ‘*Congruences de triangles, cubiques, ete.,” Crelle’s Journal, Bd. 132, p. 216, 
1907. See also for later developments, and complete references a recent memoir, 
Congruences de Cubiques Gauches, Ghent, 1920. 

§| Throughout this paper a,” will represent an homogenous n-tic in four variables 
Xy,..043 for n=2 (azay) will represent its first polar form with respect to y ete. Also 
a, will be replaced by dz. 



152 Mr James, Analytical representation of congruences of conics 

the number of variable points of intersections of curves of the net 

| Ay On A = 0, 

regarded as an equation in 4, x being fixed*. 
In the first part of this paper the matrix equation of a typical 

conic is taken as 
ee Oe On| — OF 

| 
| Gn® Og @ 

so that each of our six linear types will be sub-divided, on account 
of the lack of symmetry in the arrangement. 

§ 4. The first type is 

(1) || ayy? + dada? + AsCx? dy + Goby + AsCz OA + O2b + a¢ 

ae dz, d 

=0 

Being symmetrical from column to column this type is not sub- 
divided. 

The second type gives rise to three congruences : 

(il) ||'aiae? -asb, 40,c,) GG, -+ G0, O.c, a |\— O(a), 

| % Ag? + Agby? + OCx® Adz +Oobz +03Cy a 

CU) |\togan? Ee agb, ose? G5 1a, a,-e.b-a,¢0||— 0a Ge 

Ae? + Ady? + Ase? Ay 0’ +a.b' +a,¢’ 

CIV) iilian® andr iasb; -Hia.C,, «0,0 1 0,0 -105¢ || — Oa(o)e 

Ag? Ag +O, +O,Ce %0 +a,d +a,C 

and so on. The remaining types lead only to special cases of the 
congruences given by types I and II of Stuyvaert classification. The 
results are stated briefly in an appendix, § 45. These expressions can 
be reduced in various ways when necessary. Thus the last column 
in III or IV can be replaced by a, a. As arule, however, little is 
gained by this; and we shall generally use the forms as written on 
account of the symmetry of the results. 

It is not possible to take over the class of the systems from 
the corresponding theory for cubics. However, they are almost 
immediately found from the geometry of the systems. They will, 
for brevity of reference, be denoted by T,... Ty. Ty and TP, are both 
bilinear congruences of Montesano’s Type, in each case of general 
type. The representation of both is very largely redundant, for 
they can plainly both be reduced to 

Ay Ax? + Aab,? + A507 = 5 

AA, + Ody, + 43C, =O 

* When only one row or column of a determinant or matrix is written, the 
usual convention adopted in this paper is that in the unwritten rows or columns, 
a is to be replaced by b and ¢ respectively, in the variable letters. 
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However the matrices, as written, bring out new methods of 
generating the congruence; while the discussion is almost as 
simple. Hence we shall run through the principal properties of 
I’, using the form as written. We can immediately express our 
results, to correspond to the simple form above, by writing 

d,?=0, d, = 0. 
There is an almost perfect parallel between the theory of [, 

and that of I. It must be admitted that apart from this I; is not 

of much interest. A special case of [', occurs in the paper by Pieri 
(§ 7), but is not discussed in detail. 

A second set of congruences is associated in the same way with 
a second matrix equation for a conic (§ 38 of this paper, et seq.). 
No new congruences, however, arise from this representation for 
the first two Stuyvaert types. 

It might be remarked that the analytical results will hold 
equally for (n — 2)-dimensional quadric varieties: in n-dimensional 
linear space. The interpretation, of course, will often be consider- 

ably ditferent. : 

$5. The Congruence IY. 
[| yg? + On On? + AeCq? OA + Ogbg + AsCz % + a.b + a5¢ 
| 

| Ge Ge d 

The elements of the first row will occasionally be denoted, for 
brevity, by gx, Jx g, respectively. The conics of I, are given by 
the intersection of the planes of a star* 

PO [ell En Abbon nen hat hnetnaners src (6), 

d, d 

the centre F of this star being 

da, —d,a = dbz —d.b =dc, —d,c = 0, 

with the corresponding quadric of a collinear net, 

Der DoW Oe ce cseeen demise ee enceanen Ca) 

aide 
whose base points are 

aes b? Gye di = 0. 

GQ 16s 6s eae 

Alternatively they lie on a net of cubic surfaces, 
Ges” Dig NU We thiewer ce dasars tek waa (8), 

Gat Og 

residual to the lines of a plane pencil, 

Gp: 20g OG crassa anne eanbntn hes 08 (9). 

* The figure formed by all the planes and lines through a fixed point, its centre. 
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§ 6. The parameters giving the conic through an arbitrary 
point (y) are obtained by solving 

go + odf=g,+od,=9g+od=0. 
Hence they are 

dy 20s 7 0,; @ =| b,Ae,di|:; \i¢,a,@ |= |ra,70,0 | = |/a,7b,,c. |. 

where, for instance, the first determinant is in full 

Dy iGia dar 

by Cy dy 
bec rd 

The plane of the conic, and the quadric on which it lies can be 
written down at once. 

The solution becomes indeterminate for points on the curve 

GED ARCs he =O. acetone setae (10), 

Ag Dee Cx dy 

ab 6) ad 

which, as the intersection of two cubic surfaces residual to a conic, 

is a curve of order 7 and genus 5. Such a curve will be denoted 
by ¢* 

It contains the centre of the star of planes, and the base points 
of the nets of quadrics and cubics. Further we can plainly add to 
the first column of our matrix in (2), the second column multiplied 
by an arbitrary linear form ¢,. Thus the net of quadrics is to 
a large extent arbitrary, its base points describing on c,? a linear 
series* g,' of dimension 8 and freedom 4. For the further theory 
of this series we must refer to the paper by Montesano previously 
cited. In the same way we can vary the net of cubic surfaces. 

§7. There is a second system of cubic surfaces of more import- 
ance in the theory of [',, namely the system circumscribed to c? 

[cae? as aN | — Ore tcesecoe eens (11). 

Thist+ is apparently a linear system #°, but is essentially a net. 
Two surfaces of the system intersect again in a conic. Thus of the 
second surface being given by d,’ they intersect in 

(ey eho or Oe 

By combination of rows the first row can be replaced by 

(A Mg Gx gz}, 
* Namely the intersection with the septimic of a linear family of surfaces » 4, 

such that, any fixed points being discarded, there are eight points regarded as 
variable. 

+ The convention in §§ 7-11 in these determinants is that the remaining rows 
have the same form in b, c, d respectively. 
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and putting XN=NX =Aq=A,’ =O, this matrix becomes 

I Ix Gx || =9. 
Guida. || 

Thus this system of conics is, in fact, T,. We deduce at once from 
the theory of curves on surfaces that the conics of I, are six- 
secant to c,°. 

§ 8. Assigning a fixed point P, given by (y), the following 
surfaces are plainly the same: 

(1) The locus of conics whose planes pass through P, 
(2) The locus of points of intersection of those chords of 

conics of [',, which pass through P, with these conics, 

and (3) The locus of conics in the planes of the pencil, whose 
axis1s 2E. 

This pencil is given by 

A Cyt y, Gat Cy Oa Oe epee cen te ce (12), 

where A, =a,d — addy, ete. 
Also we can find » so that 

d+og=d,+ o9,=d/+ogZ=0 ......... (13). 

Eliminating a and @ from (12) and (13) we obtain a cubic surface, 
passing through c,? and PF. Its equation is 

T= a2 dy @ Ay | 0s where DON. (14). 

This can be easily modified into 

T? = |G) sO, 4Gy Cn O eee sone (15) 

As an equation in y it represents the plane of the conic through «. 

| § 9. If y lies on c,’ the same equation gives the surface filled 
by conics passing through P. In this case it acquires a node at P. 
Two such surfaces related to points P, P’ on ¢, intersect again in 
the conic in the plane FPP’. 

§ 10. The conic through y is given by equations 

| Gg? dy? dy a |= 0) 

| dz Gy? dy a|= 0) 

The tangent to this conic at y itself is 

| (dzQy) Ay? dy a|= i 

| Qe , Cy Gy a0 

In variables y this represents the intersection of a cubic and 
quartic residual to ¢,°. 
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It is therefore a quintic curve of genus two, locus of points of 
contact of tangents from # to conics of T,. It passes through P, 
and has PF as trisecant, since PF is touched by two conics of T. 
It is also the curve of intersection of the surface 7° for P and its 
first polar with respect to P. 

The complex of tangents to I’ is thus of degree 4, containing 
doubly the star (F’) of singular chords. 

S11. Ifin (16) we write e=a+@ and eliminate k we obtain 
the surface generated by conics meeting the line (a, 8), namely 

IEEE ein EID) GYRO MOBS Cn 

= 12) | (GaGa) Qa, Og (Gl Qa, Og? qa Op Ge) Ga, @)) PNB yy AU? alieves, Cage, ay Bee eal 

eats (17). 

It has ¢,° as triple curve; and as nodal conic the conic having 
(a, 8) as chord. 

Thus 9 conics of [, meet two arbitrary lines, and the conics 
which meet an arbitrary 1-tic in space fill a surface of order 9n. 

From this result we can deduce that 10 conics of T',; meet an 
arbitrary conic twice. In particular I’, contains 10 circles. 

+|'as" a, a, @||a. a a, @ 

$12. The system of degenerate conics is easily discussed from 
the geometrical configuration *. 

The conics of 1, cut an arbitrary plane in points generating a 
Geiser involutiont. If, then, we regard our forms a,’, etc. as functions 
of three variables only we have an analytical representation of this 
envolution. 

It is interesting to note that if we take the system of base 
curves of a net of quadrics, we can relate them projectively to the 
lines of a star. The locus of intersection of such curves as meet is 
ac;. This corresponds to the well-known generation of the space 
cubic by means of collinear starst. 

$13. The congruence YT. 

|) Ag? + O02? +43Cz? Az +O_b, +0;C, a | = 02 er 
| 

|| de? + bg + A362? Ode + Agdy +3Cz a’ || 

This form of the matrix equation of Montesano’s Congruence 
expresses that, in addition to the usual generation, the congruence 
can also be generated by the intersection of a star of planes with 
corresponding members of a projective quadratic system 0? of 

* Montesano § 2, loc. cit. in note (ft) p. 151. 
+ This is immediately obvious. For further details see the same paper. 
ft Reye, Géométrie de Position (French ed.), t. 1, p. 99. 

; 
6s 

I 
A 

oy 

] 
1 



Mr James, Analytical representation of congruences of conics 157 

cubic surfaces. The residual intersections form a congruence [13] 
of chords of the cubic 

= 0. pees 

Ge BO Cr 

This cubic passes through the centre of the star of planes. The 
singular septimic is 

Ay20) — Ay? =) Ce ae (18). 
Ag — Aza 

Conversely, for a given congruence, we easily see that there is one 
such mode of generation for every cubic through F. 

In the same way it can be described by the intersection of a 
net of quadrics with the system of cubics; the residual curve being 
in this case a member of the congruence of quartics 

Da, Oke — Ya, a? — 

These quartics are 16-secant to the curve 

ae 02762 =O: 

Ue ine Gi 

which passes through the base group of the net of quadrics, and is 
also extremely arbitrary in a manner analogous to the cubic. 

§14. The congruence 1. 

Qn? + Anda? + OsCz? Ge, aa +a,b + a,c 

Be? + Ody? + A3Cy? Me G0 + ab + asc’ 

= 0)..4): 

Ge biae 

aud 

are to be excluded, for, with these values the locus ceases to be a 
conic, and becomes the cubic surface 

| (Gg? Oy = SCR Re) | — eee eee eee (19). 

This surface passes through the singular curve (§ 15), and will be 
referred to as the special cubic surface. 

The conies of I’, lie in the planes of a pencil 

The values Chea Ch = > 

Da; (Qzu — a, @)— 0, 

and on the cubic surfaces 

Diy (da On, i AO) 

These have as axis and base line respectively the line / given by 

.— oO. 

Alternatively they lie on quadrics of a quadratic system 

Ya, (ag2a — ay? a) + a8 (0,70 + ba — azb — b,2a)=0 
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which will be seen to reduce to a rational sequence of pencils, 
namely a sequence of pencils in which the base curves can be put 
into (1, 1) correspondence with the points of a line. 

In each plane of the pencil (2) lhe #' conics of T; forming a 
pencil. Hence the congruence is of class zero, The special linear 
complex of lines (/), counted twice, is the complex of tangents to 
the conics. It is also the system of singular chords, an illustration 
of the fact that these can form a complex only if the class is zero, 

$15. The Singular Curve of T; is of order 10, and is given by 

= Os rancor ete (20). Cy =a, —2--0, 

Ady —A Ay 

It must be the locus of base points of the pencil of conics in the 
planes of (/), and hence must have / as six-secant. It contains the 
20 base points of the net of cubic surfaces. This net is to a large 
extent arbitrary, these base points varying In & goy*. 

Cy lies on a net of quartic surfaces with, in addition, a double 
base line J, 

[Ngee Oe — nO, (OO | 0) eaaegtiee (20): 

Two such surfaces intersect in c,, and a conic of I, 

[| Aa An’ Gy2Qn — Az "Az Adz — WA, || = 9. 

If (X) is fixed, while (X’) varies, we get all the conics on the 
quartic A. Conversely, if a definite conic is given it lies on all 
quartics for which 

a,A4 4. CnNS + a3 => 0, 

namely, a pencil, Thus [is generated by the residual base curves 
of pencils of a net of quartic surfaces Rt = ¢)/. 

We can write c¢, in the form 

AG, = ALG, 020, —0n- Ge Ce On Cra, 

0 ba, — ba, COC Gy 

where AP=s (be —Uc)a;7; A,?=2 (6c —bic) a,” 

It is therefore also the intersection of 

‘Ava, = Ap2a, 0, 

(by2dz, — by? dz) (CAz? — ¢'Az*) — (Cx?Gp — Cx” Az) (bAz? —0'A,?) =0. 

Hence c¢, is given by the intersection of a cubic and a quintic 
residual to a line and a quartic of the first species, which do not 
meet. It is therefore of genus* 10. 

* Or from ‘*The Curves which lie on a cubic surface,’ Baker, Proc. Lond. 
Math. Soc., Ser. 2, x1, 1912, p. 290; since it is also the intersection of a cubic and 
a quartic surface, having a line of the cubic as double line. 
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§17. The configuration of the degenerate conics. In the first 
place the base points of the pencils of conics describe on C;, a linear 
series g}. There will be* N’=2(p +3) double points of this series, 
arising from 

(a) Proper nodes on ¢,. 
(b) From points whose tangent lines meet /. The latter number 

is equal to R—12 where RF is the rank of cy. It is reasonable to 
suppose ¢,) has no proper cusps, and hence from the Salmon-Cayley 
Formulae, & = 18 + 2p. 

Hence we can conclude that there are no proper nodes. 
Each plane of the pencil (J) contains three degenerate conics, 

namely, the joins of the points c, outside J; say, P,... Py. They 
describe a scroll on which ¢, is triple. It has in addition a nodal 
curve generated by the diagonal points R,, R,, R,;; and has / as a 
m-fold line, where m is the number of degenerate conics which 
pass through a point of l. 

$18. To find the equation of the nodal curve. It will be shewn 
immediately (§ 22) that the quadrics associated with the plane 
@, + Ady =O form a pencil whose base is 

Ogee NO = ON Sos cee cles cisateieteeossiie (22). 

a+ ra’ 
By expressing that this plane touches the quadric, given by adding 
a row of constants (A, B, 0) to (22), at a point & we obtain the 
equation of this curve. We have given this in full for the more 
interesting [, in §31. It is a curve of order 14, 

|| (aes ay'ag) {(D.Dg) arg’— (b/be')ag} ((.g) tg’ — (a c4g') ag} (cag’— C'ag) 
— {(e.cz) ag — (c'ce’) ag} (aag’ — a’ag) || 

—|| (a.ae’— a.'az) [{(c.ce) ae — (c'ce’) ag} (bag’ — bag) 
x {(a,az) ag’ — (a,az’) ag} || =0...... (24), 

with the obvious conventions that corresponding determinants are 
to be taken together, and that « takes the values 1...4. This is 
symmetrical in the variable letters a, b, c; though written in an 
assymmetric form. 

It is of genus 11, and must plainly meet / eleven times, and ¢,, 
26 times. 

§19. We can find the degenerate conics passing through a point n 
onl. Let us express that. 7+ lies on the surfaces defining a 
conic (a) for all values of w; 7 being a point of 1. 

= 0. Yaa Law |=\a, Yaa 

Tae? LAG A, Daa’ 

* Severi, Lezioni di Geometria Algebrica, § 68, p. 234. 
+ This is of course proved by the relations obtained. 
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We find on eliminating the a 

|| {(@_ Qa) Ae — (Ay Ae) Az} (Ax? Ag’ — Ay? Az) (Aq?Az — Ay? Ax) 

x (a, = @0,))||— Ole (an 

This represents 11 lines, besides J. 
Hence m=11. This number is of course simply the number of 

apparent nodes for a point on J. 
Hence the scroll formed by the degenerate conics is of order* 17. 

It hasa triple ¢,1°, a nodal ¢,,", and an 11-fold line, which meets Cy 
six times and ¢,, eleven times. The first six points are points at 
which three tangent planes coincide, while the latter are simple 
pinch points. We can find its equation by taking a and £8 as two 
fixed points on J, and eliminating & between 

[A Az (QoGz) Gz —(Gs G, )a,|+h| AY A, aga,0, —(Ga a, )O,|—O 

|A,? Az Gade — a *dz|+2h| Ag? Az (Aap) dy — (Ga Gg’) Az | 

+ k?| A,? Ay Gp’, — ga, |= 0. 
Here we have written 

A, = 02H, — Az ?2Gz, etc., 

A, = Qa; — @@;z, ete. 

This is plainly a surface of order 17, with a triple cp. 

§ 20. The conic of I, which passes through a point y is given by 
— 27 '"2 

a, A, A; = ay hy neat Ay hy > 

/ / ad, — aay, 
and hence is 

Ady —AgA Az?Ay —Ay*dy ada, —ady|=0 ...(26), 

G20, — 0,2, Gy Oy) — 0°, CO, 00a — Oana): 

The first equation factorizes into the special cubic surface, and 

Oath U0) 8505-62 desesna oe (26a). 

The tangent at y to this conic 1s 
an / 

AgAy — Ay Ay =U, 
/ / Uy ) 2 / J / / | 2 1(AzGy) Gy — (Az Ay ) dy}. (ay?ay — ay* ay). (aa, —ad,) | 

€ / / 9 , / 

+ | (aa, — ay?a,) . (a,7a, —a,?ay) . (aa,’ — a’a,) | = 0. 

Invariably these represent the locus of points of contact of 
tangents from a to conics of T,, and is expressed as the inter- 
section of a plane through J, and a surface having / as nodal line, 

of which, as can be easily verified, one tangent plane at every 

* Agreeing with a well known formula for the order of a scroll of chords of a 
curve meeting a line. Salmon, Analytic Geometry of Three Dimensions. Fifth ed., 
VOL. 11, p, 92. 
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point is fixed, and coincides with the plane. Thus the curve is a 
plane cubic, as it should be. 

§21. When 2 lies on the line J, the equation (26) is 
evanescent, and (27) can be previously modified to give 

| (7a, —az?a,). (ay?Ay —Ay?ay). (aay —a’a,)| = 0 ...(28), 

and hence represents in y the surface filled by the conics through a 
point « on l. It is a quintic surface R?=c,l?. Thus three 
conics pass through two prescribed points of 7. Taking a,=y%,, 
Ay =Y, and 7,=a#,=2,=0 we verify that it has a four-fold point 
at 2. 

§ 22. The system of base curves of the pencils of quadrics 
associated with the given planes of (I). 

If the plane is a, + Xa, =0, then these quadrics are 

[a + Nae) Gy NG, Oa Na | — O° een (29), 

where, also, ay +rAdy = 0. 

They form a pencil having in common a quartic of the first species, 

Cig PNG || OW ie eco ne ge ac oesae (30). 

a+hra 

We can verify that c,, meets the plane X where it meets this 
curve by writing %=—a,/a,;. This is certainly a family of 
quadrics cutting the pencil of conics on »X. We have to verify 
that it is actually the sub-system of our original quadratic system, 
which corresponds to this plane. This is immediate, writing, 

2 / 

Ay? + Ady?” 

a+nra 

O, 3 Oy 5 Oy = 

Then the sub-system is 

| a? a,?+ Ady? a+ra’||a ay?+ ray? a+ Aa’ | | =0, 
| Gy? Ay? + Ady? at+ra’|| a’ a+ Ady? a+ dra’ | 

This contains the special surface as a superfluous factor, together 
with the surface in (29). 

These quartics generate a surface, namely, using an obvious 
abbreviation, 

UA a DE cy ey he ena EN (31), 
a ° Jo . (yi 2 iD) /2 

where A= |a,2 a,|; 2H,?=—)| a, bz*| —| a," 62) ete. 

TRESS a o ab 

This is obtained by writing down the envelope of the quadratic 
system, 

(AZ... A heaa)=0; 

VOL, XXI. PART III, II 
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The quartics are all 8-secant to a fixed quartic, which is 
16-secant to Cj). 

as? Grae —\\a, aaa ale—Omerreeeereee (32). 

This is a nodal curve on R*, The equation of A must in 
fact be expressible as a quadratic form in the surfaces defining 
the nodal quartic. This appears most readily by putting all the 
constants (a... ce’) equal to zero, except a and b’, which are taken 
as unity. 

§ 23. We can write instead of (27) 

| A,? (a70; — Ay? Gz) A, | =0 coors ereeees (33). 

In (33) and (26a) write y=a+k8. Eliminating k we obtain 
the surface filled by the conics through the points of a line g 
joining the points @ and £, 

| Az? (de?Gz —G.?az) Az | (agdz — ag az)? 

—2| A.® {(aadg) dy — (de Ag’) Az} Az | (gd —dp dz) (dedz — Wa Mz) 

— | Az? (ag2de — Aga) Ag | (dade — Ga Ay)? = 0. 

This is a surface R’=c,,l’g. Hence seven conics of I; meet two 
skew lines, while six conics meet an arbitrary conic twice. In 
particular I’; includes six circles. 

§ 24. The conics of T; which touch a plane l,=0 in general 
position. 

The tangents in the plane form a pencil whose centre is the 
point where / meets the plane. Each line of this pencil is touched 
by two conics. To find the locus of the point of contact we have 
plainly to express that the following planes are coaxial : 

Ly = 0, 

Aye — Ay Ae =O, 

and the tangent plane at & to 

| (az2ae — dy’? az) (aaz —a/az) A | =0. 

The last column may be taken as A, B,0. Hence 

A | {(bebg) ag — (ba' be’) ag} {(Caz) ae’ — (Cx Ce) ag} | 
—B | {(apag) ag’ — (dg ag’) ag} {(CxCg) Ag’ — Cx Ce’ ae} | 

= 1, + @ (Ay ay — Ay Me). 

Eliminating A, B, o we obtain the equation of a surface ; which, 
in fact, is given by bordering the matrix of ¢,, with the coefficients 

of I, [§ 18, Eqn. 24.] 
This is a sextic curve having / as a four-fold line, and passing 

once through c,. The section by /;=0 gives the locus of points 

eames 
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of contact of conics of [',; which touch the plane, a sextic curve 
with a four-fold point, and passing through the points of ¢, on 
1-=0. It also passes through the points of intersection of ¢, and 
lz =0; but the above surface does not contain this curve integrally. 
Thus among the conics through a point of /, four touch an 
arbitrary plane through it. So also of those, that pass through a 
point of ¢,,, one touches an arbitrary plane through it, as is obvious 
a priori. The points on cy arise from improper contact by a 
degenerate conic. 

Considered in its plane this sextic has 26 disposable constants, 
and has to satisfy 34 linear conditions. Thus every plane cuts 
the complex /#c¢,c¢,4 in points on a sextic, while in the most 
arbitrary configuration, the curve of lowest order through them is 
a septimic. 

The conics which touch the plane lie on a surface of order 12, 
on which 7 is 8-fold and ¢, double. 

§ 25. The congruence I, is included in a more general type 
of congruence of class zero. The planes of a congruence of class 
zero must touch a developable surface, in particular they must 
form a pencil if the system is linear. 

Consider the plane a, + Aa, = 0, and the system of pencils, 

(P +AV) + wp (P’ +V’) =0, 
where ® etc. represent surfaces of order (n+2) with an n-fold 
hme d— i) — 0: 

The conic through y 1s, 

a, Oe (= Whe h; |=: 

Gy, One ly hy 

Here hy, = ® (a) az’ —V (£) dg. 

The Singular Curve is therefore hz =h,’=0; or 

® V a, || =0. 

D’ WV’ a,’ 

It is of order 4(n +2) and meets / 4(m +1) times. 
I, can be reduced to this form; for, writing 

aa + Bb +yce =1 

aa’ + Bb +c’ =1/r >; 

a =1/p 
which is equivalent to a quadratic transformation in the a plane, 
the net of cubic surfaces reduces to 

S,ivA + S.4+S,rAu = 0, 

I7—2 
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where the S; are cubic surfaces passing through /. Thus for [, 
we have ®=0; n=1. The singular curve is 

Og, 0a ee, 10 

This is, in fact, a ¢, with a redundant conic*. 
A further generalization is to the case when the system of 

(n + 2)-ties is arbitrary. The system is linear, only if ~ enters in 
the first power. Otherwise in any plane of the pencil we have a 
non-linear system of conics, enveloping a curve. The locus of 
this curve is the focal surface, touched four times by each conic 
of the system; this reduction being caused by the presence of the 
fundamental chord J. 

Of course, the most general congruence of class zero, is given 
by taking a curve, or system of curves, of order n, with a 
(xn —4)-secant. The conics in a plane through this secant form a 
pencil, whose base points are the remaining four intersections 
with the curve. The representation of such a system analytically 
is not, however, a simple matter. We may, of course, have special 
cases with variable, or fixed, base points on J itself. 

§ 26. The congruence T,. 

Ag? Ae + A,dy +%3Cz 4 +a,.0 +45C 

Qn? Ade + 4,0, + 45,0, a0 + a,b’ + asc 

It is described as the intersection of quadrics of a pencil, whose 
base is the quartic, 

=0...(5). 

Ay? =Ag?=0 (4) 

with a net of cubic surfaces, whose base is 

G2 iG. Op Ce —O 

Ged Ds NOs 

namely, c, and seven isolated points. By adding uzg tog, the net 
of cubics can be varied, the base points describing a g;‘ on the 
singular curve, 

lo / BY 

GPa Peat est =i) Fa (05)) Sean eseore (34), 
19 , 2 Lay? — a Ay 

where a,? and ay? are the same from column to column. It is of 
order 7. c,1s of course also singular. The conics through a point 
y of c, fill the surface 

| (azAg? — Az Ag?) (Adz? — a’ a2) (aay? — a’a,’) | =9, 

which is simply the quadric of the pencil through y together with 
a surface, passing through c; and c,, namely, 

NC ake at eves J) Ya eer aaa EO Mr See (35). 

* This is, in fact, a conic which, being a conic of the congruence, in no way 
special, is represented by an infinite set of values of these parameters, namely for 
\=0, and all values of wp. This is of frequent occurrence. 
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This corresponds to the values 

OAD. AC 

a sbi c. 
a, A, as =a 3) 

which values are to be rejected as before. 

§ 27. If we consider the planes associated with a definite 
quadric, a,” + Aa,” = 0, we find as for T'; that they are 

| dy + Ady dy + Aa, a+ra’ | =0, 

and form a pencil, whose axis is 

Be + AG 

a + ra’ 

Thus ¢, must meet c, in 12 points. This can in fact be easily 
verified. The locus of these lines is a ruled cubic A obtained by 
eliminating X between 

| dz + Ay bz + Abz’ 

| dz + AGy Cy + ACz 

the plane aa,’ — aa, = 0 being rejected. 
The equation is most simply obtained by writing down the 

envelope of 

=), 

0, 
0 ? 

(A, ... H,Viaaa,)—0, 

the complete system of planes where 

Ay — |G, Oz \; Die eo pel re |, ete. 

a av b Bea, | 

It is therefore | el PET l= Ole ek aed ue deniane (36). 

Hence the system of conics is obtained as the intersection of 
corresponding elements in a pencil of quadrics, and a projective 
rational series of axial pencils, whose bases describe a ruled 
cubic R’, 

c, lies integrally on *, and meets every generator in two 
points. It is therefore hyperelliptic. Its genus is 3. This will 
be found after we have considered the degenerate conics or we can 
verify it as for I's. 

The class of the system is plainly three. Thus the conics 
having a given line as chord are given by the three generators of 
R® which meet the line. The singular chords must meet an 
infinity of generators, or coincide with one of them. Hence the 
only other singular chords besides the generators of R*® are its 
directrices d,, d,. Any plane o through the simple directrix d, 
contains two generators, and hence a conic associated with each 
intersecting in the four points cys. The equations of d, are 

{:d, @ a: | =| ag aa | +0 
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for the axis X% lies on 

| Ay + Ady a+ra’ a |=0, 

or [Gn Nay ae sa 0: 

This plane contains one generator, and hence the line in question 
is the double directrix, provided the surface in question is general; 
and this is so, for the axis A is the intersection of 

K,+nK,' = 0, 

and be +Aby CxtACy |= 0, 

b +r’ c +r’ 

where K,, K, are the planes defining d,. This second plane 
envelops a quadric cone. This is equivalent to the correlative of 
the well known construction* by means of a conic and a line in 
birational correspondence. Clearly this cone will not, in general, 
be touched by d,, and hence F? is a cubic scroll of general type. 

The directrix d, is not strictly a singular chord, for the inter- 
section of the plane 

[a+ Aa, a a |= 0, 

with Ay? + Adz? =V, 

plainly lies on the special surface (35). 
It is clear that d, must be a 5-secant of c,;. Similarly d, must 

be a trisecant of the same curve. Again #*® has two singular 
generators s,, s,. The conics of I’, associated with these limes may 
in a certain sense be considered as double conics of the congruence. 

§ 28. The finding of d, presents no theoretical difficulty, but 
the algebra is involved as long as symmetry is retained. The 
method most in keeping with the rest of this discussion is perhaps 
as follows. The generator » lies on an infinite number of plane 
systems 

| dz +Aad, a+ra’ A |=0, 

where A, B, Care assumed constants. Under what conditions does 
this reduce to a pencil? In the first place if A =a+ pa’, etc., we 
get the pencil (d,). Putting this aside, we have to express that the 
following three planes have a line in common 

{ap bak ANDERS ae CUNY, Oe eae (37), 

ae AGO tents scant res oe eeee (38), 

Bi Celt Osmies: > Me clams slic! gh Pe an 39). 
th Os xc Dike : () 

This gives a matrix of four rows and three columns, whose elements 

* Jessop, Treatise on the Line Complex, chap. v, § 67, or Reye, op. cit. p. 265. 
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are linear in A, B, C. Regarding these as coordinates in a plane, 
the cubics represented by the first minors have a line in common. 
Hence the matrix vanishes for a single point only. Substituting 
in (37) and (38), we get two planes meeting in d,. 

As this result will not be used we do not consider it worth 
while to record any details. 

§ 29. The pairs of conics in the planes of the pencil (d,) fil a 
surface of order 4+, where w is the multiplicity of d, on it. It 
has in addition two conic tropes*, c, as nodal curve, and passes 
simply through c;*. To find « we may suppose the planes of (d,) 
given by a parameter yw, and that & denotes the position of a point 
on d,. Then we shall have relations of the form (A2) = 0, (£2) = 0; 
and mente (&u)=0. Thus #=1. Hence the surface is of order 5. 
It cuts R? in a 15-tic, of which we know components, c, and d,, of 
total order 8. There remains a 7-tic which 1s plainly the locus of 
intersection of the conics in the planes of the pencil (d,) with the 
generator in that plane, other than the one with which the conics 
were primarily associated. It meets d, in the same five points as 
c;, and is trisecant to d,. 

Thus we can associate with the original congruence a second 
congruence of the same type given by associating with the quadric 
X=a generator ’ =ar+ B/(yA +68), where a, 8, y, 6 are certain 
definite constants. The congruences have in common o! conics 
filling a 5-tic surface. The two sets of double conics are also 
common to each. 

The special cubic surface of each congruence is of the form 

Ay Ky + dz’ Kz =0, 

where K, and K,, pass through d3. Each of these cuts the cubic 
scroll in d,, counted twice, and in the corresponding c,. There are 
therefore %* congruences of this type, associated with a given 
scroll and pencil of quadrics, each being determined uniquely by 
its singular curve, or by its special surface. The system of special 
surfaces is linear, and therefore so also is the system of septimics. 
All these loci are associated in pairs, as explained above. All these 
7-tics have in common the 12 points where c, meets ft’. 

§ 30. Let us turn to the study of the degenerate conics of the 
congruence. Each quadric of the pencil contains two pairs of lines 
forming a degenerate conic of Ty. They intersect in the points 
where the polar line /’ of the homologous ray J of R* meets the 
quadric. 

They will form a scroll with the following singularities : 
(a) The curve c,*, which is a doubly directrix curve. 

* Namely the planes through the singular lines, they cannot give nodal conics, 
for then the quintic surface would break up. 
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(b) The curve c,°, generated by the double points Q,, Q of 
the conics, of which the same is true. Its order and genus will be 
verified immediately. It is hyperelliptic and in (2, 2) correspondence 
with c,. There are 8 branch places of the involution on c;, namely 

Fig. 1 

the points H, where P,P, touches the correspondence quadrics. 
There are 12 on c,, namely these same points, and the vertices of 
the 4 cones of the pencil of quadrics. 

(c) The degenerate conics on these four cones, each line being 
a double generator. 

The lines /’ describe a rational quintic scroll, R®, whose 
generators join the points of the involution on c,. All these facts 
are obtained immediately from the parametric representation of 
the generators of R’, namely, 

Py = qd, ry". 

The genera follow from the general formula used before (loc. cit. 
§17, p. 10). To find the order of ¢,, we consider any plane section. 
On it we have a rational 5-tic projective to a pencil of conics. 
Thus on the quintic we have a correspondence (1, 10). The 11 united 
points are the points of c, in the plane. The same method gives 
the order of c, directly, without appeal to analysis. We proceed to 
find the equations of c,° and R*; but it is useful to have these 
orders thus directly derived in order to have a check on redundant 
elements. 

§ 31. Let us express that 
| dg +AG, at+ra’ A | =O, 

touches the quadric defined by 2» at a point (&). We have to 
identify it with 

(azag) +2 (azlaz) = 0. 
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Hence 

(a,az) + (aay) +| a,+ra/ at+ra’ A|=0,0=1...4...(40), 
or 

(a,az) ag? —(a/ ag) ag +| (ag? —a/ ag) (aaz*—a'az) A |=9, 

Nea 

Taking C= 0, and eliminating A and B, we obtain, in &, the 

equation of ¢,,°, 

Kap at —(ocaddae | Be Oe) |e — I-° 
Be Cp | | Ag C2 

where A.2=a,a2—a/a2; Af = aa;?—a'aZ,; etc., ete. 

This is apparently a 13-tic. However, it vanishes redundantly 
for the quadric C2= 0, since for a point on this quadric the last 
two columns are the same, to a factor. We can, however, by a 

simple modification reject this as a factor, and we obtain finally 
an 11-tic*. 

|| {(a.az) ag? —(a/ az) a} Be AgCe-— APCL || 

— || {(a.az) ag? —(a/ az’) a7} BEC Ag || =0...... (41). 

The equation of R is given by eliminating A, B, and » from 
(40). It contains a factor (cc;' — ¢'cy) to be rejected, but the result 
does not appear worth recording. R® contains a rational quartic, 
and x rational quintics, loci respectively of poles of planes of the 
pencil (d,), and the general generating cone of R%, namely 

@,4" =| a,+ Ade atra A |=0, 

so that these curves are given parametrically by 

E,=| kh +k! dy + Ady Gigt+ Ay Ayt AAy |, etc, 

where ky=|a, a a |; ky =|a,z a a’|, and 

E, =| BA” ayo t+ Adis Ag+ Ads Gy+ Aa, |, etc, 

respectively. 

§ 32. Let us consider the correspondence on c, cut by the 
degenerate conics. The method used is also capable of application 
to the loci of the preceding paragraph. Let & be two points on ¢,, 
and let us express that &+ jy lies on the quadric and cubic surface 
given respectively by 

Xa, (aay? — waz?) = 0, 

Lh, (Az Me? — Gy dy*) = 0, 

* Cf. the remarks on the analogous form in $ 18, eqn. 24. 
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we have 

Yo {(aga,) a’ — (ag'a,) a} = Dey {(aga,) ay’ — (az'ay|) a} 

= Xa, {(aza,) az — (az'a,) ag} = 0 
whence 

| {(aga,) a’—(ag’'a,’) a} {(aga,) Oy — (agdy’) a,| {(aea,) de— (ae, ) ag} | 

a 

which expresses the correspondence between points of c, such that 
the joining chord forms part of a degenerate conic of the system. 
It can be expanded into 

(lay Ts Be Ma hiatas aay Oyen een. (42), 

where the Z’s are independent forms linear in & and 7. It is well 
known that we may put 

&,=sn u, &=cn u, =—dn U, aoe 

Mm=snv, 7,—cnv, 7,—dnv, 7,— 15 

for a suitable modulus. Thus, for fixed v, the function on the left 
in (42) is an elliptic function of w, with 4-fold poles at the poles of 
the Jacobian Functions. It is therefore of order 16. The corre- 
spondence expressed is plainly of valency 7, and hence is of order 9. 
It is symmetrical, and there* are 32 coincidences, giving rise to 
points at which a tangent to c, forms part of a degenerate conic 
Of Iz 

§33. We may now turn to the consideration of certain loci 
determined by points and lines, ete., with reference to Ty. 

The conic of IP, through y is 

An? Oy? — A, ay?= 0 
(43). 

In y the second equation represents the surface filled by conics 
whose planes pass through a, a surface 7” = (¢,)§c,. When « lies on 
the singular curve c, this becomes the locus of conics passing 
through w. It can be verified as before that « is 4-fold on 7°, and 
that through z passes 9 lines on 7” (from § 32). 

| (@zQy? — Ay Gy?) (Ady? —a'a,7) (dyay? — dy Gy?) | = 0 

§ 34. The tangent to the conic through y at y is 

(Gz Gs) gy? (G7 lg ay OW ooo nn s eee (44), 

| G07? — a, 0, @0,°—aG,; a,a,7— a, a, |= 0'-~.(45). 

These equations, in y, give the locus of points of contact of tangents 
from «x to conics of T',, namely, a hyperelliptic curve c, passing 
through «@. 

* Severi, op. cit. § 65, p. 222, eqn. 6. 
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The polar with respect to x of this second equation will plainly 
give the locus of the lines joining corresponding points of the 
involution on cy. It is a sextic surface, having c, as nodal curve. 
This involution will have coincidences at the point w, and at the 

double points on the degenerate conics whose planes pass through «. 
Now the equation of the tangent planes through a generator 2 of 
R* to the corresponding quadric involve the coordinates of the line 
to the second power, and the coefficients of the quadric to the third 
power. Hence they involve %. Incidentally this shews that the class 
of the developable generated by the planes of degenerate conics 
is 9. 

We can now assert* 2(p+1)=10, or p=4. Thus « is of 
genus 4, The order and genus of c, can be very simply obtained 
from the plane representation+ of the cubic (44), and we derive 
the further information that c, meets c, sixteen times, and the 
polar line g of « with respect to the pencil of quadrics seven times. 
It meets ¢, in the 9 points which occur above. 

§35. The conics of 1, which touch a given plane l,=0. 
Exactly as for I’; (§ 24) we have to express that the following 

planes are. coaxal : 
|dz+Adz a+ra’ A|=0, 

(dgGz) + agg’ = 0, 

Ly = 0, 

where /;=0. This gives the equation of a surface of order 9, which 
has ¢, as a 4-fold curve and c¢, as a simple curve; being given 
by bordering the matrix of ¢, (eqn. (41)) with the coefficients of 
l,=0. Its section by 1,=0 is a 9-tic curve, locus of points of 
contact of conics of I’, with this plane. It has four 4-fold points 
on ¢, and passes simply through{ the points on ¢, and c;. The 
corresponding lines of contact envelope a curve of class 8. 

We can conclude that of the conics through a point of ¢,, four 
touch an arbitrary plane at the point. Also that the conics of [’, 
which touch a plane fill a surface of order 18, 

§ 36. The conics of 1, which meet a line l describe a surface of 
order 16 on which c, is sevenfold, c, is double, l is simple, and the 
three conics having 1 as chord are double. From this result, or pre- 
ferably from a simple correspondence argument (in the plane of 
the conic in question), we deduce that 21 conics of IT, meet twice 

SAS TNS) Life 

t Clebsch ‘‘ Die Geometrie auf den Flichen dritter Ordnung,’’ Crelle’s Journal, 
Bd. txv, 1863, p. 359. Taking six fundamental points 1...6, we may represent g 
by the conic 2,3,4,5,6. Then we easily see that cy is represented by a quintic 
12?,3?,42,52,62, and c, by a sextic 142,3,4,5,6. 

+ This involves a similar restriction on the relative situation of cy, cy, and ¢1 
As arose in connection with Ps (§ 24). 
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a conic in arbitrary position. In particular the congruence contains 
21 circles. It may include «1, when the circle at infinity passes 
through a pair of points of the involution on c¢,, and it may consist 
entirely of circles, if c, includes the circle at infinity. 

§ 37. The congruence TI, can be generalized by the replacement 
of the cubic scroll by a rational scroll of any order n, giving rise to 
a linear congruence of class n, in general; our analysis includes the 
cases n=1, n= 2. 

For n= 2, the scroll to be taken is a regulus*. This occurs, 
for example, when c,, =c’=0. The generators of the regulus are 

Opt NGz Oz ANDze C, || = 0. 

at+taa b+2b’ ¢ 

The singular curve is a quintic of genus 2, 

(AzA,? — Ay Ay?) (bean? — bz Az”) Cz || = 0. 

(adz?— aa?) (baz? —b’a,?) ¢ 

In addition to the generators of the regulus there are #1 singular 
chords, forming the conjugate regulus. The conics associated with 
any such singular chord fill a cubic surface passing through c,;?and ¢. 

For n— 1 the scroll reduces to a plane pencil, given (say) by 

Gee Nie 0; Cx || 10) 

atnra 6b ¢ 

The singular curve is a plain cubic. There is a star of singular 
chords. The class being unity, we must be dealing with a very 
special case of Montesano’s Congruence. 

$38. There is a second form which we may take to represent 
a conic by a matrix, namely 

ae? Oe nGe 

Ga Oe 

To the same stage of development we thus get congruences 

1) || ay @g? + D2? + As Cx? Ode + Ab, + O3Cz % Az + &B,+a;C; || =0 

dy d D 

Been (47); 

Ty), || Qa? + Agbg? + A562? Az + Andy + Cz a =0 

| a, Ag? + Be +as0,2 a,a+ b+ ac d | 

une (48) ; 
* This is Pieri’s general congruence of class two §§ 9-11 loc. cit. in the notes, § 2. 

He also considers the case when the regulus reduces to a cone or to a conic envelope. 
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Dy’, || @2? Ob, + O.Ce+ 03d, o,B,+ aC, + 05D, 

dy %b+a,c +a,d a B+a0+a,D 

= 0...(49). 

I’ and [/ are both representations of Montesano’s Congruence, 
and can be reduced to the simple form in (8a). I’ however is 
expressed in a form which puts in evidence the two generating nets 
of quadrics, according as we take the first and second, or first and 
third, columns. These two nets can, as before, be replaced by any 
two nets whose base points form groups of the g,'. The conics of the 
system are obtained as the intersection of corresponding quadrics of 
collinear nets, residual to a conic of a collinear plane net of conics 

d,, = 0, + 6,0, + 6,6, — 0. 

We can obtain from this two subcases, noting first that the 
singular curve is 

Gp OA1Gf rds l= 0) We), 

ay be 162, 1d 

Ay be, 

In the first place the net of conics may reduce to a fixed line J, 
together with any line in the plane d,=0. This line forms part 
of c and is 4-secant to the residual sextic of genus 2. The conics 
of the system meet c,? five times and / once. The centre of the star 
formed by the planes of the conics lies on ¢,?.. This is to be distin- 
guished from the similar special case which occurs in a paper by 
Stuyvaert*, in which the centre lies on the quadrisecant. 

The nets of quadrics each have as base group a line and four 
points on ¢,2. These points vary in a g,’, for we can add to the first 
column of the matrix the third multiplied by any linear form, which, 
equated to zero, represents a plane through the first line. There is 
also a series of generating nets of general character, of whose base 
points seven lie on the sextic. 

§ 39. Secondly the net of conics may reduce toa fixed conic ¢,, 
This forms part of c,° residual to a rational quintie c¢,°, of which it 
is 6-secant. The conics of the system are 2-secant to ¢, and 
4-secant to c;. The centre of the star les on ¢;. The special nets 

have one degree of freedom, the residual base points describing a 
gz! on c;. There are also generating nets of general character, six 
of whose base points lie on ¢;. 

§ 40, The singular curve of TP,’ (which is also given by the inter- 
section of two collinear nets of quadrics with a common base curve) is 

Gg O = Gg Dg SOP Weta wanes cen ves es (50), 

a2B— dz B, 

* Loc, cit, in § 2. 
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a sextic of genus 2. ¢,, the common conic, is 6-secant to ¢,2. The 
conics of T’,’ are bisecant to ¢,,and 4-secant to c,. The generating 
nets have one degree of freedom, the base points (outside c¢,) 
describing a fundamental 9,’. 

This is in fact a congruence discovered by Pieri*. The conic 
c, may be replaced by any member of the congruence of 6-secant 
conics of ¢,. (Another special case of Montesano’s Congruence.) 
If b=B=c=C=0 (for example), we fall back on the congruence 
of § 39, which is seen therefore to be a special case of both con- 
gruences. 

§ 41. Returning to the general case, we may readily verify 
that the conics of T, lie in the planes of a series of pencils, whose 
axes describe a cubic scroll. The generators of this scroll join in 
fact corresponding points of the fundamental involution on ¢. 
These facts are well known, but they lead to interesting relations 
between I,’ and other congruences of conics. In the first place we 
may take without loss of generality A =b = B=c=0, and then 
to the pencil, whose axis is the line /,, namely, 

br + XVBz Ce +ACz dy +AD, | = 0, 

1 0 r 

E i 0 

corresponds in the net given by 6, + Bz, etc., the system 

ag X(bz+ PB,) — rE (cz + Cx) — (dz + Dz) | = 0, 

Ay X—o 

a pencil, whose base is c, and the curve 

| Qe r (bz Sr pB;z) 73 (dz at $D;z) Cy + $C, | = 0. 

| is rX—o 0 | 

This conic describes a linear congruence y, of class zero, its conics 
lying in the planes through the line /, namely, 

Cy = Cz = 0, 

which is in fact the double line of the cubic scroll, and the 
quadrisecant of ¢,. The conics in such a plane form a pencil, of 
whose base points two lie on c,, and two on the same ¢,?. The join 
of these residual points is in fact the generator /, of the scroll. 

The conics in the plane ¢ of the pencil are cut by quadrics of 
the pencil whose base consists of c, and 

An? by + pb; dy, + oD, 

| Ay 1 i) 

* §5 of the paper cited in note (3). See also Stuyvaert, loc. cit., in the same 
note. For the application to the theory of circles see Coolidge, A Treatise on the 
Circle and the Sphere, Oxford, 1916, p. 516. 

= 0. 
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Thus the congruence y, is of the general type considered with 
I; (§ 25). y% and I,’ are so related that any curve of either 
meets «7 curves of the other in two points. Thus y, may be 
considered as a system of singular conics of [,’ (it is not exhaustive, 
as in fact we shall see), and vice versa. 

Fig. 2 

§ 42. Again, it is easily seen that as residual base conic for 
the pencil of quadrics, cutting the conics of y, in the plane 
Cx + OC, =0, may be taken the conic 

| Ag by + $B, +p (Cy 55 pC) hz a pD, any (Cz aL oC) 

|| Qx 1 d 

The system of all such conics is a complex y., of which «2 
conics pass through each pair of points of the fundamental 
involution on the sextic. Its order and class* are easily seen to 
be 0, and 38, respectively. In fact a plane only contains a conic of 
the system if it pass through a pair of the involution (and then it 
contains a pencil of such conics), while the planes of the conics 
through an arbitrary point are the planes projecting from that 
point the generators of the cubic scroll. If « and v are connected 
by a linear relation, 

= 0. 

an+yy—B=0, 

then the corresponding set of conics is easily seen to be a special 
case of type I, namely, the singular quartic breaks up into two 
conics and the septimic in the sextic and its quadrisecant. 

The second conic is 

Cg,” ab, + Bex ae yd, aB, ot BC, ae yD, =,(); 

Ag a Y 

* Montesano ‘*Una estensione del problema, etc.,’’ Ann. di Mat., Ser. 10-8 GLa 
1898, p. 321. 
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In fact it is the general conic of Ty. These special T,’s belong to 
the fourth group of linear congruences with a doubly directing 
singular conic considered in the paper of Pieri’s, so often quoted 
(§ 7). In them, when interpreted as circle congruences the 
analogue of ¢,°, a Cy, 18 to be interpreted as the locus of null 
circles of the congruence. (§ 31 of this paper.) 

Thus any conic of T; may be taken with Co as the singular 
quartic of a special congruence of type Ty; the »* such congruences 
being associated with the same singular sextic, and their totality 
forming a complex of conics of order zero, and class three. 

This complex must also contain the congruence y;, for the conic 
of y, defined by ¢@ and X meets all the conics of T; in the planes 
of the pencil (/,). It thus belongs to 1 of the [, congruences. 

§ 43. Before leaving the subject we might mention that I, 
contains, in general, 21 conics meeting an arbitrary conic twice ; 
and, in particular, 21 circles. It may consist entirely of circles. 
The intermediate stage is also possible, as appears from the 
results of the last two parameters, namely, when y, contains the 
circle at infinity. The double directrix of the scroll lies at infinity, 

-and ¢, is also a circle. The complex y, contains in this case »? 
circles. 

Lastly, we might also mention that the general form of T’,’, as 
given by its matrix, contains also the first and second types of 
congruences with a singular, doubly directing, conic, as discussed 
by Pieri. 

The second, to take them in what is here the most natural 
order, occurs when the nets of quadrics reduce to pencils in 
distinct parameters. The equation can be reduced to 

| Az Mb, + Cz %B,+a;D; || =0. 

| Ug Ae as 

The singular curve reduces to the common base curve, 

ap — dri 

and the separate residual base conics 

by = (ei — OC. 1); 

By= 03 =a, D;=0; 

which meet the first conie twice, but do not meet each other. 
There is a fourth, apparently singular, conic to be rejected as 
explained in the Note (§ 25). The conics of the system are bisecant 
to each of the three singular conics, and their planes form a star, 
whose centre is 

C, =U — 0, — a — 0. 
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Thus it is bilinear, and is therefore also a special case of 
Montesano’s Congruence. 

§ 44. The first case is the system of conics with two fundamental 
points, and a directrix singular conic. It is therefore the intersection 
of a net of quadrics with a base conic, and a pencil of planes whose 
axis passes through the two residual base points of the net of 
quadrics. It is therefore of class zero and can be represented by a 
matrix 

=i): Ay” As + O30, As@; + AX, 

De a, a 

With ay; = A» = 0. 

$45. Appendix. As already stated we do not get for the first 
form of the matrix equation of a conic, and the remaining four 
types, given by Stuyvaert, any essentially new congruences. The 
same is true for the second form of matrix. As far as the para- 
meters are concerned we may denote an element by a symbol 
(1, j, k) to denote the parameters which occur. Then types ILI— 
V are 

(Phe eae, y= On SON be (IIL), 
| (E, 3) ATS) act) | 

(1, 258) eae ayes NSO 2 seed: (IV), 

hopererts 
(LZ 2) a2) 
Cie) a roeer 

Type (VI) must be written down in full, its linearity depending on 
certain identities among the coefficients, 

1) eee mi (V). 

GA+ab+a,¢ 40 +a.b'+a,c° aa’ +a.b’ + a,c” 

a,d + a, a,d’ + a,c’ a,@” + a,c” 

ete 

where the symbols a, b, etc., stand for functions of a. 

In the case of the first matrix we have to superimpose on each 
of these the form 

Oe Ge @ 
to / / 

Gn? Gg 

In the table a symbol {2, 7, &}, where 2, 7, k take the values 0, 1, 2, 
denotes the order in which the columns of (51) are taken in con- 
nection with the various types. Taking each case in turn, we can, 
by linear and quadratic transformations in the a plane, reduce it 
to a known form, with the exception of a certain congruence of 
class zero. We merely state the results. 

VOL, XXI. PART III. I2 
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Matrix Type Congruence Type 

VA: Montesano’s bilinear congruence. 
INE e A congruence of class zero, with a singular c,’. 

1} Montesano’s bilinear congruence. 

| Ty; associated with a regulus (§ 37). 
0} As for IV {2, 1, 0}. 

, 1} Montesano’s congruence. 

, 0} I',; associated with the system of tangents to 
a conic. 

_ Or iN = S be i) bs Fs be = 

i= 

So i} S&S 

(¢ 
C 

f 
l 

, 
AVE. y 

{ 
l 
f 
l 

With the second form of representation of a conic (§ 38) we 
have to superimpose 

ae? O26; || 

Urn On 

and proceed as before. In the symbols denoting the subdivi ision, 
A (1) implies that the form in (52) is used as written; A (2) that 
the first and second, or first and third, columns are interchanged. 
In B(1) and B(2) the rows are interchanged. 

Matrix Type Congruence Type 

Pies Avior 8 I’,; associated with a quadric. 

IV; A(1) or B(1) A congruence of class zero, associated with a 
singular ¢,’. 

A (2) T,; associated with a quadrie. 

B(2) T, ; associated with a plane pencil of rays (§ 37). 
VA) or BG) ass: 

A (2) I',; associated with a conic envelope. 

B(2) I,; associated with a pencil. 

Type VI is obviously not a possible form. 
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On the Rational Solutions of the Indeterminate Equations of 
the Third and Fourth Degrees. By L. J. MorpEtL, Manchester 
College of Technology. 

[Received 1 May, read 22 May, 1922.] 

§ 1. Mathematicians have been familiar with very few 
questions for so long a period with so little accomplished in the 
way of general results*, as that of finding the rational solutions+, 
or say for shortness, the solutions of indeterminate equations of 
genus unity of the forms 

O° = af* + bE°n + c&2n? + dén? + ae Sees 
y? = aat + ba + cx? + dx +e Pa 

O: =f Gi aeereeeccheteiee sche. atte sti tached dealin (2), 

where fis a ternary homogeneous cubic in 2, y, z, including as a 
particular case 

Of STOO —g) Maen cee vente na ven (3); 

and there is no loss of generality in assuming that the coefficients 
of all equations in this paper are integers. Our present knowledge 
is based on three types of results, of which the first enables us in 
general to find an infinite number of solutions when a finite 
number have already been found, eg. by trial, and has been 
known in principle for some centuries. For a value of 2, y, z, 
satisfying equation (2) defines a rational point P on the cubic 
curve (2); and the tangent at P will meet the cubic in another 
rational point P, different in general from P. Not only can this 
process be repeated with P,, but if another rational point Q is 
known, then the intersection of the chord PQ with the cubic 
gives also a rational point. This process can in general be con- 
tinued indefinitely. 

The analytical interpretation is obvious from equation (3). 
For if we know several solutions, say 2,, 43 2, Yo,..., We define 
arguments w, u:... by writing 

2=O(m), Wi=E'(u), ete. 

in the usual notation of elliptic functions. The addition formula 
then shows that the formulae 

L=O (MGA MyUly -.-), Y=O! (Mr + Moly ...)  ...(4) 

* See, for example, vol. 1. of Dickson’s History of the Theory of Numbers. 
+ We may suppose that £, 7, ¢ in equation (1), and «x, y, z in equation (2) are 

all integers. 

I2—2 
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give in general an infinite number of solutions by taking for 
M,, M:, ... all integer values, positive, negative and zero., 

The second type of result is that certain classes of equations, 
e.8, 
3 e+y+ p2=0 

where p> 2 is a prime of the forms 9n+ 2, 9n +5 or the square 
of such a prime, has only the solution 

C—O 

The third result * is that all the solutions of equations (1), (2) 
can be found if we know only one solution, and all the solutions 
of equation (3), where gz, g; are the well-known invariants of the 
quartic (1) [written with binomial coefficients a, 4b, 6c, 4d, e] or 
multiples of the fundamental invariants of the cubic (2), Con- 
versely we can solve completely equation (3) if we know the 
complete solution of equations (1) or (2). 

I shall now prove that if any of these equations (1, 2, 3) have 
an infinite number of solutions, then the method of infinite 
descent applies, that is to say, all the solutions can be expressed 
rationally in terms of a finite number by means of the classic 
method. In other words, the solution of equation (3) is given 
by (4) where wy, uw... are finite in number. 

§ 2. The last result mentioned and some developments there- 
from will be required later, so that a very simple proof may be 
given here. There is no loss of generality in considering the 
equation (the coefficients c, d, etc. need not be integers), 

6? = Et + 6cF?n? + 4d En? + en', 
of which one solution is given by & = 1, n= 0, or say 

y? = «+ Cea? + 4dax + e 

with a known rational solution «= 0 =1/0. Put 

2s=e+e+y 

so that s is rational if both # and y are. 
By eliminating y 

4s? — 43 (a +c) = 4ca? + 4dax + e — 0’, 

or 4 (c+ s) a+ 4da = 4s? — 4sc + C? — @, 

whence 2a(s+c)=—d+[d?4+(s+c) (4s? — 4sc + c? — e)), 

reducing to 2u(s+c)=—d+t, 

where = 4s° — 9.8 — gs, 

* See my paper ‘Indeterminate equations of the third and fourth degree.” 
Quarterly Journal of Pure and Applied Mathematics, vol. xv, 1914, pages 180, 186. 

Particular cases have been given by Sylvester and other writers. 
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and gs, gs are the well-known invariants of the quartic with 
binomial coefficients. Clearly « and y are rational if s and ¢ are. 
The transformation is birational, and by putting 

s=(u), t=) 
we can establish a one to one correspondence between the points 
on the quartic, and a period parallelogram in the w plane. 
Further, the parabola 

Y=—-@+rE+ pb 

is changed into 2s —c= 3 7 =) + p, 
S+C 

or say the parabola t=Ns4+ Ls + M. 

This meets the cubic in four points corresponding to, say, 
U,, Us, Us, Uy, for which 

UtU,+U;+Uy=O (mod ay, a.) 

where @,, @, are the periods of the @ function. 
For the general quartic (page 180 of my Quarterly paper) 

2=aat+ 4ba7y... t+ eyt=f(z, y), 

when we know one solution 2, y, ie general solution is given by 

— 2% (tf,2 a5 Jo) 1 s (ho A fo); 

ae 2yp (thee Gu) it a au — Sfo)s 

where fy =f (a, Yo), 4» is the ae ieee ... and g, the 
sextic covariant of the quartic fj. Also 

GAA — eB Ys ax caisae sign esvarniescinday (3). 

§ 3. It will be convenient to prove now another result which 
will be required later. It has been shown in my Quarterly paper 
that all the integer solutions of the equation in g,, h, a 

Oy Se Gen g0) eciey dud daaacsnans (5). 

with a odd and prime to h, are given by taking 

a= F(p,q)=(A, B,C, D, E)(p, 9), 
hp; 9) = (Oeics coves es ce sacs (6), 

= G (p,q) 
where F'(p, q) is a representative of the classes (finite in number) 
of binary quartics with invariants 

do — 4G, Is = 4G, 
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— H (p,q) is the Hessian and G(p,q) the sextic covariant of 
F (p,q). Further, p and q are any coprime integers for which a 
is odd and prime to h. 

The new result is that these formulae (6) still give the 
solution if only a is prime to h, so that a@ may also be even— 
provided of course that p,q are any coprime integers for which a 
is prime toh. For the well-known syzygy of the quartic (writing 
G for shortness instead of G (p, q,) etc.) gives 

G? = 4H*? — 4G, HF? — 4G,F°, 

showing that (6) is a solution of (5). 
Conversely, if g,, h, a are given and h is prime to a, it will be 

shown that we can find a quartic with invariants, 4G,, 4G, 

(GOK Gnd.ce)\ (Ge, Yt ee nae eee Ge); 

where a, b, etc., are integers, and b and hence h = b?—ac are both 
prime to a. This quartic will be equivalent to a representative of 
the finite number of classes of binary quartics, whence 

a=F (p,q), h=H (p,q). 
For suppose c,d,e are given by 

ac=b?—h, 

ad =b? — 3bh + 2g, 

ae = 4G,a7 — 3h? + bt — 6h + 8bg,; 

then it is easily verified [see page 171 of my Quarterly paper] that 
the invariants of the quartic (7) are 4G,, 4G,, that is 

4G, = ae — 4bd + 3c’, 

4G, = ace + 2bed — ad?—b’e—c® ............ (7). 

It will now be shown that c, d, e are integers for a suitable 
value of b, namely, 

b=g,/h (moda?). 

For ac=(g"—h*)/h? (moda) 

=0 (moda) 

from equation (5), so that ¢ is an integer. 

Also ed =g'/h®—g, (moda?) 

=9, (g—h*)/h® (mod a’) 

=0 (mod a?) 

from equation (5), so that d is an integer. 
Also from equation (7) ae and (ac — 6?) e are integers, that is, 

ae and he are integers. Hence, as a is prime to h, e is also an 
integer. This proves the result. 
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§ 4. Consider now equation (1) which is taken in the form 

a — pay — gay? — rey — sy? = G2"... cee sees. (8), 

where there is no loss of generality in supposing # is prime to y, 
and that a is not a perfect square. Suppose also that the quartic 
field A (@) is defined by the equation 

64— p60? — g0?—ré —s=0, 

which is supposed to have no rational linear factors in 6. Hence 0 
is either a root of an irreducible quartic or of an irreducible 
quadratic. In the latter case the field is generated by the roots 
of both quadratics. The left-hand side of (8) splits up into factors 

a—@Oy and #+(0—p)a’y+t..., 

which in the field A (@) can have only a finite number of ideal 
factors in common. Hence we have the equation in ideals 

(c— Oy) =XT”, 

where X is one of a finite number of ideals and 7’ is an ideal. As 
the number of ideal classes is finite, we can put 

T =u, 

where v is an algebraic number given by 

NU AOO =F CO2 QO a icles .00s one (Sa), 

with a, b, c, d integers, while u and n are a pair taken from a finite 
number of ideals and ordinary integers respectively. Hence 

(a — By) = dv? v*. 

But all the units in the field A(@) can be written in the form 
U,U2 where U,, U, aré units, for a finite number of values of U,. 
Hence as Au? must be a principal ideal, we have an equation of the 
form 

Oia Me oe doan ch ewgosstisae. cae (9), 

where M is one of a finite number of ordinary integers, o one of a 
finite number of algebraic integers, and v is an algebraic number 
of the form (8a). Some of the equations (9) may supply only a 
finite number of values of z, y, v; but if the equation (8) has an 
infinite number of solutions, one of the equations (9) will also give 
an infinite number of values for 2, y, v. Hence we have for a 
particular set 2, Yo, Y, and there are only a finite number of such 

sets required, 
M (a — Oyo) = o,?. 

We may also suppose that x, yo is the smallest set satisfying this 
equation, reckoning the magnitude of sets from the maximum 
value of | x |, | y|. Hence we can deduce an equation of the form 

M? (a — Oy) (a — Oy) =(A + BO + CO? + DO)? ...10), 
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which has an infinite number of integer values of a, y, A, B, C, D, 
where the integers M, x, y are selected from a finite set. We can 
also deduce such an equation if (9) is satisfied by two sets of values. 
If (9) is satisfied by only one set, we can call it an isolated set. 

The success of my investigation depends upon the fact that 
from equation (10), « and y can be expressed rationally in terms of 
a new solution 2, #,, y, of equation (8), where a,, y, are practically 
linear functions of A, B, C, D. Moreover, by considering the three 
equations conjugate to equation (10), it is clear that* 

A, B, C, D=0 [max |«[?, |y 2] 
and that the same result holds for 2,,y,,..... From a sequence 

1 ih 
bsnlsraj tana] [Ena |<) Ens Aye || Sues Ca (e3h 

we have (if « > 1) |&,| <1? | & |, 
so that the method of infinite descent applies, that is, by applying 
the same process to #,y,, we deduce solutions ay, ;y;... until we 
come toa solution #=,, y=Y,, which either cannot be expressed 
in the form (10), or if it can, leads to a solution identical with 
Zn; Yn; Or Which will be a solution of an equation (9), that is 
£n, Yn Will be either a minimum set or an isolated set. Hence a, y 
can be expressed rationally in terms of a finite number of solutions 
ZY 21, L2Y2%2, ++» UnYnZn- 

$5. To simplify the algebra, consider first the case when 

(2 — @y) 0=(a + 50 + cO? 4+ dO?) .......:.... (11), 

and 04 = pO? + q0? +76 + 8, 

corresponding to the solution for which x, = 0. 
The square of the right-hand side is 

a+ 2abO + (b+ 2ac) 0? + 2 (be + ad) O° + (c? + Abd) 04+ 2cdO>+ A". 
Also 0° = p0++ q0°+ 10? +4 86, 

°= p(p0t+ gO? + 10? + sO) + g04+ 10° + 50°. 

Hence equating coefficients of #°, 8? on both sides of (11), 

a+ s(c?+ 2bd + 2cdp + d*p?+ d?q)=0, 

2ad + 2be + 2cdq + d? (pgt r)+ p(e?+ 2bd + 2ped + d?p?+ d?q) =0. 

This result still holds when the quartic has two irreducible 
quadratic factors, as equation (11) is true if @ is the root of either 
quadratic. Eliminating 6 between these equations by multiplying 
the first equation by c+ pd, the second by —sd and adding, we 
have on arranging the result in powers of a, 

(c+ pd) a? — 2asd® + (c + pd) (s [e+ pd}? + gsd*) 
—s(d*[p*+ pq] + d? [pq +r] + 2cd? [p? + q] + dp) = 0. 

a 1 

* The bracket refers to the greater of | x |", | y|*. 

al, 
2 
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Put now c+ pd =p, and this becomes 

ap — 2asd? + sp* — psdp* — qsd*p — srd* = 0, 
1 

whence ap =sd? +[—s (p'— ppd — qp*d? — rpd* — sd*}°. 

Also from equation (11), by changing @ into its conjugate values 
and multiplying the resulting equations together 

— 8s (a*— paty — qa? — ray? — sy')= 2 say... (12). 

It is also clear that 

a,b, ¢, d, p=0[|a/, ly), 
and that as b and also #, y from (11) are rationally expressed in 
terms of a, p, d, the solution a, y of (12) is expressed in terms of 
another solution p, d of (12). Hence the method of infinite descent 
applies, as we can continue the process with the solution p, d first 
removing their common factors, until we come to a solution, say 
Xn, Yn Which either cannot be expressed in the form (11), that is 

(10) with 2, = 0, or if it can, leads to a solution 

Tnti=—t%n, Ynu= Yn- 

So we now consider the case wherein we do not take z, =0. 
We turn then to equation (10), namely 

M? (a — @y) (a, — Oy.) =(A + BO + CO? + DO*y ...10), 

and put ry — Oy = , 

where we note y,=0 is excluded, since a@ in equation (8) is not a 
perfect square. The resulting equation takes the form 

(X-—¢Y)¢=(4+)6+4¢+d,¢') .«..... (12a), 

say, where now 

p'— pid’ —Hn¢?—-—n1d-—5= 0. 

Hence X, ¥ and so #, y are rationally expressible in terms of 
1 

Pi» d, and [—s, (p14 — pip*d, ...)]?, 

where pj =G+ pid. 

But since 
/0,— Ap (Ly — d 3 1 

——)-p —...=— (¢‘— pig'...), a Bs. ) ga De ---) 
we have on equating terms independent of } 

a2 — Tie — PX Yo a gue Yo ecm —™ S)- 

Replacing also ¢ by p,/d, and putting 

mica 2 a 
qi. <a ray.” 
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so that 2 : (d,%,—p,), d= = dy Yo, 

where 2 is taken so that the integers p and d are prime to each 
other, we have 

4__ noid — go?d? ... = Ene aoe 3d. ) (5). (Py gpa «.. ie (DOS EVE Gh oc d, 

Hence «, y are rationally expressible in terms of 

p, d and [a[p*— pp*d Ae: 
so that not only are p,d another solution «, y of equation (8), but 
as practically linear functions of d,, p,, and hence of A, B, C, D, 
they are 

3 5 O [max |«/?, |y|®], 
as is clear from the equation (10) and the conjugate equations. 

Hence the method of infinite descent applies, so that all the 
solutions «, y, z of (8) can be expressed rationally in terms of a 
finite number 

Hy Yry 215 Lo, Yo, 223 +++ Un, Yn ny +5 

or rather as the method of reduction leads to solutions wherein 
“, y, 2 may have a common factor, the theorem really applies to 

the ratios 7 ee that is, to all the rational solutions of the equation 

yn? = a&*+ bE + ck? +dE+e oe. ais) 

where the right-hand side has no rational linear factors in €. 

§ 6. To interpret this result geometrically put 7 = 2,/a2, = a/y, 
and suppose that equation (8) takes the form (13). The solutions 
Ly, Yr, 21, ++» Lny Yn, Zn, correspond to rational points P,, P.,... P, on 
the curve. Then we have the theorem: all the rational points can 
be found by finding the intersection P,,,, with the curve of parabolas 

= LE OME UN avian eee (14) 

passing through, say, the point P,, and having double contact with 
the quartic at P, or P,, and then continuing the process, including 
now P,,,, among the points P,, P.,... Pn, ete. 

A simple way of proving this is to start from equation (11), 
change @ into 1/(@—«), so that now a =1, y,=0, 

a — Oy =(a+ bé + c0? + dé*), 

and by selecting « properly we have 

G4+= G0? +r0+5s. 
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Expanding and equating coefficients of 0, 0°, etc., we find 

bd = c? — qd? + (c*— qe*d? — red* — sd), 

2ad? = — 2c? — rd* F 2c (ct — qed? — red* — sd), 

eo  _@+s8(c+ 2bd+ d’q) a 

y 2ab + r(c? + 2bd + d?q) + 2cds BOO | oD). 

Put now €=az/y, take d= 1, and put 

Kk (CaCI —S. 

We shall now show that a parabola of the form (14) drawn through 
the point E=%”,7=+~ of the curve 

fe | ea et ROE Oc (16), 

to have double contact with it at the point & »=c—«, will meet 
it again in a point whose & coordinate is given by (15). 

For changing the origin to &=c, n =0, the quartic (16) becomes 

n? = 4+ AEX + BE? 4+ CE+F ke’, 

where A = 4c, B= 6c? — q, C= 4c — 2gc — 1. 
The required parabola is then 

1, 
Lf ee if Qn E — Kk, 

and its fourth point of intersection with the quartic is given by 

Cc. @ AE+ B=-—£4 5-2, 

a oe C? — 8x° — 44°B : 
4x (An +C) 

Also the expression (15) diminished by ce, say &, is equal to & for 

ee _a + 8 (c+ 2b +49) eT 
2ab+r(ce?+2b+q)+2cs  ” 

~ where b=C—qtk, 

2a =— 2 —r— 2ck, 

on taking d=1 as the equations are homogeneous in a, J, c, d 
Hence the denominator of &; becomes 

— 20° + 29+ re? + qr + K (— 4c? + 2cq — 7) — 2cK* 

+ re? + qr + 2cs, 

or — 2cx? — 2cn*+x«(-—C), 

or —K(A«c+C), 
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The numerator is 

+ Or+4r°4+ (2c++ cr) « 

c& — gc* — rc? — sc + qs 

— se 

+ 2c’s — 29s + 2s, 

or 2c° — qc* + 2sc?— gs + fr? + (2c + er + 2s) x. 

{ 2c5 —ge* + 2sc?— qs + dr + (2c! + cr + 2s) « ) 
|— 4c? (c'—qe—re—s) —(4c4— 2qc?—re) K) 

Hence £,=-! : 
K(Axk+C) 

Also 

t (C?—8x? —44°B)=— 2x’ — (6c?—q) (c—ge?—re — 8) + (2¢°— ge — ry 

=— 2x? — 205 + 3qc! + 4rc + 60?s — sq + Fr? 

which is the same as the numerator of €,. Hence =, which 
proves the statement. 

For the analytic interpretation we must turn to § 2 and consider 
the birational transformation between x, y, or using now &, 7 for 
them, and s, ¢, or u. Then corresponding to the point = o,n7=+0 
we have s=-—c,t=d, or, say, uw, and to the point é, n, where the 
parabola touches the quartic, we have, say, the point u,. Hence 
by the elementary properties of periodic functions 

Ut+tu+2uy,=0 (mod a, @,). 

Similarly operating on w,, we have 

UMtU, +2u=0, 

WytUn. +2u,= 0, 

ky + Un—1 + 2Un= 0, 

and, repeating this process, we can express w in terms of the 
quantities w), ¥), W,..., Which are finite in number, the previous 
work showing that the process finishes by coming to a stage where 
Un = Up, OF Uy, OY Wy, etc. Hence we have 

U + Uy — 2, + 22m, ... $ W"Un = O. 

Now every integer can be represented in the scale 2 in the form 

ee 

the signs being independent of each other. Hence, as the wp, dp, ... 
need not be all different, we have 

uU= Mm &,+ MeE+... MnEn, 

where m,, M2, -.. M, are any integers negative, positive, or zero, 
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n is finite, and &,, &, ...&, are m given quantities corresponding to 
n values of u. A more symmetrical notation is 

U = MU, + MyUy ... + My Un. 

§7. We must still discuss the case when the quartic (8) has a 
rational linear factor, so that a solution of equation (8) is at hand 
with z=0. Hence from § 2, all that we require is the complete 
solution of the equation 

AS GaS = Jz eeweceec ce sooveeer te (3), 

supposed to have an infinite number of rational solutions. 
Suppose first of all that there is a binary quartic in 2, y with 

invariants Js, g3, Without rational linear factors, which becomes a 
perfect square for one value of w, y, and hence from §2 for an 
infinite number of values of x, y. From §2 the values of a, y are 
expressed in terms of s = @(w), ==’ (uw) and from §6 the general 
value of wis known. Hence the general solution of equation (3) is 
given by 

S=O(M y+... MyUn), t=O (M+... MnUn); 

where the quantities u,, W,...W%, are finite in number and m, 
Ms, ... Mp, are any integers, positive, negative, or zero, 

Next consider the case when no such quartic exists. Multiplying 
equation (3) throughout by 16, we see there is no loss of generality 
in putting 

Jo= 4G, On 4G, 

where G,, G, are integers, and considering the equations 

P=s'— Gis — Gs. 

Writing now s = z/y with x prime to y, we can put 

2=y(#— G,ay?— Gy’). 

Hence both factors on the right hand are perfect squares, so that * 
by §3 we can put 

2 (a, 45), Y= LF (ays Ya)s cononawncer (16 a) 

where F' is a representative of the classes of binary quartics with 
invariants 4G,, 4G;. By hypothesis #’ has a rational linear factor, 
so that we can suppose F' is given by 

y, (4Ba3 + 4Da,y? + Ly ys’), 

* We have an infinite number of quartics (included among a finite number of 
classes) invariants 4G_, 4G 3 with first coefficient y?, but it does not seem easy to 
prove these have no rational linear factors. 
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On writing down the condition that its invariants are 4G, 4G%, 
this takes the form 

AG, AC. Yh (4b. — 52 ny? - 52 ys) ae (17), 

where b has a finite number of integer values. 

Hence Y [(b2,)® — Go (ba) yx? — Gsy*] 

is a perfect square, and #,, y, are prime to each other since «# is 
prime to y. If band y, have a common factor «, put 

y,= KY, b=«B, 

then Vi \G2.)y— G,(B2,) ¥*— GY 

is a perfect square, and now Y is prime to Bz,. Hence 

SiS Can Th) Mei Cea Aly 

or bx; — Kh (Gs, Ys), Yi — KF as Ya) 

where f is again a binary quartic with invariants 4G, 4G',, which 
must also be of the form (17) with not necessarily the same 0. 

Now* x,y, are O[max|#|#, | y|*], 
%,y. are O [max | 2, \*, | % |], 

so that the method, etc., of infinite descent applies and we must 
arrive at a finite number of solutions, in terms of which all the 
others can be expressed. Moreover, if we put 

aly=@(u), ba,/y,= E(u), 

we have wu = 2u,t, showing that the same rule holds as before. 

§ 8. Finally we consider the case of the homogeneous ternary 
cubic of genus one, which we write as 

F(a y,2)=9. 

If this equation has an infinite number of integer solutions, we 
first of all apply a linear transformation 

a, y,2=L(§,, 6), 
so that the coefficient of ¢? is zero in the new equation, which 
then becomes 

RS EGS SY ea) AaB AGB Rao (18), 

where S,, S., S,; are binary linear, quadratic and cubic forms 
in &, 7. i a 

Hence 6S, =—8,+(S2— S,S,)°. 

* This follows from (16a) as a,—ey, is the square of a quadratic function of 
x, y for three values of e. 

+ See my paper ‘‘ The inversion of the integral, etc.’’ Messenger of Mathematics, + 
vol. 43, 1915, page 140. 



indeterminate equations of the third and fourth degrees 191 

The radical is now a binary quartic in &, 7. Hence &, 7 and so € 
can be rationally expressed in terms of a finite number of 
solutions, say, &, 13 5, m2... n,n. Hence any solution 2, y, z can 
be rationally expressed in terms of a finite number of solutions 
Dy, Yr, 213 Boy Yo, 2a, +++ Ln, Yn, 2n3 OF, more accurately, this is the time 
for the ratios x/z, ylzi in terms of ti fess 1/215 ete. 

Moreover, the method of derivation is the classical one in § 1. 
For a linear transformation 

Ey =L, (En), S=F+aF+ by 
reduces the cubic (18) to the form 

Gap) = ee ae S;=0, 

so that Qtn = £2 +(E*— Syn)? 
Another substitution 

ES=Etkyn, © =C+ AE+ Bn 

gives EE = £ + on? (Et + Gok*nt + Ad En + ent), 
which is the birational transformation considered in §2. Hence 
we can take : teers 

0 

a rT OPT IC) 
where from § 6 the general value of wu is given by 

U = MU, + MyUy .-. Mn Uy 

where ™m,, M.,... mM, are any integers positive, negative or zero, 
and 1%, %,-..Un are finite* in number. Also the parameters 
V,, V3, V3 of three collinear points on the cubic satisfy the equation 

Yy+%w%+U3+%=90 (mod a,, w,). 

Hence the result follows. 
In conclusion, I might note that the preceding work suggests 

to me the truth of the following statements concerning indeter- 
minate equations, none of which, however, I can prove. The left- 
hand sides are supposed to have no squared factors in a, the 
curves represented by the equations are not degenerate, and the 
genus of the equations is supposed not less than one, 

(1) The simultaneous indeterminate equations 

ax! + bx + ca®+dr+e=y’, 

aje+bhe+oet+dat+ea=y; 

can be satisfied by only a finite number of rational values of wx. 

* wo is included amongst them. 
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(2) The equation 

ax! + ba? + cv? + dx +e=y? 

can be satisfied by only a finite number of integral values of x; 
and the same theorem holds for 

On ba ee 

(3) The equation 

ax + bay +... fey+gy=2 

can be satisfied by only a finite number of rational values of « and 
y with the obvious extension to equations of higher degree. 

(4) The same theorem holds for the equation 

axt + byt + 024 + 2fyr2? + 2gza? + 2Zhary? = 0. 

(5) The same theorem holds for any homogeneous equation of 
genus greater than unity, say, f(a, y, z) = 0. 

It may be noted that if f=0 represents a curve of genus 
unity, all of its rational points can be expressed rationally by 
means of a finite number of them; since Poincare has proved* 
that f= 0 can be transformed into a cubic by a birational trans- 
formation with rational coefficients. 

* Journal de Mathématique, 5th series, vol. viz, 1901, page 177. 
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Prime Lattice Permutations. By Major P. A. MAcManoy, Sc.D., 
E.R.S. 

[ Recerved 6 June, 1922:] 

1. An assemblage of letters "a, ...a,*» im respect of the 
letters in the definite order 

Cis Tes ox ay Ga 

is said to be a lattice assemblage if 

| ieee ya ae bre 4) ae 

Such an assemblage may be denoted by 

Warren Ore CHE CHe areel eal: 

where in the usual notation (k,k,... k,) is a partition of the number 
k. For each assemblage there is a corresponding partition. 

If we take any permutation of the lattice assemblage we call 
it a lattice permutation if, a line being drawn between any two 
letters or after the last letter, the assemblage to the left of such 
line is a lattice assemblage. The line in question may be drawn in 
=k positions so that a lattice permutation implies Yk lattice as- 
semblages and the hike number of partitions. 

A lattice permutation is either prime or composite. It is com- 
posite if it be possible to draw a line between some two letters in 
such wise that on each side of the line a lattice permutation of 
some assemblage is in evidence. Thus aBay|aZ is a composite lattice 
permutation of the assemblage | a°8?y| because aBay, a8 are lattice 
permutations of the assemblages | a®@y|, |a8| respectively. On the 
other hand aSaayf is a prime lattice permutation of the assemblage 

| a By |*. 
2. We consider the lattice permutations of the assemblage 

|Ayk,...kn| and, further, the subdivision of these into prime and 
composite lattice permutations. 

If a lattice permutation be composite, we must be able to draw 
one or more lines between letters dividing it into prime permuta- 
tions. In correspondence therewith we can separate the whole 
assemblage into one or more component assemblages. 

Denote by | yk... ky | any lattice permutation of | h,ky... kn), 

a L | kyky...ky| the number of such. 

» P| yky...ky| any prime lattice permutation of | kyky...kn|, 

s P| k,k,...k,| the number of such. 

* MacMahon, Combinatory Analysis, vol. 1, Cambridge, 1915, ch. v, p. 124. 
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If we can separate the lattice assemblage into components in 
the manner 

’ Peel ol a coal 230 AOI ES Coal | leme 

we can proceed to a vomposite lattice permutation 

OD | Wess lea eerie ag) lore iat elon las 

in a number of ways denoted by 

Jeg lee es oncliars Wad & 

Every lattice permutation 

BAU aad 

can be dealt with and we can account for the whole of them. We 
may therefore ‘write 

WE Ue teatro | — le Wels antl Cne 

Sta hl Wea dense West = hea lider Gat ieeesa era 

+2P| Ls Ee] treeke| 

Trineinse 

until we obtain a numerical identity. 
The succession of numbers k,k,... ky, where hk, >k, >... >kp 

denotes on the one hand a lattice assemblage of letters and on the 
other a partition of anumber. It also denotes a multipartite number 
which specifies a lattice assemblage without specification of the 
particular letters aa... 4. There is a theory of the compositions 
(viz. partitions in which the order of the parts is of moment) of 
multipartite numbers which is involved in the present question. 
In general the part of a partition (or composition) of a multipartite 
number is or is not of the form 

ke ioe ee icr ewhen hi eS iaet en ene 

PTTL, BD LU Bl Nee: 

If the former is the case we call it a lattice part, and we note 
that we are only concerned with compositions into lattice parts. 
We consider the lattice-part compositions of the multipartite 
mumber Wks ..- lon 

3. A simplification arises when 

es ee 

for then the only lattice parts that present themselves are 

(11..:); (225%), Webs) (ck...) 

there being 7 numbers in each bracket. 
Ex. gr. If the multipartite be (333) the compositions are 

(333), (222, 111), (111, 222), (111, 111, 111). 
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In fact in this particular case we are concerned with the com- 
positions of the unipartite number k. 

Thus when k=3, we really have to deal with the compositions 
(3), (21), (12), (111) of the number 5. 

We are led to the relations 

£\111|= Pj111| 
E222 =P 222 ey 

L,|333| = P |333|+ 2P |222|P|111| + {P|111]} 
ee ee 

yielding 
P\11|= L111) 
P |222| = L|222| — {Lj111}2 
P |333| = 1 |333|— 22 |222| £|111|+ {£|111]}° 
ee ay 

Since we know (loc. cit.) that 
apie (3k)! 2 

al SENT EAE 
giving £\111|=1, £[222)=5, 2/3833] = 42, 

we find P| 10 |e 222) 4 | 333|— 33. 

In general we have the two formule 

PAVERE ...[,= 2 =") onsen aoe, i). (P| Ene...) ie, 
My. M2+..- ME 

Sls it 
Piene..(.=3—) ere)! {L] 111...) {L | 222... |n} M2... {L | BRM... [yp bes 

pal ugl... wy! | 

: Es . (nk)! (n — 1)! 

mere pb = (ktn—1)!(k+n—2)!...k!? 

and the summations are for all partitions 

[4 22... k#« of the number k. 

This is the solution of the problem of the enumeration of the 
prime lattice permutations of the assemblage 

aa” ... an™. 

Otherwise we may assert that in regard to the equation 

a = Tg oe 22. .|, oP 2 — ... — LD hhh cel, — Ol 

the homogeneous product sum, of order s(+ 4), of the roots is 

TEASE ee 

In particular when n= 2, 

ak — gk — Dok? — 5yk-3 — L4gk-4— . 
ORR rae 

° &+1)lkp es” 

and we find that ta S A Se i= Lge. 

* Cf. Netto Combinatorik, Leipzig, 1901, § 122, p. 192 et seq. 

I3—2 
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4. The passage to the general case of the assemblage is now 
clear. Taking the assemblage 

fetes A hae (eter || Winn Soya ea wes [heey 

we find the relation 
1 

1—P|1|a,—P|11|a%,2_.—P|111|2,2973—- P| 1111 | a 2927324 -... 

—P|2|a,2 ~P|21|a 22. —P|211|2;?xx3 

— P|3| a3 — P| 22 | x? 2-2 

—P|31| 23x 

—P|4| 2,4 

=142L]1]a,+L}11)a,%24+ 0! 111| 229734 L|1111| x ro73 24+ ... 

+L \2|22 +121) 2222 +L) 211| 222223 

+L)3|23 + L| 22 | 242292 

4+L|31| 2329 
+L | 4\| a4 

leading to the two formule 

(=x)! 

1! Kgl... 
L | kykgks ...|=> {P| Tey’ feo! Beg’... (POE | hey” Real Reg! <n [YEE 2 

Ex)! P| kykghy...]=2(—)2¢#? [24 gr, | dey! fg tg’. |POUET | Beg” Beg”. |. 
Ky ! K2 Loss 

the summations being in respect of every lattice-part partition 

Ug el Rae sl (ae syd ee.) CRE 

of the multipartite number 

ie lerless.-) 

Since the value of LZ |k,k.k;...| is known (loc. cit.) we thus obtain 
an expression for P |k,k.k;...|. 

The best way of calculating these numbers is to take the rela- 
tion from which the formule are obtained, clear the fraction and 
equate coefficients of like powers of aata,h.... 

The coefficient of aa, gives 

Pj21|+ P\11|L\1|)+ P|1| £11] — £j21| =09, 

and so forth. 
The calculation is simplified by noting that P |k,k,|=0 if k, >h, 

and that | 
Lie teslegn | apenas es) 

if (ky kaks...), (jrjojs---) be conjugate partitions. 
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The Theory of Modular Partitions. By Major P. A. MAcMaHon, 
Sc.D., F.R.S. 

[ Received 3 June, 1922.] 

The Denotation of a Partition of a Number. 

1. There are two methods of denoting partitions of numbers 
which have been of service in researches. The one simply denotes 
a part by a number which gives its magnitude and places the parts 
in descending order of magnitude—usually in a horizontal line. It 
is more convenient for my present purpose to suppose the parts 

placed underneath one another in a vertical line—say 3 a partition 

of the number 5, 
The other, after Ferrers, denotes a part by a succession of nodes, 

equal in number to the magnitude of the part, placed in a horizontal 
line and successive parts placed underneath one another in numerical 
order so that the left-hand nodes of the several parts are in a 

vertical line. Thus the Euler notation 3 for a partition becomes 

in the Ferrers notation. 
The connexion between these two modes was established in a 

previous paper* wherein it was shown that the Ferrers representa- 
tion is fundamentally one which employs units instead of nodes 
and is most suitably denoted by, in the above special case, 

Anita 

11 

and is, like the Euler notation, numerical but in two dimensions of 
space and composed entirely of units. This appears when we base 
the theory on a deeper foundation than that furnished by Euler’s 
intuitive method. There appears, moreover, to be no advantage in 
working with nodes rather than units. Every consideration and 
transformation of the Ferrers graphs is just as simple with units— 
but on the other hand, from the point of view of generalization, the 
unit representation possesses possibilities that are not shared by 
the graph of nodes. ‘The Euler and Ferrers representations have 
both been of great service in the theory and it appears that the 
subject may be regarded from the point of view which is now 
taken up. 

* Phil. Trans. R.S.A., vol. exon, p. 356. 
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Let each part of a partition be expressed in the form 
vy mod pw 

so that a part p=su+v. 
We may denote the part by a succession of s numbers equal to 

ue followed by a number v which may be any of the integers 0, 1, 
2,... 4—1; these integers being placed in a horizontal line and the 
zero being, where it occurs, omitted. All the parts of the partition 
may be similarly treated and the parts placed in successive rows 
with the left-hand integers of each in the same column. If the 
parts be placed in rows of descending order of magnitude, as regards 
numerical content, we obtain a representation of the partition to 
the modulus p. 

The partition 753221 of the number 20 would be represented 
to various moduli as follows: 

Mod 1 2, 3 4 5 6 7 to @ 

TOM GE OPA) asi eciRy 502 SGI. 7 
Tiel bd Ag PAPAL 32 41 5 5 5 

iil 21 3 By) Bie Bi § 8) 
11 2 2 ee on 
11 2 2 ya ei ty an 
1 il 1 | 1 1 it 

and it is evident that the Ferrers and Euler moduli are 1 and o 
respectively. 

It is convenient to call the number of integers which occur in 
the representation of a part to a given modulus its “range” with 
regard to the modulus. 

The “range” of a partition, similarly, is a convenient phrase, such 
range being the same as the range of the highest part in the 
partition. 

When the modulus is unity the representation by units has the 
valuable property that a partition to the same modulus is reached 
if it be read by columns instead of by rows. In other words the 
partition is conjugable and this fact has been applied by Sylvester 
and others to obtain interesting algebraic identities. This property 
is not enjoyed by the complete set of partitions to any modulus 
differing from unity. 

When the modulus is 9 indeed only one partition of n, viz. the 
partition, which is n itself, enjoys the property. 

For every modulus we can uniquely select a set of partitions 
which enjoys the property. We call this the set of conjugable parti- 
tions to the modulus yw. If we write down the conjugable partitions 
of 6 to the modulus 2 we find 

222 221 122) Bie a2 
i 2) eZee 2 

Lo 
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where observe that a is not a member of the set because, read by 

columns, ot is not a partition expressed to the modulus 2. 

In general, for the modulus 2, any partition which, in the Euler 
representation, involves an uneven part more than once cannot be 
comprised in the set. The enumerating generating function for the 
conjugable partitions of n to the modulus 2 is therefore 

Cee) Gag) +9) 2-2 
d-@A-q@)1—-¢q)...’ 

pt ae Geral 

[1 is gra ‘ 

Since it may be also written 

1 

(-gUd-@d-g“a-gd-ga-*gd—¢@)...' 
we see that the partitions are equi-numerous with the system in 
which no parts occur of the form 2 mod 4. 

We are already in a position to enunciate a general theorem in 
regard to any conjugable set of partitions to the modulus w. 

or in Cayley’s notation 

Theorem. “Of the conjugate set of partitions to the modulus wu 
of the number n there are as many partitions which have a range 

(ae On ) k and a number of parts (ae uae 
not exceeding not exceeding 

equal to 
not exceeding 

) Zz as there 

are partitions which have a range ( ) 2 and a number 

ap en (ae to ) 99 
wr Paes (not exceeding 

When the range is & and the greatest part has the value ), 

k=E4, 
+ fb 

where hia denotes the integer not less than «. 

When the range is k, 7 must have one of the values 

pk, pk—1, pk—2, ..., pk—(w—1). 

With the modulus yw, for a partition to appertain to the conjug- 
able set, two adjacent parts must not terminate with numbers drawn 
from the series 

WS, hy ea 

or in other words the magnitudes of two adjacent parts must not 
be numbers drawn from the series 

pr+1, prt+2, .... pr+yu—l, 

where r is any integer (zero included). 
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Hence it follows that the function which enumerates the number 
of partitions in the conjugable set is 

[1 ae Opa ai Guin ke SF 3 IE Gees 

[1= 9" : 
which may be thrown into the form 

Gy Hepes es eae q (lean Cee 1+ = + =, ant 5° te. 
1-q 1=qge (1—q)?(1—qg#) (1—g?*)  (1—q)? (1— gq) (= @) (1 — 3") 

with a denominator [1 — ge], 

and where the general term in the numerator is 

( d ir g*)" a= gey 
1D oy A Oy) (GE ares area IR opal 

Limitation of the Number of Parts. 

2. I now proceed to consider the enumerating function when 
the number of parts in the partitions is limited by the number 7. 

For modulus 2 this is the coefficient of a’ in the expansion of 

mee Clee) G@ienag cic. eee 

ea =a — aq?) (1 — aq*) (1 — aq’)... Te OQ 0s oe 

If in Q we write aq? for a and then multiply @ by 

1 + aq 

l-a 
] 

the function @ is unaltered. 
Thence we readily find that 

gp eal OS ee ie) 
Ge Oe a) ae 

the required enumerating function. 
Also the function which enumerates the partitions into exactly 

7? parts is 
1l+q_,. 

Q:-%4= = 7 Otaape A oer y 

For modulus 3 we obtain similarly the enumerating function 

CE seg se i agg) en Sees ie) 
(1 — q@) 1-4)... 1 — ¢®) 

for the partitions into 7 or fewer parts; and for 

Modulus po 

(ltg+...+g? 1) (l+ gts tg) lege. tg) 
(1 —q*) (L—g?¥)..: (L—g**) 
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Limitation of the Part Magnitude. 

Modulus 2. If the part magnitude be 27 the function is 

(+qg1+¢@)...d+¢@) 
(l—¢’)(1— 9")... — 9”) ’ 

and if the part magnitude be 27 + 1 it is 

G+q)+¢@)... +g") 

(is i Cet) pack @ eat i) 
Modulus 3. 

2 4495) (1+q%-24 q¥-1 
For part magnitude=3j function is ar Lae aa el he 

(1-3) (1-48) ... (L- 9%) 4 
(1+q+q?) (1+ qt+q°)...(1+q2*1+0) , 

(Ea) of =a) : 

(gq) Cig to) rata 
= 93) (= 9)-2 (Ua?) 

yt+1 ,, 

37+2 ,, 

and in general for the 

Modulus p. 

For part magnitude 

(l+q+...+q#7})(L+q@tt+ ...4 ql)... (Lt quel + qth) | 

(L= g¥) (= 9) ... (=a) 
(L+q+...+q4-l)... (L4+ ghey... +qH37}) (L+ ght) | 

uj function is 

j+1 - 
1 (I= gH) (1-4)...(1-q¥) 
49 (l+q+...+q#})... (L+qt-Ht1 +... 4+ qhu-}) (1+ qhitt 4+ quit?) | 

é (1-4) (1g)... (1-44) 

ng ee aide) (gt og)... (Lah caer er 

ae (1= qh) (1-94) ... (1-94) 

Limitation of the Range. 

3. We have only to conjugate the partitions of a set to modulus 
» to see that the function which enumerates partitions for a given 
limitation of range is identical with that which enumerates for 
the same limitation of the number of parts. 

In fact when the range is7 the part magnitude may be any one of 

(@—1)uH+4+1, @-1)y4+2, ..., wm, 

or may take pw values, 
Thence we see that the part magnitude is limited not to exceed 

UL. 
The expression obtained above, for the limitation of the part 

magnitude to yj, is, on writing 7 for j, identical with that which has 
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been obtained above for the limitation of the number of parts so 
as not to exceed the integer 7. 

Limitation of the Range and Number of Parts. 

4, When the range is limited to & and the number of parts to 
7 we can now see from the preceding that the enumeration is given 
by the coefficient of a‘ in 

R. _ {lta (q+q?t...+ qt {L+a(qett4... 4 Q@e-lh {14a (qh tl +... + gk 
de (1 —a) (1 — ag) (1— aq?) ... (1 — aq) 

and the fact of conjugation shows that this is also the coefficient 
of a® in 

R, _iUta(qtg@+...+ qe 3h {lta (gests... t+ q-t ... {lta (qe t+... +g} ; 
a (1 — a) (1— ag") (1— aq”) ... (1 — aq) 

It is easily verified for k =1,7=2 when the coefficient is found 
to be in each case 

1 ek Ope 

1-q 

The Algebraic Genesis of the Modular Partitions. 

5. I have in previous papers* considered the algebraic fraction 

1 

eee ( -5°X,) (1 -2X,).. (1 -> 

in which the general term is 

ae a cE see Reon Ne A? a AG 

If the numbers a, a, ..., a; satisfy the conditions 

One Gs Sree es 

a 7A i 
the term product PEs 7G 

denotes by its exponent a partition 

(a, Ones a) 

of the number a. 
In order to satisfy the system of Diophantine Inequalities we 

must, on expansion of the algebraic fraction, reject all negative 
powers of Ay, As, ..., A; and we may afterwards put 

i 

* Phil. Trans. R.S.A., vol. cxctt, p. 356 et seq. ; 
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Denoting the performance of both of these operations by 0 
we find 

“ 4 i 

> Ne A rim 4 — : ) (1-2,X,)(1 _ uy x,) (a = ve x;] iets (1 = NRL X.4) (1 s XxX; 

1 

Beara xX.) (= XX) sae ey” 

and this a real generating function of all partitions to modulus 1 
(of all numbers) whose range does not exceed 7. 

The generating function is real because an X product appears 
in correspondence with every partition. To obtain an enumerating 
function it is necessary to put 

XK: = ee eee — eo 

In fact the expansion exhibits the Ferrers representation. 
In the next place consider the expression 

1 
Nay 35, Nay, A2~1 Noe 

1—), X,) ( 1 — —2 —— Xo 1-—X,)...{1- LOG 1-—-—“ xX, 
( ; v( wx) (1 2 :) ( A3 2) ( o-2 i) Ag-1 ° 

where, for convenience only, the number of denominator factors is 
taken to be even. We thence reach the real generating function 

1 
(1 =X) (= 2) (LEAs) (1 — XK)... (L— Ky Xe... X,_12X,) (L—- Re Xe... XZ) 

VS 

of partitions to the modulus 2 and of range 7. 
The fundamental set of partitions 

eye. 22, %.. 22008, 22...2 
is indicated. 

The real generating function of the conjugate system is 

(1+ 41) (1+ X?X,) (1+ X) eae Nic Cl Poe eee) 
(l— Xf) (1 = X2X2) (1 — XPXZXZ)... 1 —APX!... XZ)" 

Similarly for the modulus w we take as generating function 

ul 
0 = 
=D: 

where D is the product of 

he Nu 
m factors (1—),X,)( 1-— X,}... (1-—— X ), 

Ny N 

r Nin No 
pw factors (1--£2% (1- wx, )...(1- ote X,), 

Nu Nut Nop-1 
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NGS Ni ae Ne 
u. factors (- . net x,,) (1- feet, ,) bx (1- 5 vex), 

(i-2) we Mi-2) mH A(G-1) w—1 

AG- Na) ete N r; u factors (1 spa a x) (a meitrlin X,) - (a ayes X,) 
A(i-1) fran Nia) at Ni =i 

where for convenience only the number of denominator factors is 
supposed to be of the form = 0 mod yw, and thence proceed to the 
real generating function 

1 

(CSD: CRESS Ra CESS: G13 (LDC an WS. ee =e yy.) 

and that of the conjugate system to the modulus w and range 7 

= No 

(l= X4") (1 — Xe XS) dS A AX) OS Ae XS) 

where JN is the product of factors 

EG SoG ses NEM ea) 

(1+ X"X,4+ XY X2+... + XY XH) 

(14+ Xe XX, + XM XX +... + KKK XH) 

(14 XXX eR Kee... Ky Pb. KR. Ky at K). 
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On an Integral Equation. By J. KE. LirrLb—ewoop. With a Note 
by E. A. MILNE. 

[ Read 22 May, 1922.] 

1. The equation with which we shall be concerned is 

(1.1) ib (a) =) WAC Br t) ge t) e—* dt. 

0 - 

It has its origin in a physical problem, discussed by Mr E. A. 
Milne in Monthly Notices, R.A.S., 81, 361 (1921)*. It is at once 
evident that 

(1.2) f (#2) =axe?+ba+e 

is a solution, and it is plausible, on physical and on some mathe- 
matical grounds, that there is no other; i.e. that an f(x), for which 
(1.1) is both significant and true, must be of the form (1.2). 

The present paper does not prove so much as this, but I have 
succeeded in finding conditions for f of some generality, if not of 
very elegant fori, subject to which there is no solution other 
than (1.2). In default of acomplete solution I have not generalised 
unduly, and have aimed chiefly at simplicity. There is one special 
set of restrictions on f, viz. that f”’ (x) is continuous, and bounded 
as 7 > +0, which is of particular interest. In Mr Milne’s problem 
jf’ (#) is the gradient of an energy density, the special assumption 
appears to be physically legitimate, and so far as our problem has 
physical interest a solution for the special case is all that is 
required. From the point of view of theory there is not much 
interest in generalising, beyond a point, the conditions of a theorem 
that is probably true unconditionally, and I have done no more 
than modify my original proof for the special case to obtain such 
generality as is possible without new arguments; the only simpli- 
fication we should find if we allowed the maximum assumptions 
would be that proofs of lemmas 1 to 3 would become unnecessary. 

The solution of the problem has some purely mathematical 
interest; a method that is successful in any part of the theory of 
integral equations is probably worth recording for its own sake, 
and the type of argument appears to be new, 

2. Let us write 

(2.1) $(w) =f" (2). 
Then, provided f’ is continuous, (1.1) becomes 

(2.2) (x)= | ; ale a =) oat, 

* See the note by Mr Milne following the present paper. 
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where 

(2.3) o:(0)= |" $(w) du 
We suppose # > 0, and write 

(2.4) M(«)= Max. d(u), m(e)= Min. ¢(w), 

(225) QO (2) = M (x) — m (a), 

(2.6) O, (4) =1+ 0 (2). 

Thus Q(z) is the “oscillation” of @(u) in —a#<uce. It is a 
positive increasing function of « (in the wide sense). 

We shall say that satisfies condition C if 

(2.7) O(w+ 1)— 2 (a) = 0 (O(a), 
as «0. Our main theorem may now be stated as follows. 

Theorem A. If (a) is an even continuous solution of (2.2), 
satisfying condition C, then $(x) is a constant. 

3. It is convenient to collect the inequalities we shall require 
concerning Q (#), and to begin by proving these. 

Lemma 1. We have 

O, (a + £)< 2e% 0, (x) («@ >a, E>0). 
From condition C we have, if # > a (e), 

QO (@ + 1)— 0 (a) < €Q, (2), 

O, (@ +1) <(1 +6), (2), 

O, (a7 + 2)<(1+ 6), (@+1)< (1 +6€P?Q, (a), 
Cr ey 

From this we deduce: first that for fixed k > 0, 

(3.1) 2 (@ +h) —2(e)=O, (@ +h) —O,(2)=0 {O, (a); 
and secondly, by choosing = e* — 1, that 

O, (x + £) < (22) +1 O, (x) < 2% O, (2), 
the result of the lemma. 

Lemma 2. We have 

| (0. (@ +t) — O(a)} e-tdt =o (0, (2)}. 
0 

The left side is less than 
k ee) 

[ [Q(e+t)-O(@)jetdt+| O,@+ Herds 
0 Jk 

k ie 2) 

< I. 0 {Q,, (#)} e~*dt +{ 2e3* O, (x) e-*dt, 
I 
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by (8.1) and lemma 1, 

=o {0, («)} + 3e7 #* O, (a). 

Since & is arbitrary, the left side must be of the form o {Q, («)}. 

Lemma 3. We have,asz>oa, 

I {O (a+ t)—Q (a) etdt =0 fe 3 Q, (z)}, 

uniformly in E> 0. 
Denoting the left side by P, we have, on the one hand, 

2) P <| (Q (e+ t) —O (a)} e~tdt = 0 {O, (a)} 
0 

by lemma 2; and on the other, 

| O, (e+ tetdt =e | 0, (a+ £ +8) e-tdt 
é 0 

~ etl 0 (et E+) O, (x) e-* dt, 

by lemma 1, : 

(3.3) = 0 (e~ #) 0,.(@). 

From (3.2) and (3.3) 

P= {0(O,(2))}** {0 (e~ ¥) ©, (w)p* = 0 (e~ #) O (2). 
4. The equation (2.2) may be written 

rr) i - = LS) me! 
I di (x +t) — d (@ —t) — 2tg (z) dE SO, 

0 DAs 

or 
(4.1) Ji (a) =J, (@) + J, (a) =0, 

where 

Ant) & [ 4e 2 = pee = Seat (4.2) J, (o) =| of Eta eae) har dt, 

A,(t) = A, (a, t) = d, (x) — d, (x — t) — to (@). 

The ideas of the proof will become clearer if the geometric 
meaning of 4, and A, is borne in mind. If the curve in fig. 1 is 
y= («), A, (t) and A, (t’) are respec- 
tively the areas of the shaded regions 
to the right and left of , regard being 
had to sign, and areas being reckoned 
negative, when (as in the figure) they 
he below the parallel to the a-axis whose xt! x x+t 
ordinate is (a). Fig. 1 
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Lemma 4. If a continuous solution d of (2.2) or (4.1) has an 
absolute maximum or minimum*, then is a constant. 

We need only observe that if # gives, say, an absolute maximum, 
we have A,(t)<0, A,(t) <0, for all ¢; and that if, in addition, 
¢ (y)< $(x) for some y, greater than z, say, then (since @ is con- 
tinuous) A,(t)<—6<0 for t¢>y—a#+4+ 6, and (4.1) is clearly false. 

5. We prove Theorem A by a reductio ad absurdum. We take, 
in fact, for our hypothesis throughout that ¢ is an even, continuous, 
and not constant solution of (4. Ry and this is to be understood as 
a premiss in the lemmas that follow. 

Lemma 5. There exist arbitrarily large values of x for which 

oy) <o@) (Osysa); 
and also arbitrarily large values of x for which 

d(y)>b(z) (OSy¥K<a). 
This is immediate since ¢ is even, and has no absolute maxi- 

mum or minimum. 

Lemma 6. There exists a sequence of maxima «= X,, and 
minima £= Ly, with the following properties : 

(1) Oi SAG ye ae ee 

(2) Xn CL, In > AS N>D. 

(3) p(w) <o(Xn) (O< as X,). 
(4) @(@)>O(%n) (OS 2Sz,). 

(5) b (Xn) > (x) > b (an) (Xn << ap). 

(6) (tn) SP(@)<b(Xny) (nr <#S Xap). 

There exists (by lemma 5 and our hypothesis) a &, such that 

(5.1) (x) is not constant in0<a<é& 

and $(e)<b(E) O<a<). 
Let » be the least number+ greater than &, such that 

p(a)>h(n) (O<x<n), 
and & the least number greater than 7, such that 

$ (a) < h(E) (0<a<. 
Let , give the absolute minimum}? of ¢ for the range E<a<&, 

and & the absolute maximum? for E<a<n,. We take X,=&, 

* In the wide sense. Thus ¢() is an absolute maximum if ¢(y) <¢ (2) for all 
values of y. 

+ Its existence follows from lemma 5 and (5.1). 
+ In case a set of points gives the same absolute maximum or minimum we 

select the least of the set (existent since, ¢ being continuous, the set is closed), 
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“,=, start afresh with & in the place of € and continue the 
process indefinitely. We evidently obtain maxima X,, and minima 
«, With all the six properties except perhaps (2). Finally if (2) 
does not hold, we have 

(5:2) Dy oe Ga ge a: 

But on account of (5.1) 

} (Xn) — > (an) >  (X1) — $6 (M) > 9, 

and this is incompatible with (5.2) and the continuity of ¢ at X. 

6. We write 

(6.1) hp = Q (ap) = M (&n) — m (an) = $ (Xn) — b (an); 

(6.2) J; (a, &) =| a) Cm Ota (ae, a=) BNO Oi 
é 2t é 2t 

Lemma 7. We have asn >, uniformly in E> 0, 

SCXG,, £) <0 (hy) e—**, Jy (Gp, €) > 0 (lin) eo ©. 

In particular (if & = 0) 

a Ae) Olin) sd, (Ee) = O(N). 

These results remain true if J, be written throughout for J,. 

Since @ (X,,) = M (az,), we have 

A, Oee t) = 1 if ip CG, tr t) = (Xn)} dt Dh) B26 
t 

led diane Gah dt 
2t Jo 

(6.3) S 3 {M (an +t) ell (an)} < $ {Q (fn + t) -—O (Zn)}. 

Hence 

Ji (Xn, &) <4 I. {0 (an +t) — © (ap)} ett 

=) fe~ 38 OF Ga) = 0 (in + Dee Be 
by lemma 8, 

Se (hn) é in Bs 

since h, >h, >0. 
The inequality involving «, follows similarly from 

1 it 1 fe 
Al (apa 3 l, {h (an +t) —  (an)} dt > a {m (a, +t) — m(ax,)} dt. 

This disposes of the results in J;. 
For the results in J, we observe that ¢ is even, and have regard 

to the geometric meaning of A, and the maximum property of X,. 
Thus 

0 (t <2, ) 
Al(CXti< E Spee 

2(Xn, t) < Bik — Sen) (¢>2X,,). 

VOL, XXI, PART III, I4 
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Hence, if & = Max. (&, 2X), we have 

Leech e| a 
Aiea 

= (t —2Xn) {D2 (an + t — 2Xn) — O (an)} 
mae 2t : 

et dt 

his 

eq : 50) (atm + t) — D (ap) edt 

= 0 (hp) Cats 10 (hn) € ~ 38, 

The remaining result, involving #,, may be proved similarly. 

7. We can now proceed to the proof of Theorem A. 
Let Em —1=&n— Xn; £on=Xnii—&n. We suppose first that &, 

does not tend to 0 with r. Then there exists a c, such that either 

£,, <c for an infinity of values 
of n, or £_,<c for an infinity WIILEES 
of values of n. The cases are 
interchangeable by a change 
of $ (x) to — (a); 1b is enough 
to consider the second, and we 
suppose that n > « through 
a set of values for which 

(Seones <¢. 
Our argument is made plainer by reference to a figure. In 

fig. 2 the curve y= ¢ (2) lies between the horizontal lines for values 
of « between 0 and a,, the base of the shaded areas is at least 1, 
and one of the shaded areas is at least th,. 

Case (i). The lower shaded area is at least thn. 
We have, by lemma 7, 

J (Zn) > 0 (lin), J, (Zn; C+ 1) ED) (hn). 

Also c+1 4 
O=d (4) = Ji (an) +| eee C +1). 

0 

Hence 
re+l 

Cia) aul edt <= oh, 

Now in O0O<t<ctl, we have (if 2, >c+1), 

Ant) 20: 

Also 
et e7e1 

oT? Dewy 
Hence, from (7.1), 

cri 

(7.2) i Aq (t) dt <0 (hp). 
e+} 
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On the other hand we have, by hypothesis, 

| AG+ 1S, 
and clearly, fore +4<t<c+t+l, 

A,(t)>A.(e+1)—(e+1—t)h, 

>h, {t—(c+ dh, 

e+1 e+1 

| Aydt Sha | (GE idie te 
e+3 e+s 

This contradicts (7.2). 

Case (11). The upper shaded region is at least thy. 
The argument is very similar. We have, writing 

7 A, ( 
0=S(X,)+| SE Sr aE (XG 5 

0 

7 3 ] e— (+1) ‘yy 1 

( 3) ens 2 (t) dt, 

since A, (t)<0(0<t<r). 

Also A, (7) <— Py, and 

A,(t)<—th,+(t—T)h, (OStS<7), 

so that 

(7.4) ; A, (t) dt < | wy A, @idt <— th, 

(7.3) and (7.4) are incompatible. We have therefore disposed of 
the cases when &, does not tend to «. 

8. Suppose now that &.—o as ro. Then there is an 
infinity of values of n for which 
Eon > Eon. or else an infinity for 
which &n4, > Em. The second 
alternative reduces to the first 
by a change of @ into — @d, and 
we may suppose that n> 
through a set of values for which 
E on = E 2n—1° 

In fig. 3 the curve lies below ae ee Xp, 
the upper horizontal line for Fig. 3 
0 <a <a,, and above the lower 
one for 0<a<Xpy,,; further, one of the shaded areas is at least 

thn Eon-1- 

I4—2 
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Case (i). The lower area is at least thy Eon. 
We write h, & for hy, n+. We have 

(8.1) 

0= ie Se a + J, (an, &)+ I 
/ 0 

Now A, (é)=A,(%,, t)20 for O<t<é,,, and a fortior: for 
O0<t<é&. Also, by lemma 7, 

J, (tn, &) + So (@n, €)>o0(h)e” * 
Hence, from (8.1), 

as : 
| ay) e-tdt < o(h) e~*, 
lo 26 

A, Sart t) et dt + Js Ge 2) 

and, since A,(t)>0 (0 <t<&), we obtain 

ik (re 

2E I ye 
On the other hand 

g 
(8.2) Aa (ier dts aa etdt<o(h)e ** 

~0 = 

A, (£) > $hé, 
Al >A, (E)—h(E-t) Sh(t-48) GESt<8), 

g 
and so ag |, an Ant) em abe Sap ee (t — 4&) e—*dt 

h ae 
ee FE , — Ud age i ue “du 

© h 1 (8.3) = see {1+o0(1)}, 

since >. The results (8.2) and (8.8) are incompatible. 

Case (ii). The upper area in fig. 3 is at least 4Eh. 
We take x= X,,, and have, still writing €= &,,,_,, h, =h, 

io € 4 e [ Hl 2nsit) ee e-tdt+ J. OG, é). 
/ 0 2t 

Hence we obtain 

etdt+J, (Xn, f)+| 

ge 

el, A, OQ etde> |“ fal) etdt >0 (h) e~*, 

on the one hand; and on the ‘see by obvious modifications of 
the argument for case (1), 

i fick ~ Lage ts = [. A, (t)etdt< we {1 +0 (1)} 
and these results are incompatible. 

Thus our original assumption leads in all cases to a contradiction, 
and Theorem A is proved. 
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9. Some condition of the type of C appears essential to our argu- 
ment. Our actual condition places little limitation on the order of 
magnitude of the oscillation © (a): its effect is to secure that Q («) 
does not increase slowly in some ranges of a, and very rapidly in 
others*. Unfortunately, however, it is not universally true that 
the sum of two functions satisfying condition C itself satisfies C, 
and as a result of this it is not possible to remove the restriction 
in Theorem A that ¢ is even, without adding others which, although 
allowing wide latitude to ¢, are cumbrous in form. We may briefly 
indicate some of the possibilities. 

It is easily verified that if ¢ is a solution of (4.1), then so is 
v(2)=o(#)+ 6(—2@); and ¢'(z#) is a solution subject to the 
possibility of formal differentiation in (4.1)+. Suppose then that 
vw (xv) and ¢’ (2) satisfy C, and that ¢ is a solution. Then w is an 
even solution, and must be a constant. Hence $(#)=a+ yx (2), 
where x is odd, and @¢’(z) is an even solution, and therefore a 
constant. In these circumstances, then, @(#) must be of the form 
ax +b, and the f(#) of § 1 must be a quadratic function of «#. 

An alternative ae gives us: 

Theorem B. If $ (a) ts a solution of (4.1), and 

+(e, a=p(ata)t+(a—2), 
qua function of x, satisfies condition C for every value of a, then 
f (x) vs of the form ax + b. 

w(x, a) is an even solution satisfying C, therefore a constant 
c(a). Thus 

(9.1) d(at+e2)+$(a—2#)=c(a) = (2a) +h (0). 

Here a and # are arbitrary. If we write 

atex=§ a—2=7, ot) =$(0)+ x), 
(9.1) becomes 

KASAI GI) = XE + 9)- 
It is well known that the only continuous§ solution of this is 
x (v) = aa, and our theorem follows. 

i It aye not increase by a finite proportion of itself in a finite range of x (when 
x is large). 

t We note in passing that the integral of an odd solution is a solution. 
+ The o of condition C, of course, is not supposed to be uniform in a. 
§ The existence of discontinuous solutions is an unsolv ed problem in the theory 

of is of points, and is connected with the multiplicative axiom and the existence 
of non-measurable sets. 

It is perhaps worth adding, for completeness, the simple proof of the continuous 
case. Evidently x (0)=0, x (-x)=x (0) -x (w) = —x (x); and if n, p, qg are integral 

1 
x (r)=nx (1), x (1) =nx () : 

1 p 
2 1 Ss ?) — - —? and so x (2 Px (;) q x (1). 

By continuity x («) =a (1). 
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10. From Theorem B we can deduce at once: 

Theorem OC. If f(a) is a solution of (1.1) for which f" (x) ts 
continuous and bounded, then f(x) 1s a quadratic function of x. 

Since we may differentiate (1.1) formally, ¢(v)=f" (#) 1s a 
continuous and bounded solution of (4.1). We have only to verify 
that W (a, a) satisfies C. But since w(x), and so also the corre- 
sponding (a), is bounded, 0 (a), being an increasing function, 
tends to a limit, and O(@ + 1)—QO (a) =0 (1). 

Note. By KE. A. MILNE. 

The physical problem referred to by Mr Littlewood in § 1 of 
the preceding paper is that of the radiative equilibrium of an 
infinite mass of material stratified in parallel planes, under the 
assumption that there is no internal generation of energy. Each 
element radiates as much energy as it absorbs, but across any 
plane of stratification more energy is radiated in one direction 
than in the opposite direction, the difference being constant from 
plane to plane. There is thus a steady transfer of energy. The 
question is to determine the distribution of temperature implied 
by this state of affairs. The writer has reduced the problem to the 
solution of equation (1.1) above, in which f’ (#) is the intensity of 
black body radiation for the temperature existing at the point x; 
thus f’ (x) =(a/7) T*, where T is the temperature at x and c is 
Stefan’s constant. Here the coordinate « is the optical thickness, 
measured from some reference point. Mr Littlewood’s Theorem C 
asserts that if the gradient of the energy-density taken with 
respect to the optical thickness is continuous and bounded, then 
f’ («) (or T+) is a linear function of zw It is a simple deduction 
from this that if J (z, @) is the actual intensity of radiation at x in 
a direction making @ with the axis of stratification, then 

(10.1) I (a, 0) =f" (2) +f" (2) cos @. 

The importance of this result lies in its application to the 
interior of a star. A star is stratified not in parallel planes but in 
concentric spheres, but save near the centre the curvature for this 
purpose can be neglected. Now it can be shown that the deter- 
mination of the distribution of temperature is equivalent to that 
of the distribution of J (z, @) in @, and a plausible method of attack 
is to assume J (#, @) expansible in a series of Legendre functions 
of cos @, of which (10.1) gives the first two terms. This was the 
method used by Eddington, who first investigated the question, 
and he showed by considering the numerical magnitudes of the 
quantities involved that for an actual star all the terms after the 
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first two must be negligible. (Monthly Notices, 77,16 (1916). See 
also his paper in Zeitschrift fiir Physik, 7, 351 (1921), where the 
argument is given in more detail.) Jeans has written on similar 

lines (Monthly Notices, 78, 28 (1917)). From this it follows that 
the error in taking f’ (x) to be a linear function of # must be 
negligible. But since the energy-density gradient in a star may 
certainly be assumed to be bounded and continuous*, Mr Little- 
wood’s result shows that the further terms in the expansion in 
Legendre functions are not merely negligible but zero. It should 
be mentioned, however, that Eddington’s argument demonstrates 
at the same time the negligibility of the effect of curvature, besides 
being adapted to take account of the internal generation of energy. 

In the idealised plane case, if the internal ¢ generation of energy 
instead of being zero is of amount 47re per unit mass, the generalisa- 
tion of (1.1) is 

f (@)= = = ae tet) 5 Ge!) or dt 

k being the absorption ie Solutions of this may be sought 
for e/k any given function of «, or better perhaps (from a phy sical 
point of view) of f. If e/k is taken to be a polynomial in « of 
degree n, then the equation can be satisfied by taking for /’ () 
a polynomial of degree n+2. Mr Littlewood’s methods could 
probably be extended to show that under analogous conditions 
this polynomial is the only solution. The important case for a star 
is n=0, in which case 7" is a quadratic function of «., 

* If the energy-density gradient were not bounded (or discontinuous), this 
would practically imply that the net flux of energy and hence the force on a thin 
slab of the material due to radiation pressure were not bounded (or discontinuous). 
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The projective generation of curves and surfaces in space of four 
dimensions. By F. P. Wuite, M.A., St John’s College. 

[Read 15 May, recewed 29 July, 1922.] 

In a paper ‘‘ Uber die durch collineare Grundgebilde erzeugten 
Curven und Flachen*,” Friedrich Schur investigated systematically 
curves and surfaces which can be generated from the intersections 
of corresponding planes in two or more systems (pencils, sheaves, 
etc.) between which a projective relation has been established. 
The simplest cases, conic and ruled quadrics, are familiar enough; 
twisted cubics and cubic surfaces were investigated in this way by 
Reyey. Schur summarises Reye's results and proceeds to further 
cases, the twisted sextic of genus three and the quartic surface 
of the type known as “determinant surfaces.” 

The present paper contains an examination of some similar 
cases in four dimensional space. Veronese, in his classical “‘ Behand- 
lung der projectivischen Verhialtnisse der Riume von verschiedenen 
Dimensionen durch das Princip des Projicirens und Scheidens{,” 
treats the general theory of projective generation in space of any 
number of dimensions and enumerates a few cases in four dimen- 
sions, but without entering into details; and Castelnuovo§ examines 
the cubic congruence of the third order and sixth class which is 
generated by three projective sheaves of (threefold) hyperplanes, 
with the cubic variety on which the lines of the congruence lie; 
but these are the only papers which I have found. 

1. Consider in a four-dimensional space, S,, two sheaves of 
hyperplanes, each consisting of the double infinity of hyperplanes 
passing through a line. Establishing a projectivity between them 
we may write their equations 

Ape + pd, +r, =0, Apy page + vr, —OF -..(1-1) 

where Da = PF, + ..- + PsXs, etc. 

Corresponding hyperplanes meet in a plane, and thus we get a 
doubly infinite system of planes. Through an arbitrary point of 
S, there passes in general one such plane; for equations 1-1, given 
x, determine one set of values of the ratios A: w:v. An exception 
occurs if all the determinants of the second order of the matrix 

|| Pe Ia Ve | 
| Dx Ia. Tt . | 

* Schur, Math. Ann, 18, 1881, 1-32. 
+ Reye, Geometrie der Lage, Abt. 2. 
t Veronese, Math. Ann. 19, 1882, 215-234. 
§ Castelnuovo, Atti Istituto Veneto, (6), 5, 1887, 1249. 
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vanish, i.e. if the point lie on the two dimensional cubic surface 
F, whose equations are 

BEE) >. wert), eels. 1-2). 
Dx ae 1 ( ) 

If y is such a point, a single infinity of the planes pass through 
it, forming the conical quadric variety 

Pa Ve Vy = 0 

jie ics on i tar cer (1-3). 

Py Vy Vy 

Any plane of the system meets the quadric variety 

Pu We 
in a conic which lies on 

Gn tz) (S10 

Gu Te 
and on Datta. \ == 0% 

Pu ‘Te 
i.e. on the cubic surface. Hence the planes are secant-planes of 
the cubic surface F,, each meeting it in a conic. 

The surface F; may also be obtained as the locus of the lines 
of intersection of corresponding hyperplanes of the three collinear 
pencils 

Cpe seo, 4. pg, = 0; or,4+ Br, = 0 ~ ..:(1e4): 

It is thus a ruled surface. 
The plane bases of these pencils belong to the system of secant- 

planes, and since the same surface is generated from any three 
pencils of the sheaf of pencils 

A (ap, + BPa’) + pw (ade + BYx’) + v (ar, + Bre’) = 9 ...(1°5) 
it is clear that any three secant-planes may be taken as bases of 
generating pencils, and that any two of the lines 1-4 may be taken 
as bases of generating sheaves in place of 1-1. 

The surface F,, as was pointed out by Veronese*, contains a 
further line not included in the system of generators 1-4. For 
consider any three generators; they cannot meet in a point, for 
equations 1-4, for a point of the surface, determine one ratio @ : 8 
and thus through a point of the surface passes only one generator. 
Also they cannot lie in a hyperplane, or the hyperboloid determined 
by their common transversals would form part of the surface. 
Hence they have a unique transversal, which, meeting three 

* Veronese, l.c. p. 230. 
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generators, lies on each quadric variety containing the surface and 
therefore on the surface itself. It thus meets all the other generators, 
and is a directrix. 

The plane representation of the surface is also considered by 
Veronese*. Every plane through a generator meets the surface in 
one further point, and thus, projecting from any generator on to 
a plane, we get a correspondence between the points of the surface 
and the points of the plane. The directrix meets the generator, so 
that one plane contains both and the directrix projects into a 
fundamental point. Two generators lie in a hyperplane; hence 
any generator projects into a line of the plane through the funda- 
mental point. 

The hyperplane sections of the surface (twisted cubics) meet 
the directrix once and each generator once; they therefore project 
into conics through the fundamental point. 

A secant-plane meets the generator in one point and they 
together lie in a hyperplane which meets the surface in the generator 
and a conic. In this case the conic in the plane breaks up into a 
line through the fundamental point and another line not through 
it. Thus to the conics of the surface correspond the lines of the 
plane. 

If we now project from an arbitrary point P upon an arbitrary 
hyperplane, the cubic surface will project into a ruled cubic 
surface in an ordinary space of three dimensions. The hyperplane 
joining a secant-plane to P meets the surface in the four-dimensional 
space in a line and a conic, and thus the plane into which it projects 
will be a plane through a generator, meeting the ruled cubic again 
in a conic. One particular secant-plane passes through P; this 
plane will project into a line, which will be the double line of the 
tuled cubic. Every secant-plane meets every generator in one 
point; hence the double line meets every generator, 1.e. is a directrix. 
Any two secant-planes meet in one point which must lie on the 
surface, i.e. any two conics on the surface have one point in com- 
mon. Projecting, the double line meets every conic on the ruled 
cubic in one point. 

The directrix projects into a directrix. 

2. Three collinear sheaves of hyperplanes 

NOx + PIe te =9, APs + PIe + rz’ = 9, 

Mp edn +, =O AZ) 

generate, by the intersection of corresponding hyperplanes, a 
congruence (a double infinity) of lines, which has been considered 
in detail by Castelnuovo f. 

* Veronese, l.c. p. 230. 
+ Castelnuovo, Aiti Istituto Veneto, (6), 5, 1887, 1249. 
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The lines of the congruence form the cubic variety Vs; 

Px Vax Ur =0 

The variety V, also contains another doubly infinite set of 
lines, the intersections of corresponding hyperplanes of the collinear 
sheaves 

Cpe + BPs +¥Pe =9, Met Pde +¥Ie =9, 

ar, -—- Br, yt; =O .:.(2:3). 

Equations 2-1 establish a correspondence between generators of 
the first system and the points (A, », v) of a plane; to every point of 
the plane corresponds a hyperplane of each sheaf and thus a 
generator of V5. 

To any straight line of the plane 

A+ Bu+ Cv=0 

correspond three pencils of hyperplanes, and thus, by § 1, the 
generators of a cubic surface lying on the variety. 

Its equations will be 

Px Vx Ve || = 0 

ES el (2-4) 
ee 
Ab a BE a 

Thus we get, corresponding to the lines of the plane, a doubly- 
infinite set of cubic surfaces, any two meeting in one generator, 
and two generators of the same set of V, determining one surface 
of the set. 

Any secant-plane of one of these cubic surfaces meets the 
variety V, in a conic (on the cubic surface) and in a generator of 
the second system; and conversely, any plane through a generator 
of the second system meets V, again in a conic and is a secant- 
plane of one cubic surface. 

There is a second system of cubic surfaces on V3, given by 

Pa ve Ve l = 0 

Dee > Tashhm 

(GR EE) 

and any two cubic surfaces, one of each system, lie on a quadric 
variety 

i. Gs %q os 
| ra We ah i a 0s (2 6). 

ED ib. OG 0 
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Castelnuovo further shows that the cubic variety V; has six 
singular points, through each of which passes a single infinity of 
generators. Every cubic surface of each system passes through 
each singular point. 

3. Two collinear systems of hyperplanes, each consisting of 
the triple infinity of hyperplanes through a point and thus repre- 
sented by the equations 

Ope ch PU pak Ye + ds, = 0, 

Ops +e + tz +05, —O0 ...(3°1), 

generate by the intersection of corresponding hyperplanes a triply 
infinite system of planes. Through any point y there pass a single 
infinity of such planes, forming a three-dimensional quadric cone 

Pa Va Tx Sx ==) 

Be Mee ey Se Ni ale a ees (3-2). 
Py Vy ly Sy 

Pu We ty Sy 
But if the point lie on the curve 

Dea Os ey ee (3-3) 
pa eae, Wt ese 

a double infinity of the planes will pass through it. 
This curve is a rational curve of order four; the normal curve 

of the four dimensional space. 
It is also obtained as the locus of the points of intersection of 

corresponding hyperplanes of the four collinear pencils 

Apo a Epa: = 0, Ne ale U-Ge =0, Are+ [ie = 0, 

AS eel ese I) deer (3-4). 

The planes are clearly trisecant planes of the curve. 
Projecting from an arbitrary point upon an arbitrary hyper- 

plane, we get a rational quartic curve in ordinary space and its 
single infinity of trisecant lines which are generators of the quadric 
containing the curve. 

Also cutting by an arbitrary hyperplane we get the four self- 
corresponding points of a collineation between the points of a 
three-dimensional space. 

4. Four collinear sheaves of hyperplanes 

NP x F RGe + Uy = 0, Ap. ae La. a Wg = 0, 

Npe st Ts = Vigne —_ 0, Apz ae ge == Dies = O «ac(4-)} 
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give, by the intersection of corresponding hyperplanes, the points 
of a surface F, 

Pez Vx Us =0 
, ! r,! 

ie a oa sisveehate (4 2) 
Pe Vx Vy 
[Dee Gee” ne 

which, being the residual intersection of two cubic varieties with 
a common cubic surface, is of order six. 

To the points of F, correspond the points (A, p, v) of a plane. 
Any three of the sheaves 4-1 generate a cubic variety; the two 

cubic varieties obtained by omitting the first sheaf and the second 
in turn meet in F, and also in the cubic surface F3, 

| (oe Tx ry = 0 
fies Gace pee 

Every sheaf of the pencil 

a [Ap., ap fii ae Ciel 4 el [Apz se [ligies ar vrz |= 0 

determines with the third and fourth sheaves of 4-1 a cubic variety 
passing through F, and F,,. Through any point P of S, there 
passes one such variety; for P determines (Ag: po: v9) uniquely 
from 

Ape” = Ys |. VI 9 — 0, MDs ak [dies +. Vie a = 0, 

and then @: 6 is determined uniquely from 

@ [Appa + bode + Vora] + BLAcPa’ + MoYe + Vola | = 9. 

If, however, the plane base of this last pencil contains P, the 
solution is not unique; in this case P lies on F. 

The conjugate system, consisting of three collinear triply- 
infinite systems of hyperplanes 

CD + BPs +yPe +8p_"=0, Oge+ Bde +7Ge +g” = 0, 
Of, + Bre + ye + 5r,"=0 ....0. (4:4) 

generates a triply-infinite set of lines. Through any point P of S, 
passes in general one such line. A line of the set meets the cubic 
variety 

Pe We Ve 

eet 2G) ie 
Mt ‘rt ” Z 

Pa Vx Vy 

in three points which lie on the surface F’,; i.e. the lines are tri- 
secant lines of the surface. 
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If the point P (y) lie on F, there pass through it a single infinity 
of trisecant lines, forming the conical cubic surface 

Ds Dos Da ye 

Vx Ge Gin ape 

Vy Ure Vy Vy 

Py Py Py Py 
aA tt 

W VW GW 
Consider now the plane representation of the surface. To a 

line in the plane, AA + Bu + Cv = 0, correspond the points ob- 
tained from four pencils of hyperplanes, i.e. a rational curve of 
order four, its equations being 

| 

| Pa Vx Py = 0 
| Pe es 1» | 

MDa: Ns ene RIS pee ees (4:6). 
Daw Girt Tae 

A B C 

Thus through any two points of fF’, passes one such curve of the 
surface, and any two such curves meet in one point. 

If we take a trisecant line of F,, given by values a,, B,, y1, 8; 
in equations 4-4, and any plane through it, say 

Ky (GPa --- + Ope’) + pa (GaGa + --- + O19”) 

+ vy (Ory +... + dy7r,'”) = 0, 

Ng (GPx +... + Oypo'”) + pe (Me + -.- + 8190") 
+ vy (ar, +... + 647, '”) = 0, 

it will meet the surface again in three points. Also this plane is 
clearly a trisecant plane of the quartic curve generated by the 
four pencils 

AyPo + PaYe + Vyre + 8 (Aspe + Heda + Vern) = 0, ete. 

which is the quartic determined on F, by the points corresponding 
to (Ay, 4, 1) and (Az, pe, V2). 

Hence if we take the pencil of quartics through P, (A,, 4, ,), and 
draw to each the trisecant plane through a fixed trisecant g, they 
will all he in a hyperplane which passes through g and through P. 

Conversely, if we take any hyperplane a, which without loss of 
generality we may suppose to belong to the first sheaf of 4-1, it 
will meet the corresponding hyperplanes of the other three sheaves 
in a point P of F,; any quartic through P is generated by four 
pencils of hyperplanes belonging to the four sheaves, and the base 
of the first pencil will he in a, will be a trisecant plane of the quartic 
and will contain a fixed trisecant, the base of the first sheaf. 
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5. It may happen that four corresponding hyperplanes of the 
sheaves 4:1 meet in a line instead of a point; in this case the line 
‘will lie on F,. Analytically, if p, = p42, + ... + p5%5, etc., the 
condition 1s 

AP, + gy HT, APY + egy tery APY” + egy’ tery” Ap + gy +n” |) = 

Onna eee ee CHR REET Rees PH EERE Eee HEHEHE EEE ES Bee EEEEeEeeEeEEsseereseree® 

tt 4st sss | 

Nils Se Gin de Ps ooonpndocneaoosdctoo — oconnodbocécddonoatcnede Nps +4Q5 +75 

the number of solutions of which would appear to be 

42 — 324 22-1] = 10. 

That there are in fact ten lines on F, may be seen as follows. 
Consider four corresponding pencils of the sheaves; they gener- 

ate a quartic curve which is met by any hyperplane in four points. 
Thus through any plane of each sheaf there pass four hyperplanes 
which meet the corresponding hyperplanes in points of this arbi- 
trarily taken hyperplane. Hence in each sheaf the hyperplanes 
which by their intersections with the corresponding hyperplanes 
generate a hyperplane section of the surface envelope a cone of 
the second kind of class four. Now consider two arbitrary hyper- 
planes e, and e,; the corresponding cones have 16 common tangent 
hyperplanes; 6 of these meet the corresponding hyperplanes where 
the plane e,e, meets F., the other ten meet the corresponding 
hyperplanes in points of e, and also in points of e, and therefore 
in their jom; hence ten sets of corresponding hyperplanes meet in 
a line instead of a point. 

In the plane representation of the surface there are thus ten 
fundamental points, representing these lines. 

Any hyperplane meets any quartic curve in four points and 
meets each line once; hence corresponding to the hyperplane sec- 
tions of the surface are quartic curves of the plane passing through 
the ten fundamental points. 

To the join of two fundamental points corresponds a conic on 
F,,, which meets the two corresponding lines of #’,; there are 45 
such conics. 

A quartic through the ten fundamental points may degenerate 
into: 

(1) A conic through 5 and a conic through the other 5. Each 
meets a general quartic through the 10 in three further points, so 
that to it corresponds on F’, a twisted cubic meeting five of the 
lines. There are 630 pairs of such twisted cubics, each pair making 
up a complete hyperplane section of F’, and meeting in four points. 

(2) A cubic through 9 and a straight line through the remain- 
ing one. Corresponding thereto on F’, are a plane cubic (of genus 1) 
and a twisted cubic. Thus on F, there are ten plane cubics such 
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that every hyperplane of the pencil having the plane of a cubic 
as base meets the surface again in a twisted cubic. 

(3) A cubic through 8 and the join of the other two. Corres- 
ponding thereto on /, are a twisted quartic of genus | and one of 
the 45 conics. Thus every hyperplane of the pencil having the 
plane of a conic as base meets the surface again in a twisted quartic 
and, since all plane cubics through eight points have a ninth point 
in common, all quartics of a pencil meet in a point of F.. 

A hyperplane section of the surface through a line is either: 
(1) A quintic of genus 2, meeting the line twice and the other 

nine lines once each; represented on the plane by a quartic curve 
with a double point at one fundamental point and passing through 
the others. 

(2) Another line and a quartic of genus 1 which meets the 
two lines twice each and the other eight lmes once; represented in 
the plane by a quartic curve with two double points at fundamental 
points and passing through the others. There are 45 such quartics 
on F,. 

(3) A conic meeting the line once and one other line once, 
together with a plane cubic meeting once every line except this 
other one; in this case the quartic in the plane consists of the cubic 
through nine fundamental points and the join of two. 

There are two sets of rational quartics on the surface besides 
those corresponding to the lines of the plane. They are repre- 
sented by: 

(1) Conies through four fundamental points; there being 210 
singly infinite families of such. 

(2) Cubies with a double poimt at one fundamental point and 
passing through six others; there are 840 such quartics, each 
meeting one line twice and six others once. 

6. We have seen that from a point P of F, there can be drawn 
a single infinity of trisecant lines, lying upon a cubic conical 
surface. The points of intersection of the trisecants with F, form 
a curve on F,. The tangent plane to fF, at the point P meets F, 
here in four coincident points and meets it again in two points, 
so that each of two trisecants has two of its intersections with F, 
coinciding at P, which must therefore be a double point of the 
curve. Also any hyperplane through P meets the cubic cone in 
three lines and hence the curve in six further points. The curve is 
thus of order 8, with a double point at P. The plane joining P to 
a line of F, meets F, again in two points, as is easily seen from the 
plane representation, and the joins of these points to P are tri- 
secants, so that the curve meets each line twice. 

Its representation on the plane is thus a curve with double 
points at the ten fundamental points and a double point at the 
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point P’ corresponding to P; it meets every quartic through the 
ten fundamental points in eight variable points. The order of the 
representative curve must thus be 7. This curve contains an 
involution of pairs of points Q’, R’ corresponding to points Q, R 
on F, lying on the same trisecant through P. It is thus hyper- 
elliptic. 

If we take the plane through two trisecants which meet in P, 
say PQ,R, and PQ.R,, it will meet #, in one further point K. 
From the result at the end of § 4, this plane is the common tri- 
secant plane of the quartic curves determined respectively by QR, 
and QY,R,, and K is their point of intersection. 

Hence, if we take the tangent planes to the cubic cone, they 
will meet F, again in points A which are the intersections of two 
consecutive quartics of this family. These tangent planes form a 
three-dimensional variety, obtained by joining the tangent lines 
of the curve of order 8 on F,, to the point P, or by joining the lines 
of the tangent developable of the cubic curve of intersection of the 
cone with a hyperplane to the pomt P. It is thus of order 4. Its 
intersection with F,, a curve of order 24, contains the curve of 
order 8 counted twice; the remainder, the locus of K, is thus of 
order 8. 

The corresponding curve in the plane is what remains after 
taking twice the curve of order 7 with double points at the funda- 
mental points from a curve of order 16 with multiple points of 
order 4 at the fundamental points; it is thus a conic. This conic 
is the envelope of the joins of corresponding points Q’R’ of the 
curve of order 7. 

That this envelope is a conic can be seen as follows. We have 
to show that through any point K of the surface can be drawn two 
quartic curves each of which meets one generator of the cone 
vertex P in two points. Now any trisecant plane of a quartic on 
the surface meets the surface again in three points lying on a tri- 
secant. Hence the plane joining K to a generator must meet the 
cone again in another generator. One such plane can be drawn, 
just as one chord can be drawn to a twisted cubic curve in three- 
dimensional space from an external point. If this plane contain 
the generators PQ,R,, PQ,R,, then the two quartic curves in 
question are those determined by QR, and Q,R,. 

7. From our configuration in S, we can obtain a configuration 
in three-dimensional space by taking the section by an arbitrary 
hyperplane. We thus get at once a sextic curve of genus 3 and 
its trisecants, three of which pass through any point of the curve. 
This would seem to be the most natural way of treating the curve; 
in Schur’s generation of it in three dimensions from four collinear 
sheaves of planes, as four corresponding planes do not as a rule 
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meet in a point, the planes taken have to be restricted, the argu- 
ment is thereby complicated and the existence of the trisecants 
does not follow immediately, as above*. 

The quartic curves on the surface F, give rise to the double 
infinity of quadruplets of points on the curve U,; one such quad- 
tuplet being determined by two of its points. Also our proposition 
{§ 4) about the trisecant planes of the quartics through a point of 
Ff, gives Schur’s propositiony : 

“The planes of the triplets which form quadruplets with a fixed 
point P of C, all pass through a fixed trisecant; and, conversely, 
the planes through a fixed trisecant meet the curve again in triplets 
forming quadruplets with a fixed point P of the curve.”’ 

We have thus a (1-1) correspondence between the points of C, 
and its trisecants. To find the poit corresponding to a trisecant 
PQ,R,, let PQ.R,, PQ;R,; be the other trisecants through P to Cg, 
i.e. lying in the given hyperplane. If the plane PQ,RQ;R, meet 
F, again in K, then K lies on the quartic through Q,R, and also 
on the quartic through Q,R;, the planes PQ,R,Q.R,, PQ,R,Q;R; 
are thus trisecant planes of two quartics through K, which must 
therefore correspond to their intersection PQ,h,. 

The curves of order 8 on the surface each with a double point 
at a point P give a doubly infinite system of sets of eight points on 
the sextic curve; as each of the curves lies on a cubic cone, each 
set of eight points lies on a twisted cubic. This system includes the 
sets of points arising when P is on the sextic curve in question. 
The cubic curve then consists of the three trisecants from P, and 
the eight points are made up of P counted twice and the six further 
intersections of these trisecants with the curve. A quadric variety 
can be put through one of these curves of order 8 and any one of 
the quartic curves; hence the quadric surfaces through one set of 
eight points on the curve give the doubly infinite system of quad- 
tuplets. Conversely, the quadrics through one quadruplet give 
sets of eight points which include all the sets above mentioned, but 
they also include others, such quadrics forming a system of dimen- 
sion 5. 

8. If we now project from an arbitrary point of S, upon a 
hyperplane we get a rational sextic surface; as one trisecant 
passes through the point of projection the sextic surface in S, 
will have a triplanar point (a triple point at which the tangent 
cone consists of three planes). The section of the projection by a 
plane is a sextic curve of genus 3, 1.e. has seven double points. 
Hence the sextic surface in S, has a double curve of order 7. This 
curve is the projection of a curve on F, of order 14. It is repre- 

* Cf. Schur, /.c. p. 14. 
+ Schur, /.c. p. 18. 
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sented on the plane by a curve of order 11, which has a triple point 
at each of the ten fundamental points. 

The triple infinity of trisecants projects into a complex in S;; 
the order of this complex is 8, since a hyperplane section of F, is 
a sextic curve whose trisecants form a ruled surface of order 8, 
and thus eight of the lines of the complex which lie in a plane pass 
through a given point thereof. 

Vie “however, we project from a point lying on the surface itself, 
we get a quintic surface in S;. The cubic cone of trisecants through 
the point of projection gives rise to a double twisted cubic curve 
on the quintic surface. The tangent plane at the point of projec- 
tion gives a line lying on the quintic*, which has thus eleven lines 
in all. This quintic surface, whose plane sections are represented 
on a plane by quartic curves through eleven fundamental points, 
has been dealt with by Clebscht and by Sturmt. 

By taking special positions of the point P on the surface, we 
may obtain special cases of the quintic surface. For instance, 
consider the conic on F’, represented by the join of 9 and 10. Any 
hyperplane containing its plane meets F, further in a quartic (of 
genus 1) represented by a cubic through 1, 2... 8. All such cubics 
pass through a ninth point P’, corresponding to a point P on F, 
which must lie in the plane of the conic. P is also the intersection 
of the planes of the two cubics represented by the cubics 1 ... 8, 9 
and 1 ...8, 10. Now project from P. The conic gives a double 
line, and the two plane cubics through P each give a double line. 
The cubic cone of trisecants from P in fact breaks up into three 
planes, the curve of order 8 into the conic and the two cubics, and 
the curve of order 7 in the plane into two cubics and a straight 
line. The quintic surface thus has, instead of a double twisted 
cubic, three double straight lines, of which two do not meet and 
the third meets both. 

If P’ be taken elsewhere on the plane cubic represented by the 
cubic through | ... 8, 9, the cubic cone will contain the plane of 
this cubic, and the remainder of the curve of order 8 on F, will 
consist of a quintic curve (of genus 2), represented by a quartic 
curve through | ... 8, 9 with a double point at 10, and must lie on 
a quadric cone vertex P. The projection will thus be a quintic 
surface with:a double line and a double conic. 

* For the general ee au projection in any number of dimensions, see Del Pezzo, 
Rend. Napoli, 25, 1886, 2 

+ Clebsch, Math. ae 1 1869, 284. 

it R. Sturm, Die Lehre von den geometrischen Verwandtschaften, iv, 311. 

I5— 
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An Alignment Chart for Thermodynamicai Problems. By C. R. G. 
Cosrns, B.A., King’s College. (Communicated by Prof. Iyetts.) 

(Plate IT.) 

[Read 2 May, 1921.] 

The chart shown is intended for the rapid solution of problems 
on the expansion of so-called “perfect gases,” it is particularly 
adjusted for air. 

The principles of its use are as follows: 
A straight-edge placed across the chart m any direction cuts 

the four vertical scales at points which are marked with corre- 
sponding values of: 

V = the volume of | lb. dry air, in cubic feet. 
d = the entropy of 1 lb. dry air. 
T = the temperature above absolute zero Centigrade. 
P = the pressure in lbs./sq. inch absolute. 

Such a transverse line may be called a “state-line,” since to any 
given state of the gas corresponds a definite transverse line, which 
may be at once drawn, given the values of any two of the above 
variables. 

A vertical line passing through a point marked with a particular 
value ”’ on the horizontal scales (two of which are provided, so 
that by joining corresponding scale-divisions a vertical line may 
be drawn without the use of set-squares) is called an “index-line.” 

If two state-lines intersect one another on the index-line n’, the 
corresponding states are connected by the equation 

PVs constant! |) 2 ete. (1). 

The method of using the chart follows from the above descrip- 
tion, and specific examples would appear unnecessary. It may, 
however, be pointed out that by drawing the state-line for the 
beginning of an expansion, and inserting a pin where it intersects 
the proper index-line, the straight-edge may be revolved, keeping 
it always in contact with the pin, so that corresponding values of 
P and J, or of T and ¢, may be read off for all points on the ex- 
pansion-curve. 

It may also be remarked that, while the use of all the five scales 
together, P, V, T, é and n, is restricted to the case of 1 Ib. dry air, 
we may use the P, V and n scales together for any working sub- 
stance (e.g. for steam); to take a particular problem, if we know 
two pairs of corresponding values of P and V at two points of an 
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expansion, we can use the chart to find n, where an equation of the 
form PV” = C is assumed as an approximation to the expansion- 
curve. 

The principle on which the chart is constructed is as follows: 
A square of 18” side is taken*, and on the vertical sides logarith- 

mically divided scales are drawn, running, for convenience, from 
1 to 100 for the V scale, and from 3 to 300 for the P scalet. On 
the horizontal sides are drawn two identical “segmental scalest,”’ 
marked , that is, scales such that if A and B be their extremities, 
and C a point marked n’, 

AC a ey 2 CB mt SCTE (2). 

The points on these horizontal scales marked 1, and those 
marked 1-4, are joined, these lines carrying the scales marked 7' 
and ¢, respectively. 

Since the outer scales are logarithmic, the distances between 
points marked P’ and P” are proportional to log (P’/P"), and 
similarly for the pots V’ and V” on the V scale; hence, from the 
properties of the similar triangles formed by the state-lines P’V’ 
and P”V”, and the property (2) of the n scale, 

los(2UP \— nilor (V/V): 

or PV" = constant. 

Ifn = 1, PV = constant, and the expansion is zsothermal, hence 
the scale of temperatures must lie along the index-line n = 1; and 
since PV = RT, log T must be a linear function of log P and log V, 
so the 7 scale must also be a logarithmic scale, and it is found that 
the necessary scale is related to the P and V scales in the same way 
as the top to the bottom scale of an ordinary slide-rule. That is to 
say, the T scale has 100 divisions in the same space as 10 divisions 
of the outer scales. The zero of the T scale is fixed by considering 
the volume of 1 Ib. of dry air at T = 273 (zero Centigrade) and 
P = 14-7 Ibs./sq. in. (760 mm. of mercury). 

Finally, since 

@ = K, log, (P/P,) + K, log, (V/V), 

¢ is a linear function of log P and log V, whence the scale of ¢ on 
the chart is an evenly divided scale. It clearly lies along the index- 
line n = 1-4, since the adiabatic equation for airis PV!4 = constant; 
and two points on the scale can be fixed by calculation from the 
formula for 4, so that, the scale being an evenly divided one, it can 
now be easily completed. 

* The plate has been reduced from the original. 
+ The logarithmic scales to any modulus supplied as a supplement to Lipka’s 

Graphical and Mechanical Computation (Wiley and Sons) were used. 
t Echelle Segmentaire, M. D’Ocagne, Nomographie (Gauthier-Villars), p. 12. 
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The chart reproduced is on a reduced scale, but the original 
chart, on a square of 18” side, will give an accuracy about equal to 
that obtainable with a 10” slide-rule, using the top scales for T 
and ¢, and the bottom scales for P and V. The accuracy of the 
upper part of the T scale could be increased by making a per- 
spective projection of the whole chart, the upper part of the 7’ scale 
being in the foreground, the new chart so obtained being used in 
exactly the same way as the chart shown*. 

* M. D’Ocagne, loc. cit. pp. 1385-140, Transformation Homographique. g PP q 

Since this paper was communicated to the Society a very full discussion of pro- 
jective transformations of alignment charts has been published by R. Soreau, 
Nomographie, ou Traité des Abaques (Etienne Chiron), Tom. IT, chap. xv1, pp. 111— 
128. 
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The Automatic Synchronization of Triode Oscillators. By E. V. 
AppLeTON, M.A., St John’s College. 

| Recerved 24 August, 1922.] 

(1) The interaction of two triode oscillators presents certain 
problems which do not arise in the corresponding case of damped 
vibrators. These arise from the fact that the effective decrements 
of the oscillatory circuits are not constant, and thus the principle 
of superposition does not hold. A typical phenomenon of this kind 
is that recently described by Dr Vincent*, whose experiments 
showed that there must be certain definite phase relations between 
two interacting triode oscillators which are so adjusted as to be 
very nearly in resonance. In Dr Vincent’s paper no theoretical 
explanation of the experimental results was attempted, but in the 
subsequent discussion of the paper Prof. O. W. Richardson sug- 
gested that the theory might be analogous to the theory of anomalous 
dispersion. 

(2) In repeating Dr Vincent’s experiment and various others 
suggested by it, certain new phenomena have been observed which 
will be described below. An attempt is also made to account for 
the phenomena in terms of a theory of the triode oscillator which 
takes into account the variations in the triode conductances. 
Briefly, the main result of the work is that when the difference of 
the frequencies of two interacting triodes is less than a certain 
amount, automatic synchronization takes place, and the two 
oscillators vibrate with one frequency. The critical difference of 
frequencies is a perfectly definite and calculable amount. 

Examples of automatic synchronization have been previously 
met with in other branches of physics. Thus some early experi- 
ments made by the late Lord Rayleight on the interaction of two 
electrically maintained tuning forks fed by the same battery 
showed that, when the forks were nearly in unison, it was not 
possible to reduce the beat frequency indefinitely; in other words, 
automatic synchronization took place. A similar phenomenon{ was 
noticed with two nearly unisonant organ pipes driven from the same 
wind chest. The Lissajous’ figure representing the phase relation 
between the two forks was usually found to be an ellipse, but the 
fact that the resultant sound from the two organ pipes was prac- 
tically nil indicated a phase difference of 7. 

* Vineent, Proc. Phys. Soc. vol. xxxu, Part 2, p. 84. 
{+ Rayleigh, Collected Papers, vol. v, p. 369. 
{ Rayleigh, ibid. vol. 1, p. 409. 
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The experiment of Dr Vincent is thus really the triode analogue 
of the experiments of Lord Rayleigh, and his results are only to 
be explained by assuming that, if two oscillating triode systems 
are nearly in resonance, they vibrate with one frequency. In his 
experiments a third circuit, with crystal detector and galvanometer, 
was used to indicate the effect of bringing the two triode oscillators 
into resonance. It is difficult, however, to correlate the galvano- 
meter deflections with the phase relations of the two triodes, 
especially when the amplitudes of the latter are unequal, and thus 
in repeating this experiment I have used a cathode-ray oscillo- 
graph. The whole problem of the determination of the phase 
relations thus becomes a simple matter. For observations on two 
feebly coupled generators two arrangements were used. In one a 
special tube with two pairs of deflecting plates was used so that 
each triode activated a pair of plates. In the other arrangement 
electrostatic deflections were used for one triode and magnetic for 
the other. For experiments with strongly coupled generators 
magnetic deflections were often used for both circuits. 

(3) The most striking result of the oscillograph experiments is 
the definite proof of the fact of automatic synchronization. Thus, 
if the frequency of one of the interacting oscillators is gradually 
varied through the state of resonance, the beats indicated by the 
rapidly moving trace of the oscillograph stop before the point of 
resonance is reached, the pattern on the screen becoming quite 
steady and indicating a common frequency. Such automatic 
synchronization is always found between two mutually coupled 
triode oscillators, but from the point of view of mathematical 
analysis it is simpler to approach the problem by considering first 
the case in which the action between the two oscillators is in one 
direction only. Such an arrangement is represented by a high- 
power continuous-wave wireless station acting on a low power 
receiver in its vicinity. In such a case it is found that there is a 
very large “silent interval” of the receiver condenser between the 
two regions of audible combination tones. Thus Mr R. Cole has 
found for me that it is not possible to reduce the combination tone 
frequency to less than about 800 per second at a small receiving 
station three miles from the Croydon transmitter. Laboratory ex- 
periments made with the cathode-ray oscillograph, and with the 
power of the transmitter and the distance between the sets re- 
duced, have shown that definite phase relations exist between the 
currents and voltages of the two sets within the region of synchro- 
nization. These agree with the relations predicted from the non- 
linear theory, which will now be given. 

(4) We shall reduce the weaker oscillator to its simplest terms, 
and consider it as equivalent to an oscillatory circuit, the capacity 
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ot which is shunted by a conductor for which the relation between 
current 2, and potential difference v, may be written 

4=¢(v) = — av + Bo? + yo. 

Fig. 1 

Let us suppose that the electromotive force impressed on the 
coil (see Fig. 1) by the more powerful oscillator is V, where 

V — Ey sin Wy,t seeeee (1). 

As the expression of Kirchhoff’s laws for the circuit we have 

Ea ey a [ga-- 
dt 

t= + 2 = # (0). 
These equations lead to 

25 ; 
ae ae ++ ee) - a7 + Ri) = = Veer): 

Now in a practical case Ra is very small compared with v, and 
thus (2) reduces to 

dv» Rd ld ae 

where wy? has been written for = , and a substitution for V made 

from (1). We know from the nature of the problem that there will 
be, in general, a forced vibration of angular frequency w,, and also 
a free vibration of an unknown angular fr equency w. We thusadopt 
as trial solution v = a sin wt + b sin (w,t — 4), where both a and b 
are regarded as functions of the time ¢, but such that 

da b>> db 
di se dt’ 

* Cf. Appleton and van der Pol, Phil. Mag. vol. xuut, Jan. 1922. 

wa >> 
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and that = and Be are negligible. ¢ is an arbitrary phase con- 

stant. 
In considering terms involving v? and v3 we shall neglect higher 

harmonics and combination tones, and only retain terms involving 
the fundamental angular frequencies w and Oy. 

We thus have 
v= asin wt + b sin (wt — d) 

6 = i sin wt + aw cos wt + b sin (wt — A) | 

+ bw, cos (wt — dd) } ...(4). 
i = d sin wl + 2dw cos wt — aw sin wt + b sin (wt — 4) | 

+ 2hw, cos (wit — dh) — bw,? sin (at — ) 

Also, retaining only terms involving angular frequencies w, and 
w, we may write 

7% (v) = — aa sin wt — ab sin (w,t — ¢) 

+ 3y (a8 + 2ab?) sin wt + Zy (63 + 2ba?) sin (wt — ) ...(5). 

On substituting for v, %, ¥, and %(v) in (3), and equating the 
coefficients of sin wt, cos wt, sin (wt — d), cos (wt — d) separately 
to zero, we have, for stationary conditions 

& (Wy? — w7) = 0 (A) 

G- 5) a+ oe ge + 2ab7) = 0 (B) 

*S BS ans en i (8). 
R 3 3 2 Eon re (5 - ayaa Z a4 2ba?) = sin @ (D 

From these equations we may deduce various facts concerning 
automatic synchronization. From 6 4 we see that when a steady 
state has been reached, the free vibration, if it exists, will be of 
angular frequency wy. The question as to whether it will exist or 
not may be decided with the aid of 6 B, which may be written 

Gs 5b) a Sy Ny 
L Ga ONG 

We see from (7) that a sustained amplitude of frequency w, is 
only possible so long as the coefficient of a is negative. In the 
absence of the disturbing electromotive force due to the stronger 

EG 
the free vibration is given by 

set we know that, since (G- a is negative, the final amplitude of 
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If, however, the impressed electromotive force of angular 
frequency w, is so large, or (w, — w) so small, that 6? increases 
sufficiently to make the coefficient of a in (7) positive, the oscilla- 
tion of frequency w, 1s damped, and only a sustained oscillation 
of frequency w, is maintained. Thus we see that suppression of the 
free vibration must take place when 

be Seta A opie! Deihewe be 2h: (8) 
ober : 1 

or when the forced oscillation reaches an amplitude equal to = 

times the amplitude which would exist if the disturbing electro- 
motive force were absent. 

(It is necessary to note here that’we have considered the simplest 
type of triode oscillation characteristic, and that the theoretical 
results indicate that the limiting conditions for the starting and 
suppression of beats should be identical. But experiments* have 
shown that this simple type of characteristic is by no means always 
the one met with in practice. From the results of these experiments 
we should expect that for conditions represented by points distant 
from the centre of the triode characteristic a hysteresis effect would 
be evident. Actually such hysteresis is often found experimentally. 
It seems clear that such phenomena could be accounted for by 
considering an oscillation characteristic with the representative 
equation 7 = av — yv? + ev®. Such a theory is not attempted here, 
but the lines it may follow are obvious.) 

Equations 6 a, 6 B, 6 c and 6 D may be written more simply as 

a (wo? — w*) = 0 (A) 

— 4+ y, (a? + 2ab?) = 0 (B) 

B (wy” — w,") = Ew? cosh (C)} .«...- (9). 

2 
— a,b + y, (6? + 2a7b) = “ue sing (D) 

To illustrate these equations we may draw a graph showing the 
relation between a (amplitude of free vibration), 6 (amplitude of 
forced vibration), and the angular frequency w, of the impressed 
electromotive force. This is shown in Fig. 2. 

Here the limits of frequency change of w, between which syn- 
chronization or engagement takes place are shown by the points 
A and C. Point B indicates exact resonance, and AC represents 
what is often termed the “silent interval.” 

Within the range of synchronization there is a definite phase 
relation between the voltages of the two oscillators. From 9 ¢ we 

see at once that at resonance, when w,? — w,” is zero, ¢ is equal to ot 

* Appleton and van der Pol, loc. cit. 

a 
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A further consideration of the equations shows that within this 
interval ¢ changes rapidly with change of w,. Broadly speaking, 
when the mutual inductance between the coils of the two sets is 
positive, this is a change from ¢ = 0 when w, < a, to ¢ = 7 when 

TT 
@ > wo, passing through ¢ = 5 when w, = wy. These changes are 

exactly reversed when JM is negative. Actually, however, the 

— 0); @, =Wo 

Fig. 3 

theoretical results indicate that ¢ varies through a slightly greater 
range than this, becoming slightly less than 0 on one side of 
resonance and slightly larger than zw on the other. When the 
“silent interval” is large these changes may be followed and verified 
with the oscillograph. Thus in a typical case the Lissajous’ figure 
illustrating the phase relation between the synchronized oscillators 
varied with w,, as shown in Fig. 3. 
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In cases where the region of synchronization is small, however, 
the main effect observable is the change of phase from 0 to 7 as a, 
passes through resonance. The extent of the region of synchroniza- 
tion may be calculated as follows. On squaring 9c and 9 D and 
adding, we have, for conditions in which the free vibration is 
suppressed, 

BP (cog? — 094”)? + cay? (— ab + 16°)? = Eye," 

On substituting for the critical value of 6? from (8), we find that 
the critical value of distuning at which beats start and stop, is 
given by 

1 /2E 2027, a2 1 Low 
6w = Wy) — Wy, = 9 ce a im al miyowas jeoc(LKD)§ 

where a,” is equal to =2 , and a, is very small*. Thus the magnitude 
1 

of the silent interval is proportional to the impressed electromotive 
force, and inversely proportional to the free amplitude of the weaker 
oscillator. 

The formula (10) has been verified experimentally by Mr W. T. 
Gibson and the writer, and it has been found that the experimental 
results for a certain triode (M.O., Type L.T. 3) were in good agree- 
ment with the formula 

Sea = 0-72, Hoo, 
at 

These experiments provide the basis of an experimental method 
of measuring small alternating electromotive forces such as are 
obtained with strong continuous-wave wireless signals. The method 
consists in measuring the extent of the “silent interval” in an auto- 
heterodyne receiver of extremely small natural amplitude (e.g. of 
the order of 0-5 volt). If 26w is the range of synchronization as read 
off on the calibrated condenser, the signal electromotive force Ey 
is given by 

where a, is the amplitude of the oscillator in the absence of signals. 
Using this method it has been found possible to measure the E.M.¥. 
introduced in a small antenna system at Cambridge by signals sent 
from the Marconi station at North Weald. 

(5) In many practical cases, however, the disturbing E.M.F. is 
impressed (a) in the grid circuit of the triode, or (6) in the anode 
circuit, and not, as previously assumed, on the coil of the oscillatory 

* Tn all the experiments carried out the reaction coupling of the weaker oscillator 
was adjusted so as to be just greater than the critical value. 
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circuit. It is evident that synchronization can be produced in the 
first two mentioned cases as well as in the third. But a given E.M.F. 
will not be equally effective in the three cases. Thus an E.M.F. Kp, 
introduced in the grid circuit, will be equivalent to an E.M.F. Kp, 
introduced directly in the anode circuit, where « is the amplification 
factor of the triode. Also, for synchronization in cases (a) and (6) 
the phase relations as shown by the oscillograph indicate a change 

of ¢ from — = to + = within the region of synchronization. It will 

be seen that this is quite different from the case previously 
considered. 

As an example of this type of linkage we may investigate 
theoretically a case in which the disturbing E.M.F. is introduced 
ditectly in the anode circuit of the triode. Thus in our equivalent 
circuit we may imagine it introduced by means of a coil /, the 

Fig. 4 

reactance of which is considered small and negligible in comparison 
with the effective resistance of the triode (see Fig. 4). 

Let the electromotive force introduced in 1 be &, sin w,t, and 
let the potential difference between points a and 6 be v. Then, as 
before, the application of Kirchhofl’s laws leads to the fundamental 
differential equation 

CETERA DE UES Chem yn 5 
do” Dee eae fed 

= Hy (w_2 — w,”) sin at + Ey COS wyt 

where Wy — w, = dw, d = a and tan y = 8 od . 



Mr Appleton, Automatic synchronization of triode oscillators 239 

teed bw i : 
Now, since in a practical case —{ << 1, we may write this as 

2d 

do hd Id 4). 2,  Lphu, ; 
AB Edi * Odi 1 oo T ©08 ext a6 (174). 

The approximate solution of this equation proceeds on identical 
lines with that of (3), so that, if a solution of the form 

v=asinwt + bsin (wt — d) 

is assumed, the four equations* giving the relations for stationary 
conditions are as follows: 

a (wo? — w?) = 0 

—aa-+ y, (a? + 2ab?) = 0 

b (w,.2 — w?) = — aoe sin d 

— ab + y, (08 + 2a%b) = Hu cos d. 

It will readily be seen that these equations indicate phase angle 

changes — z +0 > , as observed experimentally, when the 

frequency w, is varied through resonance values. Also the critical 
value of distuning dw at which beats stop is given by 

1 ER 
V/2 Lay 

(6) We thus see that, in both of the cases considered, the 
critical difference of frequencies at which beats start and stop is 
proportional to the magnitude of the impressed electromotive force, 
and inversely proportional to the free undisturbed amplitude of the 
weaker oscillator. This result was most strikingly illustrated by an 
experiment in which the natural amplitude of one of the oscillators 
(set A) was varied from a very small to a very high value, while 
the amplitude of the other (set B) was maintained at a constant 
value. The magnitude of the silent interval 26m, measured as a 
capacity variation, was found to vary with the natural amplitude 
a of the set A as indicated in the graph of Fig. 5. It will be seen 
that at first the region of synchronization is approximately in- 
versely proportional to the value of a, so that here B may be 
regarded as driver and A as the driven set. When the amplitude a, 
is still further increased, so that the natural amplitude of A becomes 
larger than that of B, the roles of driver and driven are reversed 
and the region of synchronization becomes proportional to a. 

ow = 

* Compare equations 9 A, 9 B, 9 c and 9 pb. 
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dy (volts) 

Fig. 5 

(7) When the reaction from the weaker oscillator on the stronger 
is not negligible the problem is a little more complicated. Simple 
experiments, however, showed that in general the stronger oscillator 
caused the other to synchronize. But if the coupling between the 
coils of the two oscillatory circuits is greater than a certain critical 
value, a change is found in the phase relations between the two 
oscillators within the region of synchronization. These effects are 
to a certain extent analogous to the hysteresis phenomena observed 
in an ordinary triode assembly with two degrees of freedom, but 

Fig. 6 

in the present case the critical value of coupling is found to depend 
on the triode conductances as well as on the decrements of the 
oscillatory circuits. ; 

The experimental arrangement used in investigating these 
phenomena is shown in Fig. 6, the two triode assemblies (A and B) 

being connected to the two sets of oscillograph deflecting plates aa’ 
and bb’. The phase relation between the two oscillating voltages 
could thus be observed directly on the willemite screen of the 
oscillograph. 

The effect of turning condenser C, through the position of 
resonance was observed for different values of the filament current 



Mr Appleton, Automatic synchronization of triode oscillators 241 

in A. The effect of varying the coupling between L, and L, was also 
studied. The results are summarised below. 

(a) Filament of A cold. 

When C was swept through resonance position the phase angle 
7 : Ws 

underwent the change 0 > 5 > 7, being 5 exactly at resonance. 
— al 

As the coupling between LZ, and ZL, was increased the phase angle 
altered more rapidly near the point of resonance. For coupling 
greater than a certain critical amount irreversible discontinuities 
in phase and frequency were found. The critical value of coupling 
was found to depend only on the decrement of the oscillatory 
circuit L,C;. 

(b) Filament of A hot, but set A not oscillating. 

Here the same type of phenomena was observed, but the critical 
value of coupling was much less. 

(c) Filament of A hot, and set A oscillating. 

When the coupling between LZ, and L, was small, heterodyne 
combination tones were observed on each side of resonance as C, 
was increased, and the usual range of synchronization observed. 

The phase variation 0 — = — 7 was now crowded within the silent 

region of condenser Cj. 
When the coupling between LZ, and L, was increased the 

critical value of coupling was reached and the discontinuities of 
phase and frequency occurred within the range of synchronization. 
The critical value of coupling was found to be much less than in 
cases (a) and (6). 

(8) The results of the last paragraph are readily explained if 
we utilise the results previously obtained. Within the range of 
synchronization the weaker set A may be regarded as an ordinary 
secondary circuit of set B, but having a decrement totally different 
from its natural value. Thus, within the region of synchronization 
we may regard the weaker triode as a simple secondary circuit of 
considerably reduced decrement, or, alternatively, one may regard 
a simple secondary circuit without triode as a synchronized circuit 
with infinite range of synchronization. 

If we regard the weaker triode in an oscillating condition as a 
secondary circuit of the stronger oscillator, it is of interest to in- 
vestigate how the effective decrement of this circuit varies with 
filament current, retroaction, anode potential, etc. This has been 
done by two methods, (a) and (b), but since the second method is 
much more reliable and accurate than the first the numerical 
results obtained in the latter case only will be given. 

VOL, XXI, PART III. : 16 
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In method (a) use is made of the fact that the critical value of 
the coupling coefficient « for the production of discontinuities is 

2 
given by x2 = = , where 6 is the secondary damping coefficient. 

Thus, by increasing the coupling between sets A and B until the 
frequency discontinuities were heard on a third auto-heterodyne set 
some metres away, the variation of « with the electrical variables 
of the set A was studied. The results obtained showed that the 
stronger the oscillation of the weaker set in the absence of any dis- 
turbing effect, the smaller the effective decrement possessed by its 
circuit when it had been synchronized by the stronger. 

In method (6) use was made of the resonance curve obtained 
for a feeble triode oscillator when the frequency of a loosely coupled 

(2) 

O 400 800 1200 1600 

powerful transmitter was varied through resonance. The amplitude 
of the weaker oscillator was measured with a voltmeter made up 
as suggested by Moullin*. The resonance curve in a typical case is 
shown in Fig. 7 where the square of the oscillatory potential is 
exhibited as a function of the transmitter condenser readings. 

The region AC corresponds to the range of synchronization, and 
it is evident that for a given value of oscillatory E.M.F. induced 
in the receiver by the transmitter, the effective decrement of the 
former is inversely proportional to the maximum amplitude at- 
tained by it at resonance. 

(It may also be noticed in passing that the non-linear theory 

* Wireless World and Radio Review, vol. x, No. 1, April 1, 1922. 

| 
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as illustrated by Fig. 2 in particular, predicts a resonance curve 
of the type given above.) 

Experiments were carried out using an impressed E.M.F. which 
produced a maximum amplitude of 0-1 volt in the receiver circuit 
when retroaction was negligible. Maximum amplitudes were then 
found for different values of retroaction, the natural amplitudes 
of the receiver in the absence of the disturbing E.M.F. being also 
measured. These are tabulated below, the ratio of the effective 
decrement to the natural decrement being also given. 

Natural amplitude | Forced amplitude at | Effective decrement 
dy in volts resonance (volts) Natural decrement 

0 0-1 1-0 
0-42 0-71 0-14 
0-62 0-87 0-115 
0-78 0-95 0-105 
0-93 1-07 0-094 
1-07 lel 7/ 0-085 
1-20 1-31 0-076 
1-34 1-46 0-068 

These figures illustrate the fact that as the natural amplitude 
of the weaker oscillator is increased, the effective decrement of the 
circuit when synchronized by a stronger oscillator decreases, and 
thus the critical mutual induction at which phase discontinuities 
occur becomes smaller. This is in agreement with the results of 
method (a) mentioned above. 

Another interesting result can be obtained from the figures of 
the above table. It will be seen that the increase in amplitude 
caused by a given E.M.F. decreases as the natural amplitude of the 
oscillator increases. This may be shown to be a direct consequence 
of the non-linear theory previously given, for if we solve equation 9 D 
approximately for resonance conditions we find that when w, = wp, 

Eww 
b =a i 

max a 2A"? 

where a is the amplitude existing in the weaker oscillator in the 
absence of the stronger. The equation indicates that the increase 
in amplitude produced at resonance by an external £.M.F. is smaller 
the greater the natural amplitude of the oscillator. 

(9) We are now in a position to explain the experiment of 
Vincent on the interaction of two oscillating triodes. In this ex- 
periment the frequency of one oscillator is varied through resonance, 
the effect being observed in a third indicator circuit acted on by 

16—2 
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both oscillators. Remarkable alterations of amplitude are found 
in the indicator circuit when the two oscillators are nearly in 
resonance. These are a direct result of the synchronization of the 
two oscillators, and in particular of the special phase relations 
which exist between the two synchronized sets. The results in a 
typical case may be illustrated by Fig. 8, in which the galvanometer 
deflection of the detector circuit is plotted as a function of the 
condenser reading of one of the triodes. 

20 

Galvanometer (Scale Divisions) 
0 - 
450 500 550 600 650 700 750 

Capacity (uu F.) 

Fig. 8 

The rapid change of the phase difference 7 — a + 0 within the 

region of synchronization is indicated by the rapid rise in the value 
of the detector current between the points C and D. 

Since Vincent used a positive mutual inductance between the 
coils of the two oscillators, the phase difference of the sets should, 
according to the theory given above, vary from 0 to z as the 
frequency of the stronger set 1s varied through resonance. The 
curves shown in Vincent’s paper, interpreted as suggested above, 
actually indicate such a variation*. 

We are now in a position to state exactly the conditions 
necessary to obtain detector current curves of the type shown in 
the last figure. If the linkage between the oscillatory circuit coil 
of one set and the grid coil of the other is very large, we see from 
the preceding theory that the phase relations between the two sets 

within the region of synchronization, will be of the type — + +0 +5 

instead of 0 — = +7, giving rise to quite different effects in the 

* The phase discontinuities observed with close coupling appear to have been 
overlooked by Vincent. 
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detector circuit. A comparison of the results previously obtained 
shows that, for the curve to be of the type obtained by Vincent, 

we must have «kW, << “2h M,, where « is the amplification factor 

of the weaker triode, and WM, and M, the mutual inductances 
between the anode coil of the stronger set and the grid and anode 
coils respectively of the weaker set. 

(10) The experiments described above were all carried out with 
oscillators of radio-frequency, and thus the beats outside the region 

of synchronization could not be followed visually on the screen of 
the oscillograph. Further experiments were therefore made using 
low-frequency oscillators, so that the phenomena near the con- 
ditions of synchronization could be studied more closely. 

In the tuning-fork experiments of Rayleigh previously men- 
tioned*, it was found that the beats of two forks with mutual 
influence were of a very curious type, the amplitude increasing 
slowly and decreasing rapidly during a beat cycle. Similar pheno- 
mena are observed with two interacting triodes of low frequency, 
but since in this case it is possible to control and vary the conditions 
more easily than with tuning-forks, it has been found possible to 
investigate the effect a little more in detail. 

Let us first consider two triode oscillators, A and B, with no 
mutual influence. If n, and vg are the natural frequencies of the 
two systems, beats of frequency (n, — n,) may be detected in a third 
circuit very loosely coupled to both. If, however, there is appreci- 
able mutual influence between A and B the result is quite different, 
in that the beat frequency may be appreciably less than n, — ng. 
The effect is due to the tendency to synchronize, and, as one would 
expect, is most marked when the difference of frequencies is small. 
As we have seen previously there is a definite range of synchroniza- 
tion when the natural frequency of one system is varied through 
resonance. If the frequency of the stronger oscillator is increased, 
and the coupling is positive, the phase difference changes from 
0 to z within the region of synchronization. 

Let us consider for a moment the beats produced when the 
difference of frequencies is just greater than the critical difference 
required for synchronization. During the beat cycle the phase 
difference between the two oscillators varies, so that there is one 
part of the cycle when the conditions are favourable for synchroni- 
zation. It is found, from oscillographic experiments, that the 
oscillators tend to maintain this particular phase relation longer 
than any other. Thus, in the example quoted above, when the 
frequency of the stronger oscillator is increased until the beats are 
on the verge of ceasing, the conditions are most favourable when 

* Rayleigh, Collected Papers, vol. v, p. 369. 
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the sets are in phase (¢ = 0). Thus the part of the beat cycle in 
which the sets are in phase is prolonged. On the other hand, when 
the frequency is still further increased so that the beats just start 
again, the condition favourable for synchronization is that ‘in 
which the sets are in anti-phase (¢ = 7). 

It will readily be seen that the above effects tend, in both cases, 
to lengthen the beat period, and so decrease the number of beats 
per second. We thus have, as it were, an attraction of frequencies 
which is specially marked when the difference of frequencies is 
small. The “attraction” is also more marked the greater the mutual 
linkage, and thus may be contrasted with the ordinary “repulsion” 
of frequencies which occurs in the corresponding case of damped 
vibrators when the mutual influence is increased. 

Beat frequency 

Condenser Readings 

Fig. 9 

(11) In investigating this particular point experiments were 
carried out with two low frequency oscillators with frequencies of 
approximately 400 per second. The beats were so slow that they 
could be counted by ear, and thus the beat frequency was directly 
measurable. The beat frequency is exhibited in Fig. 9 as a function 
of the readings of a small tuning condenser included in parallel with 
one large condenser of one of the oscillatory circuits. If no synchro- 
nization effects are contemplated the theoretical change of beat 
frequency with capacity is indicated by the dotted lines. The con- 
tinuous lines are drawn through the experimental values. 

We thus see that although the calculated and experimental 
values agree when the beat frequency is large the experimental 
values are always less than the calculated just outside the synchro- 
nization interval AB. 
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This result appears to be of importance in view of the fact that 
-in many recent experiments the change of beat note frequency is 
taken as indication of capacity variation, a linear law being as- 
sumed, as suggested by the simple theory. We see that such a law 
is by no means justified unless the beat note frequency is high, and 
the conditions such that there is little or no tendency to synchronize. 
Thus the two oscillators should be coupled as loosely as possible. 

I am indebted to Mr W. T. Gibson for most valuable assistance 
in the experimental work, and to Dr B. van der Pol for many 
helpful suggestions. 

APPENDIX. 

Note on the solution of equation (3). 

I am indebted to Mr W. M. H. Greaves, of St John’s College, for 
the following alternative solution of equation (3). 

We may first write it as 

d?v 9, dv has 
IP + (— a + 4y,0") Fi + wy*v = Ew," sin w,t ...(1 @), 

where, as before 

a ees a = a) Nag (een 
ENT C(O FO aaa Oe 

If we neglect the small quantities a, and y,, the equation becomes 

Vv : 
Pi 2 ip + wy?v = Eyw” sin wt, 

d 

in which case the solution is 
E,w2  . 

Vv = & COS (wt + B) + —5 neu gf SINGS) asnisk (2 a). 
CO ae CO 

To obtain a better approximation we shall substitute for v in 
the term 4y,v7 in (1 a). Thus, from (2 a) we have 

aya 

OMe: 

2a 4 
Ey 

=a 2 
(wa — @,") 

Since (w,? — w,”)? is small we shall retain only the term 
Bid 

Ey Wo 
2 2)2 

(wo" — 4°) 

in the expression for v? and neglect the other terms which are small 
in comparison. We thus have 

a7 ye 1 Er wo! 

2 (w9” = w,") 

sin? w,t 

oo 5 (1 — cos 2w,t). 
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Hence — & + 4y,v? =A — pcos 2u,t 
AD 2.) 4 

where = en 
(wo — a”) \ (4a) 

Ee) = ee bi _ ben i (2 — w,2) 

On substituting in (1 @) we have 

d*v dv 
72 + (A — p cos 2a,t) i 

The solution of this equation is 

+ wv = Eyw,? sin wt ...(5 a). 

NDR ie 1 E,a,2w 
v = Avy, + Buy + ae wo? sin wyt + (—A+ 5 p) (wo? — o2)? COS wf 

where A and B are arbitrary constants, and where 

1 wo KB wi Jl : yg Oe ENE 2 Va TR eee € 2 (w, + Wp) sin (2w, — wp) t 

] : 
a 5 (wy — w) sin (2a, + wp) fr 

and 

», = Lo [pt mint {| + aw») COS (2w, — wp) t 
oA t= wet (2 gia ace 

1 
ao (wp — @ 1) COS (2a, + ap) i : 

It will be seen that, according to this solution, two frequencies 
are present in the system only when A is negative, so that the 
critical condition for the suppression of beats is that A should be 
zero. When this is the case we have from (4 a) 

_E 

Se, 
or ay — = 8a = TE, 

0 

which is exactly the result obtained previously (see p. 237). 
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On the geometrical theory of apolar quadrics. By H. G. TELLING. 
(Communicated by Professor H. F. Baker.) 

[Read 15 May, recewed 31 July, 1922.] 

The theory of apolar quadrics has already been considered in 
general by Reye in his paper “ Uber lineare Systeme und Gewebe 
von Flichen zweiten Grades*,” but the treatment is only partially 
geometrical, and assumes the representation of quadrics by their 
equations. Some parts of the theory may be obtained more readily 
by analytical methods; these, however, do not put in evidence the 
details of the relations between apolar quadrics. The geometrical 
theory introduces self conjugate hexads, which are defined by six 
points such that the plane through any three is conjugate to the 
plane through the remaining three; it also introduces self conjugate 
pentads, consisting of five points such that the line joing any two 
contains the pole of the plane containing the remaining three; and 
self polar tetrads for which each of the four points is the pole otf 
the plane containing the other three. The polarity, in every case, 
is taken with respect to a fundamental quadric envelope, 2; and 
a quadric surface S is said to be outpolar to & when a hexad can 
be inscribed in S self conjugate with respect to &. This condition 
will be shown to be equivalent to that which may be stated in 
terms of a self polar tetrahedron. The quadric envelope = is said 
to be inpolar to the quadric locus S, when S satisfies the above 
conditions. Thus, the self conjugate pentads and hexads may seem 
unnecessary, but they are more general than the self polar tetrads 
and add to the completeness and symmetry of the theory. Such 
pentads and hexads have been considered by Reye in his paper 
“Uber Polfiinfecke und Polsechsecke raumlicher Polarsystemef. ”’ 
The self conjugate hexad is analogous to the self conjugate quad- 
rangle in the theory of apolar conics: a degenerate form of quadric 
outpolar with respect to X is a pair of planes conjugate with respect 
to X, opposite faces of a self conjugate hexad; while, for the theory 
in the plane, a degenerate conic outpolar to a given conic is deter- 
mined by a pair of conjugate lines, opposite sides of a self conjugate 
quadrangle. 

As an intermediary step to the establishment of the properties 
of quadrics passing through the points of self conjugate hexads and 
the general theorem that any quadric through the intersection of 
two quadrics which are outpolar to &, is itself outpolar to &, the 
properties of twisted cubics passing through the vertices of self 
conjugate hexads are considered. Such cubic curves are said to be 

* Crelle, 1874, vol. 77, pp. 269-288. } Ibid., 1877, vol. 82, §3. 
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outpolar to &. In particular, a cubic curve, containing self polar 
tetrahedra with respect to &, will be shown to be outpolar to &, 
while the cubic developable, known to exist, containing the faces 
of these tetrahedra, is inpolar to & considered as a point locus. In 
this case the cubic curve may be said to be outpolar to the cubic 
developable. Thus the theory of apolar cubics may be included in 
the theory of apolar quadrics. It is shown that 

(i) Ifa twisted cubic be such that a self conjugate hexad, with 
respect to X, may be described therein, then an infinite number of 
such hexads may be described therein. 

(ii) If a twisted cubic be such that a self polar tetrahedron can 
be described therein, then an infinite number of such tetrahedra, 
also, of self conjugate pentads and hexads, may be described therein. 

(iii) If a twisted cubic be such that a self conjugate hexad can 
be described therein, then self conjugate pentads and self polar 
tetrads may be described therein. 

Similar propositions are shown to be true in the case of quadrics. 
For the proof of the above propositions the consideration of a 
certain property of a tetrahedron is necessary. As in the case of 
apolar conics, the theorem that given three vertices of a triangle, 
the lines joing each vertex to the pole of the opposite side meet 
in a point, is fundamental, so here, the proposition, that, in general, 
the lines joining the vertices of a tetrahedron to the poles of the 
opposite faces are generators of a regulus, is first considered. A 
proof is also required of the theorem, that three quartic curves, of 
the kind given by the intersection of two quadrics, which have 
seven points In common, have also an eighth. For the present 
purposes it is required that two of these quartic curves should each 
be degenerate, consisting of a twisted cubic and a chord thereof. 

1. Preliminary theorems. 
(a) Ifa tetrahedron ABCD be such that no two opposite edges 

are conjugate, then the joins of the vertices to the poles A’, B’, C’. 
D’, of the faces BCD, CAD, ABD, ABC respectively, in regard to a 
quadric &, are generators of one regulus of a quadric. 
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For, consider a section of the figure by the plane A’B’C’; let 
this meet DA, DB, DC, respectively, in A,, B,, C,; the lines B,C,, 

- C,A,, A,B, are then the poles of A’, B’, C’, respectively, in regard 
to the conic section of & by the plane A’B’C’. Thus, by a theorem 
of plane geometry, the lines A’A,, B’B,, C’C, meet in a point O. 
Hence, since the points A’, A, A,, Darein one plane withO, DO meets 
AA’; similarly DO meets BB’ and CC’; it also meets DD’ at D. 
There is, similarly, a line through each of A, B, C meeting all of 
AA’, BB’, CC’, DD’. These lines are therefore met by more than 
two transversals, and are thus generators of a quadric. These 
generators will be said to belong to the first system of a quadric 
6(A, B, C, D), and their transversals, DO, etc., to the second 

system. 
It may be noted, that if the line BC is conjugate to AD, so that 

the line B’C’, which is the polar of AD, meets BC, then the pole of 
the plane B, C, B’, C’, through B’C’, lies on AD; as this plane 
contains BC, this pole equally lies on A’D’; thus A’D’ meets AD 
and AD is conjugate to BC. Thus, of the four lines 4A’, BB’, CC’, 
DD’, the two BB’, CC’ lie in a plane, and the two AA’, DD’ lie 
in a plane when BC is conjugate to AD; the quadric ¢ (A, B, C, D) 
is then replaced by these two planes. 

Finally, if two pairs of edges AC, BD; AB, CD of the tetrahedron 
ABCD be conjugate, A’C’ meets AC, B’D’ meets BD and A'B' 

Fig. 2 

meets AB, C’D’ meets CD, in points, L, N, M, K, respectively. 
The polars of the points A’, B’, C’, with respect to the conic section 
of & in the plane A’B’C’, are the lines in which the planes DBC, 
DCA, DAB, respectively, meet the plane A’B’C’; the intersections 
of these with B’C’, C’A’, A’B’, respectively, thus lie on a line. 
That is, the lines LM, B’C’ meet on the plane DBC in a point, 
which is therefore on BC. Similarly, AN, B’C’ meet on BC; and 
in particular the joins BC and AD are conjugate. Similarly the 
lines LK, MN, A’D’ meet on AD, and the lines 4A’, BB’, CC’, DD’ 
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meet in a point, #. The whole figure may be denoted by indices of 
configuration 15 (-46) 20 (3-3) 15 (64-), which represent the figure of 
two tetrads in perspective, corresponding joins meeting in six points 
K, L, M, N, R, S lying on four lines forming a plane quadrilateral. 

We may then state the result. If two pairs of opposite joins of 
four points in space are conjugate lines with respect to a quadric, 
the third pair also consists of two conjugate lines, and the poles 
of the planes containing triads of the four points are four points in 
perspective with the original four. The quadric ¢ (A, B, C, D) is in 
this case a degenerate point pair, with coincident points, deter- 
mined by all the lines through the centre of perspective. A very 

K Ce D’ 
Fig. 3 

particular case is that if two pairs of opposite edges of a tetrahedron 
be at right angles so is the third pair; such a tetrahedron has an 
orthocentre. 

(b) If A, B, C be three points and A’, B’, C’ three other points, 
not lying in the plane 4 BC, and such that the points, in which the 
polar lines of BC, CA, AB meet the plane A’B’C’, are in perspective 
with A’, B’, C’, respectively, then the points in which the polar 
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lines of B’C’, C’A’, A’B’ meet the plane ABC are in perspective 
with A, B, C. 

Two triads of points A, B, C; L, M, N, in one plane, are said 
to be in perspective when the lines AL, BM, CN meet in a point, 
and the points (BC, MN), (CA, NL), (AB, LM) lie in a line. 
Similarly, if @, 8, y and A, p, v are two triads of planes all meeting 
in a point O, these triads are said to be in perspective when the 
lines (aA), (Bp), (yv) lie in a plane through O, or the planes (fy, pv), 
(ya, SS, (a, i) meet in a line. The section of two such triads of 
planes, by a plane not passing through O, is two triads of lines in 
perspective. For the present purpose, let O be the pole of the plane 
ABC. The polar lines of BC, CA, AB are three lines through O; 
thus, if a, 6, y be the planes joining these polar lines to A’, B’, C’, 
respectively, then, by the hypothesis made, a, 6, y meet in a line 

Fig. 4 

through O. If the polar planes of A’, B’, C’ meet the lines BC, CA, 
AB respectively in P, Y, f, these last points will be the poles of 
the planes joining A’ to the polar line of BC, etc., that is, of the 
planes a, 6, y. Hence the points P, Q, F# are in line. Thus the polar 
planes of A’, B’, C’ meet the plane ABC in three lines which are in 
perspective with BC, CA, AB. The polar planes of B’, C’, however, 
intersect in the polar line of B’C’. The three polar lines of B’C’, 
C’A’, A’B’ thus meet the plane ABC in points which are in per- 
spective with A, B, C. 

Finally, if two points D, D’ be such that the polar lines of lines 
DA, DB, DC, through D, be joined by planes to the point D’ and 
the planes be in perspective with three given planes D’B’(’, 
D'C'A’, D'A’B’, through D’, then the planes joining D to the polar 
lines of D’A’, D’B’, D’C’ are in perspective with the planes DBC, 
DCA, DAB. 

(c) On a cubic curve in space, of which /, m are two chords, 
if A, B be two points such that the planes 1A, mB are conjugate, 
with respect to a quadric, and also the planes 1B, mA conjugate, 
then two points P, Q of the cubic such that the planes /P, mQ are 
conjugate are also such that /Q, mP are conjugate. 

For, if a variable plane through / meet the curve in R, and the 
conjugate plane through m meet the curve in S, the range of points 
S is related to the range of poimts R; it will not then generally 
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happen that when R is at S, also S is at RK; but if it do so happen 
for one corresponding pair of positions, A and B, of & and S, as 
we have supposed, then it will also happen for every pair, in 
particular for the positions P. Y, as we desired to prove. In this 
case the pairs of points R, S form an involution on the curve. 

2. It is now possible to consider the construction, upon a 
quadric or upon a twisted cubic curve, of self polar tetrads, and of 
self conjugate pentads and hexads, with respect to the fundamental 
quadric envelope 2. , 

First consider the construction of any self conjugate pentad. It 
is clear that a particular form of such a pentad consists of a self 
polar tetrad together with an arbitrary point #. Further. mA Bw 
C, D, E be any self conjugate pentad, the polar line of BC, being 
in the plane ADE by definition, meets AD, so that every pair of 
opposite joins of the four points A, B, C, Dis a pair of conjugate lines; 
moreover, the pole of the plane ABC being in DE, and so on, # may 
be defined as the point of intersection of the lines 44’, BB’, CC’, 
DD’, using the notation of § 1. Conversely, if A, B, C, D be four 
points such that two, and in fact three, pairs of their opposite jos 
be pairs of conjugate lines, the point of meeting of the lines 44’, 
BB’, CC’, DD’ forms with A, B, C, D a self conjugate pentad. It 

is the case also that if A, B, C, D; A’, B’, C’, D’ be two tetrads in 
perspective from a point £, there is a quadric for which A’, B’,C’, D’ 
are the poles respectively of the planes BUD, CAD, ABD, ABC; 
ABCDE then form a self conjugate pentad with respect to this 
quadric. 

A particular form of self conjugate hexad obviously consists of 
a self conjugate pentad and an arbitrary point F. Conversely, if 

ABCDEF be a self conjugate hexad such that the pole of the 
plane ABC lies in the line EF, say at D’, then it can be shown 
that ABCEF is a self conjugate pentad, and it then follows that 
ABCD,EF form a self conjugate hexad when D, is any point what- 

ever. For, since EF contains the pole of ABC, the pole of EFC lies 

in ABC, and since ABCDEF is a self conjugate hexad the pole of 

EFC lies in the opposite face ABD. It follows that AB contains 

the pole of EFC; similarly, BC, CA contain the poles of HFA, FB 
respectively. Moreover, the pole of HBF lies in ACE since it lies 

in AC, and that of DBF in ACE for a self conjugate hexad, so that 

BF contains the pole of ACE. Similarly, the poles of CAF, BCP, 
ABF, BCE, ABE lie on the lines BE, AH, CH, AF, CF respectively. 

Then ABCEF is a self conjugate pentad. 
The construction of a general self conjugate hexad 4, B, C, D, E, 

F will be shown to be such that four vertices A, B, C, D may be 
chosen arbitrarily and the fifth an arbitrary point of the quadric de- 

noted by¢ (A, B, C, D); the sixth is then determined. In this general 
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case it is assumed that no pair of opposite joins of A, B, C, D con- 
sists of conjugate lines with respect to &. Then as DEF contains D’, 
the pole of ABC, EF meets DD’. Similarly it meets 4A’, BB’, CC’, 
generators of the first system of ¢ (A, B, C, D); it is thus a generator 
of the second system of ¢ (A, B,C, D). Thus given A BCD, construct 
(A, B,C, D), and thereon take any point # and from this draw the 
eenerator of ¢ (A, B, C, D) of the second system. A cubic can be 
drawn through A, B, C, D, EK and meet the generators of the second 
system each in two points; such a cubic will le entirely on 

(A, B, C, D). It will meet the generator of the second system 
through # ina further point F. It will be shown that ABCDEF isa 
self conjugate hexad, and incidentally, that this is the only position 
for F, when A, B, C, D, E are given. 

First consider the quadric ¢ (A, B, C, FE) when EF lies on 
(A, B, C, D); the quadric (A, B, C, £) will be shown to contain D, 
end the generator of the second system of 4 (A, B, C, D), which 
passes through D’. Let A,, B,, C, be respectively the poles of the 
planes BCE,CAE, ABE. The three points D’, A’, A,, being the poles 
of the planes BCA, BCD, BCE respectively, which planes meet in a 
line BC, are collinear, and any line through D’ which meets 4 A’ will 
also meet AA,. The generator of ¢ (A, B, C, D) which passes through 
D’ is a line meeting AA’, BB’, CC’; it thus meets AA,, BB,, CC; 
hence it is equally a generator of ¢ (A, B, C, E). To prove that the 
surface ¢ (A, B, C, £) contains D, note that the planes HAA’, EBB’, 
ECC’ meet in a line, namely the generator through & which meets 
AA’, BB’, CC’ of the surface ¢ (A, B,C, D). But B’C’, 0'A’, A’B’ 
are the polar lines of DA, DB, DC respectively. Thus there are two 
triads of planes DBC, DCA, DAB and EBC, ECA, EAB through 
D, E respectively; the planes HB’C’, EC’A’, EA’B' drawn from E 
to the polars of DA, DB, DC respectively are in perspective with 
the planes EBC, ECA, HAB. Therefore as a particular case of the 
proposition of § 1, the planes DB,C,, DC,A,, DA,B, drawn from 
) tc the polars of HA, EB, EC are in perspective with the planes 
DBC, DCA, DAB; that is, the planes DAA,, DBB,, DCC, meet 
in a line, so that a line can be drawn from D to meet AAJ BB, 

» CC;, and D must be on the quadric ¢ (A, B, C, E). 
The quadrics f(A, B,C, D),4(A, B,C, £) havea generator through 

D’ in common and therefore meet in a cubic curve in space meeting 
the generators of the system other than that containing DD’ in two 
points. This cubic curve thus passes through 4, B, C, D, E and meets 
the generator of the second system through EF of 6 (A, B,C, D)ina 
second point #’, which is therefore also a point of the quadric 
6 (A, B, C, £), so that # and F are the points in which the line BF 
meets ¢ (A, B, C, LZ). The points A, B, C, D, E, F can now be shown 
to form a self conjugate hexad: for, as 4A’ meets EF, the point A’ 
lies in the plane HF'A, and the planes BCD, EFA are conjugate! 
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similarly, the planes CAD, EFB; ABD, EFC; and ABC, EFD, are 
pairs of conjugate planes. Moreover, since HF meets DD’, it follows 
that FDismet by ED’, whichis a generator of $( (A, B,C, B), by defini- 
tion of the quadric, so that FD contains three points of $( (A, B,C, E) 
and is therefore a generator of this quadric. Hence FD meets the 
lines AA,, BB,,C Ox Thus A, isin the plane FDA so that the planes 
BCE, FDA are conjugate. By a similar argument the planes FBD, 
FCD are conjugate to the planes CAE and ABE respectively. The 
determination of # from £ might moreover have been replaced by the 
determination of # from F, in which case the quadric ¢ (A, B, C, F) 
would have been considered, and since for FH on ¢ (A, B,C, D) we have 
shown that Dis on ¢(A, B,C, £), so for F on ¢ (A, B,C, D), D must 
heon ¢(A, B,C, F), and further the generator of 6(A, B, C, D) through 
D’' meeting AA’, BB’, CC’ has been shown to lie on ¢ (A, B, C, EF); it 
will therefore lie on ¢ (A, B, C, F) and the cubic common to 
(A, B, C, D), ¢ (A, B, C, F) passes through ABCDF and, being on 
¢ (A, B, C, D) and of the kind which meets the generators of the 
second system each twice, it is identified with the cubic curve 
common to ¢ (A, B, C, D), 6 (A, B, C, EZ). Thence, as above, the 
planes EDA, EDB, EDC are respectively conjugate to the planes 
BCF, CAF, ABF. The ten conditions, which are to be satisfied if 
ABCDEEF is to be a self conjugate hexad, are now verified. 

3. Ifa self polar tetrad of points, in regard to the fundamental 
quadric &, exists in a twisted cubic curve, other such tetrads can 
be constructed. 

For, let E, F, G, H be such a tetrad and D an ULE point 
of the curve; let the polar plane of D, with respect to X, meet the 
curve in A, B, C. The planes joining EF and BC to G and H are such 
that not only is EFG conjugate to BCH, but also EFH is conjugate 
to BCG. Further, EFD is conjugate to BCA, whose pole is at D. 
Hence, by a remark (c) of § 1, the plane EFA is conjugate to 
BCD, so that the pole of BCD lies in the plane HFA; but since 
EFGH is a self polar tetrad it follows similarly that the pole of 
BCD is in every one of the six planes joining A to the joins of 
EFGH. Thus A is the pole of BCD; similarly B is the pole of the 
plane CAD and C is the pole of ABD, so that ABCD is a self polar 
tetrad. 

4. If a self polar tetrad of points #, F, G, H exists on a cubic 
curve in space, a self conjugate hexad of points of the cubic can 
be found. 

For, such a hexad is formed in fact by any two points of the 
curve together with the four given points; but such a hexad is not 
general in form since the quadric ¢ (£, F, G, H) is indeterminate. A 
more general self conjugate hexad can be formed by taking any 
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point D of the curve and by drawing from it the transversal meeting 
both the lines HF and GH, which is also the intersection of the 
planes DEF and DGH. Then take D’ any point of this transversal 
and let the polar plane of D’, with respect to X, meet the cubic in 
A, B, C. The points A, B, C, D, HE, F can be shown to form a self 
conjugate hexad. For, as H is the pole of the plane HFG, the planes 
EFG, BCH are conjugate as in § 3 as Gis the pole of EFH, and the 
planes HFH, BCG are also conjugate. The planes HFD, BCA are 
also conjugate since the pole D’ of the latter plane lies on the 
plane EFD. Thus, by the remark (c) made in § 1, the planes HFA 
and BCD are conjugate. The pole A’ of the plane BCD thus lies on 
the plane EFA, so that HF meets the line AA’. Ina similar way, 
if B’ and C’ be the poles of the planes CAD and ABD respectively, 
the line EF meets the lines BB’ and CC’. It appears that the 
quadric ¢ (A, B, C, D) does not degenerate and HF is, by what we 
have seen, a generator of this. Similarly, GH is also a generator of 
this quadric. The quadric thus contains eight points ABCDEFGH 
of the cubic curve, and therefore contains the curve completely. 
The curve is therefore identified with that of the general theory, 
through A BCDE, lying on ¢ (A, B, C, D), and F may be determined 
from £ as in that theory. Hence ABCDEF isa self conjugate 
hexad, of points of the cubic curve. 

5. Ifa self conjugate hexad of points exists on a cubic curve in 
space there exist in the cubic both self polar tetrads and other self 
conjugate hexads. 

For, if A, B, C, D, E, F be a self conjugate hexad of points of 
the cubic curve it follows from the general theory that # and F 
must be on the quadric ¢ (A, B,C, D), and the line EF bea generator 
thereof; similarly, D and F must be on the quadric ¢ (A, B, C, E), 
the lme DF being a generator of this. These quadrics, as before, 
intersect in a line, and in a cubic curve which passes through 
A, B, C, D, E, F, and this is thus identified with the given cubic 
curve. A further, arbitrary point, #’, may be taken on this cubic, 
which therefore lies on ¢ (A, B, C, D), and the generator of the 
second system of ¢ (A, B, C, D), through EL’, meets the cubic again 
in a point F” such that ABCDE’ F’ form a self conjugate hexad. By 
repetition of this process a self conjugate hexad can be found on 
the cubic for which five points may be chosen arbitrarily. In 
particular any two conjugate planes meet the cubic in points of 
a self conjugate hexad. From § 4, it follows that this last statement 
is also true when a self polar tetrad of points exists in the cubic 
curve. 

Hence, in particular, if a self conjugate hexad exists in a cubic 
curve, a self polar tetrad of points of the curve can be found by 
taking any point D of the curve and the points in which the polar 
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plane of D meets the curve: for, let these points be A, B, C, then, 
if H, F be any two points of the curve, since the planes ABC, DEF 
are conjugate, the six points A, B, C, D, E, F form a self conjugate 
hexad, and the pole of the plane BCD lies in AFF for all positions 
of the points L, F so that the pole of BCD must be at A. Similarly, 
the poles of CAD, ABD are at B and C respectively and ABCD 
form a self polar tetrad. 

6. If a cubic curve be such that a self polar tetrad or a self con- 
jugate hexad can be taken in it, so also can a self conjugate pentad. 

For, let A, B, C be any three points of the cubic curve such 
that the pole D’ of the plane ABC does not lie on the curve. Then 
a chord can be drawn, through D’, meeting the curve in two points 
E and F. Since, by hypothesis, the curve is such that any pair of 
conjugate planes meet it in six points of a self conjugate hexad, it 
follows that any plane through £F will meet the curve again in a 
point @ such that ABCEFG is such a hexad. The pole of the plane 
BCE thus lies on AFG for any position of G, so that the pole of 
BCE must lie on AF. Similarly, the poles of BCF, CAE, CAF, 
ABE, ABF lie respectively on AF, BF, BE, CF, CE: ‘Similarly, the 
poles of HFA, EFB, EFC lie respectively on BC, CA, AB, and by 
construction the pole of ABC les on HF. Thus A, B, C, E, F form 
a self conjugate pentad. 

Conversely, if ABCEF be a self conjugate pentad of points on 
a cubic, any point D, of the cubic, which is taken so that no one 
of the line pairs D4, BC: DB, CA: DC, AB consists of conjugate 
lines, gives a self conjugate hexad ABCDEF for which ¢ (A, B, C, D) 
does not degenerate. From the existence of this self conjugate 
hexad can be deduced the existence of other self conjugate hexads 
and self polar tetrads of points of the cubic. 

lord 

7. When a cubic curve has the property that upon it can be 
found either a self polar tetrad or self conjugate pentad or self 
conjugate hexad it may be said to be outpolar to &, the three 
conditions being equivalent. The tetrahedra, in a cubic curve y, 
which are self polar with respect to the quadric & considered as an 
envelope, are such that, considered reciprocally, their faces belong 
to the cubic developable which is the reciprocal of the given cubic 
curve with respect to &, which is self dual and is now considered 
as a quadric locus. Thus the cubic curve y is outpolar to the quadric 
= considered as an envelope, while the cubic developable is inpolar 
to the same quadric considered as a point locus. The cubic curve y 
which contains tetrahedra self polar with respect to a given quadric 
is then said to be outpolar to the cubic developable, the reciprocal 
of y with respect to the quadric. 

It is apparent that self polar tetrads are determined in a cubic, 
in which they can be found, by the choice of one point of the curve: 
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of a self conjugate pentad, three points may be taken arbitrarily 
upon the curve; and of a self conjugate hexad, five points may be 
taken arbitrarily upon the curve: the sixth is then determined. 

8. Similar properties of a quadric S with respect to the funda- 
mental quadric 4 can now be established, showing that if a self 
polar tetrad, or a self conjugate pentad, or a self conjugate hexad, 
can be inscribed therein, then so can an infinite number of such. 

When a self polar tetrad of points of the quadric S exists, a 
twisted cubic can be drawn to lie on the quadric and pass through 
these four points and any other point of the quadric. On this cubic 
curve can be taken other self polar tetrads, of which one point lying 
on the curve is arbitrary, or self conjugate pentads of which three 
points lying on the curve are arbitrary, or self conjugate hexads of 
which five points lying on the curve are arbitrary. It does not, 
however, follow that these points, so obtained, are the most general 
sets which can be found in the quadric S. For instance, it can be 
shown that another self polar tetrad of points of the quadric can 
be found (when it contains one set A, B, C, D), such that two of 
the points are conjugate to one another with respect to X, but it is 
not the case in general that a cubic curve lying on the quadric can 
be drawn through ABCD and these two arbitrary, conjugate points 
of the quadric. 

If one self conjugate hexad can be taken on a quadric S, of a 
non-degenerate kind, then, any four points 4,, B,, C,, D, being 
taken on the quadric, of such generality that ¢ (A,, B,, C,, D,) 
exists, a self conjugate hexad A,B,C,D,E,F, exists on the 
quadric, such that #, is any point of the curve of intersection of 
S and ¢(A,, B,, C,, D,), and F, is the point in which S is met 
again by the generator of ¢ (A,, B,, C,, D,), of the second system 
through #,. It appears that F, lies on the cubic curve, lying on 
S determined by 4,B,C,D,E£,, and of the kind which meets each 
generator of the second system twice; F, is thus the sixth inter- 
section on S of the curves (Sd) and the cubic in question. 

Let ABCDEF be a self conjugate hexad existing on S, such 
that (A, B, C, D) exists, and let E’ be any point of the curve of 
intersection of S and d, and F”’ a vertex of a self conjugate hexad, 
of which ABCDE’ are five vertices, so that E’F’ is a generator of 
the second system on ¢ (A, B, C, D). A twisted cubic y may be de- 
scribed through 4, B, C, D, E, F: it lies on ¢ (A, B, C, D) and meets 
each generator of the second system twice; it therefore has E’F’ as 
a chord. A second cubic y’ may be described through A, B, C, D, 
Kk’, F’: it lies on ¢ (A, B, C, D), and meets each generator of the 
second system twice; it therefore has HF as a chord. A pencil of 

' quadrics can be described to contain y and its chord H’F’, such a 
pencil being determined by seven arbitrarily chosen points of the 

17—2 
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cubic and one arbitrarily chosen point of the chord. The quadric 4 
must belong to the pencil; let R be another quadric of the pencil. 
Similarly, let R’ be a quadric other than ¢ which can be drawn to 
contain y’ and the chord HF. Then A, B, C, D, E, F, EF’, F’ are 
the points of intersection of the three quadrics ¢, R, R’; these 
quadrics define a net, 6 + AR + AR’ = 0, for, the quadric R does 
not contain £’F” or it would have a composite curve of order five 
in common with ¢, so that R and R’ are not the same, and the 
equation to the net does not become an identity, or R, like ¢ and 
Rk’, would contain HF. But a net may also be defined by seven 
general points, and one such net is defined by ABCDEFE’ on S, 
and every quadric through these points belongs to the net. The 
quadrics ¢, R, R’ obviously belong to it, and S therefore con- 
tains their eighth point of intersection. Hence F”’ lies on S, and 
ABCDE’F’ is another self conjugate hexad in S, where EH’ is any 
point of the curve of intersection of d and S, and #’F’ is a generator 
of thesecond system on ¢ (A, B, C, D); such a generator can bedrawn 
through any point of d, and the points #’F’ will then be the points 
where this generator meets the quadric S. In particular, there is 
a self conjugate hexad in which £’F’ contains the pot D’, lying 
on ¢, which is the pole of the plane A BC, and in this case it follows 
from § 1 that ABCE’F’ form a self conjugate pentad, the pole of 
the plane containing any three of these five points lying on the 
line joining the other two; then if D, be any point of the quadric S, 
ABCD,E'F’ form a self conjugate hexad. In the general case the 
quadric 4 (A, B, C, D,) exists and the process may be repeated to 
obtain a further self conjugate hexad ABCD,E,F, of which £, is 
any point of S lying on the quadric ¢ (A, B, C, D,). Thus starting 
from the original hexad A, B, C, D, HE, F in S a further self 
conjugate hexad is obtained, 4BCD,E,F,, wherein D, is any point 
of S, and £, is any point of the curve of intersection of S and 
b (A, B, C, D,). By repetition of the process, we may now find 
another self conjugate hexad, in S, of which a further point, beside 
D,, has an arbitrary position on the quadric S; and so on. It is 
thus possible to obtain a final hexad A,, B,, Cy, Dz, Hy, Fs, of 
which four of the points are quite arbitrarily chosen upon S, and 
the fifth is any arbitrary point of the intersection of S with a 
certain @ quadric. If the final hexad A,, B,, C,, D,, E,, Fz be 
chosen so that £,F, contains the pole of the plane A,B,C,, then 
A,, B,, Cy, Ey, Fy 1s a self conjugate pentad of which three points 
A,, B,, Cy are arbitrary points of S. If, more particularly, A, and 
B, be conjugate points, the polar line of A,B,, say #,F,, contains 
the pole of the plane A,B,C, whatever be the position of Cy; 
choosing D, so that ¢ (A,, B,, C,, Dz) has E,F, for a generator, 
the points 4,6,H,F, will form a self conjugate pentad with C, for ~ 
any position of C,. Hence A,B,#,F, 1s a self polar tetrad in S, 
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the two points, A,, B,, being arbitrarily chosen conjugate points 
with respect to &. 

9. Finally, if two quadrics S, S’ be such that one self conjugate 
hexad can be taken on each, then any quadric through the inter- 
section of S and S’ has the same property. 

For, let four arbitrary points A, B, C, D be taken on the curve 
of intersection of S and S’, and let # be one of the four remaining 
points of intersection of ¢ (A, B, C, D) with this curve. Then in 
each of the quadrics the self conjugate hexads ABCDEF, and 
ABCDEF, can be constructed, where EF,F, is a generator of 
¢ (A, B, C, D), and F,, F, are on S,, S, respectively. Then the 
cubic curve on ¢ (A, B, C, D), defined by A, B, C, D, E, and meeting 
each generator of the second system twice, passes through F’, and 
F,, which therefore coincide in a point F, and F is on both the 
given quadrics. Thus any quadric through the curve of intersection 
of the given quadrics, which are outpolar to %, contains a self 
conjugate hexad ABCDEF and is therefore, itself, outpolar with 
respect to &. 
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Partition Functions for temperature radiation and the internal 
energy of a crystalline sod. By C. G. Darwin, F.R.S. and R. H. 
FOWLER. 

[ Received 11 September, 1922. 

§ 1. Introduction. In a series of papers which have appeared or, 
it is hoped, will appear shortly in the Philosophical Magazine* the 
general distribution laws of an assembly of systems have been dis- 
cussed at length by a special method. The essential feature of this 
is the calculation of average values with the help of certain functions 
which we call partition functions, equivalent to the Zustandsumme 
of Planck. In order, however, not to extend these papers unduly, 
the discussion of certain points was omitted to which we return 
here. In particular, we have used the facts that we can construct 
partition functions for the temperature radiation in an enclosure 
and also for the internal energy of a crystal. It is the principal 
object of this paper to construct these functions (§§ 2-4). In 
addition (§ 5) we make some further remarks about the construction 
of partition functions for systems obeying the laws of classical 
mechanics, functions which have to be obtained by a limiting pro- 
cess. These remarks are mainly mathematical in nature. 

For every type of system in the assembly—free atom, Planck 
vibrator, rotating molecule, ete.—there exists a partition function 
which is typical of the system, and depends on the motion of that 
system alone, so long, that is, as it is not too frequently interfered 
withy. This function is defined originally for quantized systems, 
and can be extended by a limiting process to systems obeying 
classical laws. If the possible states of the system, according to 
the rules of the quantum theory, have energies «), «,... and 
weightst po, »,,--., the partition function is defined as a function 
of a complex variable z by the equation 

(O=te eae... (1-1) 

summed over all permissible states. The partition function for a 
group of N such systems is [ f (z)]*. It is then shown that for every 
group of systems in an assembly in statistical equilibrium the para- 
meter z must have one and the same real value S$, which is the 

* These papers will be referred to as first, second, ... paper, etc. For the first, 
see Phil. Mag. Sept. 1922. 

+ The assumption of limited interference is fundamental in all statistical calcula- 
tions by whatever method (first paper, § 2). 

t The rules for assigning weights in their most general form are due in the main 
to Bohr and Ehrenfert. They are summarized in our first paper, § 2, and again in 
the second and third. The only difficulties occur for degenerate quantized systems. 
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temperature of the assembly measured on a special scale. It is 
~ connected to the absolute temperature 7 of the second law of 
Thermodynamics by the relation 

Sa Oe ate (1-11) 

a relation which is established by perfectly general arguments*. 
If any system is capable of two or more different types of motion 
which are dynamically independent—for example, the translation 
and rotation of a free molecule—the partition function for the com- 
bined motion is the product of the partition functions for the 
separate motions and may be calculated as such. 

$2. The partition function for temperature radiation. The energy 
of radiation in any enclosure may be thought of as the energy of a 
single system—the aether. The laws controlling the motion of the 
aether are the laws of electrodynamics, and the aether is, of course, 
a system described by an infinite number of coordinates. The same 
general principles which allow us to quantize the motion of a simple 
system allow us also to quantize the motion of the aether, if we can 
find suitable coordinates with which to describe its motion. We can 
suppose in the usual way? that the radiation is split up into trains 
of harmonic waves, each of which corresponds to one coordinate. 
Each such coordinate is a normal coordinate, and the motion in each 
is simple harmonic with a definite frequency v; owing to the linear 
form of the general equations it is independent of all the others. If 
now we apply the general principles of the quantum theory to such 
a system described by such coordinates, it is clear that each of the 
coordinates must be treated exactly like a single Planck line 
vibrator of appropriate frequency. On these assumptions we can 
construct the partition function, and deduce Planck’s law of tem- 
perature radiation purely as a theorem in statistical mechanics, 
without appeal to any other fundamental principles or to the 
mechanism of the processes of radiation and absorption. 

The partition function for any harmonic vibrator of one degree 
of freedom and frequency v has been shownt to be 

(1 — 2)->+, 

For on the general principles of the quantum theory the energy in 
each coordinate can only have the sequence of values rhv (r = 0, 1, ...) 
and each such state has the same weight which is unity on the usual 
convention. In general, the aether will be a system which is heavily 
degenerate and there may be n coordinates each with corresponding 
frequency v. But as we have shown§, the weights will then be such 

* See second paper, § 7. 
+ Jeans, Dynamical Theory of Gases, Ch. xvt. 
f First paper, § 5. 
§ First paper, § 10. The result required here is an obvious generalization. 
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that the partition function for all the coordinates with frequency v 
is (1 — 2)". As we have to multiply the partition functions for 
the various independent coordinates, it therefore does not matter 
here if we ignore entirely all questions of degeneracy and treat the 
aether as a non-degenerate system. If y,, vg, ... are the possible 
aethereal frequencies and n,, %, ... the numbers of corresponding 
coordinates, the partition function R (z) for the whole of the radia- 
tion in the assembly is given by 

R@=G—2") “(1—2")-* 

eX Dello dl 2/7) naar ae (2-1) 

We assume, of course, that this series or product converges, which 
we shall find to be the case since | z|< 1. 

To obtain an intelligible form of (2:1) we must perform the 
usual operation of counting the various coordinates. For the group 
of frequencies between v and v + dv we have approximately* 

M 
n= au. plu. ai Wee (2-11) 

where V is the volume of the enclosure and ¢ the velocity of light. 
Therefore 

R (z) = exp |- x aa v?dv log (1 — ale 

On proceeding to the limit dv > 0 we obtain (formally) 

AVA ss ; 
fii(2)—exp =e) P2AOs (eid ne cee (2-2) 

Now —log (L— 2) = 24 fet pari 

and this series can be integrated term by term from 0 to since 
|z|<1. We find 

= 9 
2 nhv ne 2. iM p2gnhy dy whale eee 

It follows that the steps of the preceding formal argument are easily 
justified and thus 

ee ba 16a Vo, haem (Se 
BG) emp | Oo TER 4 “t. (2 ae 50): 

87° V 
1) cee ven (log 1/z)3) ° 

With the help of (2-3) we can at once deduce the laws of tempera- 
ture radiation. Consider for this purpose any assembly containing 

* Jeans, loc. cit. 
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radiation and N material systems of any type for which the 
partition function f(z) is known. Then by the general arguments 
of the first paper the number C' of weighted complexions repre- 
senting the assembly with total energy F is 

1 dz oni | TRO UO (2-4) 

where y is a circle with its centre at the origin and radius less than 
unity. Similarly if Hp is the average radiant energy in the assembly, 

ae Sid be oles 2. 5 pa eal Hee I} LF pee (2-41) 

It follows also by the arguments of the same paper that 

B= ee log R(S), (S=e-'FT), o... (2-42) 

— 5 5 4 

Thus Femi ta Oa ear OPE pipe oy ested (2:5) 
15h? (log/S)* 1b eh? 

This is the Stephan-Boltzmann law of total radiation with the 
usual value 

8 wk* : 
Sas eeape x jolllbay eer 

for Stephan’s constant. 
To find the energy associated with a particular range of fre- 

quencies we take R (z) in the form (2-1), and write 

R (z) Til R, (2) R, (2), 

7 
where R, (2) = exp |- aa v*dv log (1 — “a : 

Then by the same arguments 

= 1 dz 0 
CER, = 5— Eri LoS R,( (2); Ry (Z) (FP, 

0 

Qrt 
= 0 

Thus Er, =. 9 aS log i (S) 

8ahV v?dv 
— — 2. Lo (2:6) 

With the usual notation H,dv for the energy of radiation per unit 
volume of frequency between v and v + dv we find 

z,— 8zrhv3 L. 
a ren ae 

which is Planck’s law. 
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§ 3. A comparison of various deductions of the laws of temperature 
radiation. The laws of temperature radiation, equations (2-5), (2-61), 
are here deduced by a direct statistical argument from the general 
principles of the quantum theory extended to systems of an infinite 
number of degrees of freedom. The particular point of this demon- 
stration is that we obtain these laws without any appeal to the 
mechanism of exchange of energy—that is of radiation and absorp- 
tion—such as forms the basis of Planck’s deduction, or the far more 
satisfactory deduction due to Einstein*. There is further no appeal 
to the laws of Thermodynamics except in so far as such an appeal is 
essential to the definition of 7’. If the laws of temperature radiation 
are rightly to be regarded as laws of statistical equilibrium between 
matter and the aether, this may be claimed for a logical advantage. 

Planck’s deduction in its usual forms is based on a mechanism 
of exchange of energy according to the classical laws of electro- 
dynamics; that is to say, the relation between the mean energy 
of a vibrating electron of frequency v and the radiant energy of 
frequency between v and v + dy in equilibrium with it is calculated 
on this assumption. Einstein’s deduction is based on Wien’s law— 
that is on the laws of Thermodynamics—and on certain very simple 
assumptions as to the a priori probabilities of the emission or 
absorption of radiation corresponding to the change of the material 
system from one possible stationary state to another. The great 
practical advantage of Einstein’s method is, however, the insight 
which it gives into this mechanism. 

It is interesting further to note that the present deduction of 
the Stephan-Boltzmann law makes no assumption about the exist- 
ence or magnitude of radiation pressure. That there must be a 
radiation pressure is of course a consequence of purely thermo- 
dynamical arguments. That its magnitude must be given by the 
usual formula x 

DV =tEp-~ ==: (3:1) 
follows from the Stephan-Boltzmann law, which is here deduced as 
a theorem in statistical mechanics. 

It is also possible to deduce at once the entropy of the tempera- 
ture radiation from the general formulae of our second paper. 
Ignoring the entropy-constant, any system (here the radiation) with 
partition function R (S) contributes to the entropy 

S—t {log R(S8) + log 1/3 .3 a log R 3)| : 

82a ite 2, ¢ 
= A5cahs Vi 5) ee A A othe ass (5 2) 

= 4h p/T, «1 5 ee 288 (3-21) 
in agreement with the usual formulae. 

* Phys. Zeit. Vol. 18, p. 121 (1917). 
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: §4. The partition function for a crystal. In a similar way we 
can construct the partition function for any crystal, to the same 
approximation as the usual expression for its internal energy. It 
is hardly more than a matter of a direct transcription of the argu- 
ment. We shall follow the exposition of Born*. A crystal may be 
supposed to be built up of N congruent cells each of which contains 
s atoms, ions, or electrons}. The internal motion of the crystal can, 
Born shows, be described by 3s sets of normal coordinates, and the 
frequencies of each set v; (j = 1, ..., 3s) N in number are distributed 
uniformly through a certain phase space of 3 dimensions 4, x, # 
(— 7<¢, x, & <7). The three variables represent the variations 
of v; with the wave length and direction of propagation of the 
corresponding wave in the crystal. This analysis into normal co- 
ordinates is of course an approximation valid only so long as the 
internal motions are on the whole not too violent—that is, so long 
as the crystal is not too hot. 

Any normal coordinate is a simple harmonic vibrator with 
partition function (1 — z*”)-!. As in the radiation problem and for 
the same reason we can ignore the fact that frequencies may 
coincide. In any one of the 3s sets the number of frequencies 
v; (4, %, x) in an element of the phase space is 

N np Wbubdy. 

Hence the partition function for the whole set, as in § 2, is 

N +7 ve 
exp |- Qn {[[ "log Gee) Ibdpdy’. 

For the whole crystal the partition function, K (z), has the form 

K (z) = exp |- at, (te foe, (24) ibdpdy. =, (4-1) 

Formula (4:1) is not of much use as it stands, and Born ap- 
proximates to it. He shows that the 3s sets of frequencies can be 
divided into two groups for which approximately 

v; = ¢,/A + cielo’ (j= 1h 2, 3), eave (arate (4:21) 

ny v,;® + c,/X -++ eeey (9 aS 4, 5: stare 3S), weeeee(4°22) 

where A is the wave length of the corresponding wave in the crystal, 
and the c; are definite functions} of the direction of the wave. We 

* Der Dynamik der Kristallgitter, Ch. v. 
+ We are not here including all the electrons in every atom. But to obtain full 

generality it is necessary to allow for some of the atoms being ionized, and possibly 
for certain electrons having an independent existence in the lattice structure. 

t Of these c,, c,, cs are the velocities of sound in the crystal. 
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therefore divide up the partition function into two parts K, and K, 
such that 

pip Styl es log Ky = Gas 2 | | | log (1 — 2") dbdydyp, ...(4-23) 

4 As hy; log Ky = as {lf log (1 — 24”) dbdydyb. ...(4-24) 

The calculation of K, is closely analogous to Debye’s calculation 
of the whole energy content. Born shows that if we change to polar 
coordinates for the phase-space, then 

ddbdipdy = 77drdw, 1/A = 7/276, 

where 6? is the volume of the elementary crystal cell, and the upper 
limit of 7, 7), 1s a function of direction. It is sufficiently accurate, 
however, to give 7) a mean value such that the volume of the phase- 
space is unaltered; thus 

(27)? —Sary, Ti — Om: 

We thus find, with sufficient accuracy, that 

log K, == au > [| a ie 2dr log (1 — ghejr/26 g Lan (alee w mie T log jT/270) | 

and by an obvious transformation that 

ite he ne z lie ee ew EG 
log K, = 78 (log 1/2 oa Be i, x* log (1 — e-*) daz, (4:3) 

where V is the volume of the whole crystal and 

3N \3 (ieee pecealdy x;° = he; log 1/z (=r) i: = eRe (4:31) 

The c; are functions of direction. An approximation to (4:3), un- 
doubtedly valid when the temperature is not too high (z small), is 
obtained by replacing ¢; in (4:31) by a mean value ¢é; defined by 

apn lI 
The upper limit of the z-integration in (4:3) is then 

hé; log 1/z Cae or k@, log 1/2, 

and after reduction 
—3N 3 1  skeslogi/z 

(log 1/z)* ;=1 0,5 | 
Equation (4:4) gives the first part of the partition function. 

log K, = a log (1 — e-*) dx. ...(44) 
0 
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It is easy to show that S f log K, (8), which must represent 

the mean energy /, associated with these frequencies, agrees with 
Born’s directly calculated value. Since log 1/S = 1/AT, we obtain 
for log K, as a function of 7 

3 [3 (oi/T 

log K, = —3N ol 2? log (1 —e-*) de. ...(4-41) 
j= 23 0 

If we ignore the differences between ©,, 02, 03, we obtain the 
same formula as we should get for the partition function by a direct 
calculation by Debye’s method. 

The rest of the partition function log Ky, is easily dealt with. 
It is sufficiently accurate to ignore the variations of v; (7 = 4,5, ... 3s). 
Thus 

== SIN: 3 1 es log 1/z 

log K (z) = (log 1/2) al BO? -0 
x log (1 — e-*) dx 

This is the complete formula, but the last set of frequencies can 
again be grouped, according to Born, into two classes; 3 (m — 1) 
infra-red frequencies, not necessarily all different, and 3 (s — n) 
ultra-violet, where ” is the number of atoms (or ionized atoms) in 
the elementary cell and s — » the number of separated electrons. 
We can in all practical applications ignore the electron ultra-violet 
frequencies and so find in all in (4:5) just 3m terms, where nN is 
the total number of atoms in the crystal. Unless in any investiga- 
tion we systematically take account of the degrees of freedom of the 
electrons in the atoms throughout, we must systematically ignore 
them throughout, and may correctly ignore them here. 

Equation (4-5) leads at once to the usual general formulae for 
the entropy, internal energy, and specific heat of a crystalline solid. 
Since we can construct the necessary partition functions we can 
suppose such crystals to form part of any of the assemblies which 
are discussed by the general method of our papers. This fact is 
made use of in connection with the vapour-pressure equation dis- 
cussed in the third paper and with Nernst’s Heat Theorem in the 
fourth. ; 

§5. Partition functions obtained by limiting processes. It is 
desirable to examine somewhat more closely the validity of the use 
of partition functions in our general method when they are obtained 
by limiting processes. Such a process first occurs in § 12 of our first 
paper in discussing the free atoms and molecules of a perfect gas. 
Tt occurs again for systems of Planck vibrators with incommensur- 
able frequencies and in similar cases, and also here in a somewhat 
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different form in obtaining the radiation and crystal partition 
functions. 

As explained at less length in the first paper the method of pro- 
cedure is in all cases as follows. We form a sequence of artificial 
assemblies, each of which can be exactly handled by the usual 
methods—that is to say, each assembly of the sequence has all the 
characteristics of an assembly of quantized systems only, all of 
whose permissible energies can be expressed as multiples of some 
common unit of energy. Our method can in the first instance treat 
such assemblies only. We choose the members of the sequence in 
such a way that the conditions of the artificial assemblies have as 
a limit the actual conditions of the real assembly. It is easy to 
verify that in any practical case there is no difficulty in constructing 
such a sequence, which can be done in infinitely many ways. We 
must then prove that the distribution laws of the sequence of 
artificial assemblies have a unique limit as the conditions tend to 
the conditions of the real assembly. We can then assume that this 
limit represents the true distribution laws of the real assembly. It 
must not, however, be thought that this assumption is in any way 
characteristic of the present method. It is probably implicit in all 
such discussions*. It must be justified if at all by appeal to a sort 
of ‘‘natural principle of uniform convergence,” which underlies 
all discussions of natural phenomena. To obtain, however, the full 
benefit of the present method rather more is required than is set 
forth above. It is convenient not only to show that the artificial 
distribution laws and partition functions have a unique limit, but 
further that the limit of the artificial partition functions may be 
used throughout the discussion just as if it were an ordinary par- 
tition function, and that the same distribution laws will be obtained. 

These points can best be illuminated by a more complete dis- 
cussion of the partition function for free atoms, which is the most 
important case. The 6-dimensional phase-space of a free atom is 
described by coordinates q,, ..., p3, the three rectangular position- 
coordinates and their conjugated momenta. We suppose that there 
are P atoms of mass m and small size in the assembly, and form an 
artificial assembly by dividing up the phase-space into small cells 
(1, 2,...,¢,...) of extensions (dq, ... dps);. The weight of the tth 
cell is 

5, = (dq, ... Ups),|h*, 

and the constant associated energy is ¢;. Then 

1 Ce a (P+ P+ Poet Ors vee eo 
* See for instance Jeans’ discussions of Maxwell’s distribution law. Any method 

which proceeds by dividing up the phase-space of a molecule into cells of finite 
extension, with which a constant energy is associated, makes an appeal to this 
principle. 
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Q is the potential energy of the atom in the field of any external 
forces, including those representing the walls, and the p’s and Q 
are evaluated at some point in the ¢th cell, selected so that all the 
¢, are commensurable with each other and with any other energies 
that occur in the assembly. 

In ordinary cases, where no limiting process is involved, it is 
convenient to choose a unit of energy to fit the assembly so that all 
the energies including the ¢; are integers without a common factor. 
Here this would mean a continual change of the unit, which would 
obscure essential features of the limiting process. We therefore fix 
the unit of energy once for all, and can then assume that for all the 
artificial assemblies the ¢, are chosen so that ¢, = &,/m, where &€, 
and @ are integers, and the w’s change from assembly to assembly. 
If wis the smallest possible such integer, it is then unique. As the 
limit of the sequence is approached, 7 > 0. 

The partition function for the atoms in the artificial assembly is 

(Mi Sy (5-2) 

to develop the usual arguments we require the coefficient of z” in 
expressions such as 

AI fel”, 

where [ f (z)]” is the partition function for the rest of the assembly. 
These are the same as the coefficients of x7 in 

TOP LAE, 
etc., where x = 2, h (a) = =8,2°", etc. To obtain these coefficient 
we can use the ordinary process. Thus 

1 dz =5 I se OP Lf @P (5-21) 

On changing back to the variable z, 

1 Zz p 
OSG his = A) LER = os. (5-22) Qriw 

The contour wy means that the integral must now be taken o times 
round the circle y. When we come to evaluate C and similar in- 
tegrals by the usual method, we find that only one part of the 
multiple contour is relevant, namely, that part of the one circle on 
which z passes through Ss, the saddle point on the positive real axis, 
with argument zero (and not 2n7i). We can therefore drop the 
complete contour and consider only a single description of the 
circle y, with the proviso above. Further, since only the ratio of 
two integrals such as (5-22) is concerned in any distribution law, 
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we can also drop the factor* 1/a, and use throughout the discussion 
integrals such as 

1 C= | eMC Giclee oes (5-23) 

in which the circle y must be chosen to go through S the saddle point 
on the positive real axis and z takes the argument zero there. 

We are now free of complications due to changing units of 
energy, or the need for strictly one-valued integrals in (5-23), and 
can discuss the limiting process. The partition function for an atom 
in the artificial assembly, written in fuli, is 

h (z )= A3 Sy) exp | - (log 1/2) lim (p,? + (Geer Ps a cis ar} | (dq, sire dps). 

This series can only converge and have a meaning when | z | < 1. 
If the assembly is of unlimited extent (a planetary atmosphere for 
example), Y, must tend to infinity sufficiently fast in the distant 
parts for the convergence of X,. If the assembly is enclosed in a 
volume JV’, the walls are represented by intense local fields of force 
in which Q, passes rapidly from zero inside the enclosure to infinity 
at the wall. All terms of &, then vanish except those corresponding 
to cells inside V, and &, will certainly converge as required for 
|z|< 1. Now the distribution laws for any artificial assembly are 
determined at once in terms of # (3) and its differential coefficients 
(the first two suffice in general) by means of integrals such as (5-23). 
In order to make the conditions of the artificial assembly have as 
a limit those of the real assembly we must choose the sequence of 
assemblies so that all the dimensions of all the cells tend to zero. 
But then by the definition of an infinite integral h (z) has the unique 
limit 

6 | eae Ae Fk AY 
H (z)= = F log 21a (* + D2°+Ds*) 4 a} dq, a dps 3 (5-4) 

also (it is easy to verify) the differential coefficients of h (z) have 
unique limits which are the corresponding differential coefficients 
of H (z). We thus obtain definite limits for the sequence of dis- 
tribution laws, which are taken to be the actual laws for the real 
assembly. This applies not only to assemblies such as are considered 
in the first paper, but also to the more general assemblies of the 
third in which dissociation and association of atoms and molecules 
take place. Finally, it is again easy to verify that the same dis- 
tribution laws are obtained, if the limiting partition function H (2) 
is used in (5-23), ete. throughout the calculations. Thus the limiting 

* The factor 1/@ may be relevant in some possible definitions of the entropy. 
We shall not refer to it again here. 



temperature radiation and internal energy of a crystalline solid 273 

partition function for a free atom, and in general for any classical 
system, may be used exactly as if it were an ordinary partition 
function of a simple quantized system. 

A similar limiting process is required for assemblies of quantized 
systems only, if any of the frequencies or energy quanta are incom- 
mensurable. The limiting process now consists in forming a sequence 
of artificial assemblies in which all the frequencies are commensur- 
able, and whose limits are the actual frequencies of the real 
assembly. It is easy to verify that the foregoing arguments can all 
be applied, and that the sequences of distribution laws have unique 
limits which are taken to be the true distribution laws. These true 
laws can further be calculated by using the limits of the partition 
functions in (5-23), etc. This is equivalent to ignoring the incom- 
mensurabilities. 

The partition functions for temperature radiation and the in- 
ternal energy of a crystal are somewhat different. We shall in 
general of course have to do with incommensurable frequencies, but 
these may be disposed of by the method of the last paragraph. This 
being done, the aether and the crystal are essentially quantized 
systems, and should need no further limiting process. It is clear in 
fact that formula (2-1) for R (z) (the series or product being proved 
convergent), and a summation formula analogous to (4-1) for K (2), 
may be used at once as ordinary partition functions. The approxi- 
mations and limiting processes by which we obtained the useful 
forms of & (z) and K (z) are no longer essential in establishing the 
true distribution laws, and really take a secondary place. They may 
be applied after all the distribution laws have been worked out. 

VOL. XXI. PART III. 18 
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A preliminary Investigation of the Intensity Distribution in the 
B-ray Spectra of Radium B and C. By J. CoHapwick, Ph.D. and 
C.D. huis, BAe 

[Received 19 September, 1922.] 

Two radically different views of the f-ray disintegration of 
radioactive bodies have recently been put forward. Frl. Meitner* 
has suggested that the disintegration electron is ejected from the 
radioactive nucleus with a definite and characteristic energy, and, 
taking into account the loss of energy in escaping from the nuclear 
field, the electron will have a characteristic energy outside the atom. 
All the disintegration electrons, however, do not escape with their 
full energy; some are assumed to convert part of their energy into 
y-rays of characteristic frequency. These y-rays will give secondary 
f-ray groups in the usual way by conversion in the K, L, M, ... 
levels of the radioactive atom. It is clear that on this view the 
entire B-ray emission of a radioactive body consists of a series of 
homogeneous groups of electrons with definite and characteristic 
energies. This theory of the f-ray disintegration has been developed 
and treated from a systematic quantum standpoint by Smekalt. 

An earlier investigation by onet of us showed quite clearly that, 
- under the usual experimental conditions, the total B-ray emission 
from radium B + C consisted largely of a continuous distribution 
of B-rays over a wide range of energy and that the well-known homo- 
geneous groups were superimposed on this continuous spectrum. 
It would appear that on the Meitner-Smekal theory this continuous 
spectrum must be considered to be entirely adventitious and pro- 
duced under the experimental conditions by some such agency as 
scattering. 

A very different view of the B-ray disintegration has been given 
by one§ of us. On this theory the disintegration electrons form the 
continuous spectrum, the energy of emission of the electron from 
any assigned atom being variable within wide limits. The homo- 
geneous groups are considered to be entirely secondary in origin 
and due to the conversion of y-rays in the electronic structure of the 
radioactive atom, these y-rays being emitted from the nucleus 
during the disintegration. 

* Meitner, Zeit. f. Phys. 9, p. 131 (1922). 
+ Smekal, Zezt. f. Phys. 10, p. 275 (1922). 
t Chadwick, Verh. d. D. Phys. Ges. 16, p. 383 (1914). 
§ Ellis, Proc. Camb. Phil. Soc. 21, p. 121 (1922). 
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These two theories are fundamentally distinct and involve en- 
tirely different interpretations of the continuous f-ray spectrum. 
On Meitner’s view it is presumably held to be a fortuitous occur- 
rence due perhaps to scattering of the homogeneous groups, whereas 
on our view the continuous spectrum consists of the actual disinte- 
eration electrons. The test of the independent existence of the 
continuous spectrum thus gives a ready means of deciding between 
the two theories. 

In this paper we shall describe briefly some measurements on 
the intensity distribution in the B-ray emission of radium B and C 
by an ionisation method, and it will be seen that our results provide 
strong evidence in support of the following statements: firstly, that 
the continuous spectrum has a real existence which is not dependent 
on the experimental arrangement and that any explanation of it 
as due to secondary causes is untenable; and secondly, that our 
view of the origin of the continuous spectrum is consistent with the 
magnitude of the observed effects. 

Experimental Arrangement. 

The experimental arrangement, shown diagrammatically in 
Fig. 1, was identical in principle with that used by Chadwick (loc. 
Cit.). 

To Wilson 
Electroscope 

To Earth 

Fig. 1 

The 6-rays from the source S were focussed by a uniform mag- 
netic field acting at right angles to the beam, and their intensity 
was measured by the ionisation produced in the chamber C, which 
they entered through a narrow slit B. By varying the magnetic 
field successive portions of the B-ray spectrum could be focussed 

18—2 
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on the slit and measured in the ionisation chamber. The whole 
apparatus was placed in an airtight box which could be evacuated 
to a low pressure by means of a Gaede mercury pump. The ionisa- 
tion chamber, which was at atmospheric pressure, was cut off from 
the rest of the apparatus by a thin sheet of mica waxed on the slit. 
This mica sheet weighed 1-51 mg. per sq. cm., corresponding to an 
air equivalent for a particles of 1-06 cm. of air. The ionisation was 
measured by a Wilson tilted electroscope working at a sensitivity 
of 32 divs. per volt, and the capacity of the whole system was about 
15cm. The slit A, defining the beam of f-rays, was 4-5 mm. wide 
and 10 mm. long, and distant 22 mm. from the source. The radii of 
curvature of the paths of the rays entering the chamber were in- 
cluded between 42-0 mm. and 42-7 mm. The slit in the ionisation 
chamber measured 1-5 mm. by 10 mm. In order to cut down stray 
radiation suitable screens, D and £, were inserted in the path of the 
beam. 

The source of radium B + C was a small brass plate, 10 mm. by 
3 mm., made active by exposure to radium emanation. The plate 
was tipped so that the S-rays which passed through the shit left the 
plate at nearly grazing incidence. Under these conditions the focus- 
sing is comparable to that obtained with a wire of 0-5 mm. diameter. 
Sources of radium C were obtained by von Lerch’s method on a 
nickel plate of the same dimensions. 

Experimental Results. 

When the source was in position and the box evacuated measure- 
ments were made of the ionisation produced in the chamber at 
different values of the magnetic field. This ionisation was due not 
only to the B-rays focussed on the chamber by the field but also to 
the y-radiation emitted by the source and to stray B-radiation. Our 
results, after correction for these efiects, are shown in the curves of 
Figs. 2 and 3. 

The radium C curve was determined directly with a source of 
pure radium C and the ordinates give the rate of leak of the electro- 
scope in divisions per minute for the amount of RaC in equilibrium 
with | mg. Ra. The RaB curve is also based on the amount of RaB 
in equilibrium with 1 mg. Ra, and was obtained by deducting the 
effect due to RaC from the effects observed with a source of RaB + C. 

The effect of stray B-radiation, arising from scattering of the 
primary beam or produced in the screens and walls by the y-rays, 
was not determined directly with the present apparatus, but with 
a similar one it was found to bear the same relation to the y-ray 
effect as in Chadwick’s experiments. The correction is small and 
was estimated for the RaC curve. Owing to the size of the effects 
obtained with RaB it was in this case of small importance to the 
order of accuracy of the experiment. 
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It should be emphasised here that no great accuracy was striven 
for in these preliminary experiments. Our absolute measurements 
have an accuracy of about 10 per cent., but the relative accuracy 
of points on the same curve is higher. 

2 

_ 

fonisation in divs. per min. 

per mg 

(2) 
1000 2000 3000 4000 5000 

Hp 
Fig. 2 

Tonisation in divs. per min. per mg. 

200 600 TO0O 1400 7800 2200 
Hp 

Fig. 3 

It will be seen that no peaks were found in the RaC curve. 
Chadwick’s experiments showed that most of the RaC lines were 
only of small intensity, and in our experiments the rapid decay of 
the source prohibited any detailed examination for peaks. We did 
not pursue the RaC curve beyond 5000Hp, partly because of the 
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smallness of the effects and also because it was unnecessary for the 
deduction of the RaB curve. The experiments of Chadwick and of 
Varder* show that the curve ends at about 12,000Hp. 

The RaB curve is shown to start at about 550Hp, below which 
point no ionisation due to primary f-rays could be detected. It 
should be pointed out that slower f-rays than those corresponding 
to 550Hp may perhaps be emitted by RaB, but that we failed to 
detect them owing to their total absorption in the mica window of 
the ionisation chamber. It would appear from the general evidence, 
however, that the number of such slow f-rays cannot be large and 
consequently that their exclusion does not affect our results to any 
marked extent. 

It can be seen from the curve that the five strong lines of the 
RaB f-ray spectrum were found, but that under the experimental 
conditions they formed only about one-fifth of the total emission, 
the main feature of which is the continuous spectrumy. 

Discussion. 

These experiments and Chadwick’s earlier experiments show 
conclusively that the contimuous spectrum is emitted from the 
source, that is, from the brass plate on which is deposited the 
RaB + C; but they do not prove that it arises directly from the 
nuclei of the disintegrating atoms. We shall now consider the 
evidence which leads to this conclusion. 

There would appear to be only three ways in which the con- 
tinuous spectrum could arise in the source. It might be supposed 
to consist of electrons ejected from the material of the source by 
the y-rays; or it might consist of electrons which originally formed 
part of the homogeneous groups, but which had been rendered 
heterogeneous by being scattered back from the brass plate; or, 
lastly, the continuous spectrum might be emitted as such by the 
radioactive atoms. 

The first possibility is ruled out at once by the magnitude of the 
effect. 

There are two strong arguments which appear to us to decide 
against the second possibility. The first point is that our two curves 
when added together agree fairly well with Chadwick’s curve for 
RaB + C, except for the difference that our peaks, owing to better 
focussing, are somewhat more prominent. The conditions for scat- 
tering at the source were very different in the two cases, for 
Chadwick’s experiments were carried out with a source of radium 
emanation contained in an a-ray tube of 2 cm. stopping power. 
The second point depends on an experiment in which the active 

* Varder, Phil. Mag. 29, p. 725 (1915). 
+ The peaks are somewhat arbitrarily drawn. In order to determine the exact 

form of the peaks exceedingly careful measurement would be necessary. 
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deposit was on the under side of a thin sheet of silver, of thickness 
corresponding to a stopping power for a-rays of 2 cm. of air. The 
silver foil was 1 mm. wide and 10 mm. long, and was not tipped, but 
placed horizontally. In this case it is clear that there can be no 
scattering back of the f-rays since there is nothing immediately 
below the active deposit; while it is known that passage through 
such a thickness of matter does not greatly affect the homogeneity — 
of the groups. The difference between results obtained in this way 
and those with the active deposit on the brass plate should thus 
give a measure of the scattering effect of the brass. Confining our 
attention to the RaB curve, we observed two effects. Firstly, in 
places far removed from lines, the continuous spectrum was re- 
duced by about 20 per cent., which means that only 20 per cent. of 
the continuous spectrum as given in Fig. 3 can be accounted for by 
scattering from the brass plate. This result is in agreement with 
Kovarik’s* measurements. He found that the amount of reflected 
6-radiation from brass was from 40 to 50 per cent., and in our case 
we are clearly taking only half the reflected rays. The other point 
that we found was that, although the lines were a little broadened 
on the low energy side, the ratio of the peaks to the continuous 
background was about the same as in the previous experiments. 
Now it is obvious that if the real emission only consists of homo- 
geneous groups and the contimuous spectrum observed under 
ordinary conditions is due to scattering from these lines, then in 
an experiment where there can be but little back scattering the 
homogeneous groups should be greatly increased in magnitude 
relative to the background. As has been stated, this effect was not 
observed. 

In our opinion these experiments strongly support the view that 
the continuous spectrum is emitted by the radioactive atoms them- 
selves, and any theory of the f-ray disintegration must take this 
into account. Under these circumstances our hypothesis that the 
continuous spectrum consists of the actual disintegration electrons 
seems to be the simplest way of viewing the facts. This hypothesis 
could be put to the test by measurements of the type described in 
this paper, for on this view the number of electrons emitted per 
second in the continuous spectrum, say of radium B, should be 
equal to the number of atoms of RaB disintegrating per second. 
Our present measurements, however, are not sufficiently accurate 
to test this point in a decisive way. 

The curve of Fig. 3 is drawn for the amount of RaB in equilibrium 
with 1 mg. Ra, i.e. the number of atoms disintegrating per second 
1s 3-7 x 10’. In order to translate the observed ionisation currents 
at various values of Hp into numbers of electrons at various energies 
we have first to correct the curve for the varying dispersion of the 

* Kovarik, Phil. Mag. 20, p. 849 (1910). 



280 Messrs Chadwick and Ellis, A preliminary investigation, etc. 

apparatus as the magnetic field changes, and for the variation of 
the ionising power of the 6-particle with its energy. Then, making 
an estimate of the number of ions which would be produced in the 
chamber by a f-particle of given energy, it is possible to calculate 
the number of electrons received per second by the ionisation 
chamber and hence the total number emitted per second in the 

* continuous spectrum by the source. The number so obtained is 
about 3 x 10? per second, an agreement which is much better than 
one would expect from the rough nature of the calculation. We do 
not wish to lay any stress upon this agreement but regard it as 
showing that our hypothesis is not incompatible with the obser- 
vations. 

A similar test may be made on the RaC curve, or, what amounts 
to the same thing, we may compare the area of the corrected RaCU 
curve with the area of the corrected RaB curve. Since both curves 
are drawn for the same number of atoms disintegrating per second 
it is clear that on our view the areas of the two corrected curves 
should be equal. Extrapolating our RaC curve by Chadwick’s 
previous measurements, we find that the area of the corrected curve 
is about 30 per cent. greater than that of the corrected RaB curve. 
This agreement is quite satisfactory when we take into account the 
experimental difficulties in measuring the RaC curve. 

We consider that the experiments described in this paper show 
that the continuous spectrum has a real existence and is emitted 
as such by the disintegrating atoms, and that its magnitude is 
roughly what would be expected if each disintegrating atom con- 
tributed one electron to the continuous spectrum. It appears to us 
that the simplest way of viewing these facts is to suppose that the 
continuous spectrum is formed by the actual disintegration electrons. 

We hope later to be able to carry out these and similar exper!- 
ments in a more accurate way and we shall therefore defer a full 
discussion of the points raised in this paper and of the forms of the 
continuous spectrum curves until greater detail is available. 
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On a System of Differential equations which appear in the Theory 
of Saturn’s Rings. By W. M. H. Greaves, Isaac Newton Student. 

| Received, revised, 18 September, 1922. ] 

In a paper dealing with the influence of satellites upon the form 
of Saturn’s Ring*, Dr G. R. Goldsbrough obtains the simultaneous 
differential equations 

p’ — 2ko" + (O49 + ©,, cos d + ©, cos 26 + ... + O,, cos Td + ...) p) 
+ (@,; sin d + Ogo sin 26 + ... + Oo, sin 7d + ...) o 

==) 

a + 2p’ + (O,, sin d + Oy. sin 26 + ... + Oy, sin 7h + ...) p 

+ (O59 + O51 cos d + Oz cos 26 + ... + O;, cosh + ...) o 

=()) 

where the dashes indicate differentiations with respect to the in- 
dependent variable ¢, and « and the ©’s are constant coefficients. 
All the @’s, except ©) and ©,), are small quantities which may be 
regarded as being of the first order. 

We shall write for all the ©’s except ©, and 05, 

(i SSI Me OO ae nee (2), 
where is small. 

Goldsbrough develops a solution of these differential equations. 
His solution, however (as we shall see presently), is only applicable 
to a very special case, and even then his method will not give us the 
general solution, but only two distinct solutions each involving an 
arbitrary constant. In order to get the general solution, two more 
such solutions are needed. 

The object of this paper is to discuss the nature of the general 
solution of equations (1) for different values of p, where p is a 
parameter which enters into the coeflicientst, so that « and the ©’s 
are functions of p which we shall assume ‘to be continuous. The 
discussion will be based on the general theory of equations of this 
type, as given for instance by Moulton in Chapter I, pp. 30 et seq. 
of his Periodic Orbits§. This gives us the advantage of knowing in 
advance that the series we obtain are convergent for sufficiently 
small values of p. 

* Phil. Trans., A 222, pp. 101-130, 1921. 
+ Equations (6) of Goldsbrough’s paper. 
t In Goldsbrough’s application this parameter is x. 
§ Publication No. 161 of the Carnegie Institute of Washington, 1920. 
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The equations (1) may be written 

p’ — 2xo" + Oop + h(Lyp + Ly0) = oF 

ae 2p" + O59o + fH (Zap + 90) = 0 

where the z's are periodic functions of ¢ with period 27. 
The equations (3) are linear differential equations with periodic 

coefficients and their solution is known to consist of sums of terms 
of the type ef (¢), where f (#) is a periodic function of ¢ of the 
same period as the coefficients, the period in this case being 27. 

_ 
Oo — 

First method of solution. 

Write ed ‘ool ee Lae (4). 

The equations become 

c2A + 2cA’ + A” — 2 (CX + X’) + AOyy + pw (HA + Fy_X) = 0) 
OX + Vex Xie (CA 4 A’) & XOe ee a Ae) 0) 

ae 5). 
The solution is in general of the forni* - 

C= "Cy Gy eeC> ee et | 

A =A, pA, 4 A, yA pees. (6)5 

X = x, + pX, + [pe +o. + LEX, +... | 

where Ay, A, ..., X9, Xj .-. are periodic functions of d with period 
27, these series being convergent for sufficiently small values of p. 

In order to obtain the c,, A, and X, we substitute the expres- 
sions (6) for c¢, A and X in the equations (5) and equate coefficients 
of like powers of x. The terms involving p” will give us two simul- 
taneous linear differential equations in A, and X, with constant 
coefficients which are easily solved. On imposing the condition 
that A, and X,, are to be periodic with period 27 we get an equation 
determining c,,. The process is quite mechanical and it is unnecessary 
to reproduce all the actual algebra. 

Proceeding in this way we get from the terms involving 4», 

Cy =, a << (1). 

where n, is any root of the quartic in 2, 

(O19 — 1”) (O59 — 07) = 4x?n? --2--(8)) 

and as usual i= ae 

We also get Ag = Gp; 

Xo = Br 

where @, is a constant, arbitrary so far, and f, is given by 

2«N, 1B, = (Oi — Nr) Gy» 

* Moulton, Periodic Orbits, p. 33. 
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It is convenient to determine each solution such that when 
gi), An = 1 and aA 2. = OF, 

We thus get jeu | 

On proceeding to the terms involving yw we find that c, = 0 and 
the expressions obtained for A, and X, are of the form 

at Umer 

s=—af (Cy + 82)’ 
S=+n V esth 

X,=fyu- 4 ~—*—., 

where q,, is an arbitrary constant of integration, §,, is another 
constant which is given in terms of @,,, U,, and V,, are constants 
and we have written 

f (9) = (P+ O40) (0? + O50) + 4c? 6. 

The summations extend through all integral values of s except 
s=0. a, is determined from the condition that A, = 0 when 

A, = Otte 

We then proceed to the discussion of the terms in p?. The 
process is quite straightforward and can be carried out to any 
stage required. 

By taking in succession Cy = 142, Cy = Not, Cy = Ngt, aNd Cy = Nyt, 
where 11, %, %3, %4 are the roots of (8), we get four solutions in 
this way. We thus obtain the general solution of equations (1). 

We notice that the factor f (cy + sz) appears in the denominators 
of some of the terms in the expressions for A, and X,. It is found 
that on proceeding to the discussion of the terms in p? and higher 
powers of w that higher powers of this factor will appear in the 
denominators of A, X,, and ¢,. 
Now f (¢) + st) vanishes if n, + s is a root of (8). In this case 

the method of solution outlined above will fail. 
So that if there are two roots of (8), n, and ny say, such that 

Ng — MN, is equal to an integer, the above method will fail owing 
to the presence of zero factors in the denominators. 

Suppose we investigate the different solutions obtained by 
varying the parameter p which enters into the coefficients of the 
original equations, and suppose that when p= py, ry — 2 = mM, 
where m is a positive integer. 

Then when p is nearly equal to py, powers of a small factor 
will appear in the denominators of some of the terms in the series 
for c, A and X. 

This leads us to suspect that there is a range of values of p 
including p, for which the series obtained by the method outlined 
above are divergent. In any case even if the series are convergent 

* Every solution thus obtained can be multiplied by an arbitrary constant. 
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for values of p in the neighbourhood of p,, they would be very in- 
convenient for the purpose of practical applications when p has 
such values. For owing to the presence of the small denominators, 
it would be necessary to compute a large number of terms in order 
to obtain a reasonable approximation. What we desire in applica- 
tions is a solution such that when we are dealing with small values 
of w we may obtain a good approximation by neglecting the terms 
in p” and higher powers of pu. 

We are thus led to seek for some other method of development 
of the solutions corresponding to the roots n, and n, of (8) which 
shall be satisfactory for values of p in the neighbourhood of pp. 

Second method of solution. 

Suppose then that n, — n, is nearly equal to m, where m is a 
positive integer, and n, and n, are two roots of (8). 

Choose a@,, such that v, — v; = m, where v, and rv, are the corre- 
sponding roots of the equation 

(Ayo — 2*) (O59 — 0") = 4x°n? 

The equations (3) become 

p" — 2ko" + ayop + we {(4y, + Ly) p + 220} = O 
” , s25(lO); 

a” + 2kp! + O50 + pt {ia1p + Lo90} = 0 

) 
2 

As before we make the substitution (4) and the equations be- 
come 

Od ek! SAA Oe (CX RA Aa 
+ pe {(Qq, + @y) A + XX} = o| (11) 

CP Xee Pag X Nae (CAN eA een ie j 
+ pe {XA + LyX} = 0 

The solution is in general of the form (6)*, the 4, and X, being 
as before periodic functions of ¢ with period 27, and the series 
being convergent for sufficiently small values of p. 

As in the first method the A,, X, and c, are determined by 
substituting the expressions (6) for A, X and ¢ in (11) and equating 
coefficients of like powers of pw. The terms involving 1” give us 
linear differential equations with constant coefficients in 4, and 
X,,, which can be easily solved for these quantities. By imposing 
on the solution thus obtained the condition that A, and X,, are 
periodic in ¢ with period 27, we determine c, and also some of 
the arbitrary constants of integration which come into the solution 
of the differential equations which determine A,_, and X,_,. We 
shall also impose the restriction that when ¢=0, 4) = 1 and 
Ale == Vale, Sadly = 5. =). 

* Moulton, Periodic Orbits, pp. 34 and 35. 
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We thus obtain: 

From the terms in p° 

Cy = wv, for some s, 

where 1, v3, v3 and v, are the roots of (9). 
The solutions obtained by taking ¢, = v3z and ¢, = v4t will be 

the same as those obtained by taking cy = zm and cy = im, in the 
first method and may be obtained by that method. To obtain the 
other two solutions we take 

Co = Wy soocod (12), 

Xy = Bi + Boe”? 

where a, and a, are arbitrary constants of integration and B, and 
Bz are given by 

and we then get 

2KV,B,t = (Ay — Vp”) Gy - 

From the terms im p. 

On solving the differential equations determining A, and X, 
which arise from these terms and imposing the condition that A, 
and X, are periodic in ¢ with period 27 we obtain the equations 

a, (fe, +9) tah = ot 
ty (if'e, + 9’) + ah’ = 0 

where f, g, h, f’, g’, h’ are constant coefficients whose values work 
out to be as ue 

f== _ (4108 amie) c= i (219059 — V2") 

G— a cm =r or = My, (O59 — v9”) 

(O59 — ¥4?) (@19 — 2”) Ay p42 ws 
h= 7, (O50 — 1) 91m = aes Bom 

lv 
1 2 

SU cy a (449 — 2") O5m 
2 Vy 

. a As ies 

h’ = 4 (sq — V0") 01m — (O50 ~ V5") (49 — v,”) 9 
2m Akv, 

1 », 
+ 294m + 5 = (419 — 4?) O5m | 

as 
Eliminating a, and a, from (14) we obtain 

(fe, +9) Ghia be) Hhk oma (16), 

_t(f'g+fg')+ivA ts ees): Gent eae (17), 

where A = 4ff'hh' + (fo' —f'g)®? naar (18). 

giving 
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We thus get in general two values of c,. c, having been deter- 
mined, either of equations (14) gives us a relation between a, and 
a,. The condition that Ay = 1 when ¢ = 0 gives another relation 
between a, and a. These two relations determine @, and a. 

The expressions obtained for A, and X, are of the form 

ol 8 Sl Rete a 
Ano a,em> — YD 7 *— 1 = 1 + Qype GREE a3) (19) 

ie mid Ss" Vee fe : 
X,= By + Bye ote fens) 

where U,, and V,, are constant coefficients, @,, and a, are arbi- 
trary constants of integration and f,, and fj, are given by 

2Kv418y, = (49 — 4°) C11 

2kvytBjy2 = (49 — V2") Cye- 

The summations in (19) extend through all integral values of s 
except s = 0 and s= m. 

The condition that A, = 0 when ¢ = 0 gives us a relation be- 
tween a@,, and ap. 

We next proceed to the discussion of the terms involving p*. 
On integrating the differential equations in A, and X, which arise 
from these terms and imposing the condition that A, and X, are 
periodic in ¢ with period 27, we obtain two equations which give 
us c, and also another relation between a, and a, so that these 
can now be determined. The general theory in Moulton’s book 
assures us that the process can be carried out to any stage required. 

We thus obtain two solutions corresponding to the two values 
of c,. These two solutions together with the two solutions corre- 
sponding to nm, and ,, which can be obtained in general by the 
first method, give us the complete solution. 

It is found that when a,, is large, the final expressions for 4,,, 
X,, and ¢,,, contain terms of order a,,”._ Now a, becomes large 
as p moves away from the value py, for which n, — n, is exactly 
an integer, and for this reason the solutions in series obtained by 
the second method are only suitable when p is nearly equal to pp, 
and become unsatisfactory for practical purposes as p moves away 
from the neighbourhood of y,. On the other hand the series for 
the solutions corresponding to n, and n, obtained by the first 
method are only suitable when p is sufficiently far removed from 
Po, and become unsatisfactory as p approaches py. 

[It should be noted that for similar reasons the method used 
by Goldsbrough in the paper referred to is only satisfactory when 
pis in the neighbourhood of po’ where po’ is such that when p = py 
two of the roots of equation (8) of the present paper (which is 
the same as equation (9) of Goldsbrough’s paper) are of the form 
+ m where m is an integer. As p moves away from the neighbour- 
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hood of pg’, the value of cos 27, which is obtained from equation (17) 
(p. 115) of Goldsbrough’s paper, will become very large. This means 
that large factors will appear in the numerators of the terms in 
Goldsbrough’s solution, and this solution will be unsatisfactory. 
Even if it remains convergent when p moves away from py) we 
should no longer be able to ‘obtain a good approximation by 
neglecting the terms involving products of the @’s, a procedure 
which is in fact adopted by Goldsbrough. For the same reason, 
even if p be in the neighbourhood of p,’, we can only use Golds- 
brough’s method for the purpose of finding the two solutions corre- 
sponding to the two roots of (8) which are nearly equal to + m, 
and his method would not be available in practice for the purpose 
of finding the other two solutions. | 

It is found that in the second method of solution, when n > 1, 
A,,, X, and ¢, contain terms in whose denominators powers of VA 
occur as factors, where A is given by (18). The method of solution 
in fact fails when A = 0, 2.e. when the two values of c, given by (17) 
are equal. Moulton’s general theory indicates that it would be 
necessary in this case to assume a solution in the form of power 
series in V p. 

Suppose there exists a number p, such that when p= py, 
A = 0. Then for values of p in the immediate neighbourhood of p,, 
A is small and the solution obtained by the second method becomes 
unsatisfactory. 

The second method is also unsatisfactory if there exists a third 
root mg of (8) such that n;— n, and v3 — ng are nearly integers. 
For if m3 — n, 1s nearly equal to an integer s, f (¢) + sz) is small, 
and it is found that powers of f (cy + s7) appear in the denominators 
of the terms in the series for A, X and c. 

Let us now make the assumption that the roots of (8) are 
always real. 

In this case ¢ is a purely imaginary quantity in each of the 
methods. 

In the first method of solution c, = 0. Let us seek to determine 
the condition that must be satisfied in order that c, in the second 
method of solution should have a real part. 

f.f'.9.9', h and h’ are now real so that the required condition is 

IN. <a Ue ner aeoaiti a GMa wocdste (20), 
where A has the value (18). 

When p= py so that n,—, is exactly equal to an integer 
@, 18 zero and (20) becomes 

BAR eS eR erence errr NG (21). 
If when p = py (21) is satisfied, there will be a range of values 

of p including py for which c, has a real part and the extent of this 
range is given by (20). 
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Now 4a,, is a factor of g and g’, and it follows that at the ex- 
tremities of the range of values of p defined by A < 0, a,, will in 
general be of zero order. 

| A et, But a,, is a quantity of order (We are assuming that 

to a small change in p corresponds a change of the same order of 
magnitude in x, ©), O5) and the ©’s.) 

Hence at the extremities of the range A < 0, p — pyis of order p; 
that is the extent of the range of values of p defined by (20) is 
of order p. 

It should be noted that the end points p, and p, of the range 
of values of p defined by (20) are points for which A = 0, so that 
the solutions obtained by the second method become unsatisfactory 
as p approaches p, or p.. It is clear that provided the quantity 
Sf hh’ is not small in the neighbourhood of po, the extents of the 
ranges of values of p in the neighbourhoods of p, and p, for which 
A is small so that the solutions are unsatisfactory, are small in 
comparison with the extent of the range (20) for which the ¢,’s 
in these solutions have real parts. 

There is a very simple case in which it happens that the c,’s 
are partly real. 

The roots of (8) are of the form + a+ b. Suppose that when 
. P=Po, 2a =m, where m is an integer. 

Write 1 —— 

Ng = + a. 

When p is nearly equal to py, v2, — n, 1s nearly equal to m, and 
we apply the second method to find the solutions corresponding 
to the roots + a. 

49 18S given by 
2 2 m m 

— — — — peyy2 99 
(% 4 ) (O50 4 ) a edhe  — Sagada (22), 

and we have vy, = —im, 

Y= +4m 
In this case we have 

—f=f' == (a09—") = F say, 
ae m\ 1 m> m? onal 

Uh | = tn, (00-5) = {(C0-F) (@x0- 7) em f 

y’ 1 m 1 m 
h=h PD) (O50— a Ge =F 7 (A 5m sil 84m) = 2 (410 a oe 5m 

= H say. 
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(16) then becomes fc,2 + G? = H?, 
and ¢, is real if GA en. ee Et Fe (23). 

If m is an even integer we have the case considered by Golds- 
brough and in this case (23) is identical with Goldsbrough’s con- 
dition for the reality of the exponent*. 

Goldsbrough’s solution now appears in the light of a particular 
case, and we have seen that his method does not even give us the 
general solution for the particular values of p in question, but 
only the solutions corresponding to the roots + a of (8). The solu- 
tions corresponding to the roots + 6 may be found by the first 
method of this paper unless 2b is nearly equal to an integer, in 
which case the second method must be used. But if 2a, 2b, a — 6 and 
a+ bare all nearly equal to integers, both of the above methods lead 
to unsatisfactory solutions. It should be noted that Goldsbrough’s 
method is unsatisfactory if both a and b are nearly integersy. 

Summary. We have been discussing the solutions of the equa- 
tions (1) for different values of a parameter p which enters into the 
coefficients in a continuous manner. We have denoted by py any 
value of p which is such that when p = po, two roots of (8) differ 
by an integer. We have outlined two methods of solution. Of these 
the first is applicable when p is sufficiently far removed from jy 
and the second when p is in the neighbourhood of p,. 

In each case the solutions are of the type p = Xe** A, o = Le’? X, 
where the A’s and X’s are periodic functions of ¢ with period 27, 
and the c’s are power series in p, each c being of the form 

C=C) + Cys + Cop? + .... 

On the assumption that the roots of (8) are always real, it is 
found that in each solution all the c's are purely imaginary quanti- 
ties. In the first method of solution all the ¢,’s are zero, and in 
the second solution it may happen that there is a range of values 
of p including p, for which some of the c,’s are partly real. The 
extent of this range is of order p, it being assumed that the changes 
in the coefficients of the original equations corresponding to a 
change Ap in the value of p are of order Ap. Such a range will 
certainly exist if p, is such that when p = p, two of the roots of 
(8) are + $m where m is an integer. The second method of solution 
becomes unsatisfactory towards the extremities of the ranges of 
values of p for which some of the c,’s are partly real. 

I am indebted to Professor H. F. Baker for the interest he has 
taken in the preparation of this paper, and for valuable suggestions 
during revision. 

* In equations (17) and (18) of Goldsbrough’s paper the signs of the terms in- 
volving 09, 9, have been reversed, owing to a slip amounting to a change of sign in the 
determinations of his dg, on and Cy, 9p. 
_ +t In this case some of the quantities of the type ay) O59 — n* (nv +7r)* which appear 
in the denominators of Goldsbrough’s solution are small. 
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PROCEEDINGS AT THE MEETINGS HELD DURING 

THE SESSION 1921—1922. 

ANNUAL GENERAL MEETING. 

October 31, 1921. 

In the Cavendish Laboratory. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

The following were elected Officers for the ensuing year: 

President: 

Prof. Seward. 

Vice-Presidents: 

Mr C. T. R. Wilson. 

Dr E. H. Griffiths. 
Prof. Newall. 

Treasurer: 

Mr F. A. Potts. 

Secretaries: 

Mr H. H. Brindley. 
Prof. Baker. 
Mr F. W. Aston. 

Other Members of Council: 

Prof. Inglis. Dr Bennett. 
Mr W. H. R. Rivers. Dr Hartridge. 
Prof. Marr. Mr H. Hamshaw Thomas. 
Mr C. T. Heycock. Mr R. H. Fowler. 
Dr H. Lamb. Mr K. Cunningham. 
Prof. Hopkins. Mr T. C. Nicholas. 

The following were elected Associates of the Society: 

Miss A. V. Douglas, Newnham College. 
EK. Madgwick, Emmanuel College. 
H. R. Mehra, Fitzwilliam Hall. 
C. D. Murray, Gonville and Caius College. 
Y. Nishina, Emmanuel College. 
Dalip Singh, Emmanuel College. 
H. de W. Smyth, Gonville and Caius College. 
A. G. Thacker. 
I. Tuxford, Gonville and Caius College. 
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The following Communications were made to the Society: 

1. A new method of testing microscope objectives. By Dr Hart- 
RIDGE. 

2. (a) Determination of the coefficient of viscosity of mercury. 

(6) A Laboratory method of determining Young’s Modulus for 
a microscopic cover slip. 

By J. E. P. Waestarr, M.A., St John’s College. (Communicated by 
Prof. R. Whiddington.) 

3. Some peculiarities of the Wilson ionisation tracks and a suggested 
explanation. By J. L. Guasson, M.A., Gonville and Caius College. 
(Communicated by Prof. Sir E. Rutherford.) 

4. (a) Convex Solids in Higher Space. 

(6) On certain Simply-Transitive Permutation-Groups. 

By Dr W. Burnsive. 

5. Some problems of Diophantine approximation. By Prof. G. H. 
Harpy and J. E. Lirrtewoop, M.A., Trinity College. 

6. On the Stability of the Steady Motion of viscous liquid contained 
between two rotating coaxal circular cylinders. By W. J. Harrison, 
M.A., Clare College. 

7. (a) Note on the Velocity of X-ray Electrons. 

(b) A Laboratory Valve-method for determining the Specific 
Inductive Capacities of Liquids. 

By Prof. R. WHIppINGTON. 

8. On tides in the Bristol Channel. By Sir GkorgE GREENHILL, 

9. On the fifth book of Euclid’s Elements. By Dr M. J. M. Hitt. 

10. On a general infinitesimal geometry, in reference to the theory of 
Relativity. By W. Wirtincer. (Communicated by Prof. H. F. Baker.) 

November 14, 1921. 

In the Botany School. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

The following was elected a Fellow of the Society: 

J. F. Gaskell, M.D., Gonville and Caius College. 

The President delivered a Lecture entitled ‘‘Greenland,” which was 
illustrated with lantern slides. 
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November 28, 1921. 

In the Comparative Anatomy Lecture Room. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 
F. B. Baker, B.A., St John’s College. 
T. A. Brown, B.A., Trinity College. 
F. H. C. Butler, B.A., St John’s College. 
Chas. Davison, Sc.D., Emmanuel College. 
R. G. W. Norrish, B.A., Emmanuel College. 
M. T. Sampson, B.A., St John’s College. 
S. W. P. Steen, B.A., Christ’s College. 
EK. C. Stoner, B.A., Emmanuel College. 
H. C. G. Vincent, B.A., Fitzwilliam Hall. 
C. G. L. Wolf, Ph.D., Christ’s College. 
J. M. Wordie, M.A., St John’s College. 

The following was elected an Associate of the Society: 

Miss M. T. Budden, Newnham College. 

The following Communications were made to the Society: 

1. Note on cell-division. By J. Gray, M.A., King’s College. 

2. The geology of Jan Mayen (illustrated by lantern slides). By 
J.M. Worpir, M.A., St John’s College. (Communicated by Prof. Seward.) 

3. The insect and arachnid fauna of Jan Mayen. By W.S. BRIstoweE. 
(Communicated by Mr H. H. Brindley.) 

4. The vegetation of Jan Mayen. By J. L. Caawortu-MustErs. 
(Communicated by Prof. Seward.) 

5. The bionomics of parasitism in certain Hymenoptera. By ‘Miss 
M. D. Haviranp. (Communicated by Mr H. H. Brindley.) 

_ 6. Note on Prof. T. H. Morgan’s theory of Hen-feathering in Cocks. 
By M. 8S. Prasz, M.A., Trinity College. (Communicated by Prof. 
Punnett.) 

7. On a problem concerning the Riemann ¢-function. By %. 
WicertT. (Communicated by Prof. G. H. Hardy.) 

February 6, 1922. 

In the Comparative Anatomy Lecture Room. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

W. A. F. Balfour-Browne, M.A., Gonville and Caius College. 
P. M.S. Blackett, B.A., Magdalene College. 
F. L. Engledow, M.A., St John’s College. 
W. T. Gibson, B.A., Trinity College. 
M.S. Pease, M.A., Trinity College. 
J. Walton, B.A., St John’s College. 
W. D. Womersley, M.A., Emmanuel College. 
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The following were elected Associates of the Society: 

H. Burgess, Jesus College. 
8. D. Muzaffer, Fitzwilliam Hall. 
W. G. Ogg, Christ’s College. 
P. Radin, Christ’s College. 

The following Communications were made to the Society: 

1. On some new and rare Jurassic Plants from Yorkshire (V): Fertile 
specimens of Dictyophyllum rugosum L. and H. By H. HamsHaw 
Tuomas, M.A., Downing College. 

2. On the Food of Teredo, the Shipworm. By F. A. Ports, M.A., 
Trinity Hall. 

3. The definition of an envelope. By E. H. Neviiie, M.A., Trinity 
College. 

February 20, 1922. 

In the Botany School. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

The following were elected Associates of the Society: 

R. E. Chapman, Emmanuel College. 
Miss E. G. Torrance, Newnham College. 

Mr F. A. Potts delivered a Lecture entitled “The Marine Biology of 
a Tropical Island,” which was illustrated with lantern slides. 

February 27, 1922. 

In the Cavendish Laboratory. 

Mr C. T. R. Witson, VicE-PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

W. B. Gourlay, M.A., Trinity College. 
. A. Hayes, M.A., Trinity Hall. 
H. Jeffery, M.A., Trinity College. 

. McCombie, M.A., King’s College. 
. J. Maskell, B.A., Emmanuel College. 
. J.T. M. Needham, B.A., Gonville and Caius College 

. W. Nicholson, M.D., Jesus College. 
. A. Pars, B.A., Jesus College. 
D. Sayers, M.A., Downing College. 

. J. Smith, B.A., Downing College. 
H. Spiers, M.A., Emmanuel College. 

. West, B.A., St John’s College. 
J.C. Willis, Se.D., Gonville and Caius College. 

Qi es ee 

lol tals 
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The following was elected an Associate of the Society: 

A. Lang-Brown, Christ’s College. 

The following Communications were made to the Society: 

1. (a) An experiment illustrating the conservation of angular 
momentum. 

(b) A focal line method of determining the elastic constants of 
glass. 

By Dr G. F. C. Sears. 

2. Low Voltage Glows in Mercury Vapour. By G. Strap, M.A., Clare 
College and E. C. Stoner, B.A., Emmanuel College. 

3. An electric wave detector. By E. V. Appieton, M.A., St John’s 
College. 

4. An attempt to separate the Isotopes of Chlorine. By E. B. 
Lupuam, B.A., Trinity College. (Communicated by Mr F. W. Aston.) 

5. The measurement of Magnetic Susceptibilities at high frequencies. 
By M. H. Betz. (Communicated by Prof. Sir E. Rutherford.) 

6. Note on an attempt to influence the random direction of @ Particle 
Kmission. By G. H. HeENpERson. (Communicated by Prof. Sir E. 
Rutherford.) 

7. Determination of the Coefficient of Rigidity of a thin glass beam. 
By J. E. P. Waastarr, M.A., St John’s College. (Communicated by 
Prof. R. Whiddington.) 

March 8, 1922. 

In the Botany School. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

A Report on the financial position of the Society with proposals for 
increasing the income was discussed. 

May 1, 1922. 

In the Comparative Anatomy Lecture Room. 

Pror. BAKER IN THE CHarR. 

The following was elected a Fellow of the Society: 

K. B. Ludlam, B.A., Trinity College. 

The following Communications were made to the Society: 

1. Waves of permanent type at the interface of two liquids. By 
Dr H. Lams. 
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2. The number of primes of the form 7? + 1. By Dr A. E. WesTERN. 

3. The influence of electrically conducting material within the earth 
on various phenomena of terrestrial magnetism. By 8. CHapMAn, M.A., 
Trinity College and T. T. WuIreHEAD. 

4. The impossibility of the coexistence of two Mathieu functions. 
By E. L. Incr, M.A., Trinity College. 

5. A general condition for the quantisation of the conditionally 
periodic motions with an application for the Bohr atom. By Dr Vicror 
TRKAL. (Communicated by Mr F. W. Aston.) 

6. Interpretation of the 8 and y ray spectra of radioactive bodies. 
By C. D. Extis, M.A., Trinity College. 

May 15, 1922. 

In the Comparative Anatomy Lecture Room. 

Mr C. T. R. Witson, Vick-PRESIDENT, IN THE CHAIR. 

The following was elected a Fellow of the Society: 

J. Chadwick, Ph.D., Gonville and Caius College. 

The following was elected an Associate of the Society: 

P. L. Kapitza. 

The following Communications were made to the Society: 

1, An Experimental investigation of Soaring Flight. By Dr E. H. 
HANKIN. 

2. The projective generation of surfaces in space of four dimensions. 
By F. P. Wurre, M.A., St John’s College. 

3. The analytical representation of the theory of congruences of 
conics. By C. G. F. Jans, B.A., Trinity College. (Communicated by 
Prof. H. F. Baker.) 

4. (a) The geometrical theory of the apolarity of quadric surfaces. 

(6) A set of fifteen quartic surfaces in space of four dimensions, 
and the application to the theory of cubic surfaces in 
ordinary space. By Miss H. G. Tetirye. (Communicated 
by Prof. H. F. Baker.) 

5. The generalisation of the theory of the circles associated with a 
triangle by means of the theory of plane cubic curves. By Prof. J. P. 
GapBatTt. (Communicated by Prof. H. F. Baker.) 

6. An asymptotic relation between two arithmetic sums. By B. M. 
Wizson, B.A., Trinity College. (Communicated by Prof. G. H. Hardy.) 
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May 22, 1922. 

In the Anatomy School. 

Pror. SEWARD, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

J. KE. P. Wagstaff, M.A., St John’s College. 
L. L. Whyte, B.A., Trinity College. 

Mr J. Barcroft delivered a Lecture entitled ‘‘The Physiology of Life 
in the Andes,” which was illustrated with lantern slides. 

The following Communications were made to the Society: 

1. On an integral equation. By J. E. Lirrtewoop, M.A., Trinity 
College, with a note by E. A. Mizneg, M.A., Trinity College. 

2. On the integer solutions of the equations of the third and fourth 
degrees. By L. J. MorDELL. 
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Cambridge Philosophical Society. 

On the Generalization of the Theory of Circles associated with a 
Triangle by means of the Theory of Plane Cubic Curves. By J. P. 
GABBATT. (Communicated by Prof. H. F. BAKER.) 

[Read 15 May; received 19 August, 1922. ] 

INTRODUCTION. 

The object of this paper is to shew that some of the most inter- 
esting properties of circles associated with a triangle in a euclidean 
plane are special cases of polar properties of cubic loci and envelopes 
in a projective plane. The euclidean theorems principally con- 
sidered are those relating to the pedal line and circle, Feuerbach’s 
theorem and the Wallace-Steiner properties of the quadrilateral. 

The somewhat long preliminary section on properties of cubics 
seems to be necessary for several reasons. The writer is acquainted 
with no work in which are collected the whole of the known 
theorems required; some of those most important for the present 
purpose seem not previously to have been proved by synthetic 
methods; and most of the theorems on the relations between polar-, 
pole- and poloconics, on which it will appear that the euclidean 
theorems mainly depend, are apparently new. It is hoped, however, 
that the somewhat copious references to this preliminary survey, 
in the paragraphs which deal directly with the main subject of the 
paper, will enable those who are interested mainly in the generaliza- 
tion of the theorems of elementary geometry to dispense with a 
complete reading of the preliminary matter. But it should be 
stated that, except to a small extent as regards the treatment of 
quadratic transformations, no theorem is included in Part I which 
is not directly required for the special purpose of the paper. 

The projective treatment of the geometry of the triangle has, of 
course, been considered by previous writers, the most systematic 
paper on the subject known to the author being that of Berkhan*. 
Except as regards the fundamental theorem} on the pedal line, 
little is common to Berkhan’s work and the present paper. 

In the bulk of previous work on the purely projective generaliza- 
tion of the theorems here dealt with, the circular points at infinity 
of euclidean geometry have been replaced by a point-pair, and 
generality has thereby been lost. On the other hand, the orthodox 

* «Zur projektivischen Behandlung der Dreiecksgeometrie,” Arch. d. Math. u. 
Phys. (3) 11 (1907), p. 1. t V. (17-1) below. 
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non-euclidean treatment, with a Conic Absolute, does not seem to 
have been particularly fruitful. This circumstance may not be un- 
connected with the fact (vital in the present handling of the subject) 
that the non-euclidean treatment necessarily elevates to a peculiar 
position—that of the Absolute—one of three conics which, as pole- 
conics of the same line* with respect to three related class-cubics, 
are strictly on an equal footing. It follows that we shall discover 
theorems, not generally in reciprocal pairs, but in groups of three 
or multiples of threey. 

An endeavour has been made to indicate the theorems which 
are already known. Where proofs of such theorems are inserted, it 
is hoped that they will be found simpler than those extant. 
Theorems of which the enunciations are italicized are believed to be 
new. 

PART I. 

PROPERTIES OF CUBIC CURVES 

1. Apolarity. 1-1. Two lines which are such that each contains 
the pole of the other q.t a given class-conic are said to be apolar§ to 
that conic. Two points which are such that the polar of each q. a 
given order-conic contains the other are said to be apolar to that 
conic. 

A triangle which is such that each side is the polar, q. a given 
conic, of the opposite vertex is said to be apolar§ to that conic. 

1-2. It is well known that, if two pairs of sides of a quadrangle 
are both apolar to a given class-conic, then the third pair of sides 
is also apolar to that conic; and more generally, any order-conic of 
the pencil|| determined by the vertices of the quadrangle as base- 
points is apolar to the given class-conic. Further, if two order- 
conics are both apolar to a given class-conic, then every order-conic 
of the pencil determined by the two given order-conics is apolar to 
the given class-conic; and if three order-conics, not of the same 
pencil, are all apolar to a given class-conic, then all the order-conics 
of the net determined by the three given order-conics are apolar to 
the given class-conic. 

It is unnecessary to state explicitly the corresponding theorems 
on the class-conics of a range or web. 

* The word line throughout denotes straight line. + V., e.g. (17:55) below. 
{ The symbol q. (i.e. quoad) throughout the paper signifies with respect to. 
§ The word conjugate is not here used in this sense, because of its many other 

uses, and because the present relation is a particular case of others ordinarily 
designated apolar. : eae 

|| As the terminology does not appear to be fixed in English, it may be well to 
explain that here adopted. If the equations C=0, C’=0, C”=0 determine loci of 
the same order », and a, a’, a” be parameters; then the «1 loci determined by 
equations of the type aC + a’C’ =0 will be termed a pencil, and the n? common points 
of C, CO’ the base-points of the pencil; the terms range, base-line being similarly used 
of envelopes: the «* loci determined by equations of the type a0 +a’C’ +a”C”=0 
will be termed a net; the term web being similarly used of envelopes. 
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1-3. Given any order-cubic 7; it is well known* that there is 
one and only one class-cubie ©, such that the polar conic, q. 7’, of 
every point in the plane of the two cubics is apolar to the pole 
conic, q.@, of every line in that plane; and conversely, that if any 
order-conic s be apolar to every pole conic, q. ©, then s is a polar 
conic, q. 7. White* uses the term doubly apolar to express the 
relation between T and ©. We shall adopt the more usual termino- 
logy, and simply describe T as apolar to ©, and conversely. 

It is easy to shewy that the Hessian of 7 is the Cayleyan of ©, 
and that the Cayleyan of 7 is the Hessian of ©. There is thus com- 
plete duality between the properties of the two curves and of the 
conics, etc., associated with them. The term duality will be under- 
stood in this sense throughout the paper. 

2. The T-pencil and the ©-range. Given any order-cubic 7p; it 
is well known that there are in general three order-cubics (say 
T,, T,, T,) of which T, is the common Hessian. Let ©, be the 
class-cubic apolar to 7,,; and let A,, be the Hessian of ©,,; then (1-3) 
A, is the Cayleyan of T,, (n= 1, 2, 3). 

It is known that the cubics T,, (n = 0, 1, 2, 3) belong to a pencil, 
the base-points of which are the points of inflexion of every cubic 
of the pencil; this pencil will be termed the 7-pencil. Dually, the 
cubics ©,, A, belong to a range, the base-lines of which are the 
cuspidal tangents of every cubic of the range; this range will be 
termed the ©-range. 

3. Polar and Pole Conies, Lines and Points. 3-1. The polar 
conic, q. T,,, of a point (Y) will be denoted by S, (Y); the polar 
line (briefly the polar), q. T,,, of Y will be denoted by p, (Y)t. If 
Z be contained by S,, (Y), then Y is contained by p, (Z). 

If Y be a point of a (fixed) line y, then the conics S,, (Y) con- 
stitute a pencil, projective with the range [ Y]. The base-points of 
the pencil are the four poles, q. T,,, of y; the polar, q. T,,, of any 
one of these poles is y. The lines [p, (Y)] are tangents to a class- 
conic projective with the range [ Y]. The polar conics, q. any given 
cubic, of all the points of its plane constitute a net. 

The polar conics, q. the cubics of the 7-pencil, of a fixed point 
P, themselves constitute a pencil projective with the 7-pencil; the 
basa-points of the pencil of conics are the points of contact of the 
tangents (other than that at P) to that cubic of the 7’-pencil which 

* H. J. S. Smith, Proc. Lond. Math. Soc. 2 (1868), p. 85=Papers, 1, p. 524; 
Clebsch-Gordan, Math. Ann. 6 (1873), p. 436; H. S. White, Trans. Amer. Math. Soc. 
1 (1900), p. 1. 

If f=a,3=0 be the order-cubic, then Il=uw,;3=ST-—7S=0 is the class-cubic. 
If fS=23 +y3 +23 + 6kayz =0, then T= + n° + + 6xinf=0, where 2k« +1=0. 

t+ V., e.g. Wieleitner, Th. d. eb. alg. Kiirv. héh. Ordnung, Leipzig, 1905, p. 233. 
{ If 7,,=a,3=0, and ¥ =(y,, yo, ys), then S,( Y)=a2a, =0, and p, ( ¥)=a,a,?=0. 

20—2 



300 Mr Gabbatt, On the generalization of 

contains P. The polars of P q. the cubics of the 7-pencil also 
constitute a pencil projective with the T-pencil. 

3:2. The mixed polar* p, (Y, Z), q. T,, of any two points Y, Z 
is the polar, q. S, (Y), of Z, and also the polar, q. S, (Z), of Y. If 
the mixed polar of a particular two of three given points contains 
the third, then (in general)? the mixed polar of every two points 
of the three contains the third, and the three points constitute an 
apolar triad q. the cubic in question. An indefinite number of pairs 
of points have the same mixed polar q. a given cubic; for if x denote 
any line, and Y any point, and if Z be the pole, q. S, (Y), of 2; 
then z is p, (Y, Z). 

3:3. More generally, we may consider the line which is the polar, 
q. T,,, of any class-conic o; this line will be denoted by p, (oc). If 
the same line x be the mixed polar of two pairs of opposite vertices 
of a quadrilateral, then z is also the mixed polar of the remaining 
pair of vertices§, and is the polar of every conic of the range of which 
the sides of the given quadrilateral are the base-lines. 

3:4. The pole conic, q. ©,, of a line (y) will be denoted by 
=, (y), and the pole (-point) of y q. 0, by a, (y); while a, (y, 2) will 
denote the mixed pole of two lines y, z, and a, (s) the pole of an 
order-conic s,q.@,. The definitions of these elements are dual to 
those of (3-1, 2, 3). 

4. Corresponding Points of the Hessian. 4:1. It is well known 
that S,, (P)) degenerates into a pair of lines if and only if Pp is a 
point of the Hessian 7, of 7, (n = 1, 2, 3); and that the meet P,, of 
the pair of lines is also a point of 7). P,, will be termed the corre- 
sponding point of the nth species, or briefly the n-correspondent of 
P,. Every point P, of 7, has thus three correspondents, P,, P,, Ps, 
which are points of 7). Pp, is also the n-correspondent of P,,, and 
Pore ane ae eo). 

P,, P,, are also termed conjugate poles q. T,, (n = 1, 2, 3). 
4-2. Any point P, of T,, and its three correspondents P,, P,, Ps 

constitute a Maclaurin tetrad||. The tangents to 7, at the four 
points of such a tetrad meet at a fifth point P,’ of 7); Po’ is the 
common tangential of the four points P,. If the meet of PoP,, 
P,P be denoted by P,,' (I, m, n = 1, 2, 3); then P,,’ is a point of 
Ty, viz. the n-correspondent of P,’. 

4-3. P,P,, P,P, are tangents to A,, the Cayleyan of T,,, and 
are corresponding tangents in the sense dual to that of (4-1), being 

* Tf, further, Z=(z,, 22, 23), then py (Y, Z)=az2,4,=0. 
+ If Y, Z are both contained by 7, then p, (Y, Z) may be indeterminate; v. 

(7-35), below. 
t Ifc=a;z*=0, then p, (¢)=a,4.2 =0; v. Clifford, Proc. Lond. Math. Soc. 2 (1869), 

p. 116= Papers, p. 115. 
§ V. (7-36), below. 
|| Maclaurin, De linearum geometricarum proprietatibus (ed. De Jonquieres, 

Mélanges de géométrie pure, Paris, 1856, p. 228). 
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conjugate polars q.©,. Since PoP,,, P,P, meet on Ty, we see that 
of the three tangents to A, from any point of 7), two are corre- 
sponding tangents; the third being the join of the given point and 
its n-correspondent. 

4-4. It has been noted that the polar conic of a point, q. 7, 
degenerates into a pair of lines if and only if the given point is a 
point of T,. In particular, P)P,,, P,P, constitute the polar conic, 
qec£,,;:08 Py. Dually, the conic pole, q. ©,,, of a line degenerates 
into a pair of points if and only if the given line is a tangent to 
A,,; 1.e.1f the line is the join of n-correspondents Po, P,, on Ty; and 
the degenerate conic consists of the points P,, P,,, (l, m,n = 1, 2, 3). 
The Hessian of a given order-cubic is thus the locus of those pairs 
of points which constitute pole conics of the apolar class-cubic, 
and the Cayleyan of a given order-cubic is the envelope of those 
pairs of lines which constitute polar conics of the given order- 
cubic. 

5. Twelve-point Configurations. 5-1. Let any line meet Ty at 
the points Ay, By. Cy. Then by ith the notation of (4-1) the twelve 
points A,, B,, C,(n=0, 1, 2, 3) determine a configuration of 
symbol (12), 16,), here termed a dodecad*; the points of a dodecad 
thus consist of three Maclaurin tetrads. 

In particular, the points A,, B,,C,,; A,, By, Cr; An, Bn, Co are m 
line (n= 1,2,3) and the points A,, B,,, C,, are in line (1, m,n = 1, 2,3); 
and if any three points in line be omitted, then the remainder 
determine a configuration of symbol (9,, 6,). Since the tangents to 
T, at any three points in a line meet 7, again at three points in 
another line (the satellite of the given line), therefore (4-2) the 
twelve points A,,, B,, C,, are the points of contact (other than the 
given points) of the tangents to 7, from three given collinear points 
“one AX 

5-2. From the definition (5-1), the triangles 4,B,C,, A,B,C, 
A,B,C, are in perspective two by two, A)B,Cy being the common 
axis of perspective. Let F, G, H be respectively the centres of 
perspective of A,B,C,, A,B 50; A, B.C,, 4,6,C,; A,B,C, > A,B,C: 
Since A,, B,, C, are respectiv ely the medts of B. 106 BOLO A, 
C45; A,B,, A, »By: therefore the points F, G, H are in line. 

Again, the “triangles A,B;C3, A,B,C, are in perspective, axis 
A,B,C,, centre F; and A,; Be C, are respectively the meets of 
B, pee0.;C,A., C,A,3 As sho, Agby:, Leva, H be respectiv ely 
the centres of perspectiv e of the triangles A,B,C,, A,ByCy; 4,BoCo, 
A,B,C;; then F, G’, H’ are in line. Proceeding ‘sitnilarly W ith the 
pairs of triangles A By C,; A. B.C,; AsBaC,, As By sU,; two other lines, 
each containing F, of the same type as FGH may be obtained. 
Thus all four lines of this type (lines of three centres of perspec- 

2 

* Maclaurin, loc. cit. This, and all other configurations of the same symbol here 
treated, are of the type denoted by de Vries [Acta math. 12 (1888), p. 63] (12,, 165) A. 
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tive) contain F'; and one of these lines corresponds to each of the 
lines A,B,C), Ap ByC1, 4, BoC, A,B,C, regarded each asthe common 
axis of perspective of three triangles taken two by two. 

Treating each of the lines of the [ABC] configuration in turn 
as such an axis, we apparently obtain 48 centres of perspective ; 
but each centre (e.g. fF) occurs four times, and thus we have 12 
distinct centres of perspective, lying three by three in 16 lines, four 
of which contain each centre. In other words, the twelve centres 
of perspective themselves determine a configuration of symbol 
(12,, 16), the central dodecad of the given dodecad. 

‘Again, the line A.A, contains two points G, G’ of the central 
dodecad; and (e.g. from the quadrilateral of which the vertices are 
A,, A,, Bz, B,, Cy, Cz) the point-pairs A,, A,; G, G’ are harmonic. 
Generalizing, we have the theorem*: The sears of perspective of 
the pairs of ‘triangles i in perspective determined by points of a con- 
figuration of symbol (12,, 16,) determine another configuration of 
the same symbol: the 24 points of the two configurations determine 
a configuration of symbol (24,, 18,); each line of the 24-point con- 
figuration contains a pair of points of each of the 12-point con- 
figurations; and the two point-pairs on every such line are harmonic. 
The relation between the two 12-point configurations is reciprocal. 

5-3. The nine points A,, B,, C, (n= 1, 2, 3) and the corre- 
sponding centres of perspective /’, G, H determine a configuration 
of symbol (12,, 16,), and type A (5-1, footnote), and are therefore 
all contained by a cubic (@,, say). Similarly any twelve points, of 
which nine are those which remain when any three points in a line 
of the [A BC] configuration are omitted, and the other three are the 
centres of perspective of the three pairs of triangles having the 
omitted line as common axis of perspective, are contained by a 
cubic. 

5-4. The tangents (other than that at A,) from A, to the cubic 
T, touch that cubic at four points, [L] say, of a Maclaurin tetrad 
(4-2). The tetrad [LZ], and the tetrads [17], [N] similarly related to 
By, Co respectively, determine a dodecad. The central dodecad of 
this dodecad is of fundamental importance for the subject of this 
paper. 

Let us denote any one of the four points [| by Lj, and any one 
of the four points [M] by M,. The line L,M, contains one of the 
four points [ NV]; let that point be denoted by Np. If we now denote 
the n-correspondents of L,, M,, Ny by Ly, M n» N, respectively 
(n = 1, 2, 3), then the notation for the [LMN | dodecad is complete, 
and is analogous to that for the [ABC] dodecad. Since A, is the 
common tangential of the points [LZ], therefore (4:2) the lines 

* Proved independently by de Vries, Acc. de Amsterdam (3) 5 (1886), p. 105 and 
Caporali, Mem. di geom., Napoli (1888), p. 338. V. also de Vries, loc. cit., p. 210, 
Acta math, 12 (1888), p. 1 and Ace. de Amst. (3) 7 (1890), p. 177 = Arch. néerl. 25, p. 57. 
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Lylin, LyjLm meet at A, (1, m,n = 1, 2, 3); similarly for the points 
[M], [N] and B,, C,, respectively. 

5:5. The twelve points of the central dodecad of the dodecad 
[LM N] will be denoted by the letters J, O, U, with suffixes according 
to the appended table, which specifies the 18 lines of the 24-point 
configuration determined by the twelve points L, M, N and the 
twelve points I, O, U: 

TESLA)! | Seay ice (NO eT ENON 
eT. | TM ie Oe LNG 
O,0.E,l,;  O,0sM,M,;  0,0,N3N, 
0:0,Lyln; 0,0.M,>M,;  0.02N No 
Uo Uigb ta os BU Menine © USD) NENG 
DU MORO WE Ros MOL LO sep 

It will be noted (5-2) that I,, Oo, U, are in line; that I), O,, U,; 
t,, O,, U,, and I,, O,, Uy are in line (vy = a, B, y); and that J,, O,, 
U, are in line (A, p, v =a, 8, y). 

5-6. The twelve points [J, O, U] are contained by a cubic. 
From the symmetry of the relation between the points [J, O, U] 
and the points [L, M, N], the four points [Z] constitute a Maclaurin 
tetrad on this cubic; and so for the points [O], [U]. The meet 
of the lines, J,!., 1,0, @el,t,, 0,6,) is A,; similarly Ile, £203 
Iyl,, [.f, meet at B,, C,, respectively. The points A,, B,, C, are 
therefore (4:2) three points of a Maclaurin tetrad on this cubic. 
It is not difficult to prove that F is the fourth point of the tetrad; 
that the cubic is therefore @, (5:3); and that the points [J, O, U] 
are thus the points of contact of the tangents to @, (other than 
those at F, G, H) from F, G, H respectively*. 

6. The Points [F, G, H];[I, O, U] as Poles. 6-1. Since (4:4) the 
points dy, A, constitute X, (4,43), therefore every line containing 
Ay is to be regarded as a tangent to &, (4,43); thus aw, (ApP) is 
contained by the line A,A,, whatever poimt may be denoted by P. 
In particular, @, (A,B,C) is contained by 4,A,, and similarly by 
BBs, C,C,. Thus, F as the pole, ¢. O,, of Ap ByCy. Similarly G, H 
are the poles, g. O,, O. respectively, of AyByCy; and (cf. 3-1)+ The line 
FGH is the locus of the poles of AyByCy q. the class-cubics of the 
©-range. 

6-2. Since (5:2) F is the centre of perspective of the triangles 
A,B,C, A,B,C,; therefore (6-1) F is the pole, q. @,, of A,B,C. 
Generalizing: A)ByCy, AjB,C,, A,BjC,, A,B,C, are the four polars, 

* It follows that the cubic Ty, ie. the general cubic in this special aspect, has 
the properties discussed by Sommerville, Proc. Edin. Math. Soc. 33, Pt 2 (1914-15), 
p- 85, and previously (1909) in an unpublished paper by the present writer. The non- 
euclidean treatment as usual obscures the threefoldness of the properties in question. 

} A reference containing the abbreviation cf. is generally to the dual (1:3) of the 
theorem indicated. 
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q.@,, of F; a theorem which might have been obtained otherwise. 
It is, in fact, well known* that the four polars of any given point q. 
any given class-cubic are the sides of a quadrilateral inscribed in 
the (order-cubic which is the) Cayleyan of that class-cubic; that 
opposite vertices of the quadrilateral are correspondents, of the 
appropriate species, on that Cayleyan; and that the sides of the 
diagonal triangle of the quadrilateral are those tangents to the 
Hessian of the given class-cubic which correspond (4-3) to the three 
tangents to that Hessian from the given point. There are thus three 
species of quadrilaterals inscribed in an order-cubic (e.g. 7’) re- 
garded as the common Cayleyan of three class-cubics (@,, 0, Os). 
which may be termed the 1-, 2-, 3-inscribed quadrilaterals. 

The four sides of an n-inscribed quadrilateral touch the pole 
conic, q.@,,, of any line containing the point which is the common 
pole (q. ©,,) of the four sides. Thus, if the four polars, q. ©, , of any 
points X, X’ be denoted by [zx], [x’] respectively; then the eight 
lines [a], [x] all touch a conic, viz. &,, (XX). Conversely, the two 
tangents from any point of 7, to any pole conic q. 0, have the same 
pole q.©,,; if one of the two tangents from P, be P,Q), where Py. Q 
are points of 7); then the other is P,Q, where Q,, is the n-corre- 
spondent of Qp. 

6-3. As in (6-2), L,M,N,, LVMiN,, L,MN,, £,M,N, are the 
four polars, q. ©,, of J); with like theorems for O), Up, etc. As in 
(6-1), the poles, q. @,, of L,.M)N,, LpMiNi, 1,M,N1, £,M,No are 
Oy; Oa, Oz, O, respectively; and the poles, q. @,, of the same lines 
are U,, U., Uz, U, respectively. (6:31) 

It follows that there are three distinct partitions (one corre- 
sponding to each of the three class-cubics ©,,@,,@3) of the sixteen 
lines of any (12,, 16,) configuration into four groups of four lines 
each. In particular, for the lines [L, M, N];-in the partition (say the 
1-partition) which corresponds to ©, the four groups of lines are the 
polars, q.@,, of the points J), Z., Ig, J. Every such group of four 
lines determines a quadrilateral; and every conic inscribed in such 
a quadrilateral is a pole conic, q.@,, of some line containing that 
one of the four points [7] which is the pole, q.@,, of every side of 
the quadrilateral. The groups of lines of the 2-, 3-partitions are the 
polars, q. @,, 03, of the points [O], [U] respectively. Every group 
of the m-partition clearly consists of four lines one of which belongs 
to each of the groups of the n-partition (m,n = 1, 2, 3). (6°32) 

6-4. The theorems of (6-1, 2, 31) are particularized cases of the 
general theorem: If P,, Q, denote any two points of T,, and of P,,, 
Q, denote the n-correspondents of Py, Qo respectively; then PP», 
QQm meet at By (PoQ,) (l, m, n = 1, 2, 3). A further important case 
is obtained by writing (e.g.) LZ), LZ, for Py, Jy. We have then (for 
l= 2,m=3, n= 1): o, (L,L,) is the meet of L,L,, Lgl; i.e. 18 A;. 

* Cayley, Phil. Trans. 147 (1857), p. 415 = Papers, 2, p. 381. 
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Generalizing: A,, is the common pole, q.@,, of LoL, LoLins LimLn; 
L,,L, (l, m, n = 1, 2, 3); similarly for B,, C, and the points [1], 
[N] respectively. 

6:5. The polar conic, q. T,, of A, consists (4:4) of the line-pair 
LL, Lly, i.e. (5:5) of the line- -pair i I,, [,I,; sumilarly the polar 
conics, q. T,, of By, Co respectively consist of the line-pairs IJ, 
Heals ie I,, 1.02. Thus (3-1) The points [I] are the poles of AjByCoq- T.: 
similarly the points [0], [U] are the poles of AjB Cy q. T., Ts re- 
spectively. Further: The conics of the pencil of which the base- 
points are the four points [7] are the polar conics, q. 7,, of the 
points of the line 4,B,C,; similarly for the points [O], [U] and the 
cubics T,, 7 respectively. 

6-6. From (6:5) we have the theorem (dual to 6-2): The points 
[] are the vertices of a quadrangle circumscribed to A,, and any 
one of the three pairs of opposite sides of the quadrangle are 
corresponding tangents to A,; similarly for the points [O], [U] and 
A,, A; respectively. (6-61) 

The diagonal triangle of the quadrangle determined by the four 
points [J] is (5-6) A,B,C,; this amounts to the following general 
theorem: The vertices ‘of the diagonal triangle of the quadrangle 
determined by the four poles, q. 7,,, of any line are the n- goEre 
spondents of the points common to T, and that line (n = 1, 2, 3). 

(6-62) 
6-7. The pole, q. ©,, of [,M,N, is Ij, and the polar, q. T,, of 

I, is A,B,C, (6:3, 3): but A,B,C, is (5:4) the satellite, q. Ty, of 
a M, Ny. ‘Generalizing: The polar (q. any order-cubic) of the pole (q. 
the apolar class-cubic) of any line is the satellite (q. the Hessian of 
the given order-cubic) of that line. 

6-8. From (6-5), the points Zz, Z, have the same polar q. 7,; 
but (5-5) Iz, I, are contained by the join of Ly, L, and (5-2) are 
harmonic q. those points. Also (4:3) L)L, is a tangent to A,. 
Generalizing: /f P, P’ be a par of points “contained by any tangent 
t to A,, and harmonically conjugate to the pair of n-correspondent 
points common tot and Ty; then P, P’ have the same polar q. T,, (n= 1, 
9, 3). (6-81) 

Of the last theorem the following is a dual: Jf p, p’ be a paar of 
tangents from any point P on To, harmonically conjugate to the pair 
of eee ening tangents from P to A,,; then p, p’ have the same pole 
q. On (n = 1, 2, 3). (6-82) 

6-9. Whatever point may be denoted by X,; the polar, q. 
S, (Xo), of A, is (3-2) the polar, q. S,(A,), of X,. But 8, (A, 
consists (4-1) of two lines meeting at Ay: the polar, q. S s: 8 as) 
A, therefore contains Ay. Similarly the polars, GS; Cae of Bi, c 
contain By, Co respectively. Therefore the triangle A,B,C, is in 
perspective with its polar triangle q. S; (Xo), ApBo C , being the axis 
of perspective. But (6:6) 4,B,C;, is the diagonal triangle of the 
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quadrangle determined by the four points [Z]; and (6-5) A)BjC, 1s 
the polar, q. T,, of any one of those four points. Generalizing, we 
have the following: Given the polar conic, q. T,,, of a variable point, 
and a quadrangle of which the vertices are the four poles, q. T,,, of a 
fixed line; then the axis of perspective of the diagonal triangle of the 
given quadrangle and its polar triangle q. the given conic is the given 
line (n =1, 2, 3). 

7. Quadratic Transformations. 7-1. In the newer geometry of 
the euclidean plane triangle, the generalization of which is the 
principal subject of this paper, a considerable part is played by 
isogonal conjugates (Winkelgegenpunkte). It will be recalled that 
the fundamental theorem on such points is as follows: If ABC be 
a triangle, and P any point of its plane; and if Q, R, S be any points 
of the plane such that the angles BAP, CBP, ACP are respectively 
congruent to QAC, RBA, SCB; then the lines AQ, BR, CS in 
general meet at a point P’. The relation between P and P’ is 
reciprocal; and each of the points P, P’ is termed the isogonal 
conjugate of the other q. the triangle 4 BC. 

If, however, P be a point of the circumcircle of ABC, then the 
lines ‘AQ, BR, CS are parallel; a theorem generally expressed by 
the statement that the isogonal conjugate, q. a triangle, of any 
point of the circumcircle of that triangle is a point at infinity: or 
again, as follows: The circumcircle is the isogonal transformation 
of the line at infinity. 

More generally, if the locus of P is a line (not containing A or 
B or C) then the locus of P’ is a conic circumscribing ABC: each 
locus being the isogonal transformation of the other. 

The isogonal transformation is of course a quadratic trans- 
formation*, the singular points of the transformation being A, B, C, 
and the double points the incentre and excentres of the triangle 
ABC (as meets of the bisectors of the angles of ABC). 

7-2. A transformation projectively identical with the isogonal 
transformation is determined by any plane quadrangle, as follows. 
Let the pairs of opposite sides a, a’; b, b’; c, c¢ of the quadrangle 
meet at A, B, C respectively, and let P be any point of the plane 
ABC; then there is in general one and only one point ee 
plane such that the pencils (a, a’; AP, AQ), (6, 0’; BP, BQ), 
CP, CQ) are harmonic; Q being the meet of o polars of P MY ee 
conics of that pencil of which the base points are the vertices of the 
quadrangle. Those vertices are therefore the double points, and 
the points A, B, C the singular points, of the transformation, in 
which P, Q are conjugate points. 

The transformation of any straight line not containing a singular 
point is a conic containing the three singular points. The trans- 

* If P=(a, B, y) and P’=(a’, B’, 7’), where A BC is the triangle of reference, and 
the coordinates are trilinear, then aa’ = 68’ =yy’. 
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formation of any pencil of straight lines (vertex P, distinct from 
A or B or C) is a pencil of conics (base-points A, B, C and the 
conjugate of P), and the two pencils are projective. The transforma- 
tion of any conic containing two of the singular points, but not the 
third, is another conic containing those two points. 

7-3. The relation to the cubic of quadratic transformations has 
been discussed by previous writers*; but the intimate relation 
between particular transformations of the quadratic type and the 
polar properties of the cubic, and the inter-relations of the special 
cases of such transformations now to be considered, do not seem 
to have previously been made clear. The question will therefore be 
discussed a little more fully than is strictly necessary for our present 
purpose. 

We have seen (3:1, 6-6) that the polar conics, q. T,,, of the 
points of a line constitute a pencil, of which the base-points are 
the four poles, q. 7,,, of that line; and that the vertices of the 
diagonal triangle of the quadrangle determined by the four poles 
are the n-correspondents of the points common to 7, and the given 
line (n = 1, 2, 3). The polars of any given point q. the conics of a 
pencil all contain another point, the two points being apolar to 
every conic of the pencil. We may therefore give the following 
definition: If two points, Po, Pn, are apolar to the polar conic, q. 
T,, of every point of a given line x; then P,, P,, are conjugates of 
the nth species or briefly n-conjugates (base x) a == as) et iced) 

P,, P,, are thus conjugate points for the quadratic transforma- 
tion of which the poles, q. T,,, of x are the double points, and the 
n-correspondents of the points common to 7, and x the singular 
points. (7-32) 

Again, if X denote any point of x, then the polar of Py q. 
S, (X) contains P,,, and therefore (3-2) the polar of X q. S, (Po) 
contains P,,. Thus P,, is the pole of x q. S,, (Po), and conversely. 

(7:33) 
If P, be a point of 7,, then S, (P,) degenerates into two lines 

meeting at the n-correspondent (4:1) of Pj. Thus in this case the 
polar of every point q. S,, (Po) contains the n-correspondent of Po, 
and therefore n-correspondent points of T, are n-conjugates to every 
base. (7-34) 

In the case of (7:34), p, (Py, P,) is indeterminate. In every 
other case, P,, P,, are n-conjugates (base x) if and only if x ws 
Pn (Pp, Py). (7-35) 

Ay B Cy be the base, then (6-5, 6) the four points [/] are the 
double points, and the points A,, B,, C, the singular points of the 
1-transformation. If P,), P, denote any pair of l-conjugate points 
(base 4,B,C,) then the line- pee A We. A, P,; Ipl., Isl, are har- 
monic. The pencils of lines A, [Po], A, [P;] are therefore in involu- 

* E.g. Oguru, Tohtiku Math. J. 4 (1913), p. 132. 
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tion, J51,, [z1, being the double lines of the involution, which may 
be termed the 1-involution on A,*. But (4:1) By, B,; B,, Bs are 
pairs of 1-correspondents on 7), ‘and therefore (7-34) are pairs of 
1-conjugates (base A,B,C,). Thus A, (B,B,P,P)) XK Ay (ByB. EP, ); 
1.e. (since A,, By, C,; A,, B,, C, are in line) 

A, (B,B,PoPo’) X Ay (C{C2P,Py’) 

is an involution. Similarly 

By (C{CyPoPo') * By (Ay AoPiPy’) 

and Cy (A, AP Po’) 0 C, (B BLP, Py’) 

are involutions. Conversely, if two of the three involution-pro- 
jectivities hold, so must the third, and the points Py, P,; Py’, Py’ 
must be l-conjugates (base A,B, C, Pe 

The points [O], [U] are respectively the double points, and the 
points A, B,, C,; As, B;, C3 respectively the singular points, of the 
2-, 3- transformations (base . Ay B, C,); and the projectivity 

A, (BAB bok a.) A A,, (CLO Palin) 

is an involution, which may be termed the n-involution on A,,; 
similarly for B,,, C,, (m, n = 1, 2, 3). Clearly two pairs P,, P,,; Py» 
P,’ of n-conjugate points (base A)B)Co) in general determine the 
n-involution on A,, (or B, or C,,); and it is a necessary and sufficient 
condition for the n-conjugacy (base A,B,C,) of two points that 
their joins with two of the three points A,, B,, C, should be 
conjugate in the appropriate involution. Thus if two pairs of 
opposite vertices of a quadrilateral are n-conjugates, then (by the 
involution property of the quadrilateral) the remaining pair of 
vertices are also n-conjugates. (7-36) 

Since n-correspondents Q,, Y, on T') are n-conjugates to every 
base; therefore A, [Q)| A A, [Q,]. This is a particularized case of 
the general theorem: If P), Q) denote any points on Ty, and Q,, the 
n-correspondent of Q); then Py [Qo] A Po [Qn]- 

Hence, or otherwise, the n-involution on A,, is determinate 
when 4,, is fixed (on Jy). Therefore, if A, be fixed, and B), Cy be 
the remaining points common to 7, and a variable line containing 
Ay; and if R, be the n-conjugate (base A)B,Co) of a (fixed) point 
fy; then the line 4,,R,, is fixed; i.e. the locus of R,, is a line con- 
taining A,,. (7-37) 

Now let Ay (Bp Bo Oi) Meet, Co lan0,,) tes scccceseeeee (1), 

Bi (GECS PO \ i (ye En) ,) neo eee ease (2), 

CC) (BABE Oi ee ete ieen@))s axes. ceeeece (3), 

* V. (7-37), below. 
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and let the first of these projectivities be an involution. We shall 
prove that (in general) the other two projectivities must also be 
involutions, and that therefore P,, P,;; Yy, Q, must be 1-conjugates 
(base A,B,C). 

For a not, let Py’, Uy be respectively the l-conjugates of P,, 
Q,; then [7-36, (1)] A, P>P> 3 41:9.) are in line. Also [7-36, (2)] 

B, (Ay A,P9Qo') * By (CC2P19) 

X By (A, AsPoQo) 
1 By (A,4,95Po) 

and thus the projectivity 

Joy (CAE MU) 8 Jan (AG ASR a Gunes: onc (4) 

is an involution. 
But the lines PoP,, QoVy meet at A,; thus, from (4) and the 

involution property of the quadrilateral, the lines Foo; Py Q) meet 
on A,B. Using (3), we have similarly that PoQ, Po’Q.’ meet on 
Jil Gee Hence either P)Q, contains A,, which is not in general the 
case; or P,, Q, are l-conjugates (base A,ByC,) of P,, Q, respectively. 
That one of the three given proj ectivities should be an involution 
is thus (in general) a sufficient condition that all three should be 
involutions. (7-38) 

7-4. Since Ay, Ay are 1-correspondents on 7,, and therefore 
1-conjugates (base 4)B)C,); therefore 4,A,, A,A, are conjugate in 
the l-involution on A,. But (5:2) A,A,, A,A, contain H, G re- 
spectively, and therefore 4,G, A,H are conjugate in the 1-involution 
on A,; similarly for B,, Cy. Thus: G, H are 1-conjugates (base 
A,B,C); similarly H, F; F, G are respectively 2-, 3-conjugates (base 
A,ByCy)* 

These are (6-1) particularized cases of the general theorem: Jf 
x denote any line, and X ani y point on x; then wD, (x), D, (x) are 
apolar to S, (X) (1, Nib Wi— ln De cd) 

Dually: 1 al a qT" denote Whe two order-cubics (other than T.,) of 
which A, is the Cayleyan ; then the polars of X q. T,,’, T,,” are apolar 
to X, (a) (i SPAN) 

7-5. Again, whatever l-conjugate points (base 4)B,C,) be denoted 
by P,, P,; the lines A,P,, A,P, are harmonic q.1,1., Ig1,, i.e. (5:5) q. 
L,L,, Lol,. Similarly (if P,, P; denote the 2-, 3-conjugates, base 
AyB;0,, 01 L,) AP, AoPo; AsP5, AgPs are harmonic q. L.L,, LoL; 
L,L,, Igl, respectively. Thus (7-2) A,P,, A,P,, AzP3 meet at a 
point (P. , say), the conjugate of P, in the quadratic transformation 
determined by the quadrangle (LI. Likewise B,P,, B,P,, B,P3; 
C,P,, C.P,, C,P, meet at points (Pz, P,) respectively. P., Ps, P, 
may be termed respectively the a- ,B-, y-conjugates of Py; and A,, As, 

* VY. (14:3) for an extension of this theorem. 
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A,; B,, B,, B,; Cy, Cz, Cy are respectively the singular points of the 
a-, B-, y-transformations. (7-51) 

Writing B, for Py, we see that B,, C, are a-conjugates; more 
generally B,, C, are a-conjugates (n = 1, 2, 3); similarly C,, A,; 
A,,, B, are respectively B-, y-conjugates. (7-52) 

7-6. Now for the 1-transformation (base A)B,Co), B, is a 
singular point and (7-36) A,, A, are conjugates. Thus, if P) denote 
any point of the line 4,B,C,, then the l-conjugate P, of Py is a 
point of A,B,C,. But for the @-transformation, A, is a singular 
point and (7-5) B,, C, are conjugates; thus the a-conjugate 
(P,’, say) of P, is a point of A,B,C,. But P, is the 1-conjugate of 
P,; and (7-5) the 1-conjugate and the a-conjugate of P, are in line 
with A,. Therefore P,’, the a-conjugate of the l-conjugate of P) 
(say the la-conjugate of P,), is the meet of A,P, and A,B,C,. 
Sunilarly P,’ is the l-conjugate of the a-conjugate (say the al- 
conjugate) of Po. 

Again, if P, denote the a-conjugate of P,, then similarly 4,, P,, 
P, are in line; P, is a point of A,B,C,; and each of the points P,, P, 
is the la- and also the al-conjugate of the other. 

Further, if 4,P, meet A,B,C, at Q); then Q,’,, the meet of A,P, 
and A,B,C, is similarly the la@- and also the al-conjugate of Y; 
A,P, meets A,B,C,, A,B,C, at Q,, Q. the 1-, a-conjugates respec- 
tively of Q); and Q,, Q, are at once la- and al-conjugates. 

Now let R, denote any other point of A,P,; then R,, the 
l-conjugate of Ry, is a point of A,P,; and R,’, the a-conjugate of 
R,, is a point of A, Po. 

Projecting from B,, and remembering that P, is the 1-conjugate 
of Py’, we have (7-36) by 1-conjugates 

(PoPo Volto) A (PyP.O1R), 

and projecting from A,, we have by a-conjugates 

(P\P.Q,Ry) XK (Py PsQy' Ba’). 
Thus the la-conjugate of Ry is the conjugate of Ay in the in- 

volution-range in which Py, Po; Q, Yo are conjugate pairs; 
similarly the a@l-conjugate of R, is the conjugate of Ry in that 
involution-range. Thus the same point is the la- and the al-con- 
jugate of R,. But R, represents any point. Terming the operation 
which transforms a point into its n-conjugate the n-operation 
(n= 1, 2, 3, a, B, y) and generalizing: Any one of the operations 
(1-, 2-, 3-) (base Ay ByCo) is, for every operand which does not involve 
a singular point for either of the transformations concerned, com- 
mutative with any one of the operations (a-, B-, y-). 

7:7. We have seen (4:1, 7-34) that, if P) denote any point of 
T,, and P,, P,, Ps respectively the 1-, 2-, 3-conjugates of P, (any 
base), then P,, P, are themselves 1-conjugates. 

Conversely, if AjByCy be the base; if Py, P, be any two points 
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whatever; and if P,, P, be the 1-conjugates of P,, P, respectively; 
then (7-36) 

By AC\C2PoP3) K By (Ay APP) 
XK B, (A,A,P5P,), 

similarly C, (B,B,PoP3) * C, (A,4,PoP;). 

But, if further P,, P, be respectively the 2-conjugates of Py, P,, 
then the projectivity 

A, (B,B,PoP3) X A, (CC ,PsP,) 
is an involution. Also the triangles A,B,C,, A,B,C, are perspective ; 
and thus (7-38), unless P,P, contains A,, then all three projec- 
tivities 

A, (B, B,PoP3) X Ay (Cy CoP2P3) 
By (Cy C,PoP3) X By (A.A, PsP) 
C; (By B,PoP3) X Cy (A, 4,P5P;) 

are involutions. Similarly, unless P,P, contains B,, then the three 
projectivities 

A, (C,, CpPyPs) K Ay (Bo B,PoP;) 
B, (C, CrPges) 6 B, (4,A;P,P,) 
C, (A,A,P,P3) X C, (Bo B,PoP,) ) 

are involutions; and, unless P,P, contains C,, then the three 
projectivities 

A, (B, ByPoPs) * Ay (Cz CPP) 
B, (A, A,PoP3) 0 B, (Cz C,P2P;) 
Cy (Ay AP oPs) A Cy (B, ByP2P;) 

are involutions. Thus in any case the three projectivities of one or 
other of the three sets are all involutions. If this be true, e.g. of 
the first set, then (7-36) P,, P, are respectively 2-conjugates of Pp, 
P, (base AjB,C3); whence P), P, are apolar to the polar conics 
(q. 7.) of (at least) three points not in line*. Remembering that 
T, is the Jacobian of any three such conics, both P, and P, are 
therefore points of 7,. Generalizing: The m-, n-operations (any base) 
are commutative if and only if the operands are points of the cubic 
Dvn, n= 1, 2, 3). (7-71) 

Again, if A, (B,, Cy; By, Cy; Po, Po) and By (Cy, Ay; Cz, Ay; Po, Po) 
siinultaneously specify conjugate pairs of rays in inv olution. pencils, 
yes as in (7-36), Py, P, are 2-conjugate points (base 4,B,C,); and if 
Ay(B,,C,;By,C,; Po, Ps JandC, (A,, By; A,, By; Po, P; .) simultaneously 
specify conjugate pairs of rays im involution pencils, then FP, 2. 
are 2-conjugate points (base 4,B,C3). Thus, as in (7-71), if all three 
sets of conditions hold simult: aneously, then Py, P, are conjugate 
points q. the polar conics (q. 75) of (at least) three points not in 

* E.g. any two points of 4,8,(, and any point (except Ay) of A,B,C, 
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line; and are therefore 2-correspondent points of 7). Thus: A,, (Bn- 

Cr By Cn: Ja Jee )8 Bh. (Cin Aas Cs Aen Je iB )s Cri (Ali's Bas 

A,, B,,; Po, P,) simultaneously specify conjugate pairs of rays im 
involution pencils, if and only if Py, P,, are n-correspondent points 
Of (Mt — ee (7-72) 

Further, we have seen that if X,, Yy, Z, be respectively 1-, 2-, 
3-conjugates of a given point of 7’) (any base), then the pairs Yo, Zp; 
Z,,Xo; Xo, Yo are respectively 1-, 2-,3-conjugates; and that the pairs 
G, H; H, F; F, Gare respectively 1-, 2-,3-conjugates (base 4,B,C,). 
Now let Z,, Yo be respectively the 2-, 3-conjugates (base A)BjCo) 
of any given point X,; then (7-51) A,Z), 4,Y, meet at X,, the 
a-conjugate of Xj). But A,, A, are l-conjugates; if Y,, Z, are also 
1-conjugates, then (7-36) 4, Y,. 4,Z) meet at the 1-conjugate X,, of 
X,; also (7-6) X,,18 X,,, which is a point of A,X,. Thus 4,X,, 4, Yo, 
A,Z, are concurrent, their common point being X,,; and, by the 
symmetry, this point must also be Y,, and Z;,. Thus X,, Y,, Z, are 
identical; i.e. X), Yo, Z) are respectively the 1-, 2-, 3-conjugates of 
the same point, W,, say. Thus the 1-, 2-operations are commutative 
when X, is the operand. X, is therefore (7-71) a point of 7), 
on which it follows that X,), Yo, Z), Wo» constitute a Maclaurin 
tetrad. . 

The argument fails if X, is A,, for in that case X,, is in- 
determinate; then X,), Y,, Z, are respectively F, G, H. Thus: 
Given three points, Xq, Yo, Zo, such that ¥,, Zo; Zo, Xns Xo.) Vg Ote 
respectively 1-, 2-, 3-conjugates (base AyByC); then either Xo, Yo, Zy 
are three pownts of a tetrad on Ty, or Xq, Yo, Zo are respectively 
ee Geld 

This theorem may also be enunciated in the form: The 2-con- 
jugate of the l-conjugate of a given point is in general the 3-con- 
jugate of that point if and only if the point be contained by 7): 
which with (7-71) amounts to the statement that: The cdentical 
operation and the 1-, 2-, 3-operations form an Abelian group, of and 
only of the operand be a point of Ty. (7-73) 

7-8. In the case of any point P,, of which P,, P,, P, are 
respectively the 1-, 2-, 3-conjugates (base A)By)Cy), we have seen 
(7-5) that A,P,, A,P,, A,P, meet at a point P,. If Py be a point 
of 7,, then by the theory of Maclaurin (5-1) P, is a point of To, 
viz. the third point common to 7, and the line AjPy; similarly for 
P,;, P,. Thus the cubic 7, is anallagmatic not only for the 1-, 2-, 
3- but also for the a-, B-, y-operations. Conversely, it may be proved 
that AjP,P. are in line only when P, is a point of 7), and thus that 
T, may be regarded as the locus of a point Py such that A)PoP, are 
in line. The cubic @, (5:3) is also anallagmatic for each of the 
same six operations, the parts played in the theory of the cubic T, 
by the set of three operations 1-, 2-, 3- (base 4)B)Co) and the set of 
three operations a-, B-, y-, being reversed in the case of ©. 
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8. Relations between Pole Conics and the Dodecad. 8-1. Let I, I’ 
denote any two of the four poles, q. T,, of AjB)Cy; and let X,, X, 
denote any two points (not on 7’) harmonically conjugate q. J, 1’. 
Then (7-35, 6) A,B,C, 1s p, (Xo, X;). Generalizing: If P, P’ denote 
any two of the four poles, q. 7,,, of any line p, and if Y, Q’ denote 
any two points (not on 7) harmonically conjugate q. P, P’; then 
Pn (Y, Q’) is p. This theorem is the converse of (6-81). 

8-2. The dual of the above theorem is the following: If p, p’ 
denote any two of the four polars, q. ©,,, of any point P, and if q, q’ 
denote any two lines (not touching A,,) harmonically conjugate q. 
p, p jthen w,, (9; 9°) 18s P (n= 1,2; 3). 

8-3. Now, whatever l-conjugate points (base 4) B)C,) be denoted 
by Q. 91; then (7-51) A,Q), 4,91; LpL,, L.L, are harmonic. Also 
(6-4) [,L,, LL, are two of the polars, q.@,, of A,. Thus (8-2) Ag is 
@3 (A,Q,), 4,Q,). In the special case where Q, Y, are points of To, 
this result may be generalized as follows: If Py, Q, denote any 
points of T,, and Q, the 1-correspondent of Q,; then P3 1s w3 (PoQy; 
P,Q1); or again (6-2): Lf two of the polars, ¢.O,, of a gwen point 
meet at Py (on To); then their mixed pole, ¢.0,, 1s the n-correspondent 
of Bim, v= 1, 2; 3). 

8-4. Quoting (8-3) in the form: Ps; is a3 (P,Q), PyQ,); let us 
write Ay, By for Py, Y respectively. Then A, is w3 (A,B,C), 4)B,C), 
i.e. A, is the pole, q. 2X3 (AjBjCy), of B,C; similarly B,, C, are 
respectively the poles, q. 23 (A)Bj)Cy), of C,A,, A,B,. Thus the 
conic q. which A,B,C,, A,B,C, are polar triangles is XL, (A,B,C,). 
Similarly A,B,C,, A3B,C3; A3B3C3, A,B,C, are pairs of polar 
triangles q. &, (AgByCo), Ly (Ap ByCo) respectively. Generalizing: If 
Po, QW, Ry denote three collinear points of Ty, and if P,, Q,, Ry 
denote the n-correspondents of Po, Qo. Ry respectively ; then the triangles 
PrQ@mbbm, PrQnkn are polar to X, (PQ kp) (l,m, n= 1, 2, 3). Thus 
Ff, G, H are the poles of ApBjCy gq. 2%, (AgBCy), Dy (AyB Co), 
Xz (Ay BoC) respectively; which agrees with (6-1). 

8-5. Since A, is the meet of B,,C,,, B,C, and similarly for 
B,, Cy; therefore (8-4) the polars of Ay, By, Cy q. X, (A yByCy) are 
A, 7 Palas CnCn respectively: Thun A, 4.3/8, B,.: C,, O,, are 
apolar to &, (A),C), and therefore (1-2) XU, (AgB)C,), considered 
as an order-conic, 1s apolar to every conic of the range inscribed in 
the quadrilateral of which 4), 4,,; By, Bn; Cy, Cm are opposite 
vertices. But (6-2) these conics are pole-conics q. ©,,, and every 
pole conic (q. ©,,) which touches 4,B,C, is a conic of the range in 
question. Thus: Whatever line may be denoted by uw; S, (u), regarded as 
an order-conic, is apolar to every pole-conic, ¢. OQ, which touches 
u(t; m= 1, 2, 3). 

8-6. It follows from (8-4) that when 4,, B,, C, and the conic 
2X3 (ApBoCy) are given, then the cubic 7, is determinate, as 
follows. A,B,C, is the polar triangle, q. L, (4yB)C,), of 4,B,C,; 
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A, is the meet of the lines B,C,, B,C,; and one and only one cubic 
contains A, and the nine meets of the three lines 4,B,, B,C,, C,A, 
with the three lines 4,C,, B,A,, C,B,. From this standpoint T, 
may be termed the proper cubic of the triangle A,B,C, and the 
conic &, (ApByCp); similarly 7) is the proper cubic of the triangle 
A,B,C, and the conic X, (A,B,C). 

9. Theorems on Apolarity. 9-1. We have seen (6-4) that two of 
the polars, q. @,, of A, are Lj, and L,L,. These lines meet (5) at 
A,, and (4:3) are corresponding tangents to A,. Also A, represents 
any point on 7,, and A, is the 3-correspondent of A,; moreover 
(6-2) the four polars, q.@,,, of any point are the common tangents 
of the pole conics, q.©,,, of all lines containing that point. Thus the 
theorem of (6:4) may be generalized as follows: If Py denote a (fixed) 
point on T,, and X any variable point; then, of the common tangents to 
the range of conics X, (P)X), two meet at P,,, and are corresponding 
tangents to A,, (l, m, n = 1, 2, 3). (9-11) 

Writing A,, B, for P), X respectively, and putting 1 = 3, m = 1, 
n= 2, then the tangents from A, to &, (4)8,Co) are corresponding 
tangents to A,; i.e. if Yy be on Zo and one of the tangents be 4,Q)Q> 
then the a is A,Q,Q3. Hence, and by the symmetry: The tangents 
from A, to X,, (Ag BoC) are cor responding pag eee to A,,, and con- 
jugates in the 1- involution on A, (m, n= 2, 3). Similarly for the 
tangents from B, or C, to &,, (A BoC): But (cf. 3-1) the pole-conics 
of A,ByCy 4. all the class-cubics of the ©-range constitute a range. 
Thus: If ©, denote any class-cubie of the O-range, and &,, (AgByCo) 
the pole conic, q- On, of AyB 03 then the tangent-pairs from A, (or By 
or U,) to the conics of the range X,, (AgByCo) are conjugate pairs in ihe 
| Amal ane on A, (or B, or C,). Similarly for 2-, 3-. (9:12) 

Again, if x denote any line, anda ia n-correspondent points 
on 7, (m= 1, 2,3); and if A,P, touch >, (@)sithen- (6-2) 740K, 
touches &,, (x). But (7-34) P,, is the n-conjugate (base A) B,C) of 
P,. Thus: Whatever line may be denoted by x; the tangent-pairs fr om 
“he (or B,, or C,) to X,, (x ) are conjugate pairs in the n-involution on 
A, (or By on C,) (v— 18), (9-13) 

9-2. Since (7-36) I “idk I;1, are the double lines of the 1-in- 
volte on A,, ehereiore (9:12) I,f., Igl, are apolar to X,, (AgByCo) 
(n = 2, 3); similarly for Il, I vee Lt, taline Dheretore (1: 2) every 
conic of the pencil deter mined by the four points [J] is apolar to 
D,, (AyByCo); 1-¢. (6-5) the polar conic, q. T,, of every point of Ay BoC as 
apolar to 3H (A,)B,Co). Generalizing: [f x denote anys line, and x any 
point of x: then a (X) vs apolar to ae Gm — 1, 2; 3). (9:21) 

In particular, O O,, O,0. are apolar to Us (ApoB oC), and meet 
at A,. Thus the poles, q. se (A,BoCo), of Os oe Of 0, are the points 
(D,,D,’ , say) of By Cy consaines wy ‘0 FOLIO) 0, respectivel y. Moreover, 
since (7:36) O.0,, oO} O,.: A,B,, AC, are harmonic; therefore D,, D,’; 
B,, Cy are harmonic. (9-22) 
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9:3. We have seen (8:4) that A,, B,, C, are the poles, q. 
X; (ApBoCo), Of BnOm, Cm4m, AmBm respectively. Hence, recipro- 
cating the pencil A,, (BnC,, BrCm; PoPn) 4. Xi (ApBoC), and pro- 
jecting from A,, the range so obtained, we may write the theorem 
(7-72) in the following form: Given two points Po, P,,; then the line- 
pairs AnPy, AmPn; BmPo, BmPni CuPo, CmPn are svmultaneously 
apolar q. X, (A ByoC,) of and only if Py, P, are n-correspondents on 
With; M0 — 15.2503). 

10. Poloconics. 10-1. In the generalization of the geometry of 
circles associated with the triangle a remarkable part is played by 
the poloconic. The discussion of conics of this type has been post- 
poned because of the simplicity of the treatment by quadratic 
transformations. 

It was known to Cayley* that the envelope (termed by him the 
lineo-polar envelope) of the polars, q. any cubic, of the points of a 
given line is a conic. The conic is also the locus of points of which 
the polar conic, q. the given cubic, touches the given line, and is 
now generally termed the pure poloconic of the line q. the cubic. 
In the present paper, the pure poloconic, q. 7,,, of the line x will 
be denoted by C,, (x) (n = 1, 2, 3). 

The mixed poloconic of two lines seems to have been introduced 
by Cremona}. It may be defined as the locus of the poles of either 
of the lines q. the polar conics (q. a given cubic) of all points of the 
other; or, more symmetrically, as the locus of a point P such that 
the given lines are apolar to the polar conic (q. the given cubic) of P. 
The mixed poloconic, q. T,,, of the lines z, y will here be denoted by 
Oe -Y) (T— eoae ) 

The more general notion of the poloconie, q. a given order-cubic, 
of a gwen order-conic appears to be much less familiar. It derives 
from Hilbert {, and has been discussed by H. 8. White§ and G. Man- 
fredini||. The poloconic, q. a given order-cubic, of a given order- 
conic may be defined as the locus of a point P such that the given 
order-conic is apolar to the polar conic (q. the given cubic) of P; 
the polar conics being regarded as class-conics. The poloconic, q. 
T,,, of the order-conic s will be denoted by C,, (s)]. The pure and 
mixed poloconics previously defined are clearly included as special 
cases. 

10:2. Now from the general theory of quadratic transforma- 
tions or otherwise, it is evident that the 1-transformation (base 
A,B,C.) of any line meeting 7’) at Py, Qy, Ry, and not containing 
A, or B, or C, is a (non-degenerate) conic containing A,, B, and C, 

* Loc. cit. (6-2). 
+ Teoria geom. d. curve piane, Bologna, 1862, p. 111. 
t “Lettre adressée & M. Hermite,” Liouville, (4), 4 (1888), p. 249. 
§ Trans. Amer. Math. Soc. 1 (1900), p. 1. 
|| Giorn. di Mat. 39 (1901), p. 145. 
q Lf 7,=a=6b=0, and s=a,?=0, then C,,(s)=a,b, (aba)?=0. 

2I-——2 
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and the 1-correspondents of P,, Q,, Ry. The conic is, in fact, the 
locus of the poles of the line P,Q,R, q. the conics of the pencil 
determined by the four points [J] as base-points; and the conics of 
that pencil are (6-5) the polar conics, q. 7,, of the points of A,B,C). 
Generalizing: The n-transformation (base A,B,C) of any line Paul 7 
18 Cn (ALB Ge Penk.) (sl ses) (10-21) 

The peed poleeanie q. T,,, of two lines thus meets 7, at the 
n-correspondents of the common points of 7, and those lines. It is 
conversely true that if a conic (C,,, say) meets 7, at the n-correspon- 
dents of the pomts common to 7; and one line, then the remaining 
common points of C,, and 7, are the n-correspondents of the points 
common to 7, and another line, and that C,, is the mixed poloconic, 
q. T,,, of the two lines. In particular, C,, (x, y) touches T, if and only 
if the lines «, y meet on T,. (10-22) 

In (10-21), regarding A,B,C, as fixed, and letting P,Q,F, tend to 
coincidence with A,B)C,, we have the theorems: The n-transforma- 
tion (base 4,B,C,) of A,B,C, is C,, (ApByCo); and: The pure polo- 
conic, q. 7, of any line x touches 7, at the n-correspondents of the 
common points of 7, and x; and conversely: Given any three points 
on 7, which are the n-correspondents of three points in line, then 
there is a conic which touches 7, at the three given points. A conic 
may thus have triple contact of one or other of three distinct species 
(corresponding to the three values of x) with a given cubic. 

(10-23) 
From (7-2, 10-21): If k denote a fixed line, and «x a variable line 

containing a fixed point, then the conics |C,, (k, x) | constitute a pencil 
projective with the pencil {x}. (10-24) 

From the definition, C,, (A)B)Co) is the envelope of the polars, 
q. T,,, of the points X, of A,B,C,; also (10-23) C,, (Ap B,C) is the 
n-transformation (base A)jB,Cy) of AgByCo, i.e. the locus of the 
n-conjugates X,, of the points X,. But (7-33) X, is the pole of 
Ay B.C, q. S, (Xo); thus: The polar, q. T,,, of any point of a line & 
touches C,, (k) at the n-conjugate (base /) of the given point. 

(10-25) 
Further, if a (variable) line x meet & at a (fixed) point K,; then 

C,, (k, x), being the n-transformation (base k) of x, contains the 
n-conjugate (K,,, say) of Ky; and (10-25) K,, is the point of contact 
of p, (K,) with C,,(k); similarly C,, (%, 2) contains the point of 
contact of p, (K,) with C,, (x). Thus: The mixed poloconic, q. any 
cubic, of any two lines contains the points of contact of the pure 
poloconics (q. that cubic) of the two lines with the polar (q. that 
cubic) of the meet of the two lines. (10-26) 

The mixed poloconic, q. 7,,, of two lines is in general a non- 
degenerate conic. Let us consider, however, the case in which one 
of the two lines (x) meets 7, at Py, Qy, Ry and the other (x’) meets 
Ty at Pr, Yo’, Ro’, where P,, P,, are n-correspondents (n = 1, 2, 3). 
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Then (10-22) C,, (x, x’) contains the points P,,, Q,, #,, Po, Qn’, Rn’; 
where Q,, Y,,, R,, R,' are the n-correspondents of Q, Yo’, Ry, Ro’ 
respectively. But since Py, Q, Ry; Pn, Qo, Rp are triads of points 
in line; therefore (5-1) Py, Qn; Rai Pn, Qn’, Ry’ are triads of points 
in line. Thus it is a sufficient condition for the degeneracy of C, (x, x’) 
that each of the lines x, x’ contains the n-correspondent of a point 
common to 7’, and the other. It is easy to see that the condition is 
also necessary. Hence: The mixed poloconic, q. T,,, of two lines 
degenerates into two lines if and only if each of the given lines 
contains the ncorrespondeny of a point common to 7, and the 
other (n = 1, 2, 3). (10-27) 

10-3. i etree synthetic proofs of the existence of the pure 
and mixed poloconics may be found in the text-books. The proofs, 
by the authors cited, of the existence of the poloconic of a conic 
depend on the theory of invariants. A synthetic proof here follows. 

Let Py, Q, Ry denote any three of the common points of 7’) and 
any conic s. Let RyP,, PoQy meet T, again at Vy, Wy ae 
let P,, Q,, B,, V,, W, be the 1- -correspondents OLE, Qs. B iy alli 
respectively; and let ae denote a variable point of s. 

Then Mrs 21) C, (PoQ)W,, &yX) contains the four (fixed) points 
teas: Len, We; fal C, (PokoVo, YX) contains the four (fixed) 
pomisc? 72075 Re iV; liek the fourth common point of the two 
conics be Y. Then the line-pairs P,Q, RyX; Poy, OyX are (10-1) 
apolar to S,(Y); and hence the (order-) conic s (of the pencil 
determined by Py, YQ, Ry, X as base-points) is (1-2) apolar to 
SY). 

Conversely, whatever point may be denoted by Y, then the 
conic P,Q,Rk,W,Y is the mixed poloconic, q. 7',, of the line P,Q)W, 
and some line r containing Ry; and the conic P,Q,R,V,Y is the 
mixed poloconic, q. 7',, of the line P)RjV, and some line q con- 
taining Y. If X denote the meet of g, r; then we may prove by 
exhaustion that, if now Y be such that s is apolar to S, (Y), then X 
is a point of s, unless the lines Qfy, RoPy, PoQy contain P,, Q,, R, 
respectively. In that case Py), Q), Ry, P,, Q,, R, are the vertices of 
a quadrilateral of the first species (6-2) inscribed in T,; P,, Q,, R 
are in line; and the conic s is the mixed poloconic, q. 7,, of the line 
P,Q,R, and some other line. This case has already been considered 
(10-21). In the non-degenerate case now under consideration, X 
must be a point of s. 

Again, as X varies on s, then (10-24) the pencil of conics 
Cy (PoQ) Wo, RoX) is projective with the pencil of lines R,X; and 
the pencil of conics C, (Poy Vo, QoX) is projective with the pencil 
of lines | QyX; but since Yy, Ry are points of the conic s, therefore 
Q [X] A Ry [X]; thus the re o pencils of conics are projective. 
Now aes conic of both pencils contains the three points P,, 
Q,, R,; there is therefore a conic (P,Q,R,V,W,) common to the 



318 Mr Gabbatt, On the generalization of 

two pencils. Moreover, this conic is self-correspondent in the pro- 
jectivity; for it may be regarded either as Cy (PoQ)Wo, RoPo), or as 
ChCP RV oe Qolo): 

Now in any quadratic transformation in which P,, Q,, R, are 
singular points, let Vo’, Wy’ be respectively conjugate to V,, W,. 
Then the transformation of the projective pencils of conics 
[C, (PoQo Wo, RoX)] and [C; (Poy Vo, QoX)] are projective pencils of 
lines [w |, [% ], say, of which the vertices are Wy’, Vo’ respectively; 
moreover, since the conic P,Q, R,V,W, 1s self-correspondent in the 
projectivity [C, (PyoQ)Wo, RoX)] A [Cy (Poko Vo, OX), therefore the 
line W,'V,’ is self-correspondent in the projectivity [w)'] A [v ]- 
Thus [w'] % [v']; the meets of homologous hnes of the two pencils 
[w’], [vp | ave therefore in a line, y say; and transforming back, the 
locus of the point Y is (7-2) a conic, s’ say (the transformation of y), 
containing the points P,, Q,, Ry. 

But if S, denote any one of the three points, other than Po, 
Q,; Ry), common to 7, and s; then the fourth common point of 
C1 (PoQ.Wo, RoSo) and Cy (PokoVo, QySo) 18 (10-21) the 1-corre- 
spondent of S,. Summing up, and generalizing: The locus of a 
point Y such that a given order-conic s is apolar to S,, (Y) con- 
sidered as a class-conic is a conic (s’) which contains the -corre- 
spondents of the six points common to s and 7, (nm = 1, 2, 3). 

Since s contains the n-correspondents of the six points common 
to s’ and 7); therefore s is C,, (s’). The relation between a conic and 
its poloconic is thus reciprocal. 

10-4. If s,, s, denote any two order-conics; if s,’, s,’ denote 
C,, (8), Cn (Sp) respectively; and if P’ denote any point common to 
8’, 8; then s, and s,, and therefore (1-2) every conic of the pencil 
determined by s, and s,, are apolar to S, (P’). P’ is thus a point 
of the poloconic, q. 7,,, of every conic of that pencil. Hence: The 
poloconics, q. any order cubic, of the conics of a pencil, themselves 
constitute a pencil. (10-41) 

The relation between the conics of the two pencils is one—one 
and reciprocal; the pencils are therefore projective. (10-42) 

If the conic s, (say) degenerates into a line (p, say) counted 
twice; then the conics of the pencil determined by s,, s, become 
the conics which have double contact, on p, with s,. The corre- 
sponding degenerate form of (10-41) is the following: If any number 
of conics have double contact on a given line; then their polo- 
conics, q. any order-cubic, constitute a pencil, one conic of which 
is the pure poloconic of the given line. (10-43) 

If both the conics s,, s, degenerate into lines (p,, p., say) 
counted twice; then the remaining conics of the pencil degenerate 
into line-pairs harmonic q. p,, ~2. The corresponding degenerate 
form of (10-41) is the following: If two line-pairs p,, py; 9, qo be 
harmonic; then the mixed poloconic, q. any order-cubic, of 9, 2 
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is a conic of the pencil determined by the pure poloconics of 

Ps Do. (10-44) 
10-5. From the general theory of quadratic transformations, 

the transformation of a conic which does not contain any one of 
the three singular points is a quartic. The 1-transformation (base 
A,B ,Co) of a conic (not containing either A, or B, or C,) therefore 
meets ‘the poloconic (q. 7) of the given conic at ‘eight points. Of 
these, six are (7-34, 10-3) fie 1- -correspondents of the common points 
of Ty ‘and the given conic. We proceed to determine the other two. 

Let s denote a conic which meets T, at six pomts Py, none of 
which is A, or B, or C,; and Jet P, be the 1-correspondent of Po, 
and therefore the 1-conjugate (base AjB)Cy) of Py. Let AjByCy be 
denoted by wu, and let s meet wu at the pomts Q, Ay. Then the 
points A,, B,, C,, YQ), Ry determine a conic (s’, say) which meets 
sin two further points (Q)’, Ro’, say). Let uw’ be the line determined 
by Q), Ry. Since Q,, Ry. Qo, Ry are contained by a circumconic of 
A,B,C,; therefore (10-21) Q,, R,. Q,’, Ry’, the 1-conjugates of Qp, 

»: Vy, Ry respectively, are in a line, v, say; and C; (s’) consists of 
the lines u, v. Also C, (u, u’) is (10-21) the conic A,B,C,Q,' Ry’. 
Thus Q,’, 2,’ are common to the conics C; (s’), Cy (u, wu’) and there- 
fore (10-41) to the poloconic (q. 7) of every conic of the pencil 
determined by s’ and (w, wu’). In particular, Q,’, R,’ are points of 
C', (s); and therefore Q,’, R,’ are the two points, not contained by 
T,, of which the 1-conjugates (base 4) B,Cp) are common to C,(s) and 
the 1-transformation of s. Thus: There are (in general) two points, not 
contained by T,, of a conic s, of which the n-conjugates (base Aj BC) 
are contained by the poloconic (q. T,,) of s. If s meet AjByCy at Qy, R 
and s’ be the conic containing A,,, B,,, C,, Qo, Ro; then the two points in 
question are the two remaining points common to s and s’ (n= 1, 2, 3). 

10-6. The poloconic, q. a given class-cubic, of a given class- 
conic may be defined as the envelope of a line p such that the given 
class-conic is apolar to the pole conics (q. the given class-cubic) of 
p; the pole conics being regarded as order-conics. The poloconic, 
q. 9, of the class-conic o will be denoted by [,, (c). The mixed 
poloconic, q.©,,, of two points (U, V) and the pure poloconie, q. ©,,, 
of a point (U) (which need not separately be defined) will be denoted 
by T,, (U, V) and I’, (U) respectively. The theorems for such conics, 
dual to those treated above, need not be separately stated. 

11. Relations between Conies associated with the T-pencil and the 
©-range. 11-1. Let P, denote any one of the six points common to 7, 
and any a alta s; and let P,, denote the n-correspondent of 
Pow 1; 2;3). Then (10-3) -C,, (s), €,, (s) meet TZ, at P,,, P, 
respectively; and (4:1) P,,, P, are themselves I-correspondents. 
Thus: The poloconies, y. T,, bu T,,, of any given conic are mutually 
poloconics q. T, (l, m, n = 1, 2, 3). 
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11-2. The polar conic, q. 7, of Ap consists (4:4) of the two 
lines A,L,L,, A,L,f,; the six points common to T, and S, (Ap) 
are thus A, counted twice, and the four points [L]. C, {S, (Ap)} 
meets 7, at the 1-correspondents of these six points; viz. at Ay 
counted twice, and (4:1) at the four points [Z]. Since C, {S, (49)} 
contains the four points [L], therefore (3-1) i is the polar conic 
of A, q. some cubic of the T-pencil; and since C, {S, (4y)} touches 
Ls (at A,) it follows that that cubic is To. Thus C, {8 (Ap)} 1s 
S (A,); similarly C, {S, (Bp)}, Cy {S, (Co)} are respectively So (B), 

So (Cy). Also, if X denote any point of A) B,C, then (3-1) the conics 
S, (X) constitute a pencil; and (10-42) the conics C, {S, (X)} there- 
fore constitute a pencil projective with the first pencil. It follows 
that C, {S, (X)} is So (X) whatever point of A,B,C, may be denoted 
by X: i 1:@. i Gheoreat 4 is true if X anne ies any point whatever. 
Thus: The polar conics, a: T, and T,,, of any given point are mutually 
poloconies q. T,, (7 = ales 3). (11-21) 

Hence C, {S,, (X)} is S, (X), and C,, {8 (X)} 18 Sm (Ao: But 
ChE) NC, {C. (s s)} is C,(s), whatever conic may be denoted by s; 
i.e.: The polar conics, q. 7, and T,,, of any given point are mutually 
poloconics Gra (eo ee) (11-22) 

11-3. Again (3-1) the noe conics of any given point q. the 
cubics of the 7-pencil themselves constitute a pencil; and (11-2) 
the poloconics, q. T,,, of that pencil constitute the same pencil, 
The pencil of conics is therefore (10-42) an involution pencil, and 
two conics of the pencil must be self-poloconics, or, as they have 
been termed, autopoloconics, q. T, (n= 1, 2, 3). White* and 
Manfredini* have shewn analytically that these are the poloconics 
of the given point q. the two cubics, other than T,,, of which A, is 
the Cayleyan. Our notation enables us to give an easy synthetic 
proof of the dual theorem. 

For (cf. 10:3) a class-conic o is an autopoloconic q. ©, if and 
only if the six tangents common to o and A, are three pairs of 
corresponding tangents; and we have already (9-12) shewn that the 
tangents from A,, B,, and C, to &,(A,B,Co) are corresponding 
tangents to A,. Thus 4, (A,B,C,), that is, the pole conic q. Qs; 
of any line, is an autopoloconic q. @,; similarly the pole conic 
q. @, of any line is an autopoloconic q. ©,. Conversely, if any 
(class-) conic o be an autopoloconic q. ©,, then the six common 
tangents of o and A, are three pairs of corresponding tangents to 
A,; and (4:3) the meet of each pair is a point of 7). Without loss 
of generality we may denote two of these pomts by B,, C,, and the 
pairs of corresponding tangents to A,, which meet at B,, C,, by 
b, b'; c, c’ respectively. Thus o is a conic of the range determined 
by 0, b’, c, c’ as base-lines; and of the conics of this range we know 
that two, viz. X, (A )ByC,) and &, (A,B,C) are autopoloconies q. 0). 

* Loc. cit. (10-1). 
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If o be a conic distinct from these two, then, by the involution, 
the harmonic conjugate with respect to them of o is I, (a), which 
is thus distinct from o. Hence no conics of the range, other than 
the two specified, are autopoloconics q.@,. Generalizing: The pole 
conics of every line q. @,, and ©,,, and no other conics, are autopolo- 
conics q. ©, (l, m, n = 1, 2, 3). (11-31) 

In particular, any two m-correspondent points of 7, constitute 
(4:4) a pole conic q.0,,. Thus: Any two m-correspondent points of To 
constitute their own mixed poloconic q. ©,, (m,n = 1,2,3). (11°32) 

Now let o denote any class-conic which is not an autopolo- 
conic q. ©,, and o’ the poloconic, q. @,, of c. Then o, o’ determine 
a range of conics; and since (cf. 10:3) each of the conies o, o’ is 
the poloconic, q. ©,, of the other, therefore the poloconics, q. 0,, 
of the conics of the range constitute the same range, which is 
thus (cf. 10-42) an involution range. Two autopoloconics q. ©, 
are therefore included in the range. If both of these were pole 
conics q. ©, then (cf. 3-1) every conic of the range would be 
a pole conic q. @,, and therefore an autopoloconic q. ©,, contrary 
to assumption. Thus not more than one of the autopoloconics 
of the range can be a pole conic q. @,, and similarly not more than 
one can bea pole conic q. 03; i.e. of the two autopoloconics of the 
range one is a pole conic q. @,, and the other a pole conic q. Os. 
We may denote the two conics by &, (y) and & (z); and without 
loss of generality we may represent z by A)B,C,. Now (9-13) the 
tangents from A, to &, (y) are conjugate lines in the 2-involution 
on A, (7-36); and (9-12) the tangents from A, to Xs (AgByC) are 
conjugate lines in that involution. Thus the involution pencil, 
vertex A,. of which conjugate lines are the pairs of tangents from 
A, to the conics of the range determined by &, (y) and Xs (Ay BoC), 
is the 2-involution on A,; similarly for B,, C,. The point-pairs of 
the range of conics are therefore 2-conjugate points (base A) ByCo); 
1.e. (7-35) Ay B,C is the mixed polar, q. T,, of any one of the three 
point-pairs of the range. Hence (3-3) A,B,C, is the polar, q. Ty, 
of every conic of the range, and, in particular, of o. Generalizing: 
The range of conics determined by any given class-conic (c) and its 
poloconic, g.©,, 1s an involution range, of which the double conics are 
Xm (y) and &,, (z)*; where y, z are the polars, q. T,,, T» respectively, 
of « and of every other conic of the range (l, m, n = 1, 2, 3). Such a 
range of conics will be termed an autopolo-range q. ©,, or briefly a 
l-autopolo-range. (11-33) 

If P, P’ denote any point pair of the range, then I’, (P, P’) is 
a conic of the range; which may thus be regarded as determined 
by (P, P’) and [, (P, P’). Hencet: 2, {p, (P, P’)} is a conic of 

* The dual of this part of the theorem is proved analytically by Manfredini, 
loc. cit. (10-1). 

+ Unless P, P’ are n-correspondents on 74, in which case p, (P, P’) is indeter- 
minate. 
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the range determined by (P, P’) and 1, (P, P’); in particular 
Xm (Ap ByCo) ws a conie of the range determined by (Py, P,,) and 
I, (Po, P,), where Py, P,, denote any pair of n-conjugate points (base 
A, BoC) (11-34); and again: Whatever line may be denoted by y; uf Py 
be the meet of two common tangents of X,, (AgByCy) and X,, (y), then P,, 
as the meet of the other two common tangents (l, m,n = 1, 2, 3). 

(11-35) 
11-4. We have seen (11-3) that, if ©, denote any class-cubic, and 

©... ©, the other two class-cubics having the same Cayleyan as @,; 
then a range determined by two conics, of which one is the pole 
conic of any line q. ©,,, and the other owe pole conic of any line q. 
©,,,is an autopolo-range q.@,. Dually, if 7,, denote any order-cubic, 
and «7, the other two order-cubics which have the same 
Cayleyan as T,,; then a pencil determined by two conics, of which 
one {S,,’ (X)} is the polar conic of any point q. 7,,’, and the other 
{S,,” (Y)} is the polar conic of any point q. 7,,”, is such that the 
poloconic, q. 7,,, of any conic of the pencil is a conic of the pencil, 
and that S,,’ (X), S,,” (Y) are the double conics of the pencil. Such 
a pencil of conics will be permed an autopolo-pencil q. T,,, or briefly 
an n-autopolo-pencil (n = 1, 2, 3). Any order-conic and its polo- 
conic q. T,, determine such a pencil. (11-41) 

The case already (11-3) referred to, where the pencil consists of 
the polar conics of a given point (X) q. all the cubics of the T- 
pencil is of special interest. Such a pencil of conics is an autopolo- 
pencil q. every cubic of the 7-pencil. If the cubic 7, be selected; 
then (11-2) S, (X), S, (X); S, (X), S; (X) are conjugate pairs in the 
pencil of conics (IJ,, say); and (with the notation above) S,’ (X), 
8," (X) are the double conics. Thus, of the three involution pencils 
of conics determined by pairing in the three possible ways the four 
conics S,(X), S,(X), S,(X), S,(X); the three pairs of conics 
Spi(oxe) s, ” (X) () ale 2, 3) are the double conics. Hence (e.g.) 
por Gea srva( 2G arses (0.0) hg (X) are conjugate pairs in the pencil 
Tee (11-42) 

11-5. We may obtain the mixed poloconic of a pair of lines 
as the reciprocal, q. the polar conic of their meet, of a certain 
pole conic. 

For, whatever point may be denoted by X, then (6-2) %, (FX) 
touches the four lines 4 Hon Ones der On. 43} om A,B,Cy; also, if 
Y denote any point of A “B nO ae Hea (6-5) s, (Y) spmeae the four 
points [J], and A,B,C,, the diagonal fmiangle of the four points [J], 
is therefore capo lean to S,(Y). Thus the reciprocal, q. S,(Y), of 
x, (FX), contains the points 4,, B,, C,, and is therefore (10-21) the 
poloconie, q. T',, of AjBy)Cy and some other line. But for our present 
purpose A,B,C, simply. denotes either of the tangents from Y to 
a certain pole conic q. @,. Thus the poloconic in question is that of 
A,B,C, and the other tangent from Y to that pole conic. Generaliz- 
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ing: If p, p’ denote the tangents from any point P to any pole conic 
gq. ©,; then the reciprocal, q. S,, (P), of that pole conic is C,, (p, p’) 
Ga 23): 

11-6. We shall now shew that the mixed poloconic (q. a given 
order-cubic) of a certain line-pair is also the pure poloconic (q. the 
apolar class-cubic) of a certain point. 

Let the four polars, q. ©,, of A4,, B,, C; be termed respectively 
the four lines [/], the four lines [m], and the four lines [n]. The 
lines [J] are (6-4) L,L,, [)L3, [,L,, [,L,. If X denote a point such 
that T', (X) contains A,, then (10-6; cf. 10-1) X must be a point of 
one or other of the lines [/]; similarly for B,, C, and the lines [m], 
[n] respectively. Thus I’, (X) cireumscribes the triangle 4, B,C, if and 
only if a line J, a line m and a line n are concurrent at X. But (5:5) 
any one of the eight points [O], [U] is such a point of concurrence; 
and it is easy to see that there are no other such points. Thus: 
There are eight and only eight pure poloconics, g. ©,, which circum- 
scribe the triangle A,B,C; ; these eight conics consist of two sets of four 
conics each, viz. the poloconics, q.®,, of the four points [O] and those 
of the four points [U]. (11-61) 

Since I, (O,) contains A,, B,, C,; therefore (10-21) I’, (Op), re- 
garded as an order-conic, is C, (A)B Cp, x), where « is some line to 
be determined. But (6-5) A,B,Cyis p. (Oy); thus, from the symmetry, 
x must be pz (Oy). Generalizing: Whatever point may be denoted by 
P; 1, (P), regarded as an order-conic, is Cy {Pm (P), Pn (P)} (l, m,n = 
1253): (11-62) 

Again, whatever 2-conjugate points (base 4)BjC)) may be de- 
noted by Py, Ps; T; (Po, Po) is (11:34) a conic of the range of class- 
conics determined by Ly (4)B)Cy) and the point-pair Py, Ps. 
Making P,, P, coincident we have (7:36): T, (Ox) has double contact 
with Xz (AyByCo), pole Ox (A = 0, a, B, y); or more generally: What- 
ever point may be denoted by P; T,(P) has double contact with 

Em {Pn (P)}, pole P (1, m, n= 1, 2, 3). (11-63) 
12. F- and ®-Conics of Pole and Polar Conics. 12-1. The further 

relations which we shall require between the conics associated with 
the 7-pencil and the ©-range involve the F- and ®-conics of 
Salmon*. It will be recalled that the O-conic of two order-conics 
is that class-conic which is the envelope of a line meeting the given 
conics in pairs of points which separate each other harmonically; 
and reciprocally, that the F-conic of two class-conics is that order- 
conic which is the locus of a point from which the pairs of tangents 
to the given conics separate each other harmonically. The ®-conic 
of two conics therefore touches the eight tangents which touch the 
given conics at their common points; and the F-conic of two conics 
contains the eight points of contact, with the given conics, of their 

* Conic Sections, ed. 10 (1896), pp. 343 ff. 
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four common tangents. We shall denote the F-conic of two class- 
conics o, o’ by F (a, o’); and the ®-conic of two order-conics, s, s’ 
by ® (s, s’)*. (12-11) 

Much use will be made of the well-known theorems (12-:12— 
12-16) which follow: 

The ®-conics of a given conic and all the conics of a given pencil 
constitute a range which is projective with the given pencil; and 
reciprocally for F- conics. (12-12) 

If a conic s (regarded as an order-conic) be apolar to a conic 
s’ (regarded as a class-conic); then the reciprocal, q.! S; Ol s@ug 
F (s, s’); and the reciprocal, q. s", of s is ® (s, s’). (12-13) 

Given two harmonic pairs of conics of a pencil; then the ®-conic 
of either pair is a conic of the range determined by the other pair; 
and reciprocally for F-conics. (12-14) 

The F-conic of a class-conic and a point-pair contains the point- 
pair; and reciprocally for the ®-conic. (12-15) 

The ®-conic of two line-pairs (p, p’; q, q’) 1s a conic which 
touches all four lines; if p, p’ meet at P, then the points of contact 
with p, p’ of the O-conic are contained by the polar of P q. the 
line-pair (q, q’). (12-16) 

We shall prove two further theorems on the F-conic. Let P 
denote any point on the F-conic of two class-conics o,, og; let p be 
the polar, q. o,, of P; and let a,,, o,, be any conjugate pair of conics 
of the range determined by o,, o, as double conics. Let 7,,, 7," be 
the tangents from P too,,, and R,,, R,,’ respectively the poles, q. 
o,, Of 7m, %m-. Now (12-11) the tangent-pairs from P to oj, a, 
separate each other harmonically; therefore, by reciprocation q. o,; 
PR,,, PRy' (Say %; Tp’) are conjugate in the involution pencil 
determined at P by the range of conics, and thus r,, 7,’ are the 
tangents from P to some conic of the range. Moreover, this conic 
must be o,. For let 7,, 7,'; 7%, 7’ be the tangent pairs from P to 
01, Gy respectively; we need only prove that the polars of some one 
point (other than P) q. the line-pairs 7,, 71/3 79, 12: %ms%m 3 %n>%n. 
are harmonic. Taking @ on 7,, the proof is easy. But 7,, 7,’ are the 
polars, q. o,, of the meets of p with r,,, 7. Thus: If P be any point 
of the F-conic of two class-conics o,, 09; uf p be the polar, q. o,, of P; 
and if On, 6, be any conjugate pair of conics of the range determined 
by o,, a, as double conics: then the tangents from P to o,,, meet p on 
the reciprocal (q. 01) of o». (12-17) 

In particular, if Y, Q’ denote any one of the three point-pairs of 
the range, and o,, that conic of the range which is conjugate to the 
point-pair Q, Q’; then the tangents from any point P of the F-conic 
to Om meet p, at points, R, R’, say, on the polars, q. o,, of Q, Q. 
If now P denote either of the points common to the F-conic and 
the line QQ’, then R, R’ coincide (at the pole, q. o,, of QQ’), and 

* If s=a,?=0, and s’=a,?=0, then © (s, s’)=(aa’u)?=0. 
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o,, therefore touches the F-conic at P. Thus: The F-conic of two 
class-conics has double contact, on the goin of any one of the point- 
pairs of the range determined by the two class-conics, with that class- 
conic of the range which is harmonically conjugate (q. the two class- 
conics) to the given pornt-parr. (12-18) 

12-2. We shall now prove a theorem regarding the ®-conic of 
two polar conics. 

From (6-4) two of the polars, q. @,, of B, are M,M,, M,M,; and 
two of the polars, q. ©@,, of C, are N)N3, N,N,. Thus (6-2) &, (B,C;) 
touches the four lines M,M,, M,M,, NoN;, NiN2- (a) 

Also (8-4), whatever points of 7’) may be denoted by Y,, Z,, the 
polar of Y, q. &, (VoZo) 18 YoZo; where Y3, Z, denote the 3-, 2- 
correspondents of Y,, Z, respectively. Writing B,, C; for Yo, Z, 
respectively, and remembering (4-1), the polar of B, q. &, (B,C) is 
B,C; similarly the polar of C, q. %, (B,C;) is C,B,. (8) 

But (4:4) the line-pairs M,M,, M,M,; N,N3, N,N, respectively 
constitute S, (By), S3 (Co). Therefore (12-16) the ®-conic of S,(B,), 
Sz (C,) touches all four lines M,)M,, M,M,, NjN;, N,N. Also 
(5-4) B,, C, are the meets of M)M,, M,M,; N\N;, N,N, respectively. 
Again, the polar (p, say) of B, q. the line-pair S, (Cy) contains C3, 
the meet of that line-pair; and since (3-2) p is also the polar of C, q. 
Sz (B,), which (4-1) consists of a lne-pair meeting at B,, therefore 
p contains B,. Thus the polar of B, q. the line-pair N,N,, N,N, is 
B,C3; similarly the polar of C, q. the line-pair M)M,, M,M, is C,B,. 
Therefore (12-16) C,B,, B,C; contain the points of contact of the 
two line-pairs M,M,, M,M,; NoN;, N,N, with their O-conic, which 
must thus (a, 6) be X, (6,C,). Generalizing the notation: If Q), R, 
denote any two points of 7), and @,, R, the 1-correspondents of Q,, 
R, respectively; then ® {S, (Q5), S3 (Ao)} is X, (Q,R,). (y) 

Further, since S, (Q), S; (Ro) degenerate into line-pairs meeting 
at Q,, R, respectively; therefore Q,R, is p, (Qo, Rp). (8) 

In particular, if Y denote any point of 7), and Q, the 1-corre- 
spondent of Q; then ® {S, (Qo), S3(Ap)}; ® {Sz (Qo), Ss (Bo)}; 
® {S, (Qo), Sz (Co)} are respectively 2, (Q,4,), X, (Q,B,), 2X, (Q,C,). 

€ 

But (3-1) if Ry now denote a (variable) point of A,B,C), es oe 
conics S,(R,) constitute a pencil; thus (12-12) as R, varies on 
Ay ByCy, while Q) remains fixed, the conics  {S, (Qp), S3 (R)} con- 
stitute a range projective with the pencil S, (2). 

Also (e) three of the conics, and thus (ef. 3-1) all the conies, of 
the range are pole conics, q. ©,, of some line containing Q,; let R, 
denote any (variable) point such that ® {S, (Qo), Ss (R)} is X, (QR). 

) 
Again (v. 5), the polar, q. S, (Ro), of Qp is a line eran 

the polars of Q, q. the pencil [S, (Ro)] therefore constitute a pencil, 
Q, [R,'], say, projective with the pencil [S, (R,)]. (A) 
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Now (cf. 3-1) Q, [Ri] A [2 (Q12,)], 

(¢, ») [2, (Q12,)] 0 [S3 (Ro), 

(3-1) : [Ss (2)] A [S, (2)], 

(9) [Sy (Bo) ] A @ [Ay 

Q, [Ry] A Q), [Ry’]. (x) 

Moreover, if R, coincides with Ay, By, Co, then (e) YR, coincides 
with Q,4,, Q,B,, Q,C, respectively, and (v. 5) the like is true of 
Q,R,’. Therefore (c) the lines Q,R,, QR,’ are identical in all cases. 
Also A,B,C, represents any line, and therefore k, may be taken to 
denote any point whatever. Hence (y, @): If Q) denote any point 
of 7,, and R, an arbitrary point; then ® {S, (Qo), Ss (Ap)} 1s 

X1 {71 (Qo; Ro)}- : a. : 
Now keeping R, fixed, and letting Q coincide, first with Ay, By, 

C, and secondly with any point of A) B,Co, the restriction on Y) may 
similarly be removed. Thus, generalizing the suffixes: If Q), Ry 
denote any points whatever ; then D {Sn (Qo), Sn (Ro)} 78 Zr (pi (Vo, Ro)} 
(Come 283): 

12:3. We shall require several theorems related to that last 
proved. 

If Q), Ry denote any points, and if S, (Qo), Sz (Ro); s, 8’ be 
harmonic pairs of conics of a pencil; then (12-14) one conie of the 
range. determined by s, s’ is {Sy (Qo), S3(Ro)}; i.e. (12-2) as 

X1 {P1 (Vo, Ao)}- ‘ ; (12-31) 
Again (10-1), S,, (Qo), considered as a class-conic, is apolar to 

S,, (Ro), if and only if Q, is a point of C,, {S, (Ry)}, i.e. (11-22) of 
S,(R,); and in this case (12-13) the O-conic of S,, (Qo), Sn (Ro) 18 
also the reciprocal, q. S,, (Qo), of S, (Ro). But (3-1) if Y be a point 
of 8, (R,), then R, is a point of p, (Qo). Thus (12-2): [f Qp denote any 
point, and Ry a point of p;, (Qo); then the reciprocal, q. Sm (Qo), of 
S,, (Ro) ts Xr {p1 (Vo, Ro} (L m, m = I, 2, 3). (12-32) 

From (7-4), p,(H, F), which is the polar of F q. S, (H), is 
A,B Cy; the polar of Ay q. S.(H) therefore contains #. But the 
polar of A, q. S, (H) is also the polar of H q. S, (Ap), 1-€. q. a line-pair 
meeting at A,; and therefore contains A,. Thus the polar of A) q. 
S, (H) is A,F, i.e. (5:2) A,Ag; similarly the polars, q. S, (H), of 
By, Cy are B,B;, C.C3 respectively. But by the symmetry the polars 
of Ay, By, Co q. S3 (@) are also A,A,, B,B;, C,C respectively; and 
(8-5) the same lines are the polars of Ay, By, Co respectively q. 
x, (4,B,C,). Thus S, (HZ), S3(@), &, (ApBoCo) have double contact 
on A) B Cy. Also (6-1) G, H are respectively @, (Ay BoC), G3 (Ap BoC). 
Generalizing: Whatever line may be denoted by x; X, (x), Sn {@p (X)}, 
S, {Bp (x)} have double contact on x (Ll, m, n = 1, 2, 3). This is partly 
a particular case of (12-2). 
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Since (6-1) Oj, Uy are respectively w, (L,M,N,), a3 (L)M,N,); 
therefore in particular 2, (Zj)M,No), S, (Uo), S3 (Oo) have double 
contact on L,M,N,; with similar theorems involving J), etc. 

(12-33) 
From v 12-2), O {S, (Q), S, (A)}, being X, {p,(Q, R)} is also 

w {8, (2), 5, (), similarly © 15; (0), Sy (B)} 01S; (BR), 5, (Q)} 
Also ® {S, (Q), S, (R)} is ® {S, (2), S,(Q)}. Moreover, if S,, (Q), 
S,, (R) denote the polar conic of QY, R respectively q. any cubic T,, 
of the T-pencil, then (3-1, 12-12) 

[® {S; (Q), 5, (R)}] A [S, (R)] A LS, (@)1 A [® tS, (2), Sp (Q)}, 
and therefore D {S, (Q), S,, (2)} is identical with ® {S, (R), S,, (Q)} 
whatever cubic of the 7-pencil be denoted by 7. Generalizing: 
Whatever points be denoted by Q, R and whatever cubics of the T- 
pencil be denoted by T,,, Tn; D {Sn (Q), S, (R)} ts identical with 
® {S,, (2), S, (Q)}; and dually for F-conics of pole conics. (12-34) 

12-4. In a special case the F-conic of two pole conics may be 
identified as a poloconic. For we have seen (6-2) that if Q), YQ» be 
any 2-correspondent points of 7, such that A,Q, touches any pole 
conic q. ©, then A,Q, also touches that conic; and (9-3) that the 
lines 4,Q), 4,Q. are apolar to & (A) B,C>). Thus the tangents from 
A, to any pole conic &, (y) q.@, are apolar to 5 (A) B,C,); i.e. A, is 
a point of the F-conic of X, (y), X3 (ApBoCo). Similarly B,, C, are 
points of that F-conic. Writing z for A,BjCy, we see (10-21) that 
the F-conic of X, (y) and & (z) is the poloconie, q. 7, of z and some 
other line; and by the symmetry the latter line must be y. Thus the 
F-conic in question is OC, (y, z). Generalizing: Whatever lines may 
be denoted by y, 2; F ple (y); 4, @)h 1s GC; (y,\2)) (U, ms. = I, 2; 3): 

Remembering that, when Po, P,, are n-correspondents on 7'y, 
then Po, ips constitute Qin (PP im), and using (12: 15), we see that 
(9-3) is partly a case of this theorem [for the conics &,, (Ao BGals 

x, (PP m)|- (12-41) 
Again, C; (y, Ap BoC) is F {2X (y), X3 (Ap BoCy)}, and therefore 

(12-11) contains the eight points of contact of the common tangents 
of 2%, (y), Xs (ApBoC,). Its reciprocal, gq. %, (A,B,C), therefore 
Biches the four common tangents, and is fia, a conic ‘of the range 
determined by &, (y), Xs (ApBoCo). But (10-21) C, (y, AgByC,) con- 
tains A,, B,, Ci: therefore (8-4) its reciprocal, q. yo (A,B,C), 
touches B,C,, C,A,, A,B,. Generalizing: A conic of the range 
determined by X,, (Ao ByCo) and any pole conic q. ©, ts inscribed in 
the triangle A,B,C; or, w hat 1 is (11-34) the same thing: A conic of 
the range dete rmined by Xm (ApByCy) and any oe a n- conjugate 
points (base AyByC) is insoribed in A, B.C, (m, % = 1; 

(12-42) 
A case of (12-42) of special interest for our purpose arises when 

m=3, n= 1, and the pair of n-conjugate points are coincident. 
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In this case the point of coincidence must (7-36) be one of the four 
points [J]; if it be Z,, then the range of conics in question de- 
generates into the conics which have double contact, pole 7,, with 
>, (A,B,Cy). Also four and only four distinct conics (in general) 
touch three given lines and have double contact with a given conic. 
Hence: The poles of double contact of the four conics, inscribed in the 
triangle A,B,C,, which have double contact with X (AgByCy), are the 
four points [1]*. (12-43) 

A more general theorem on double contact, of which (11-62) 
may be regarded as a special case, is derived at once from (12-18). 
For, whatever lines may be denoted by y, z; the class-conics 
Xn (y), Up (z) determine (11-33) a /-autopolo-range of which they 
are the double conics; and if P, P’ denote any one of the three 
point-pairs of the range, then (11-34) (P, P’), T, (P, P’) are con- 
jugate conics of the range. Moreover (12-41), # roe (y), Xp (2)} is 
C.(y, z). Thus (12-18): If P, P’ denote any one of the he point- 
pairs of the range of class-conics determined by X, (y), X, (z); then 
I, (P, P’) has double contact, on the line PP’, with C,(y, 2) 
(Cons — 12S): (12-44) 

Further, if «, y denote any two lines, and [©] denote the 
@-range; then (cf. aes the conics [&,, (7)] constitute a range, and 
the conics [F {&,, (x), &, (y)}] therefore (12-12) constitute a pencil 
projective with the aa range. Moreover (12-41) the conics 
HELD (Z)5) Sa(a)} F iS, (x), 3 (y)} are respectively C, (x, y), 
C, (x, y); and (11-1) each of these conics is the poloconic, q. 7,, of 
fe other. The pencil of conics is therefore a 1-autopolo-pencil. 
Agaimat Ia eae deat the two other order-cubics which have 
the same Cayleyan as T,, and 8S,’ (X), 8,” (X) the polar conics 
of any point X q. those order- cubics respectively: and if @,, ©, 
denote the class-cubics apolar (1:3) to T,’, 7,” respectively, as ©,, 
x,’ (x), &,” (x) the pole conics of x, and a,’ (%, y), w,” (z, y) the 
mixed poles of x, y 4. a class-cubics ese a then (cf. 12-2) 
the conics F {X, ‘(@ ), 2 (y)}; F {%," (x), 2%, (y)} are respectively 
SH Cone Ga ple 8’ {o,' ( a y)}. The last sat conics are therefore 
(11- 4) the double conics of the 1-autopolo- aan Further, if 
&,’” (z) be such that 2, (x), 2,'” (a); 24’ (x), By" (x) are harmonic 
in ‘the given range of pole conics, then 

F{X, (x), X (y)}, FAY (x), 2 (Y} 
are es in the l-autopolo-pencil. Thus: Given the range 
[=,, (x)] of conics which are the pole conics of a oer ar x q. all 
the cee cubics of the @-range; and the pole conic &, (y) of a given 
line y q.©,: then the conics | F {X,, (x), X (y)}] Aes ; 1-autopolo- 
pencil projective with the given range ; the double conics of the pencil 
are F {%,' (x), X (y)} and F {X," (x), X, (y)}; and two pairs of con- 

* V. also (19-21). 
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jugate conics of the pencil are C, (a, y), Cz (x, y) and F {X, (x), X, (y)}. 
F {%,’” (x), &, (y)}; where B,' (x), &,” (x) denote the pole conics of 
a q. the other two class-cubics of the O-range which have the same 
Hessian as ©,, and &, (x), &,'" (x); %,' (x), 2," (x) are harmonic 
pairs in the given range of conics. (12-45) 

In the special case of (12:45) where y is identical with x, we 
have the theorem: ©, (x), Cy (x), C3 (x) are three comes of a pencil. 
It is unnecessary further to particularize in this case. (12-46) 

13. Apolar Quadrilaterals. 13-1. From (8-5), whatever line may 
be denoted by x; &,, (w), regarded as an order-conic, is apolar to 
every pole conic (q. ©,) which touches « (m, n = 1, 2, 3). Let p 
denote a tangent to X, (A,B,Cy); then &, (p), regarded as an order- 
conic, is apolar to &; (AjB,C,). Hence (12-13) the reciprocal, q. 
Pap); OL 4 (A,B,Co) 18 tea), 2s (44B Cos we: (2-41) as 
Cy (p, AgB)Cy). Therefore, if p’ denote any other tangent to 
x3 (4,B,C,), then the pole of p’ q. &, (p) is a point of C, (p, AgBoCo); 
1.e. @, (p, p’) is a point (P,, say) of C, (p, AypByCo). By the sym- 
metry, P, is also a point of C,(p’, A,ByCy). But (10-21) Cy (p, Ap Boo), 
C, (p’, AgByCp) are the 2-transformations (base A)B,Cy) of p, p’ re- 
spectively ; and thus P, is the 2-conjugate (base A,B,C) of the meet 
(Po, say) of p, p’. Again (11-33), if two of the common tangents 
to X, (y) and &, (A,B,Cy) meet at Py, then the other two meet at 
P,. Thus the mixed pole, q. ©,, of any pair of common tangents to 
xX, (y) and &, (A,B,C) is the meet of the other pair of common 
tangents. Also (11-31) &, (y), &, (A)ByCo) are two autopolo-conics, 
one of each type, q. ©,. Generalizing: Given two autopolo-conics, 
one of each type, q. ©, ; then the mixed pole, q. ©,, of any pair of 
common tangents to the given conics is the meet of the other pair* 
(n = 1, 2, 3). 

A quadrilateral such that the meet of any pair of opposite sides 
of it is the mixed pole, q. 0,, of the other pair is termed an apolar 
quadrilateral q.@,,. Itis conversely true that the sides of any apolar 
quadrilateral q. , are the common tangents of two autopolo-conics, 
one of each type, q. ©,,. (13-11) 

In particular, whatever points may be denoted by X, Y; the 
common tangents (, t’, t’’, t’’”’, say) of X, (FX), X, (GY) constitute 
a quadrilateral apolar to @,. But (6-1) one of these common tangents 
(t, say) 1s Aj B,C; and (13-11) a, (¢, t’) is the meet of ¢’’, t’”’. Thus 
the meet of t’”’, ¢’”’ is the pole of t’ q. X, (Ay ByCo). Hence: Whatever 
points may be denoted by X, Y; the common tangents, other than 
Ay BCo, of & (FX), Ly (GY) constitute a triangle apolar to X; (A yBC)). 

(13-12 
14. Miscellaneous Theorems. 14:1. Let any two lines eT ; 

at the points Py, Y, Ro; Po’, Qo Ro’, and let P,, (etc.) denote the 

* The dual theorem, on quadrangles apolar to an order-cubic, is proved ana- 
lytically by Manfredini, loc. cit. (10-1). 

VOL, XXI. PART IV. 



330 Mr Gabbatt, On the generalization of 

n-correspondent of P, (etc.). Then (10-22) the six points P,,, Q,, R,, 
P,’, Q,’, R,’ are contained by a conic; these six points and the 
three points Py, Q), Ry are therefore contained by the degenerate 
cubic consisting of the conic and the line P,Q,,. The nine points 
Po; Q5> Bo, Pa, Qu» Ra» Ens Q) ,-R, axe thus the base-pomtsot a 
pencil of cubics; and any cubic which contains eight of the points 
must also contain the ninth. Thus (6-2): Any three collinear points 
ot a cubic, the n-correspondents of those three points, and the 
n-correspondents of any other three collinear points of the cubic 
are the base-points of a pencil of cubics, one of which is the given 
cubic; and any cubic which contains the six vertices of an inscribed 
quadrilateral, of any species, of a given cubic also contains the 
vertices opposite to three collinear vertices of another inscribed 
quadrilateral of that species. (14-11) 

Again, with the same notation, a pole conic (X,, say) q. ©, 
touches (6-2) the eight sides of the two quadrilaterals of which 
Po, V> Roi Po’, Qo, Ro are respectively collinear vertices. But 
Po, QM, Ro, Pn, Qn, R, are the vertices of a quadrilateral inscribed 
in any cubic (Vy, say) of the pencil considered. &,, is therefore a 
pole conic q. the class-cubic Y,,, related to Vyas ©,, is related to Ty. 
Hence P,,’, Q,’, &,’ are three vertices of a quadrilateral inscribed 
in V,; and thus V, meets the sides of the triangle P,,’Q,,R,,’ again 
at three points in a line, the remaining side of that quadrilateral. 
Moreover (6-2) since &,, is a pole conic q. Y,,, therefore the line 
touches &,,. Conversely, one and only one cubic of the pencil 
determined by the nine points P,,'Q), Ry, Pn» Qn» ns Pn > Qn> Bn 
contains any given point (P,”, say, distinct from Q,,’, R,,’) of Q,'R,,, 
and this cubic must meet the lines R,’P,,’, P,’Q,’ on the tangent 
(other than Q,,’R,’) from P,” to &,,. Thus: Every cubic of the pencil 
determined by three collinear points of a gwen cubic, the n-corre- 
spondents of those points, and the n-correspondents of any three 
other points in line of the given cubic, meets the sides of the triangle 
determined by the last three points at three further points in line. 

(14-12) 
14-2. From (3-1), the T-pencil, the pencil of conics constituted 

by the polar conics of a given point q. all the cubics of the T-pencil, 
and the pencil of lines constituted by the polars of a given point q. 
all the cubics of the T-pencil are projective with each other. Also, 
if X denote any point, 7,,’, T,,” the two other cubics which have the 
same Cayleyan as T,,, and S,, (X), S,”(X) the polar conics of 
Xq.T,', T,” respectively; then (11-2, 4) S,’ (X), S,” (X) are the 
double conics of the involution pencil of conics in which S, (X), 
S, (X); S,(X), S,, (X) are pairs of conjugate conics. Thus, if 
Pn (X), py” (X) be the polars of X q. T,,’, T,,” respectively, then the 
double lines of the pencil in involution determined by py (X), p, (X); 
Pi(X), Pm (X) as pairs of conjugate lines are p,' (X), p,” (X) (Ll, m, 



the theory of circles associated with a triangle 331 

n= 1, 2,3). Hence the line-pair p,' (X), Pm” (X) ts a conjugate pair 
in the involution determined by p,' (X), py” (X) as double lines (m, 
n = 1, 2, 3). Corresponding theorems hold of the order-cubics of 
the 7-pencil, and of the class-cubics of the @-range. 

14-3. Let ©,’, 0,” denote the other two class-cubics which have 
the same Hessian as @,; let ©,,, 0, denote any pair of class-cubics 
of the ©-range, harmonically conjugate q. ©,’, O,”; and let &,’ (z), 
2 (x), Xm (xv), Xp (x) denote the pole conics, gq. @,’, ©,", On, On 
respectively, of any line x. Since (4:4) 2%, (A,A,) consists of the 
point-pair A,, A,, therefore (12-15) F {X, (A,A3), Up (x)} (say F,) 
contains A,, A,. Let the other four common points of 7, and F,, 
be denoted by Po, Qo, oy, So- Then (12-45) the conic F {%, (A,As), 
Xin (x)} (say F,,) 3 e Me en es T,, of f,,, and therefore (10-3) 
meets 7, at A,, P,, Q,, R,, S,. Ap is thus a point common to 
Bt, and the re B Cos Paar aM BoC, B,C; meet F,,, F,, again 
at Y, Z respectively. Then (1211) the line-pairs B,C,, 4, Y; B,C, 
A,Z are apolar to &,, (x), &, (x) respectively. (a) 

Also (since A,, A,, Py, YW, Ro, Y are six points of a conic) 

Ay (YP Qpko) K Ap (VY Po@oko) % Ao (BoP oWo#o): 
and (7:37) 

Ay (BoP oQolo) \ Ag (Bi Pi@12y) X Ap (ZP1O,2,), 

while (since A,, A,, P,, Q,, R,, Z are six points of a conic) 

Ay (ZP\Q Ry) X Ay (ZPiQ Fy), 
and thus A, (VY P,Q) & 44 (ZP0.F,)- 

A,Y, A,Z are therefore (7-36) conjugate lines in the 1-involution 
on A,. (8) 

But (a) A,Z contains the pole, q. &,, (x), of B\C,; hence A,Z 
contains the centre of perspective (Ay, say) of the triangle A,B,C, 
and its polar triangle q. &,, (x). Also, if A, denotes the 1- “conjugate 
(base A,B,C) of i then (B) A, Y eontains K,. Thus (a) 4,K, 
poateins fie “pole; Gi, Cb). Ole Ay ‘B, Cy. By the symmetry, B, K,. 
C.K, contain the pole, q. 2, (@ 1 of A, B KOs and that pole ae 
therefore be K,. Thus: If x denote any line and X, (x), X,, (x) the 
pole conics of « q. any pair of class- sett of the @-range harmonic 
q. ©,', ©,"; then the pole of AyBoCo Y- Um (x), and the centre of per- 
spective of the triangle A,B no and us polar triangle gq. &,, (x), are 
l-conjugates (base ABC). 

14-4. Since (6-1) the pole, q. X, (4B, © 0), Of Ay BoC, is F; there- 
fore some point of AyByC) is the pole, q. &, (Ay, C A of FGH; ie. 
is @, (A,B,C,, FGH). Let this point be denoted by P. If X denote 
any point of FGH, then the polar, q. X, (4)B,Cy), of X contains P. 
But (12°33) &, (A,BoCo) has double contact, on Ay B,C, with S, (@). 
The polars of X q. X, (AgByCp) and Sy (@) therefore meet on A, ByCo. 

22-2 
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Thus the polar of X q. S, (G), 1.e. ps (G, X), contains P; in particular 
ps(G@) contains P. Similarly p,(H, X), and in particular p, (H), 
contain P. Also (12°33) S,(H), S,(f) have double contact on 
A, BoCy. Hence, and from (10-43, 11-21, 2), by poloconics q. T3; 
S, (H), S, (£), Cz (ApBoCo) are three conics of a pencil. The polars 
of X q. these three conics are therefore concurrent; 1.e. p, (H, X), 
po (Ff, X) and the polar of X q. C, (Aj B)Co) are concurrent. Similarly 
ps3(G, X), Po (Ff, X) and the polar of X q. C, (A,B,C) are con- 
current. But (12-46) 2%, (ApBoCo), Ce (ApBoCo), Cs (Ap Bylo) are 
conics of a pencil; the polars of X q. these three conics are therefore 
concurrent. 

Now, as X tends to coincidence with F, then (7-4) p, (H, X) and 
pz (G, X) and (6-1) the polar of X q. &, (A) B,Cy) tend to coincidence 
with A,B,C,. Hence p, (f, X) and the polars of X q. C, (A,B,C), 
C (A,B,C) tend to concurrence on A,B,C, at the limiting point of 
concurrence of py (H, X), p; (G, X);1.e. at the pomt P. Remembering 
that (6-1) F, G, H are the poles of A) ByCy q. ©, O2, Og respectively, 
and generalizing: If x denote any line, and x’ the locus of the poles of 
x q. the class-cubies of the ©-range,; then the four lines x, py {@, (x)}, 
Dn {Bm (L)}, Pm {Bn (x)} are concurrent at w, (x, x’) (l, m, n = 1, 2, 3). 

The application of this theorem to the points I), O), Up», as 
poles (6-1) of L,M,N >, should especially be noted. (14-41) 

We have seen (14-41) that p, (X, H) contains P for all positions 
of X on the line FGH. In particular, p, (G, H) contains P; there- 
fore G, H, P constitute an apolar triad (3-2) q. 7, and thus G, H 
are apolar to S, (P); also (7-4) G, H are apolar to S, (P). Thus G, H 
are apolar to every conic of the pencil determined by S, (P), S, (P); 
i.e. (3:1) G, H are apolar to the polar conic of P q. every cubic of 
the T-pencil. Generalizing as in (14-41), we have the theorem: 
Dm (£), Dy, (x) are apolar to the polar conic of w, (x, x’) q. every conic 
of the T-pencil. (14-42) 

Remembering that ©,, ©,, ©, denote three class-cubics which 
have the same Cayleyan, and dualizing: Jf T,,, T,’, T,,” denote any 
three order-cubics of the T-pencil which have the same Cayleyan; of 
X denote any point, and X’ the meet of the polars of X q. the cubics 
of the T-pencil; tf Pn’ (X), Pn” (X) denote the polars of X q. T,,’, T," 
respectively, and p,(X, X’) the mixed polar of X, X’ q. T,,: then 
Pn (X), Pn" (X) are apolar to the pole conic of p,(X, X’) q. every 
class-conic of the ®-range. (14-43) 

Proceeding similarly with the theorem (7-31, 7-4): If Z denote 
any point of A,B,C, then G, H are apolar to S, (Z); we obtain the 
theorem: Whatever point may be denoted by Y; py’ (X), py” (X) are 
apolar to X, (XY). (14-44) 
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PART IT: 

THE GENERALIZATION OF THEOREMS OF 

EUCLIDEAN GEOMETRY 

15. The Non-Euclhidean Case. 15-1. If X, (AyBoC) be identified 
with the Absolute of non-euclidean geometry, then we have the 
following subsidiary identifications. 

15-2. The triangle A,B,C, becomes (8-4) the absolute polar 
triangle of A,B,C,. The point H therefore becomes (5-2) the ortho- 
centre*, and the line A,B,C, the orthazis. (15-21) 

Again, we have seen (7-36) that if P,, P, denote any pair of 
l-conjugates (base A,)B,C,), then A,B,, A,C,; A,B,, A,C,; A,Po, 
A,P, are pairs of conjugate lines in an involution. Thus the angles 
B,A,P), P,A,C, become equal; similarly for the angles C\B,P,, 
P,B,A,; A,CiP), P,C,B,. Thus Py, P, become isogonal conjugates, 
and the 1-transformation becomes the isogonal transformation. 

In particular, the point G becomes (7-4) the zsogonal conjugate 
of the orthocentre. (15-22) 

Similarly any pair (Py, P,) of 2-conjugates become isogonal 
conjugates q. A,B,C,, the polar triangle (15-21) of A,B,C,. The 
absolute polars of Py, P, therefore meet the sides of the triangle 
A,B,C, isotomically; i.e. if the polars (p, p’, say) of Py, P, meet 
B,C,, C\A,, A,B, at X, X’; Y, Y’; Z, Z’ respectively; then 
Ne ee CVV Aa Ae ae (15-23) 

From (15-22) the four points [1] become the zncentres; and from 
(15-23) the four points [O] become the circwmcentres. The incentres 
and circumcentres of any triangle are thus (5-5) eight pointst of a 
configuration of symbol (12,, 16,). 

The sides of the quadrangle determined by the four points [J] 
become the bisectors of the angles; in particular, [)/,, [z1, become 
the bisectors of the angle A,. The sides of the quadrangle deter- 
mined by the four points [O] become (9-22) the perpendicular 
bisectors of the sides; in particular, Og0,, O30, become the per- 
pendicular bisectors of the side B,C,. 

We therefore obtain from (5-4, 5) the theorem: The bisectors of 
any angle of a triangle in a non-euclidean plane meet the perpendicular 
bisectors of the opposite side at the points of a Maclaurin tetrad on 
a cubic ; and the tetrads corresponding to the three vertices of the triangle 
are the points of a dodecad. (15-24) 

The four conies [T’, (O)] (the poloconies, q.@,, of the four points 
[O]) become (11-61, 3) the cirewmceireles. 

We have separately proved (12-43) a theorem which may now 

* When no triangle is specified, the triangle A,B,C, is implied. 
+ An instance of the inadequacy of the non-euclidean treatment. 
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be stated as follows: The centres of the four circles inscribed in the 
triangle A,B,C, are the four points [J]. (15-25) 

15-3. A curve of some importance in the sequel is the absolute 
reciprocal (as it may now be called) of A, (v. 2). 

Since A, is a class-cubic, therefore the absolute reciprocal 
(D,, say) of A, is an order-cubic. Since (4:3) A, touches the join 
of every pair of 2-correspondent points of 7, therefore (5:5) A, 
touches, in particular, the six sides of the quadrangle determined 
by the four points [O]. Thus (15-24) D, contains the three pairs of 
middle points of the sides of A,B,C,. Similarly D, contains the 
absolute poles of the lines 4)A,, By By, CoCo, i.e. (15-21) contains the 
meets of B,C,, C,A,, A,B, with A,A,, B,B,, CC, respectively; and 
these three points are (in the non-euclidean case) the feet of the per- 
pendiculars from the vertices of the triangle A,B,C, to the opposite 
sides respectively. D, also contains the absolute poles of A,Az, 
B,B,, C,C3, which are points of B,C,, C,A,, A,B, respectively. 
Thus: The reciprocal, q. X3 (ApBoCo), of A, 1s an order-cubic D,. 
When Xz (Ap ByCo) vs identified with the absolute, D, contains the three 
pairs of middle points of the sides of the triangle A,B,C, , and the feet 
of the perpendiculars from the vertices of that triangle on the opposite 
sides respectively. 

16. The Euclidean Case. 16-1. If X (Ap BoC) be identified with 
the circular points at infinity of a euclidean plane, while 4,, B,, C, 
remain actual points of the plane, then the results of (15) remain 
true with the following modifications. 

16-2. The points A,, B,, C, become the points at infinity corre- 
sponding to the directions perpendicular to B,C,, C,A,, A,B, 
respectively. The line 4,5,C) becomes the line at infinity. (16-21) 

Since (15-24) the four points [J] become the in- and ex-centres ; 
therefore the polar conics, q. 7,, of the points of 4)B)Cy, which 
(6-5) all contain the four points [J], become the rectangular hyper- 
bolas to which the triangle A,B,C, is apolar. Every point-pair apolar 
to all these hyperbolas is therefore a pair of isogonally conjugate 
points. In particular, the circular points at infinity, which are 
apolar to all rectangular hyperbolas, must be regarded as a pair of 
isogonally conjugate points. (16-22) 

Of the four points [O], one (O,, say) becomes the circumcentre, 
and the other three are confounded with the points at infinity 
A,, B,, C,. The point G, isogonally conjugate to the orthocentre, 
is confounded with the circumeentre. (16-23) 

Any conic of the pencil determined by the four points [0] 
degenerates (16-23) into the line at infinity and a line containing 
the circumcentre. Since in the general case (7-31) any point P, and 
its 2-conjugate (base 4)B,C)) P, are apolar to every conic of the 
pencil: therefore in the present case, if Py be an actual point, then 
P, becomes its opposite q. the circumeentre, i.e. the point such that 
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the circumcentre is the middle point of the segment P,P,; and if Py 
be a point at infinity, then P, is also a point at infinity. (16-24) 

Since A, is (4:1, 7-34) the 2-conjugate of A,; therefore A, 
becomes (16-24) the point of the circumcircle diametrically opposite 
to A,; similarly B,, C; become the points of the circumcircle 
diametrically opposite to B,, Cy respectively. The sides of the 
triangle A,B,C, thus become parallel to the corresponding sides of 
A,B,C; and since (8:4) A,B,C,, A,B,C; are polar to &, (A) BC), 
therefore (16-21) X, (A,B )Cy) degenerates into the circular points 
at infinity. Hence 3-conjugates become isogonal conjugates q. 
A,B,C, and the points | U] become the in- and ex-centres of A,B,C . 
The circular points at infinity must therefore (16-22) be regarded 
as conjugate in the euclidean development of the 3- as well as of 
the 1-transformation. (16-25) 

16-3. We have seen (9-3) that, given two points, Py, P.; then 
the line-pairs A,P,, A, P,; B,P), B,Ps; C\Po, C,P, are simultaneously 
apolar to &,(A)B,C,) if and only if Py, P, are 2-correspondent 
points of 7). Now lines apolar to %,(AjByCy) become in the 
euclidean case lines at right angles; and 7, therefore becomes the 
locus of point-pairs which subtend right angles at all the three 
points A,, B,, C,. Also (16-24) 2-correspondent points Py, P» 
become either both actual points or both points at infinity. Hence 
2-correspondent points of 7, become either diametrically opposite 
points of the circumcircle or points at infinity corresponding to 
directions at right angles; and T, therefore degenerates into the 
curcumerrcle and the line at infinity. (16-31) 

Now of the four points P,, of a tetrad on Ty, let P, be the 
2-correspondent of P,; then (4:1) the other two points P,, P3; 
of the tetrad are 1l-correspondents of Py, P, respectively, and 
are themselves 2-correspondents. In the euclidean case let P, 
become an actual point of the circumcircle. Then (16-31) P, be- 
comes the diametrically opposite point of the circumeirele; P,, P3, 
as isogonal conjugates of P,, P, respectively, become points at 
infinity; and from (16-31), they must correspond to directions at 
right angles. (16-32) 

Of the twelve points of a dodecad (5-1) on Ty, it is now clear 
that (in general) six become (actual) points of the circumcirele, and 
six become points at infinity. In particular, six of the points of the 
dodecad [LMN] (5:4) become points at infinity; and the other six 
must therefore (5-2, 5) become the middle points of the sides of the 
quadrangle determined by the in- and ex-centres. The well-known 
euclidean form of (15-24) at once follows. (16 33) 

The class-cubics A,, A, become three-cusped hypocycloids (v. 
17-031) of which the (common) cuspidal tangents meet at the 
circumcentre (v. 19-4). As regards A,, the argument of (16-31) 
shews that each of the circular points at infinity must be regarded 
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as self-conjugate for the euclidean development of the 2-trans- 
formation. Every line containing either of the circular points must 
therefore be regarded as a tangent to the degenerate A,. The three 
tangents from any actual point to A, thus become (16-31) the 
diameter of the circumcircle, and the couple lines which contain 
the point. Hence: A, becomes a triad of points ; viz. the circumcentre 
and the circular points at infinity. (16-34) 

The cubic D, of (15:3) also degenerates; for it contains six 
distinct points at infinity, viz. three ‘(the ‘external middle points | ’) 
on the sides of the triangle A,B,C, ahd three others (the ‘ poles’ of 
A, A,, B,B,, C,C3). .D, also ema the (internal) middle points of 
the sides of NOR and the foot of the perpendicular on each side 
from the opposite vertex. Thus: In the euclidean case, the reciprocal, 
gq. Ls (AyBoC,) of A, degenerates into the nine-pornt circle and the line 
at infinity. (16-35) 

16-4. We can mention only a few of the interesting properties 
of the conics which represent the range &,, (4,B,C,). They become 
the family of confocal conics of which one (v. 12-42) is the inscribed 
conic concentric with the circumcircle; the auxiliary circles of this 
conic touch (19-033) the nine-point circle. %X, (4)B)C,) becomes 
(12-41) that conic of the family of which the director circle is the 
circumcircle. 

17. The Pedal Line. 17-0*. The following theorems of euclidean 
geometry are well known. 

The feet of the perpendiculars to the sides of a triangle (ABC) 
from any point (P) of the circumcircle of the triangle are in line; 
their line is the pedal or Wallace line of the given pointt. Con- 
versely, if the feet of the perpendiculars from a given point to the 
sides of a given triangle are in line, then the given point is contained 
by the circumcircle of the given triangle. (17-011) 

The isogonal conjugate, q. the triangle ABC, of the point P is 
the point at infinity corresponding to the direction perpendicular 
to the pedal line of P. (17-012) 

If the perpendicular from P to BC meets the circumcircle again 
at @, then AQ is parallel to the pedal line of P. (17-021) 

The pedal lines of diametrically opposite points of the circum- 
circle are at right anglest. (17-022) 

The envelope of the pedal lines, q. ABC, of the points of the 

* For convenience in identification, the numeration of each euclidean theorem 
to be generalized differs from that of the general theorem by the insertion of 0 after 
the point in the case of the former. 

+ Dr William Wallace, Leybourn’s Math. Repository, O.S. No. 7, 25 March 1799; 
wrongly attributed to Simson by Servois, Gergonne, 4 (1814), p. 250; v. Muir, Proc. 
Edin. Math. Soc. 3 (1885), p. 104; Mackay, ibid. 9 (1891), p. 83; Archibald,-7bid. 28 
(1910), p. 64. 

t Steiner, Crelle, 53 (1857), p. 231. 
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circumcircle of ABC is a curve of the third class inscribed in ABC 
(Stemer’s hypocycloid)*. (17-031) 

The pedal lines of diametrically opposite points of the circum- 
circle meet on the nine-point circle*. (17-032) 

Steiner’s hypocycloid has triple contact with the nine-point 
circle*, and double contact at the circular points with the line at 
infinity, the common tangents of the circle and the hypocycloid being 
perpendicular to the cuspidal tangents of the latter. (17-033) 

The pedal line of any point bisects the join of that point and 
the orthocentre*. (17-041) 

All these theorems are particular cases of properties of the 
general cubic. 

17-1. Grassmann?t discovered that, if A, B, C, A’, B’, C’ be any 
six coplanar points, and P any point of their plane such that the 
three points (PA, B’C’), (PB, C’A’), (PC, A’B’) are in a line p; 
then the locus of P is an order-cubic, and the envelope of p a class- 
cubic. Grassmann’s theorem was further discussed by Clebscht, 
who shewed that the general cubic may be generated by the method 
of Grassmann, and that A, B, C are correspondents, of the same 
species, of A’, B’, C’ respectively. 

The most interesting special case of Grassmann’s theorem is 
that which arises when ABC, A’B’C’ are triangles in perspective. 
Berkhan§ and Sommerville|| have discussed this case analytically; 
the subjoined treatment is for the most part taken from a paper 
written by the author (in ignorance of Berkhan’s work) in 1908, 
but never published. 

We have seen (8-6) that, if any triangle A,B,C, and any conic 
be given, then a certain order-cubic 7, is determined; that A,, B,, 
C are respectively correspondents, of the same species, of three 
collinear points A), By, Cy of Ty; and that the given conic is the 
pole conic [denoted by &, (4)B)C,)| of the straight line 4)B,C, q. a 
class-cubic (@,) of which 7, is the Cayleyan. 

Little difference arises if two triangles A,B,C,, A,B,C, in per- 
spective are given; for X&, (A) Cy) is determined as the conic q. 
which 4,B,C,, A,B,C, are mutually polar, and 7, may then be 
obtained as before. Or again, if dy, By, Cy be the meets of B,C,, 
B,C,; C,A,, C,A,; A,B,, A,B, respectively, and A,, B;, C3 the meets 
of B,C,, B,C,; C,A,, C,A4,; A,B,, A,B, respectively, then (v. 5-1) 
7, is the unique cubic which contains the twelve points [ABC]. 
These points determine a dodecad on the cubic; A,, B,, C,, being 
the n-correspondents (4:1) of Ay, By, Cy respectively (n = 1, 2, 3). 

* Steiner, loc. cit. 
+ Crelle, 52 (1856), p. 254. 

{ Math. Annalen, 5 (1872), p. 424; Clebsch-Lindemann, Vorlesungen iiber 
Geometrie, Leipzig (1876), Bd. 1, p. 540. 

§ Arch. d. Math. u. Phys. (3), 11 (1907), p. 1. 
|| Proc. 5 Int. Cong. Math. (1911), 2, p. 93. 
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Now let P,, P, denote any pair of 1-correspondents on Ty, and 
let X, (A,B)Co) be denoted by &, simply. Then (9-3) the line-pairs 
ASP ASPs Babs; Bol wCOe,. Cols iakesapolar, to: 23,-sueseA ara. 
B,P,, CyP, respectively contain the poles, q. %3, of A,P,, B,P,, 
C,P, respectively. But these poles are (8-4) the meets of B,C,, C,A,, 
A,B, respectively with the polar, q. X,, of P,. 

Conversely, if A,Pj, BaP, CoP> meet .B,C,, C,A,, A,B, ze- 
spectively at three points X, Y, Z in line; let Q, denote the pole, 
q. 43, of XYZ. Then the polars, q. 4, of X, Y, Z are AQ), BQ, 
CyQ respectively ; Wall 25 AG M9 Jon sz~. BQ): C ee CQ, are therefore 
line-pairs apolar to 43, and thus (9: 3) Po, Yp are 1-correspondents 
on Ty. Hence: If, and only if, P,) be a point of Ty, then A,P,, BP, 
C,P,. meet B,C,, C,A,, Apon respectively at thieee points in line*. 

(17-11) 
Let the line A,B,C) (which may be termed the base) be 

denoted by u; and let the line of the three points 4,P,, B,C;; 
BP, C,A,; CaP), A,B, of (17-11) be termed the w-(1, 2)-pedal line 
of Py. Then we have shewn that: The u-(1, 2)-pedal line of any 
point of 7, is the polar, q. X53, of the 1-correspondent of that poimt*. 

(17-12) 
17-2. Let any line containing A, meet 7, again at P,, Y3; and 

consider the dodecad A,,, P,,, Q, (n = 0, 1, 2, 3). AP, contains Qp, 
and A,Q, contains P, (v. 5-1); also P; is (4:1) the 2-correspondent 
of P,. Thus: If P, denote any point of T,, and Q, the third pont 
common to T, and A,P,, then the third point common to T, and A,Qo 
as the 2- -correspondeni of the pole (q. Xs) of the u-(1, 2)-nedal line of 
Pe. (17-21) 
an if P,, P, denote any pair of 2-correspondents on Ty, 

then (4:1) P,, P;, the 1-correspondents of P,, P, respectively, 
are themselves 2-correspondents. The joins of P,, Ps oA B,, Cy 
are thus (9-3) pairs of lines apolar to &,. Hence (17-12): The 
joins of any vertex of the triangle A,B, C, and the poles of the 
u-(1, 2)-pedal lines of any pair of 2- correspondents on T, are eae 
(or dine (17-2 

17-3. From (17-12) the pole, q. &5, of the u-(1, 2)-pedal line of 
any point of 7’, is another point of 7). The envelope of the pedal 
lines is therefore a class-cubic, the reciprocal, q. &3, of 7). This 
class-cubic may be denoted by II. Since (17-1) 7) contains A,, B,, 
C,, A,, B; C,; therefore II touches B,C,, C,A,, 4,B,, B,C,, C,A,, 
A,B,. Thus: The envelope of the w-(1, 2)-pedal lines of the points 
of 7, is a class-cubic inscribed in A,B,C, and also in 4, B,C,*. 

(17-31) 
Again, as in (17-22), the poles, q. X53, of the u-(1, 2)-pedal lines 

of any pair of 2-correspondents on 7’) are themselves 2-corre- 
spondents on 7. Their join therefore (4:3) touches the class-cubic 

* Berkhan, loc. cit.; Sommerville, loc. cit. 
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A, (2), and thus the meet of the given pedal lines is contained by 
an order-cubic D,, the reciprocal, q. X,, of A,. Hence: The locus 
of the meet of the u-(1, 2)-pedal lines of any pair of 2-correspondents 
on T, is an order-cubie. (17-32) 

Now it is well known* that the Hessian and the Cayleyan of 
any order-cubic touch at all their common points; and that those 
points are the conjugate poles (4:1), q. the given cubic, of its in- 
flexions (which are also those of the Hessian). In particular (2) 7 
and A,, as Hessian and Cayleyan respectively of 7,, touch at the 
2-correspondents of the common inflexions of 7, and T,. Also the 
reciprocal, q. any conic (say Xs), of any order-cubie (say 7p) is a 
class-cubic (say II); the polars of corresponding points on Ty are 
corresponding tangents (4-3) to Il; and the polars of the points of 
inflexion of 7, are the cuspidal tangents of Il. Further, the polars, 
q. X3, of 2-correspondents P,, P, on T, are the pedal lines of P,, Ps. 
Thus: The curves I, D, touch at all their nine common points; the 
cuspidal tangents of IL and its common tangents with D, being u-(1, 2)- 
pedal lines of 2-correspondents on T,. (17-33) 

17-4. Transposing the triangles A,B,C,, 4,B,C,, and proceeding 
as in (17-1), we obtain the theorem: If, and only if, Py be a point 
of T,, then A,P,, B,P,, C.P, meet B,C,, C,A,, A,B, respectively at 
three points in line. This line, which may be termed the w-(2, 1)- 

pedal line of Py, is by the symmetry the polar, q. &3, of P,, the 
2-correspondent of Py. 

Now the pole, q. 43, of the line P,P, is the mixed pole (3-4; ef. 
2), q. Os, of P)P; and A,B,C,, and is therefore the pole of Aj B,C q. 
3 (PoP), which (4:4) consists of the point-pair P,, P,. Thus 
oBoU and the polar, q. £3, of Py are apolar to the point-pair P,, 

P,. Reciprocating q. X,, and remembering (8-4): The u-(1, 2)- and 
u-(2, 1)-pedal lines of any point Py of T, are apolar to the point-pair 
nT. (17-41) 

17-5. The theorems of (17:1-4) may be generalized as 
follows: 

Let x denote any line meeting 7, at X,, Yo, Zo; and let the 
n-correspondents of X,, Yj, Z) be denoted by X,, Yn, Z, re- 
spectively (n = 1, 2, 3). We have the following: If, and only if, Po 
boawiowniof 1 4; then X,Po, Vnbos Saba Mek. nla Linde han’ on 
at three points in line (m, n= 1, 2, 3). 17-51) 

Let their line be termed the x-(m, n)-pedal line of Py; then: The 
x-(m, n)-pedal line of Py vs the polar, q. X, (x), of Py». (17-52) 

Thus: The envelope of the x-(m, n)-pedal line of Py is the reciprocal, 
q. 2, (a), of 1, (i, m, m = 1, 2, 3). (17-53) 

Let the x-(m, n)-pedal line of P, be denoted by y. Then (17-52) 
P, 18 @, (x, y), and « is therefore the polar, q. E, (y), of P,,,. The 
relation between z, y is thus reciprocal, 1.e.: If y be the x-(m, n)-pedal 

>> 
A 

* Cremona, loc. cit. (10-1), p. 116. 
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line of P,, then x is the y-(m, n)-pedal line of Py, and thus any line 
is the pedal line of any point of 7 q. some base. (17-54) 

A case of special interest arises when we take for base in suc- 
cession each of the 16 lines of a configuration of symbol (12,, 165) of 
which the points are on 7; e.g. the configuration of which the points 
are ADB a(n Owls 3), We thus obtain 16 x 6 = 96 related 
pedal lines of a point Py of Ty. Of such a set of 96 pedal lines, it 
may be proved that 16 pairs meet on each of the 3 lines P,P, 
(n = 1, 2, 3); 9 pairs meet on each of the 16 lnes of the configura- 
tion; and 8 pairs meet on each of the 18 lines 4,,A,, B,,B,, 
CCA 0n 2) (17-55) 

17:6. On the non-euclidean and euclidean interpretation of the 
theorems on the pedal line, little need be added to the statements 
of (15, 16). (16-32) may now be made definite as follows: The points 
of a tetrad on J, are represented in the euclidean case by two 
diametrically opposite points of the circumcircle, and the points at 
infinity corresponding to the directions of the pedal lines of those 
two points. As regards (17-41), it appears from (16-3) that (in the 
euclidean case) the u-(2, 1)-pedal line of any actual point on the 
circumceircle becomes the line at infinity. 

It is interesting that the method of proof in (17-11) shews that 
the rectangular and pedal properties of the euclidean circle become, 
when generalized, polar reciprocal theorems (v. 16°3); and that the 
non-metrical properties of the three-cusped hypocycloid, including 
its characteristic property of double contact, at the circular points, 
with the line at infinity, arise from the fact that it is the Hessian of 
a class-cubic of which its tritangent circle and the line at infinity 
constitute the Cayleyan. 

18. The Pedal Conic. 18-0. In elementary geometry the pedal 
line of any point of the circumcircle may be regarded as constituting, 
with the line at infinity, a degenerate pedal circle. The principal 
theorems on the pedal circle are as follows: 

The feet of the perpendiculars, on the sides of a triangle, from 
any two points isogonally conjugate q. that triangle, are contained 
by a circle, the pedal circle of the two points (or of either of them)*. 

(18-011) 
If a variable point be contained by a fixed diameter of the 

circumeircle, then the pedal circle of that point contains a fixed 
point; viz, the meet of the pedal lines of the extremities of the given 
diametery. (18-021) 

Any pair of (real) isogonally conjugate points q. a triangle are 

* Ascribed in Encyk. d. math. Wiss. to W. Schoénborn, Progr. Gymn. Krotoschin, 
1881. 

+ Fontené, Nouv. Ann. de Math. (4), 6 (1906), p. 55. The corresponding theorem 
for the isogonally conjugate point was known to Bobillier, Gergonne, 19 (1828-9), 
p- 356. 
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the (real) foci of a conic inscribed in the triangle; and the pedal 
circle of those points is the (major) auxiliary circle of the conic; and 
in particular: (18-031) 

The pedal line of any point of the circumcircle is the vertical 
tangent of that inscribed parabola of which the given point is the 
focus*. (18-032) 

18-1. In projective geometry, the dependence of the pedal pro- 
perties on the theory of poloconics q. a class-cubic, which is some- 
what obscured in the case of the pedal line, becomes clear in the 
more general case, now to be considered, of the pedal conic. 

Let x denote any line; let A,B)Cy be denoted by wu; let X, (u) be 
denoted by &, simplyt; and let us consider the range of class-conics 
determined by %, (x) and &, as double conics. From (12-41) 
A,, B,, Cy are points on the F-conic of those conics, and (11:33) 
the conjugate of any conic o of the range is [’, (c). Applying (12-17) 
and remembering (8-4), we have the following: The pairs of tangents 
from A,, B,, C, to any class-conic o of the range [a] determined by 
=, (z) and X, meet B,C), C,A,, A,B, respectively in six points on a 
conic, which is the reciprocal, q. X, of T (c). 

Now (11-33) the point-pairs of the range [co] are 1-conjugates 
(base uw); and conversely (11-34) any pair (P,, P,) of 1-conjugate 
points (base uw) with &, determine such a range; the point-pair 
P,, P; may therefore be substituted for o above. 

Again, the common tangents of &, and any conic of the range 
contain P,, P,; reciprocating q. &,, we see that the reciprocal, q. 
x3, of any conic of the range meets &, on the polars, q. X35, of 
P,, P,. Therefore: The meets, with B,C,, C,A,, A,B, respectively, 
of the joins to A,, By, Cy of any pair Py, P, of 1-conjugate points 
(base u) are contained by a conic, the u-(1, 2)-pedal conic of Py, P,. 
This conic rs the reciprocal, q. X3, of T, (Po, Py); and meets X, on 
the polars, q. %5, of Po, P,. (18-11) 

The a-(m, n)-pedal conic of P,, P,, may be similarly defined; 
where « denotes any line, and (m, n = 1, 2, 3) (v. 17-5). 

18-2. If the variable point Pp is contained by a fixed tangent 
QQ. to A, (Q), V2 denoting 2-correspondents on 7), then (cf. 10-22) 
I, (Py, P) touches a fixed line, viz. the tangent to A, corresponding 
(4:3) to Q,Q.; 1.e. (with the usual notation) the line Q,Q,. The 
reciprocal, q. X35, of I’, (Py, P,) therefore contains the pole, q. X35, 
of Q,Q3, which is (17-12) the meet of the w-(1, 2)-pedal lines of 
Qo, G2. Thus: If the variable point Py be contained by a fixed tangent 
to A,, then the u-(1, 2)-pedal conic of Py, Py contains a fixed point; 
vz. the meet of the u-(1, 2)-pedal lines of the 2-correspondents on T, 
which are contained by the given tangent. (18-21) 

18-3. Again, we have seen (12-42) that of the conics of the range 

* Wallace, Leybourn’s Math. Repos. O.S. 1 (1797), p. 309; 2 (1798), p. 54. 
t+ And so throughout the remainder of the paper. 
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{o] one, viz. the reciprocal, q. 2&3, of Cy (a, u), is imscribed in 
A,B,C,; and (12-44) that C, (x, u) has double contact, on PoP, 
with I, (Py, P;). Reciprocating q. X3, we have: The u-(1, 2)-pedal 
conic of Py, Py has double contact, on PyP,, with that class-conic, of 
the range determined by Xz (u) and the porint-pair Py, P,, which ws 
inscribed in A,B,C. (18:31) 

The w-(1, 2)-pedal conics of the other two point-pairs of 
the range clearly have double contact with the same inscribed 
conic. 

If P, be a point of Ty, then (7-34) P, is also a point of Ty, viz. 
the l-correspondent of Py. In that case (4-4) the points Py, P, 
constitute &, (P,P), and thence (11-32) DT, (Py, P;) is constituted 
by P,, P,. We thus revert to the case of (17); the w-(1, 2)-pedal 
conic of (Py, P;) degenerates into the w-(1, 2)-pedal lines of Py, P,; 
and from (18:31) at once follows: The u-(1, 2)-pedal line of any 
point P, of T touches, at its meet with the line PoP,, that class-come, 
of the range determined by Xz (u) and the point-pair Py, P,, which is 
inscribed in A,B,C,. (18-32) 

18-4. Reverting to the case of (18-11); let A,P), 4,P,; ByPo, 
BsPiiC, Po) Col, meet BCC Ay Agen ate ACC VY eA ez 
respectively. Then it may be proved that 4,X, B,Y, C,Z are con- 
current if and only if P, is a point of the cubic ©, (5:3); that in 
that case 4,X’, B,Y’, C,Z’ are also concurrent, and therefore P, 1s 
a point of 4; and that the line P)P, contains . , may therefore 
be regarded as the locus of a point, such that the join of that point 
and its 1-conjugate (base A)B)C,) contains F*. 

18-5. In the euclidean case (16) the isogonal conjugate of an 
actual point is in general an actual point. The polars of two 
isogonally conjugate points therefore both coincide with the line 
at infinity, and (18-11) the pedal conic becomes a circle. The isogonal 
conjugate of an actual poimt P of the circumcircle is, however, a 
point at infinity (17-012); and the inscribed conic, focus P, is there- 
fore a parabola. The identity of the euclidean theorems (18-011— 
18-032) with the projective theorems correspondingly numbered 
will now be clear. 

It will have been noted that in the non-euclidean case (15) the 
pedal conic, not having (in general) double contact with the 
Absolute, is not a circle. In the case of the u-(1, 2)-pedal conic, 
exceptions occur only when the points Py, P, are coincident; in 
which case the point of coincidence must (7-36, 15-24) be one of 
the four points [JZ]. 

19. Feuerbach’s Theorem. 19-0. Feuerbach’s famous theorem 
is as follows: 

* V. (5-6), footnote. For the euclidean case, v. F. G. Taylor, Proc. Edin. Math. 
Soc. 33, Pt 2 (1914-5), p. 70; for the non-euclidean case, Sommerville, ibid. p. 85. 
V. also Hncyk. d. math. Wiss. 11. AB 10, p. 1260, footnote 329 a. 
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The nine-point circle of any triangle touches the inscribed and 
escribed circles of that triangle*. (19-031) 

Let the points of contact be termed the Feuerbach points of the 
inscribed and escribed circles; then: 

The Feuerbach point of the inscribed circle is the meet of the 
pedal lines of the extremities of that diameter of the circumcircle 
which contains the incentre; and similarly for the escribed circles. 

(19-032) 
More generally: 
If the join of two isogonally conjugate points be a diameter of 

the circumcircle, then the pedal circle of the two points touches the 
nine-point circle, at the meet of the pedal lines of the extremities of 
the given diametert. (19-033) 

The form assumed by Feuerbach’s theorem in the non-euclidean 
case, whether for the four incircles or for the four circumcircles, is 
also well known. The course of our work will shew that the latter 
is the more fundamental form of the theorem. It may be enunciated 
as follows: 

The four circumcircles of any triangle in a non-euclidean plane 
are all touched by four other circlest. (19-091) 

19-1. In projective geometry, Feuerbach’s theorem has an- 
alogues of two different types, in one of which the curve touched 
by the four conics corresponding to the in- and ex-circles is an 
order-cubic, and that touched by the four conics corresponding to 
the circumcircles is a class-cubic; while in the other the curve 
touched is a conic. The theorems most closely related to that of the 
pedal line are of the first type; while the theorems of the second 
type are capable of interesting extension§. 

19-2. We have already seen (11-61, 3) that the conics which 
circumscribe A,B,C, and have double contact with &, are the four 
conics [I’, (O,)]; and that the pole of double contact of &, and 
Ty (O)) is O) (A= 0, «, B; y). 

Similarly the conics which circumscribe A,B,C, and have double 
contact with &, are the four conics [T’, (/,)]; and the pole of double 
contact of & and I’, (2,) is Z,. Reciprocating q. 3, we have the 
theorem: The conics which are inscribed in A,B,C, and have double 
contact with Xz are the reciprocals, q. Xs, of the four conics [T, (L,)]; 
and the poles of double contact are the four points [I] respectively 
(A= Oa; B, y). (19-21) 

The reciprocal, q. &,, of [, (Z,) will be denoted by R (J,). 
19-3. Now let the three tangents to A, which contain J, be 

PoPs, Q@2, Rof., where the named points are pairs of 2-corre- 

* Feuerbach, Higenschaften einiger merkwiirdigen Punkte, usw., Nurnberg, 1822. 
+ Ascribed in Encyk. d. math. Wiss. to J. Griffiths, Educ. Times, July, 1889; but 

apparently due to Weill, Nowy. Annales (2) 19 (1880), p. 259. 
{ V. Hart, Quart. Journ. Math. 4 (1861), p. 260; Salmon, ibid. 6 (1864), p. 67. 
§ The author hopes shortly to publish a further paper on this subject. 
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spondents on T,. Then (cf. 10-23) I, (2,) touches A, on P,P, Q,Q3, 
R,R,. Reciprocating q. 3, and remembering (17-12), we have: 
The locus (D,) of the meets of the u-(1, 2)-pedal lines of pairs of 
2-correspondents on T, has triple contact with each of the four conics 
inscribed in A,B,C, and having double contact with Xz. (19°31) 

The conics # (J,) are, in fact, ‘pure’ poloconics (10-1) q. an 
order-cubic (the reciprocal, q. X&, of 2) of which D, is the Hessian. 

Further: Each point of contact of D, with R (1,) is the meet of 
the u-(1, 2)-pedal lines of a pair of 2-correspondent points on Ty 
which are such that their join contains 1, (A= 0,a, B,y). (19°32) 

Again, if V,, V. denote any pair of 2-correspondents on T,, and 
if W,, W, denote the pair of 1-conjugates (base w) contained by the 
line V,V.*; then (4-4) VV, touches Ag, i.e. the join of Wy, W, 
touches A,, and therefore (cf. 10-22) I’, (Wy, W,) touches A,, the 
common tangent being V,V;. Reciprocating q. &3, we have from 
(17-12): If the goin of two 1-conjugate points (base u) be a tangent to 
A,, then the u-(1, 2)-pedal conie of the two given points touches D,, 
at the meet of the u-(1, 2)-pedal lines of the 2-correspondent points 
of T, on the given tangent to Ay. (19-33) 

19-4. The principal result of the above discussion is that 
Feuerbach’s theorem may be regarded as a case of the fundamental 
theorem (10-23) that a pure poloconic q. any order-cubic has triple 
contact with the Hessian of that cubic. In the euclidean case the 
Hessian is represented (16-35) by the nine-point circle and the line 
at infinity; and its three points of contact with (e.g.) the inscribed 
circle are represented by the Feuerbach point of that circle and the 
circular points at infinity (v. 16-34, on A,). The corresponding 
theorem for the (euclidean) circumcircle becomes: The circumcircle 
is the common tritangent circle of the three-cusped hypocycloids which, 
in the euclidean case, represent the class-cubics A,, Ag. (19-41) 

It is easy to shew that the four conics [I (U,)] (11-61, 3) be- 
come, in the euclidean case, the four circumconics of which the 
centres are the points [J]. Hence, and from (16-4), we have the 
following euclidean theorem, which may be deemed a companion of 
Feuerbach’s theorem: Let &, denote that conic which is confocal with 
an inconic and has the circumcircle as director circle. Then the four 
circumconics, of which the centres are the in- and ex-centres, all have 
double contact with X,, and triple contact with a certain three-cusped 
hypocycloid to which the circumeirele is also tritangent. (19-42) 

19-5. We now turn to the second type of projective analogue of 
Feuerbach’s theorem, in which a conic plays the part of the nine- 
point circle of euclidean geometry. When the non-euclidean im- 
plications are removed from Hart’s extension of Feuerbach’s 
theorem, it takes the following (or an equivalent) form: The four 
conics [I', (O,)] all have simple contact with four other conics, 

* W,, W, are the meets of V,V, and its 1-transformation (base w). 
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which themselves all have double contact with X(4)B,Cy). We 
shall proceed to prove this theorem by methods based on the 
geometry of the 7-pencil and the @-range; and to determine the 
relation to those families of cubics of the second group of four 
conics, of their points of simple contact with the conics [Ty (O,)], 
and of their chords of double contact with the conic L, (4)B,C5) 
(hereafter to be denoted, as above, by &, simply) 

19-6. We have seen (14-41) that Ly)M No, pe (Lo), 1 (Oo) are 
concurrent (at P,, say). Now since (6:5) A,B,C (say uv) is the polar, 
q. T,, of I), and also the polar, q. a of a therefore (11-62) 
C3 {ui p, (1,)} is Tz (Z,); and Cy tu, p, (O5)} 1s Fe ( Ov). Three of the 
common points of I; (Z), T's (O, ) are therefore (10 “22) Ae, Baas 
and the fourth is the 3-conjugate (base u) of P, (say P3). Since 
by definition T'; (Jy), [3 (Oo) both contain a, (1,0 Eye therefore P 
must be a (Ty0p). Also (12-33) S, (Ip) and &, (L,JZ,N,) have double 
contact on L,M,N,; thus the pole, q. S, (J), of L,M.N, is U). Hence 
the polar, q. S, (Lp), of Py is [pUy, ; e. (5-5) [50,3 similarly ForiOe. He 
Oe aoe ‘The 3- conjugate (base u) of 3 (IgO,) os the pole, q. Sz (Ip), 
of I,0x ( N—1ONe Bs yy): (19-61) 

But tr (Ly), being Cy {u, py (Jo)}, is (10-21) the 3-transformation 
(base u) of py (Ip); and (7- 36) the cae tgerietionta is projective. Also 
if Y denote the pole, q. 3, of J)X, where X is a variable point; then 
(cf. 3-1) the range of points [ Y | on the conic I’, (Jg) is also projective 
with the pencil J,[X]. We have thus established a projective 
correspondence between the points of p, (,) and the lines of the 
pencil J, [X]; also the points of p, (J) which correspond to the four 
lines 1,0, of the pencil are respectively (19-61) the poles of those 
Imes q. S (Zo). The like is therefore true for every point of p, “ ys 
1.e. Whatever point may be denoted by X; the 3-conjugate (base u) of 
Os (Lo X) as the pole, q. Sz (Io), of 1pX3 or again, remembering that 
(6-5) wis p, (Lo); and that (7-33) the 3-conjugate (base w) of any 

point Z is the pole of wu q. S;(Z): The pole of p, (Ip) ¢. Ss ms 9 X)} 
is the pole of I,X gq. Sy (Lo). (19-62) 

In particular, supplying for X the point J, (the 2-conjugate, 
base u, of I,), and remembering that (7-35) py a I,) is w; We see 
that the 3- -conjugate (base wu) of a, (Lo/,) is the meet ae say) of wand 
P2 (Io). Jo is thus the meet of p, (Jp) and Pz (Io), and therefore (3-1) 
J, is the common meet of the polars of Ig q. every cubic of the T-pencil. 

(19-63) 
Again (12-32) the reciprocal, q. S, (Jo), of X, is S, (Ry), where 

Ry is the pole, q. Ss (Jy), of uw, and is thus (7-33) the 3-conjugate 
(base u) of Jy, that is (19-63) aw, (Ipl,). Thus: The reciprocal, q. 

S, (Jo), of Xs ts Sy {wz (Lola)}- (19-64) 
Further, since (19-63) p, (Jp) contains Jy, therefore (3-1) S, (Jp) 

contains J); and thus p, (Ig, Jo), being the polar of J, q. Sy (Jo) 
contains J). But since Jy is a point of u, therefore (7-33) py (Io, Jo), 

“ 
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re the polar of Jy q. S, (Jp), contains Z,. Hence p, (Ig, Jo) as 
(19-65) 

“19- 7. With the notation of (14-2), let us now consider the pencil 
of conics (say the pencil [C,]) of which the base- Hae are the com- 
mon points of the conics C; {p,’ (I>)} and C, {p," (Jp)}. From (19-63), 
Pr (Lo), px” (Lo) meet at Jy: thus (10-44) every panic of [Cy] is the 
mixed poloconic, q. 7, of a pair of lines which meet at J, and are 
harmonically conjugate q. p,’ (Ij) and p,” (J). Each conic of [Co] 
is therefore (11-5) the reciprocal, q. S, (Jo), of that pole conic, q. 
,, which touches such a pair of lines; in particular (14-2) 
C1 {p3' (Lo), ps” (Zp)} is a conic of [Cy] and the reciprocal of such a pole 
conic. 

But (14-44) p,’ (Ip), p,” (Zo) are apolar to every conic of type 
&, (15X), where X denotes any point. Thus the tangents from J, to 
every such conic are harmonic q. py,’ (Jp), p,” (Z)); and since the 
whole of the pole conics q. ©, constitute a web, therefore in general 
one and only one pole conic q. ©, touches a given pair of lines. 
Thus: The pencil [Cy| 1s the reciprocal, q. 8, (Jo), of the range of conics 
[24 (1,X)]. (19-71) 

Also (14-43) py’ (Io), po” (Io) are apolar to the pole conic (q. any 
class-cubic of the @-range) of p, (Ip, J), i-e. (19-65) of Z,J,; and in 
particular are apolar to &, (J)/,). Thus the two line-pairs p,,’ (I), 
Pe (15) (eg 2) are Boone polar to X, (J,l,); and (14-2) that conic 
therefore touches p,' (Io), Ps" ye Thus: The reciprocal, q. Sy (Jo); 

of X (Lge) as C, {ps (Lo), ps" (Lp)}- (19-72) 
We have now shewn (19-64, 72) that the reciprocals, q. S, (Jo), 

of Xs, OC {ps' Io), ps” (Io)} are respectively S5 {3 (Lola)}, 24 (Lolo) 
but (12-33) the latter pair of conics have double contact, [,/, being 
their chord of contact and a, (J,/,) its pole. Thus 

3, Cy {ps3 (Lo), Ps’ (Lo)} 

have double contact, their pole of contact being the pole, q. S, (Jo), 
of Iof,, and their chord of contact P1 Jo, M (Lolz)}. Further, 
fem poaae suffixes i putting /, for X in the second form of 
(19-62); the pole of p, (Ip) q. S, {a, ( (1, I,)} is the pole of Il, q. Sy (Lo), 
1.e. is the meet of py (1, : Are Do (ae Ly, which (19-63) is Jo. Thus 

Pi (Jo, M (Lola)} is ps (Lo); and therefore: C, {ps (Ig), ps” (Lo)} has 
double contact with Xs, ae ae of double contact being pz (I), and 
ats pole being the pole, q. S, (Jo), of Iolo. (19-73) 

The base points of the sa [Cy] may be identified without much 
difficulty. For one pair of lines harmonically conjugate q. p,' (Jo), 
py (Io) are (14:2) p, (Io), P3 (Lo), and therefore Cy {py (Lo), ps (Lo)} 
which (11-62) is T, (J), is if conic of [Cy]; and ante aoe pair of 
lines are (14-2) pp, (Jy), Py (Ip), whence Cy {pp (Lo), 2 (Zo)} 18 a conic of 
[Co]. Now (6-5) p, (Zo) is uw, and Hesse (10: 21) C, fig (I os PiZo)} 
is the 1- transformation (base u) of py (Ly). But (14: 41) p, (I, ), pz (Oo), 

(—) 

<= 
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Pz (U,) are concurrent (at Ky, say) and thus (10-21) their respective 
1-transformations C, {u, po (Lo)}, Cy {u, p3 (Op)}, Cy {u, Po (Uo)} have 
four common points, three of which are A,, B,, C, and the fourth 
K,, the 1-conjugate (base w) of Ky. Further C, {w, ps (Op)} is (6-5) 
C, {pz (Op), 3 (Op)}, i-e. (11:62) Ty (Oo); similarly, C, {u, pz (Uo)} 1s 
Tl, (U,); and by definition a, (O)U,) is a point common to I’, (Op), 
[, (U,). Thus K, is w, (OU), i-e. (5:5) @, (L909); but w, (Lp0p) is a 
point of T, (J,), ie. of Cy {pz (Zo), p3 (Zo)}. Thus w, (Zg0p) is a common 
point of Cy {p» (Lo), p1 (Lo)} and C, {pz (Ip), pz (1o)}, and therefore of 
all the conics of [Co]; similarly the three points a, (L)0,) (A = @, B, y) 
are the other three base-points of the pencil [Cy]. 

Now (19-71) the conics of [Cy] are the reciprocals, q. S, (Jo), of 
the conics &, (J,X) (X variable); and the latter conics constitute 
a range, the base lines of which are (6-2) the four polars, q. @,, of 
I,. Thus the four points a, (J90,) are the poles, q. S, (Jo), of the 
four base-lines. It is necessary to identify w, (Z)Q,), in particular, 
as the pole, q. S, (Jo), of that one (L,M,N,) of the four base-lines 
of which (v. 6-31) Op is the pole q.@,. Now (7-35) p, (Ko, Ay) is u, 
which (19-63) contains J,. Thus Jj, Ky, A, constitute (3-2) an 
apolar triad q. 7; i.e. K, is the pole, q. S, (Jo), of some line contain- 
ing K,. Also (14:41) of the four base-lines, L),M,N, is that which 
contains K,; similarly for the other three base-lines. Thus: If the 
polars, q. ©,, of I, be termed the four lines [1]; then w, (Lj0,) ws the 
pole, q. S, (Jo), of that one of the lines [1] of which the pole, q. Oz, vs 
On — OF cB. ry): (19-74) 

19-8. We have shewn that (11-63) T, (Oj) and (19-73) 

C; {p3' (Io), Ps” (Lo)} 5 

which (19-74) contain w, (1,0,), both have double contact with &,, 
the poles of double contact being respectively Oj and the pole, q. 
S, (Jo), of Iof.. Tf the join of these poles contains the point @, (L90p), 
then the conics I’, (05), Cy {p3’ (Io), ps” (Zo)} must touch at that point. 
We proceed to shew that the condition is fulfilled. 

For since (12-33) S, (Ip), S, (O09) have double contact on Ly) M,No, 
therefore the polars of any point, and in particular of Jj, q. those 
two conics meet on L,M,N,. Thus py (Ig, Jo), P1 (Oo; Jo); Uo MoNo 
are concurrent. But (19-65) py (Ig, Jo) is Ipla; also p, (Oo, Jo) is the 
polar of O,, and [,M,N, (19-74) the polar of w, (L909), q. Sy (Jo)- 
Reciprocating q. S, (Jo); Og, @ (2909), and the pole, q. S; (Jo), of 
IoJy are collinear. Thus: The conics Ty (Op), Cy ps’ Lo); Ps” (Lo)} have 
semple contact at w, (I9Qo). 19-81) 

19-9. Summing up, and observing that J) may be understood 
throughout as denoting any one of the four poles, q. 7, of Ap BoC, 
we have Hart’s extension (for circumconics) of Feuerbach’s theorem 
in the following form: The four cones TV, (O.) (u = 0, @, B, y) 
circumscribe the triangle A,B,C,, and have double contact with 

>2 > 
<3 < 
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Xs (Ap BoC), the poles of double contact beung respectively the four 
points O,; the four conics C, {ps (La), ps” (La)} (A= 0, a, B, y) have 
double contact with Xz (AyByCy), the chords of double contact bewng 
respectively the four lines pz (I,); the conic C, {ps' (Ly), p g )} 
touches the conic V'*; (O,) at w, (I,0,). (is-91 

There is, of course, an analogous theorem (overlooked when the 
standpoint is non-euclidean) for the four conics [’, (U,,); the theorem 
is obtained by substituting U, 2 for O, 3 throughout (19-91). It 
should be noted that, since (5-5) the join of any one of the four 
points [2] with any one of the four points [O] contains some one of 
the four points [U], therefore the sixteen points of simple contact 
remain unaltered, being separated, moreover into the same four 
groups of four points each. (19-92) 

To obtain Hart’s theorem for inconics, it is only necessary to 
interchange J, O and substitute 2 for 1 throughout (19-91), and 
then reciprocate q. X35 (AjByC)). (19-93) 

20. Circles associated with the Quadrilateral. 20-0. We shall con- 
clude this study by examining the theory of the circles associated 
with the quadrilateral*. The four triangles of which the sides 
are sides of a quadrilateral will throughout be termed the 
triangles of the quadrilateral. The theorems to be considered are the 
following: 

The circumcircles of the four triangles of a quadrilateral have 
a point common to all fours. (20-021) 

Let this point be termed the Wallace point of the quadrilateral. 
The feet of the perpendiculars to the four sides of a quadrilateral 

from its Wallace point, and from that point only, are in linet. 
(20-022) 

Let this line be termed the Wallace line of the quadrilateral. 
The focus of the parabola inscribed in the quadrilateral is the 

Wallace point, and its vertical tangent is the Wallace line§. 
(20-023) 

Let this parabola be termed the Wallace parabola of the quadri- 
lateral. 

The orthocentres of the four triangles of the quadrilateral are 
contained by a line parallel to the Wallace line||. (20-024) 

Let the line of the orthocentres be termed the orthocentric line 
of the quadrilateral. 

The circumcentres of the four triangles of the quadrilateral are 

* For an aoe Sere note on the whole subject v. Clawson, Math. 
Gazette, 9 (1917- —19), p p- 85 

_ Scoticus,” Leybourn’s Math. Repos. N.S. 1 (1806), p. 170. For the identifica- 
tion of “‘ Scoticus’ with Wallace, v. Mackay, Proc. Edin. Math. Soc. 9 (1890-1), 
p- 87. 

ft Steiner, Gergonne, 18 (1828), p. 302; but essentially due to Wallace. 
§ V. Wallace, loc. cit. (18-0). 
|| Steiner, loc. cit. 
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contained by a circle, the circumeentric circle of the quadrilateral*. 
The joins of each vertex of any triangle of the quadrilateral with 
the circumcentre of the triangle of which one side is the fourth side 
of the quadrilateral and the other two sides are the sides of the 
quadrilateral containing the given vertex, are concurrent on the 
circumeentric circle; the point of concurrence being the isogonal 
conjugate, q. the given triangle of the quadrilateral, of the point 
at infinity corresponding to the direction perpendicular to the fourth 
side of the quadrilateral. (20-042) 

The circumcentric circle contains the Wallace point*. 
(20-045) 

Let A, X; B, Y; C, Z denote the pairs of opposite vertices of 
the quadrilateral, Y, Z being points of the segments CA, AB tre- 
spectively; let each pair of angles BAC, BX Y; ABC, CYZ; ACB, 
BZY be termed opposite angles of the quadrilateral; and, of the 
twelve bisectors of these six angles, let any two internal (or any 
two external) be termed bisectors of the same type, and an internal 
and an external bisector bisectors of opposite types; then: 

The six meets of bisectors of the same type of opposite angles 
of a quadrilateral are the vertices of a second quadrilateral; and 
the six meets of bisectors of opposite types of opposite angles of 
the given quadrilateral are the vertices of a third quadrilateralt. 

(20-071) 
Let the two new quadrilaterals be termed the Mention quadri- 

laterals of the given quadrilateral. 
The diagonal triangles of the given quadrilateral and of its 

Mention quadrilaterals are in perspective two by two, the ortho- 
centre of the diagonal triangle of the given quadrilateral being the 
common centre of perspective§. (20-072) 

Let the diagonal triangles of the Mention quadrilaterals be 
termed the Sancery triangles of the given quadrilateral. 

The director circles of the conics inscribed in the Mention 
quadrilaterals constitute two systems of coaxal circles; and four 
circles of either coaxal system each contain four of the sixteen in- 
and ex-centres of the triangles of the given quadrilateral*. 

(20-073) 
Let the two groups of four circles be termed the Steiner circles 

of the given quadrilateral. 
The circumcircles of the Sancery triangles belong one to each 

of the two coaxal systems ¢. (20-074) 
The two coaxal systems are mutually orthogonal; the radical 

axis of either is therefore the line of centres of the other*. 
(20-081) 

* Steiner, loc. cit. 
+ Hermes, Nouv. Annales (1), 18 (1859), p. 171, Q. 476. 
t Mention, ibid. (2), 1 (1862), pp. 16, 65. 
§ Sancery, ibid. (2), 14 (1875), p. 145. 
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Let the two radical axes be termed the Steiner lines of the given 
quadrilateral. 

The Steiner lines meet at the Wallace point*. (20-084) 
20-1. We have seen (8-6) that, given any triangle and any conic 

in the plane of the triangle, then a certain order-cubic, which has 
been called the proper cubic of the triangle and the conic, is deter- 
mined; and that the given conic is a pole conic q. one of those 
class-cubics of which the proper cubic is the Cayleyan. 

Now let any line meet the sides B,C,, C,A,, A,B, of the triangle 
A,B,C, at X, Y, Z respectively; and let any conic, which, as in (8-6), 
may be identified with &s [i.e. Ls (ApByCo)], be given. We proceed 
to discuss some relations between the proper cubics Ty, Ty’, Ty”; 
T,.” of the conic and the four triangles 4,B,C,, A, YZ, B,\ZX, CyXY 
respectively. The quadrilateral of which the sides are B,C,, C,A;, 
A,B,, XYZ will be termed the quadrilateral Q; and the four tri- 
angles, the triangles of the quadrilateral. The pole, q. X3, of XYZ 
will be denoted by W,. 

We have seen that 7, is the locus of a point Py which possesses 
an A,BoC,-(1, 2)-pedal line in the sense of (17-12). For brevity, 
this line will now be termed the (4,B,C,, &,)-pedal line of Py, and 
the line similarly related to any point Py’ of 7,’ the (A, YZ, &3)-pedal 
line of P,’, ete. 

20-2. Of the nine common points of 7), 7’, three are A,, B,, Cy. 
If P, be any one of the remaining six, then the (4,B,C,, &3)- and 
(A, YZ, &)-pedal lines of Py have two distinct points (on A,B, , 4,C)) 
in common, and are therefore coincident. Let the line of coincidence 
be p. Then three distinct points of p are (W)Py, XZ); (AgPo, BX); 
(C,P,, B,Z); and therefore p is a (B,ZX, &)-pedal line, and Py 1s 
a point of 75"; similarly Py is a point of Ty”. (The argument fails 
for A,, since the meets with A,B,, A,C, of the (A,B,C), &3)-pedal 
line of A, are not distinct; and for B, since the line BP) is not 
determined, and similarly for C,.) 

Now let P, denote a particular one of the points common to 
Ty, To, 1)’, To, and p the (common) pedal line of Po. Then (17-12) 
the pole (P;), q. 3, of pis also common to the four cubies, and is the 
correspondent, of a certain species, of Py on any one of those cubics 
regarded as Hessian. If P,’ be a third common point of the four 
cubies, then (with similar notation) so is P,’; the remaining two 
common points are thus (6-2) the remaining vertices of the quadri- 
lateral of which P,, P,; Py’, P;’ are two pairs of opposite vertices. 
Hence: Given any quadrilateral, then the proper cubies (q. any gen 
conic, the same for all four triangles) of the four triangles of the 
quadrilateral have six points common to all four; and the six povnts 
are the vertices of a quadrilateral inscribed in each of the proper 
cubics. (20-21) 

* Steiner, loc. cit. 
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Let the six points be termed the Wallace points, and the 
quadrilateral of which they are the vertices the Wallace quadri- 
lateral, of the quadrilateral Q (q. the given conic). Remembering 
that (17-12) the (common) pedal line of each vertex is the polar, 
q. X3, of the opposite vertex, we have: The joins of a given pownt 
and the poles, q. a given conic, of the sides of a given quadrilateral 
meet those sides respectively at four points in line, when and only 
when the given point is a Wallace point, q. the given conic, of the 
given quadrilateral; and the six lines of collinearity are the six sides 
of a quadrangle. (20-22) 

This quadrangle may be termed the Wallace quadrangle of the 
quadrilateral Q q. the given conic. It is the reciprocal, q. the given 
conic, of the Wallace quadrilateral. 

(It will frequently be necessary below to refer to the centre and 
axis of perspective of a triangle and its polar triangle q. a conic. 
Following Salmon, this point and line will be termed respectively 
the pole and the azis of the given triangle q. the given conic.) 

Since the Wallace quadrilateral is a quadrilateral of the first 
species (6-2) inscribed in 7; therefore every conic inscribed in the 
Wallace quadrilateral is the pole conic, q. @,, of some line. If such 
a conic touches one of the four polars, q. @,, of any point, then it 
touches the other three. In particular, the conic inscribed in the 
Wallace quadrilateral and touching A,B,C, also touches B,C,, C,A,, 
A,B,. Similarly there is a conic, inscribed in the Wallace quadri- 
lateral, which touches the three sides of the triangle 4,YZ, and 
also touches the axis of 4, YZ q. X;. But these two conics have 
six common tangents, viz. the sides of the Wallace quadrilateral 
and the lines A,B,, 4,C,; they are therefore identical. Similarly 
for the remaining triangles of the quadrilateral Q. Thus: There ws 
a conic which touches the four sides of the given quadrilateral, the axis 
of each of the triangles of the quadrilateral q. the given conic, and the 
four sides of the Wallace quadrilateral. (20-23) 

This conic may be termed the Wallace conic, q. the given conic, 
of the given quadrilateral. It will be denoted by &,. 

Now H, the pole of A,B,C, q. &, is (8-4) the pole, q. X35, of the 
axis, q. &,, of that triangle. The three points H’, H", H’’*, similarly 
related to the triangles A, YZ, B,ZX, C\X Y respectively, are there- 
fore the poles, q. &3, of the corresponding axes. Reciprocating the 
theorem (20-23) q. X3, we have thus: There is a conic which contains 
twelve notable points, viz. the poles, q. the given conic, of the sides of the 
given quadrilateral; the poles of each of the triangles of the quadri- 
lateral q. the given conic; and the vertices of the Wallace quadrangle. 

(20-24 
This conic may be termed the H-conic, q. the given conic, of 

the quadrilateral Q, and will be denoted by Ky. 

* These are not, of course, the points similarly designated in (5-2) 
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Since the conic &, is inscribed in the quadrilateral of which the 
sides are B,C,, C,A,, A,B,, ApB,Co, therefore &, is the pole conic, 
q. ©,, of some line (z, say) which (6-2) contains the point F; also, for 
the same reason, =,, regarded as a class-conic, is (8-5) apolar to X,. 
Thus K,, the reciprocal, q. 45, of 3,, 1s also (12-13) F (X,, &,); and is 
therefore (12:41) C, (A) B,Co, z). But (20-24) K, contains the pole 
W,,q. 3, of X YZ; therefore (10-21) z contains W,, the 2-conjugate 
(base A,B,C,) of W,. Thus zis FW,, and &, is 2, (£ W,), 1.e.: Lf ByC,, 
C,A,, A,B, be three sides of the given quadrilateral and X,(AjByC) the 
given conic ; then the Wallace conic is the pole conic, q. ©, , of the goin of 
the point F and the 2-conjugate (base Ay ByC5) of the pole, q. X3(AgByCy), 
of the fourth side of the given quadrilateral. (20-25) 

It should be noted that, since H’ is the pole of the triangle 
A, YZ q. &,, therefore A,, H’, W, are in line; similarly B,, H”, Wy; 
C,, H’, W, are in line. The triangles 4,B,C,, H’H"’H’” are thus in 
perspective, centre W). Generalizing: Each of the triangles of the 
quadrilateral Q is in perspective with one of the triangles of the 
quadrangle HH'’H"’ H"’’, the centre of perspective being in each case 
the pole, g. Xz, of the omitted side of the quadrilateral Q. (20-26) 

The relation between the quadrangles W,4,B,C,, HH’H” H’”’ 
is thus reciprocal, and HH’H’’H’” is the polar quadrangle of Q 
q. a certain conic. 

20-3. It follows from (14-1) that the vertices of the Wallace 
quadrilateral and the points A,, B,, C, are the nine base-points of a 
pencil of order-cubics; and that one cubic of the pencil contains the 
three points X, Y, Z. Let this cubic, which will be termed the Wallace 
cubic, q. Xs, of the quadrilateral Y, be denoted by Vy. Clearly Vo 
is similarly related to each of the four cubics 7), Ty’, Ty)’, Ty’”’- 

The quadrilateral @ and the Wallace quadrilateral are quadri- 
laterals of the same species inscribed in V,, and every pair of opposite 
vertices of either of these two quadrilaterals is therefore (6-2) a 
pair of conjugate poles q. an order-cubic (V,, say) of which V, is the 
Hessian. The conic ©, is thus the pole conic, =, (x), say, of some line 
x q. the class-cubic (Y,, say) apolar (1-3) to V,, and the four sides 
B,C,, C\A,, A,B,, X YZ of the quadrilateral Q are the four polars, 
q. Y,, of a certain point. (20:31) 

Again, since opposite vertices of the Wallace quadrilateral are 
conjugate poles q. 7,, therefore (7-36) the involution pencil, vertex 
A,, determined by the vertices of that quadrilateral is the 1-involu- 
tion on A,. But the vertices of the quadrilateral are also conjugate 
poles q. V,, and A, is a point of V,, the Hessian of V,; similarly 
for B,, C,. It follows from (6-5, 7-36) that the four points [J] are 
the poles, q. V,, of the line X YZ, and that every conic of the pencil 
determined by the four points [/] as base-points is the polar conic, 
q. V,, of some point of X YZ. Thus if Py denote any point (not con- 
tained by V,) and P, the 1-conjugate (base 4) B)Cy) of Py; then (7-35) 
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the mixed polar, q. V,, of Py, Pjis X YZ. Py, P, may thus be termed 
1-conjugates (base X YZ), where the cubic Vy now replaces 7); or, 
for brevity, P,, P, are 1-conjugates (base XYZ: V,). (20:32) 

Further (9-2) every conic of the pencil determined by the four 
points [J] is apolar to ¥, (regarded as a class-conic); thus (20-32) 
the polar conic, q. V,, of every point of XYZ is apolar to 2. But 
every side of the quadrilateral @ is similarly related to X3 and to 
V,; and the polar conic, q. V,, of every point of each side of 
the quadrilateral Q is therefore apolar to X,. Since the whole of 
the polar conics q. V, constitute (3-1) a net, it follows that every 
polar conic q. V, is apolar to X35. LX 7s therefore (1-3) the pole conic, 
q- Y,, of some line, y; say Xz is &, (y). (20-33) 

We are thus led to a method, independent of the theorem of 
(20-21), of obtaining the Wallace cubic from the given conic &3 and 
quadrilateral Q. 

For (9-12) the 1-involution on A, is determined by two pairs of 
lines, of which one pair are A,B,, A,C, and the other is the pair 
of tangents from A, to &,; similarly for the 1-involutions on B,, 
C,. Thus, when the triangle A,B,C, and the conic X, are given, 
the four points [7] are determined; and (20-32) the points [/] are 
the poles, q. V,, of X YZ. The poles, q. V,, of B,C, C,A,, A,B, are 
similarly determinate. 

But (20°31) B,C,, C,A,, 4,B,, X YZ are the four polars, q. Y,, of 
a certain point. Their 16 poles, q. V,, are therefore (cf. 6-32), the 
points of a configuration of symbol (16,, 12,), of which the 12 lines 
touch the Hessian (Y,, say) of Y,. Y > is therefore determinate. 
Also Y, is the class-cubic, associated with pairs of corresponding 
tangents (e.g. Ig, I,1,) of known species to Yy, such that Y, is the 
Hessian of Y',; and finally (1-3) V) is the Cayleyan of Yj. 

If now, retaining the original quadrilateral Q, we substitute for 
x, any other pole conic q. Y,; then (9-13) the same involution 
pencils as before are determined at A,, B,, C,, X, Y, Z, and there- 
fore V, is again obtained as Wallace cubic. Thus, in (20-21, 31): Lf 
there be associated with the given quadrilateral, instead of the given 
conic, any pole conic q. the class-cubic Y,, then the same Wallace cubie 
as obtained. (20-34) 

The particular case in which the pole conic associated with the 
given quadrilateral is a point-pair is of importance. Let the point- 
pair be #,, #,. Then (7-34, 20-32) Hy, H, are conjugates in the trans- 
formation determined by the points [J] as double points; i.e. the 
1-transformation (base A,B,C). From (20-34), the cubic V5 remains 
unaltered. Let D denote the proper cubic (8-6) of A,B,C, and the 
point-pair H,, #,. Then the poles, q. that point-pair, of B,C,, CA), 
A,B,, are points of the line £,#,, which is therefore the axis of 
perspective of A,B,C, and its degenerate polar triangle. The meets 
of Z)E, and B,C,, C,A,, A,B,, are also points of D; thus D has six 
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points in common with £,£,, which is therefore part of D. Again 
(10-23) the 1-transformation of H,#, has triple contact with D, the 
points of contact being A,, B,, C,. Thus D consists of E,#, and its 
1-transformation, the conic A,B,C,E,H,. If £,’ denote the third 
point common to V, and #,F,, then £,’, the correspondent of E,’, 
is a point of the conic. Thus the common points (other than A,, B,, 
C,) of Vy and the degenerate cubic D are &,, H, each counted ee 
EL, and E,’. Also (4:2) EF,’ is the common tangential (q. Vo) 0 
Ey, E,. Hence, in theorem (20-21): If the given conic be a pair 4 
points, then the points are correspondents, of a certain species, on the 
appropriate Wallace cubic; and the six Wallace points are the two 
given points each counted twice, their common tangential q. the Wallace 
cubic, and its correspondent of the same species. (20-35) 

20-4. Returning to the general case; we have seen (7-4) that G, 
the centre of perspective of the triangles 4,B,C,, A,B,C3, is the 
1-conjugate (base 4,B,C,) of H. Thus (7-35, 20-32) the mixed polar, 
q. V,, of G, His X YZ; or, what is the same thing, G', H are 1-con- 
jugates (base XYZ: V,). Let G’, G’, G’’’* be such that the mixed 
polars.iqs Va5 0tG (9H G7 BOs Gos aemate ss C1. 6C wale eA 
respectively. Then A,G’, A,H’ are conjugates in the involution 
pencil, vertex A,, of which one pair of conjugates is (7-36) 4,Z, A, Y 
(i.e. A, B,, A,C,) and another pair (9-1, 20°34) consists of the tangents 
from A, to %3; and this involution pencil is the 1-involution on 4,. 
Similarly B,G”’, B,H”; C,G’", C,H” are conjugates in the 1-involu- 
tions on B,, C; respectively. Also (20-26) 4,H’, B,H”, C,H’ meet at 
W,; therefore (7-2) A,G’, B,G’’, C,G’” meet at W,, the 1-conjugate 
(base A,B,C, : Ty or base XYZ: Vo) of Wy. Thus the triangles 
A, B,C,, G'G@’G"” are in perspective, the centre of perspective being 
the point W, such that the mixed polar, q. V,, of Wy, W,is X YZ. 
Sunilarly the triangles A, YZ, B,ZX, C,XY are in perspective with 
GGG? 3G GIGE, GGG! respectively! the centres of perspective 
being A,’ By GC, respectively; where A,’, B,’, Cy’ are such that 
the need polars, q./V,, ot A,), A,'; Bs, Baciese Co are B.C,. CAs 
A,B, respectively. Thus: The quadrangles GG’ GiGt, W,A,'B,'C, 
are reciprocally related, in the same manner as the quadrangles 
WAS BeC.. HH'H"H, to the quadrilateral Q. (20-41) 

Now let Y,’, Y,’’ denote the other two class-cubics which have 
the same Hessian as Y, (20:31); let Y,'" be the class-cubic of the 
Y-range such that Y,, Y,'"; Yy/, Y,/’ are harmonic; let y denote the 
line such that (20:33) X, is the pole conic, &, (y), of y q. Y,; and let 
By’ (y), By” (y), &,’” (y) denote the pole conics of y q. Yy’, fy", Vy” 
respectively. 

Then (14-3) the pole, q. =,’ (y), of XYZ, and the pole (#) of 
the triangle A,B,C, q. 3, (y); are l-conjugates (base XYZ : Vo)- 
Thus (20-41) the pole, q. 3,’ (y), of X YZ is G. Similarly the poles, 

* Not the points similarly designated in (5-2). 
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qua, + (7), ot B,C, , CyAy AiB, are G’, Pe G’”’ respectively. Hence 
the H-conic (K,’, say), q. the conic =,"" (y), ee the quadrilateral Q 
contains the eaght points G, G’, GG’, W,, DS <8, Cy. The conie Ke’ 
will be termed the G-conic, q. Xs, of the Guadell tena Q. (20-42) 

Now consider the conic (A,, say) which contains the points 
A,, B,,C,, W,, H. It may be shewn, as in (20-25), that K, is the 
reciprocal, gq. X5, of Ae. Also (13-12) one of the common 
tangents of &, (FW,), X%(GW,) is A,B)Cy, and the other three 
constitute a triangle apolar to X3. Reciprocating q. X,: the common 
points, other than H, of the conics K,, K, determine a triangle 
apolar to X23. But one of these common points is W,; the other 
two are therefore contained by XYZ, the polar, q. 3, of Wo. 
Thus (10-5) H, W,, the pair of common points, not contained by 
XYZ, of K,, K,, are two points of which the 1-conjugates (base 
XYZ : Vj) are contained by the poloconic, q. V,, of K,. But the 
l-conjugates (base XYZ: V,) of H, W, are G, W, respectively. 
G, W, are therefore points of the poloconic, qeVas of K,. By the 
symmetry, G’, G’, G’”,, A,’, By’, C,’ are also points of that polo- 
conic, which is therefore K,’. Thus: The G- and H-conics, q. any given 
conic, of any given quadrilateral, are mutually poloconics q. an order- 
cubie of which the appropriate Wallace cubic is the Hessian. (20-43) 

But (20-25, 31,33) ) Ky 1s F{S, (a ee ae eee 
poloconic, q. ee of K,, 1s F{e, (@), &,” (y)}. Also, (cf. 12:31) one 
conic (S, say) of the pencil determined by &, (y), =,'” (y) is a polar 
conic q. me S is therefore (1-3) apolar to &, (x); moreover (20-25) 
&, (y), le. XU, regarded as an order-conic, is apolar to =, (x). There- 
fore (1-2) every conic of the pencil, and in particular, ’ (y) regarded 
as an order-conic, is apolar to =, (x). Therefore (12-13) 

F fe, (x), By” (y)} 
ia ae 

is the reciprocal, q. (y), of &, (x), i.e. of the Wallace conic. 
Thus: The G-conic, which ws the H-conic of the quadrilateral Q q. a 
certain conic, 1s also the reciprocal, q. that conic, of the Wallace conic. 

(20-44) 
It thus appears that the Wallace conic of the quadrilateral Q q. 

2, is also the Wallace conic of that quadrilateral q. =,’ (y), and 
therefore that the H-conic of (20-24) contains four additional 
identifiable points, viz. the poles, q. X4, of the axes of the triangles 
of the quadrilateral @ q. 5,’" (y). Similarly: The G-conic contains 
sixteen identifiable points, viz. the aay mounts G, G', GG"; -@™: 
A,’, B,', C,,, W, and the poles, q. By’ Y), of the sides of the Wallace 
quadrilateral and of the four axes, q. Xs, of the triangles of the 
quadrilateral Q. (20-45) 

Finally, since (cf. 12-34) F {&, (x), 5,’ (y)}is also F {= (y), By" (a)}, 
and since (20-33) =, (y) is Xs; therefore: The G-conic is the F- conic 
of X, and &,’” (x). (20-46) 
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20:5. The properties of Steiner’s circles and Mention’s quadri- 
laterals depend on those of the (16,, 12,) configuration of (20-34). 
We shall first determine the corresponding properties related to the 
dual (12,, 16,) configuration, which may without loss of generality 
be identified with that (5-4) of which the twelve points are L,, M,,, 
N,, (n = 0,1, 2,3). We shall then (20-7, 8) obtain the generalizations 
of Steiner’s and Mention’s theorems by dualizing back. 

We have seen (12-2) that, whatever points may be denoted by 
Xs 2 OAS, (Xo) Sa(P)his 2s {p, (Agee) aelivin particulany? be 
a point of A,B,Co, then p, (X_, P), being (3-2) the polar, q. S, (Xo), 
of P, contains the pole, q. S, (Xo), of Ap BoCo; 1.e. (7-33) contains X,. 
Thus  {S, (Xq), Ss (P)}is the pole conic, q. 0, of some line contain- 
ing X,; and is therefore (6-2) a conic of the range determined by the 
four polars, q. @,, of X,. Also (6-5), P being a point of A,B,C); 
S, (P) is a conic of the pencil determined by the four points [U]. 
Thus: The O-conic of S,(Xo) and a variable conic of the pencil 
determined by the four points [U] 1s a conie of the range [Xo (X,Y)] 
where Y is a variable point; semilarly the O-conic of S, (Xo) and a 
variable conic of the pencil determined by the four points [O]| is a conre 
of the range [Xz (X3Z)| where Z is a variable point; X,, Xz denoting 
respectively the 2-, 3-conjugates (base Ay ByCy) of Xo. (20-51) 

We shall denote the above ranges of conics by [a9], [a3] respec- 
tively. 

It will appear that six conics of each of the ranges [o,], [o3] are 
of special interest for our purpose. Of the range [o,], four conics 
are X, (O,X») (u = 0, a, B, y). Each of these conics touches (6-32) 
four of the sixteen lines L,M,,,N,, of (5:4); and each of these sixteen 
lines is touched by one or other of the four conics; similarly one or 
other of the four conics X3 (U,X;) (v = 0, a, 6, y) of the range [os] 
touches each of the sixteen lines L,/M,,N,,. Thus: The sixteen lines 
L.M,,N, may be separated in two ways into four groups of four lines 
each, such that one conic of the range |a,| touches the four lines of each 
group of one partition, and one conic of the range [o3| touches the four 
lines of each group of the other partition. (20-52) 

Again, the conic &, (@X,) touches (6-31) the four polars, q. O,, 
of G; viz. B,C,, C,4,, A,B,, AjByCy. The conic is therefore in- 
scribed in the triangle A,B,C,, which (6-6) is the diagonal triangle 
of the quadrangle determined by the four points [O]; similarly 
x; (HX) is inseribed in the diagonal triangle of the quadrangle 
determined by the four points [U]. Comparing with (20-51), we 
see that the conic which is inscribed in the diagonal triangle of one 
quadrangle is the M-conic of S, (X>) and a conic circumscribed to 
the other quadrangle. Thus: The ®-conic of S, (Xo) and one conic 
circumscribed to either of the quadrangles [O], [U] as inscribed in the 
diagonal triangle of the other quadrangle. (20-53) 

Now let us consider the class-conic (o, say) which touches the 
e 
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polars, q. S, (X,), of the four points [U] and also touches the axis, 
q. S, (Xq), of any one of the triangles of the quadrangle [U]; o is 
therefore the dual of a H-conic (20-24). Remembering that the 
points [U] are the poles, q. 73, of a line (4) B,C), we see by analogy 
with (20:25) that o is the ®-conic of S, (Xo) and that polar conic 
[S, (P), say] q. 7 which contains the four points [U] and is apolar 
to S, (Xo) pretiered as a class-conic. Since o is the O-conic of 
S; (X, ) and a conic containing the four points [U], therefore o is 
a ‘conic of the range [o,]; say o is X, (X,Y), where Y is a point to 
be determined. Also, since S, (P) is apolar to S, (X,) considered as 
a class-conic, therefore (10-1) X, is a point of C, {S, (P)}, ie. (11-22) 
of S, (P); and P is thus (3-1) a point of p, (Xo). Further, X,Y is 
always (20-51) the polar, q. S,(X,), of P; and must therefore in the 
present case contain X,. Thus ois &, (X,X,). Again, since S, (P) 
is apolar to S, (X,) considered as a class-conic, therefore (12-13) 
xX, (X,X,) is the reciprocal, q. S, (Xo), of Ss (P). Similarly X, (X,X3), 
a conic of the range [o3], is at once the reciprocal and the @-conic, 
q. S; (X,), of some conic of the pencil determined by the four points 
[O]. Thus: One conic, viz. X, (X_Xo), of the range [oz], 1s at once the 
reciprocal and the D-conic, q. S, (Xo), of some comic circumscribed to 
the quadrangle |U]; and one conc, viz. Xz (XoX3), of the range [a3], 
is at once the reciprocal and the ®-conic, g. S, (Xo), of some conic 
circumscribed to the quadrangle [O]. (20-54) 

If, instead of using the conic S, (Xo), we had begun with either 
of the conics S, (X,), S; (Xo), we should have arrived at theorems 
analogous to (20-51—4), and involving also the four conics &, (1,X;,) 
and the conics &, (FX), &, (XX). There is thus as usual a three- 
fold reciprocity between the theorems obtained. 

20-6. The case in which Xp 1s a point of 7, is of special interest. 
To bring the notation into accord with that of (4-2), we shall in 
this case denote X, by P,’, and the points of the Maclaurin tetrad 
on 7,, of which P,’ is the common tangential, by Py, P,, Ps, 
P,, where, as usual, P,, is the n- correspondent of P,, and P, of P,,, 
tian — 1; 2,3); and similarly for P,’, P,’, Ps’, the meets of 
ee Pye Polat Bele loess Pits respectively. The ranges corre- 
sponding to [a9], [3] (20-5), will be denoted by [o,'],[o5'] respectively. 

Any two arse one of each of the ranges [o'], [o;’] may 
be denoted by %,(P,Y), 25 (Ps ‘Z). Their F-conic is (12-41) 
C,(P,'Y, P,'Z); and since P,’, P;' are 1-correspondents on To, 
therefore (10-27): F {&, (P,’ Y), = 3 (P, ‘Z)} degenerates into two lines: 
respectively containing P,', Ps’. (20-61) 

We shall denote these lines by P,’ Y’, P,'Z’. 
Again, since (4:4) S, (P,’) consists of the two lines P,P,, P.Ps; 

therefore (12-15) the ®-conic of S, (P,’) and any order-conic touches 
P,P, and P,P,. Thus: The tangents P,P,, P,P; are common to all 
the conics of both ranges [o'], [o5']. (20-62) 
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Let the remaining common tangents of X, (P,’ Y), X4(P3'Z) be 
denoted by RR’, SS’, where the points R, S’; R’, S are contained 
by P,P,, PoP; respectively. The range determined by &, (P,’Y), 
&X,(P;'Z) is (11-33) a 1-autopolo-range, i.e. the poloconic, q.@,, of any 
conic of the range is also a conic of the range. Also the point-pair R,S 
is a degenerate conic of the range; therefore I, (R, S) is a conic of 
the range. But since R, S are respectively contained by P,P,, P,P3, 
two corresponding tangents (4-3) to A, ; therefore (cf. 10-27) [, (R, S) 
consists of two points, respectively contained by P,P,, P,P;. Thus 
Rk’, S’ constitute Ty (A, S). Further (11-33), any conic of the range 
and its poloconic q. @, are harmonic q. 4 (P,'Y), &(P’Z). It 
follows that R, R’ are harmonic q. the points of contact with RR’ 
of X, (P,’ Y), X3 (P3'Z); similarly for S, S’. Hence (12-11) RR’, SS’ 
touch the ®-conic (,, say) of F {X, (P,’Y), X, (P3’Z)} and the line- 
pair RS’, R’'S. But (20-61) F £2, (P,'Y), X;(P;'Z)} is the line-pair 
P,'Y’, P,'Z’; and RS’, R'S are P,P,, P,P; respectively. Therefore 
(12-16) four tangents to ©, are P,P,, P,P5, Ps Y, PZ’; thus ©, 
touches RR’, SS’, Py P,, PPs, the base lines of the range determined 
by &, (P,’Y), Xs (P3'Z). Hence: The O-conic of the line-pairs which 
constitute S, (Po'), F {X_ (Ps VY), Xs (P3'Z)} 1s a conre of the range 
determined by the two conics X, (Ps' Y), Xs (P3'Z). (20-63) 

Since &, (P,’P,’), Xs (Po Ps’) degenerate (4:4) into the point- 
pairs P,’, P,'; P,’, Ps’ respectively, we have from (20-54): One point- 
pair of the range [os'| 1s P,’, Ps’ ; and one pornt-parr of the range [o;’ | 
Eo Enis dane (20-64) 

The theorems of the present paragraph (20°6) have been proved 
only for the degenerate case in which P,’ is a point of T,. It appears 
that when P,’ is not a point of 7) the theorem corresponding to 
(20-63) cannot hold. For if it held, then the three conics S, (P,’), 
X»y (P,' Y), U3 (P3'Z) would have a common apolar triangle; whence 
the common apolar triangles of the conics of the ranges [o,' |, [o,’ ] 
would be identical, and this is not in general the case. (20-65) 

20-7. Just as (5-2) any configuration of symbol (12,, 16,) and 
type A determines another configuration of the same symbol and 
type, which we have termed the central dodecad of the first; so the 
configuration (20-34) of symbol (16,, 12,) and corresponding type 
determines another configuration of the same symbol and type, 
which may be termed the axial configuration of the first. In order 
to exhibit clearly the duals of the theorems of (20-5, 6) we must 
develop notations for the 12-line configuration of (20-34) and its 
axial configuration. 

We have seen (6-1, 3) that the sixteen lines of the twelve-point 
configuration [ZN ] (5:4) may be obtained as follows: the four 
points Jy, Z., Ig, I, are the poles, q. T,, of a certain line (A) ByCy); 
the sixteen polars, q. @,, of the points J), Z., Ig, I, are the sixteen 
lines of the [MN ] configuration. Dually, the four lines X YZ, B,C, 
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C,A,, A,B, are (20-31) the polars, q. Y,, of a certain point; it is 
therefore convenient to denote the lmes X YZ, B,C,, C,A,, A,B,, by 
%> ta» Ug, ty respectively. The points A,, B,, C,, X, Y, Z will then 
be denoted by 22,, 2,22, tatz, Ula, Uta, Ugly Tespectively. 

Now of the sixteen poles, q. V,, of the lines 2, 7,, ig, 7, (which 
throughout this paragraph will be termed simply the poles), it is 
clear, by analogy with (5) or otherwise, that four are contained by 
each of two lines meeting at each of the six vertices of the quadri- 
lateral QY. These twelve lines will be termed the twelve connectors. 
Now, by analogy with (5-5), the point 737, (i.e. A,), as the meet of 
two connectors, may be denoted by JJ/,; similarly B,, C,, X, Y, Z 
may be denoted by mgm, NgN1, lglg, mym3, NgNz respectively. Let 
either of the connectors containing A, be denoted by J; let either of 
the connectors containing B, be denoted by m,, and let either of 
the connectors containing X be denoted by /,. The notation for 
the connectors is then completely determinate ; for (cf. 5-5) I), 1m), % 
must be concurrent, and therefore n, must be that connector which 
contains C, and the meet of J), mp; and similarly m, must be that 
connector which contains Y and the meet of l,, 7,; ete. 

We have now two definite quadrilaterals, of one of which the 
vertices are [p/,, moimz, NgNg, lal, MgmM,, Ngn,. The joins of Isl, , mym,; 
lly, MpMy; gly, m1; Igla, Mom will be denoted by cy, ea, Os, Oy 
respectively; and the sides up, va, Us, U, of the other quadrilateral 
may similarly be specified according to the scheme of (5-5). We 
have thus the following: The pair of connectors containing any vertex 
of the gwen quadrilateral meet at four points the pair of connectors 
containing the opposite vertex of that quadrilateral ; the twelve points 
thus determined by the three pairs of opposite vertices of the given 
quadrilateral are the vertices of two other quadrilaterals. (20-71) 

These two quadrilaterals will be termed the Mention quadri- 
laterals of the given quadrilateral. 

Again, the diagonal triangles of the quadrangles [I], [O], [U] 
are respectively (6-6) A,B,C), 4,B,C,, A,B,C,; and these three 
triangles are (5-2) in perspective two by two, 4,B,C, being the 
common axis of perspective. Moreover (6-9) 4)B,C) is the axis of 
the triangle A,B,C, and the conic S, (X9), whatever point may be 
denoted by X,. Let us dualize this theorem, using Y, and its 
related class- and order-cubics and conies instead of 7, and its 
related order- and class-cubies and conics; writing ©, (y) for S, (X9), 
and remembering that (20-33) =, (y) is &3. Then: The diagonal 
triangles of the given quadrilateral and of its Mention quadrilaterals 
are in perspective two by two, the pole, g. Xs, of the diagonal triangle 
of the given quadrilateral being the common centre of perspective. 

’ (20-72) 
To obtain the theorems dual to those of (20-514) we note that 

(6-3) the four polars, q. @,, of Op are the lines L,M,N,, L,>M.No, 
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[,M,N,,L,M,N,. For these we must substitute the points l,m7gnq, 
IpMyNy, lsMgNy, lymgNo; each of these points is the meet of three con- 
nectors, and is therefore one of the sixteen poles.. Remembering 
that the Mention quadrilaterals are those determined by the four 
lines [cv], [vw] and proceeding as in (20-72), we have from (20-51, 2): 
The F-conics of X and the conies of the ranges respectively inscribed 
in the Mention quadrilaterals constitute two pencils ; and four conics 
of either pencil each contain four of the sixteen poles, q. the cubic V,, 
of the sides of the gwen quadrilateral. (20-73) 

From (20-53), we have similarly: The F-conic of X, and one 
conic inscribed in either of the Mention quadrilaterals is circumscribed 
to the diagonal triangle of the other. (20-74) 

Again, from (20:54): The F-conie of X3 and one conic inscribed 
in either of the Mention quadrilaterals as also the reciprocal, q. Xs, 
of that conve. (20-75) 

20-8. The duals of the theorems of (20-6) are but the projective 
forms of known theorems, any pair of points being substituted for 
the circular points at infinity. The only novelty in the present treat- 
ment consists in relating the theorems to the properties of the cubic. 
They will therefore be dealt with as briefly as possible. 

Since the given conic of (20-1), there identified with %,, is always 
(20-33) a pole conic q. a class-cubic of which the Wallace cubic is the 
Cayleyan, therefore the conic may in the degenerate case be repre- 
sented by the point-pair E,, E, of (20-35). This pair of points, as 
conjugate poles q. the order-cubic V,, will now play the part of the 
lines P,P,, P,P; (which are conjugate polars q. the class-cubic ©,) 
of (20-6). The line £,H, is therefore to be substituted for P,’; the 
point E,’, as meet of H,#, and the corresponding tangent to Yo, 
for the line P,’P,’; and therefore the point Ey’ for the line P,’P,’. 
Again, since the point-pairs P,’, P,’; P,’, P,' are degenerate conics 
of the ranges [o,’], [o;] respectively; therefore, if Ly)H,,e; HyH,, e’ 
be respectively line-pairs of the pencils of conics ([s], [s’],say) which 
in the degenerate case represent those of (20-73), then the lines e, e’ 
are those to be substituted for the points P,’, P,’ respectively. 
We thus obtain without trouble the following theorems, valid only in 
the case where Xz is replaced by any point-pair Ey, Ey. 

From (20:61): The @-conic of any two conics (s, s'), one of each 
of the pencils [s], [s’], degenerates into a pair of points (J, J’), one of 
which is contained by each of the lines e, e' ; and any line containing 
either of these points therefore meets the conics s,s’ in pairs of pornts 
which separate each other harmonically. (20-81) 

From (20-62): All the conies of both the pencils [s], [s’] contain 
the pair of points Ey, FE. (20: *82) 

From (20-63): The F- -conic of the pownt-pairs Ky, Ey; J, J’ is a 
conic of the pencil determined by s, s’. (20-83) 

From (20-64) e, e’ meet at Ey’. (20-84) 
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It appears from (20-35) that H,’ is, in the present case, a Wallace 
point; viz. that not contained by FF. 

The conic which replaces ©,’ (y) (20-42) when the point-pair 
Ey, E, replaces &, (i.e. =, (y)) may most easily be identified by the 
method adopted in (20-5-7) and above. To the class-conics ©, (y), 
=,’ (y), =y’" (y) (which are the pole-conics of a given line q. three 
class-cubics having the same Hessian) there correspond in the case 
of (20-5) the order-conics S, (Xp), S_ (Xo), S3 (Xo) (the polar conics 
of a given point q. three order-cubics having the same Hessian); 
while to &,’” (y) (the class-conic such that &, (y), 5,’ (y); =,’ (y), 
=,’’ (y) are harmonic in the range of pole conics of y), there corre- 
sponds the order-conic [S, (Xp), say], such that S, (X,), S,(X>); 
S, (Xo), S3 (Xo) are harmonic in the pencil of polar conics of X,. 
Tf, as in (20-6), we substitute Py’, a point of T,, for X,; then, with 
the notation of that paragraph, the conics S, (P,’), Sz (Po’), Ss (P)’) 
become the line-pairs P,P,, P,P3; PyP., P3P;; PoP, P,P. respec- 
tively. The pencil [S,, (Po’)], constituted of the polar conics of P,’ q. 
all the order-cubics of the 7-pencil, is therefore that determined by 
Py, P, Py, P3as base-points; the triangle P,’P,’P,’ being thus apolar 
to every conic of the pencil. Since S, (Po’), Sy (Po’); Sz (Po’), S3 (Po’) 
are to be harmonic, it is easily seen that S, (P,’) is that conic (of 
the pencil) to which the triangle determined by P,P,, P,P3, P,P, 
is also apolar. Moreover, the two vertices of the latter triangle 
which are contained by P,'P,’ separate P,’, P,' harmonically. 

Dualizing as before, the class-conic =,’ (y) becomes in the 
degenerate case a conic to which the triangle H,#,H,' and also the 
triangle determined by e, e’, H)H, are apolar; moreover, e, e’; Ey’ Ey, 
E, E, are harmonic. (20-85) 

20-9. Summing up, it appears that none of the circles associated 
with the quadrilateral in the euclidean theorems of (20-0) are repre- 
sented by circles in the non-euclidean case (15). 

The circumcircles of the triangles of the quadrilateral (together 
with the line at infinity in each case) are represented by order- 
cubics, and each of the remaining circles appears as the F-conic of 
the Absolute and some other conic. 

In particular, the circumcentric circle (the “ Eight-Point Circle” 
of Hermes*) becomes a conic [the G-conic of (20-4)] which still 
(20-42) contains eight points representing those of Hermes, but 
does not contain any Wallace point. | 

The orthocentric line (20-024) of the given quadrilateral Q, 
together with the line at infinity, is represented by the H-conic, 
which in the non-euclidean case contains (20-24) the absolute poles 
of the sides of Q; and similarly for the orthocentric lines of Mention’s 
quadrilaterals, which (together with the line at infinity in each case) 
are represented (cf. 20°64) by the conics of (20-75). It is curious 

* Loc. cit. (20:0). 
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that no representative of the (euclidean) mid-diagonal line of Q 
appears to play any considerable part in the generalization. 

The sides of Q are the polars, q. a certain class-cubic (Y,) of 
a point which is in the non-euclidean case the orthocentre (20-72) 
of the diagonal triangle of Y; and the sides of Mention’s quadri- 
laterals are the polars of the same point q. the other two class-cubics 
which have the same Hessian as Y,. The sides of the three quadri- 
laterals thus determine a configuration of symbol (16,, 124), of 
which the sixteen points are (either in the non-euclidean or in the 
euclidean case) the in- and ex-centres of the triangles of Q (v. 12°43, 
20°32). The sides of the diagonal triangles of Q and of the Mention 
quadrilaterals therefore determine (cf. 5:1) a configuration of symbol 
(65, 95), which is converted into another of symbol (16,, 12,) by the 
addition of three lines meeting at the orthocentre of the diagonal 
triangle of Y. The further properties of the quadrilaterals and 
triangles discussed in Sancery’s paper* are therefore those of a con- 
figuration of symbol (18,, 24), the dual of that first systematically 
discussed by de Vries and Caporalit. The Caylevan of Y, (the order- 
cubic Vy which the writer has ventured to call the Wallace cubic, 
in honour of a mathematician whose pioneer work on the geometry 
of the triangle and quadrilateral is still generally overlooked) con- 
tains (20°21, 20°3) the six vertices of Q and the six Wallace points. 

Although the Wallace cubic and the related class-cubics thus 
play a leading part in the general theory, the further (euclidean) 
theorems (20-023, 45, 84) involving the Wallace point seem (cf. 20°65) 
to belong to the degenerate case of (20-8) only. It need hardly be 
noted that if H,, £, be identified with the circular points, then the two 
ranges of points [J, J’] become the centres of the circles of Steiner’s 
coaxal systems (20-073), the lines e, e’, which (20-85) are at night 
angles, become at the same time the lines of centres of those circles 
and the orthocentric lines of Mention’s quadrilaterals, and the point 
Ey’ becomes the euclidean Wallace point t; while the theorem that 
the two systems of circles are orthogonal is derived from (20-83). The 
Wallace conic of (20-23) (which does not, in the general case, touch 
any one of the Wallace lines) clearly becomes the Wallace parabola 
of (20-023); while from (20-85) the conic ©,’” (y) becomes a rect- 
angular hyperbola of which the centre is the Wallace point and the 
axes are the Steiner lines. The theorem (20-44) therefore becomes: 
The circumcentric circle is the reciprocal of the Wallace parabola q. 
a rectangular hyperbola of which the centre is the Wallace point and the 
axes are the Steiner lines. 

* Loc. cit. (20-0). + Loc. cit. (5-2). 
; The remaining five Wallace points of (20°21) become (20°35) the circular 

points at infinity each counted twice, and the isogonal conjugate (a point at in- 
finity) of the euclidean Wallace point. 
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Meteorology and the non-flapping flight of tropical birds. By 
GILBERT T. WALKER, C.S.I., Sc.D., Ph.D., F.R.S. 

[ Recewed 8 October; read 30 October 1922. ] 

1. An extremely interesting paper on ‘The problem of soaring 
flight’ was published in Part II of Vol. xx of these Proceedings by 
Dr Hankin of Agra to whom all who are interested in flying must 
be under a deep obligation for the large amount of material that 
he has collected and published. While summarising ‘existing 
evidence as to the nature of soarmg flight’ Dr Hankin appears, 
however, to have attached but little importance to what is known 
from aviators and meteorologists as to the actual movement of the 
air; and since in the absence of this knowledge the source of the 
energy involved is asserted to be a ‘complete mystery’ it appears 
desirable to discuss briefly what is known of the air movements in 
tropical countries, to examine how these may be used by birds, 
and then to consider how far this information affects Dr Hankin’s 
conclusions. 

I. Tae Facts apout TROPICAL AIR-MOVEMENTS. 

2. It is well established that in the tropics the sun heats the 
ground and thereby the air close to it to an extent that makes the 
rate of fall of temperature with height considerably greater than 
the adiabatic rate at which temperature would fall in a rapidly 
rising mass. Thus at Agra the following figures indicate approxi- 
mately the normal centigrade temperatures in May in the early 
morning at the time of minimum temperature, and in the afternoon 
at the time of maximum temperature. 

May Early morning Afternoon 
Ground surface (sand) — 64° 
At 1-2 m. above ground 27° 42° 

1 km. 24° 25° 
2 km. 16° i i 
3 km. 8° 9° 
4 km. 2° 2° 
5 km. -4° -4° 

The adiabatic rate being 1° in 100 m. it will be seen that in the 
early morning up to a height of 1 km. the conditions are extremely 
stable; and between 1 km. and 2 km. they are moderately stable. 
But in the afternoon the temperature difference of 22° between the 
surface and 1-2 m. up means phenomenal instability; the fall of 
17° thence up to 1 km. involves great instability, and air rising 
from 1-2 m. to 2 km. would arrive there at 22°, a higher temperature 
than the surrounding air; and its ascent would not be checked 

24—2 
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before 4 km. at a temperature of 2°. Under such conditions local 
ascending currents will be set up wherever the equilibrium is dis- 
turbed and in India aeroplanes will actually experience severe 
bumpiness. Similar conditions obtain in Egypt* where in the 
summer months bumpiness sets in about 9 hrs. and persists till 
about 18 hrs. The height to which bumps are felt increases as the 
temperature of the ground rises and measurements on 7 days at 
about 14 hrs. gave maximum heights to which bumps extended 
ranging between 4,000 and 10,000 ft. The effect of solar radiation 
is also shown by anemometers on towers, such as that at Allahabad 
at 150 ft. which indicated strong gustiness after the sun had been 
shining for some hours while there was much less movement at the 
ground level. 

3. These ascending and descending currents are sufficiently 
widespread and powerful in April and May to reverse the direction 
of the ground winds over the whole region represented by Bareilly, 
Lucknow and Benares. In these months the pressure gradients 
would produce an east or south-east wind in the afternoon; but the 
vertical convection currents cause mingling of the lower with the 
upper air, thus bringing the momentum of the upper W.N.W. wind 
down to the ground level. The velocity then averages about 10 miles 
an hour at 5000 ft. above Agra and is 20 miles an hour at 10,000 ft., 
the direction being W.N.W. at both heights: and as the ground 
gets heated by the sun a surface north-westerly wind is set up 
which averages 6 or 7 miles an hour in the afternoon. 

The growth in successively added shells of the large hailstones 
that are frequently associated with thunderstorms may be taken 
as evidence of very violent updraught, and though thunderstorms 
do not form every day in all places it is observed by those who send 
up kites and balloons that strong up-currents are usually to be met 
with under cumulus clouds. 

4. It is obvious that air cannot be ascending over the whole of 
a large region unless there is a horizontal inflow of air round the 
boundary of the region: and over the boundaries of some regions, 
such as the north-western desert and the Gangetic plain of India 
in the afternoon of the hot weather, charts of normal winds7 clearly 
show an inflow; but even an inflow averaging 10 miles an hour up 
to a height of 4 miles round a circular area 800 miles in diameter 
will only produce an average upward current of 0-2 mile an hour. 
As this is inappreciable there must be roughly as much of descending 
as of ascending currents. Further, we know that the air over bare 

* See Professional Notes, No. 20 of the London Meteorological Office, 1921, 
pp- 118, 119. : 

+ See the isobar of 29-55 in the pressure chart of 4 p.m. in May, plate 15 of the 
Climatological Atlas of India. 
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rocky or sandy soil or over a town is more heated than that over 
land covered with crops or trees or open water; and the result as 
reported by aviators is that an upward bump is felt up to a height 
of several thousand feet on reaching such a place and a downward 
bump on passing over green vegetation or water. It seems worth 
while to form some idea of the vertical velocities involved. If an 
aeroplane, possessing an angle of descent of 7°, is travelling, say at 
90 m.p.h. or 132 ft. a second, what change in vertical velocity is 
necessary to produce a marked effect? Now it would take a down- 
ward velocity of 132 tan 7° suddenly to remove all support from 
the air, i.e. 16 ft. a second; and it seems reasonable to suppose that 
while this would be a very violent bump—such as is met with only 
under special conditions—probably 4 to 8 ft. a second would corre- 
spond with the descriptions given of the effects ordinarily produced. 
In hilly regions we shall have unequal heating caused not only by 
differences of the nature of the ground surface, but also by differ- 
ences of its inclination to the sun’s rays; slopes on which the sun 
shines almost at right angles will set up strong ascending currents, 
while those on which the incidence is oblique or which are in shadow, 
will tend to produce descending currents. 

5. A dweller in a hill station has ample opportunity of verifying 
these currents, either by watching smoke or dust or feathers in the 
air; and at Simla within 14 hrs. of sunrise currents of 6 to 10 ft. 
a second are common at heights of only 20 ft. above tree-clad 
slopes facing the sun; at greater heights above the trees, where 
the resistance to motion is less, the motion will clearly be greater. 
In the shade descending currents of nearly the same strength may 
be observed. In the plains data are harder to obtain. The ordinary 
equipment of an observatory does not contain any instrument for 
measuring vertical currents, nor are the ordinary ascents of pilot 
balloons adapted to afford accurate information of this kind. At 
Agra a rather crude recording instrument was erected by Mr Harwood 
on a tower at 45 ft. above ground: its readings were not calibrated, 
but he says that on sunny days it indicated ascending currents 
beginning shortly before the upward gliding of birds and ending 
shortly after this had ceased. In ordinary undisturbed weather 
these ascending currents were not recorded at night. 

Il. THe MECHANICAL PROPERTIES OF BrRDS AND AEROPLANES. 

6. The angle of descent of an aeroplane may be as low as 6°, 
but that of one with an ‘alula’ wing, imitating that of a bird, is 
said to be 5°. I would here give an extract from The Aeroplane, 
Vol. xx, No. 3, p. 62 (January, 1921): ‘Assuming that Nature has 
succeeded in building wings as efficient as the “Alula,” we may 
take values for the lift coefficient of 0-7 and for the L/D ratio of 
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21. For the complete bird the L/D and the gliding angle will not 
be worse than 16 and 1 in 16 respectively. For a loading of 1 lb. 
per sq. ft. this gives 17 m.p.h., or 24 ft. per sec., as the supporting 
speed, and 1-5 ft. per sec. as the rate of fall when gliding. An up- 
current of 1-5ft. per sec. = about 1 m.p.h. would account for 
soaring in this case.’ After daily opportunities for many years of 
watching the gliding flight of birds of many kinds from above and 
below and at the same level I find it hard to believe that a kite’s 
angle of descent when travelling at an ordinary rate is as much as 
3°, though that of the more heavily loaded vulture when travelling 
slowly may perhaps be 5°. 

III. THE USUALLY ACCEPTED EXPLANATIONS OF THE 

GLIDING FLIGHT OF BIRDS. 
id 

7. In standard books the explanation usually given of the way 
in which birds appear capable of gliding for an indefinite period 
without expenditure of energy is twofold: 

(a) they make use of differences in horizontal currents, and 

(b) they make use of ascending currents. 

Regarding both (a) and (5) there can be no doubt as to the nature 
of the results produced; the only question is whether these are on 
a large enough scale to produce the energy required. 

8. Concerning (a) it is strangely* necessary to insist that it is 
as impossible to derive energy continuously from a wind that is 
constant in time and space as it is from a perfect calm. Inland 
winds are very far from constant and a wind, say of 20 miles an 
hour, will usually be continually changing in velocity and direction, 
the extreme limits of the oscillations in velocity being something 
like 15 miles apart. 

When a bird is trying to rise as fast as it can its velocity is 
fairly constant: we shall call it v and corresponding to it there is 
a definite small angle of descent 6, i.e. if the bird glides downhill 
at an angle 6 the velocity will remain equal to v; if the path of the 
bird is uphill at a small angle @ the acceleration backwards will, 
as a first approximation, be g (a + 4), and if the acceleration of the 
air, whose movement is assumed entirely horizontal, is f, inclined 
a — 8 to the velocity v, the velocity of the bird relative to the air 
would decrease at a rate g (a+ 5)—fcos@. Thus if v is to be 
maintained constant the angle of climb must be f cos @/g — 6, and 
the bird will be using the air motion to the best advantage if its 

* Theories based on a denial of the principle have been published by M. P. 
Nogués, Comptes Rendus, Tome 170, pp. 65-68 (1920) and by Colonel de Villamil 
according to a summary in Aeronautics, Vol. xx, p. 134 (1921). The truth of the 
principle is obvious on superposing on the whole system a velocity equal and 
opposite to that of the wind. 
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relative velocity v is always opposite to that of the acceleration f. 
In that case the rate of gain of potential energy is mvag or mv (f — 99), 
where m is the mass of the bird, which is availing itself of the 
acceleration of the air to maintain its own velocity relative to the 
air. 

9. If now we plot the air velocity as a vector OP, measured 
from a fixed point O, the acceleration f is the velocity of the point 
P and the time integral of f during any period ¢ is the length / of 
arc traced by P during that period: the potential height gained 
will be v (l— gtd)/g. Now from an ordinary record of velocity by a 
Dines’ anemometer, such as that in Fig. 1, p. 41, of Shaw’s Manual 
of Meteorology, Part IV, it might be estimated that an hour's 
record contains about 25 gusts averaging about 12 miles in 
amplitude, so that in 1 minute we should have an arc (i.e. a sum 
of changes in velocity irrespective of sign) of 10 miles an hour or 
15 ft. a second: but a quick run shows that the true arc is much 
more than this, and from that in the same diagram I estimate the 
velocity arc in 1 minute as about 85 ft. a second. Now there are 
changes of direction as well as of magnitude (see Shaw’s Manual, 
Part IV, p. 45) and if the point P describes a circle of diameter 
d its arc is md by comparison with 2d, the arc described in the 
velocity diagram. The curve traced by P as observed is extremely 
irregular and the length of its arc must be roughly comparable 
with 857-/2 or 133 in 1 minute: we shall estimate it as 2 in a second. 
If the bird were gliding in this wind therefore he would gain height 
at a rate v (2/g — 6). Now for a kite we may take v as 16* and my 
estimate for 6 is st so the rate of climb is about -44 ft. a second or 
26 ft. a minute. Climbing will only cease when f= 6 or 1-1, 
corresponding to a gust-amplitude of about 6 m.p.h. 

10. During a period of wind without sunshine a kite when not 
searching for food will often be seen gliding about in all directions, 
apparently aimlessly; its behaviour seems ‘entirely consistent with 
this interpretation though it suggests rather more detail than that 
shown by a quick run anemograph of the present pattern. In a 
moderate breeze of force 4, averaging 16 instead of 22 miles an 
hour, assuming proportional eddy motion, we should expect height 
to be gained at an approximate rate v (4, — -035) or -17 ft. a 
second, or 10 ft. a minute. In this rough approximation we have 
neglected the small amount of energy lost in the shght banking, 
or heeling over, requisite for the changes of direction; the average 
radius of curvature being something like 40 ft. the inward accelera- 
tion will be about 6 f.s.s. so that the banking will be tan-! 6 and 
the effective angle of descent will not be increased by 5 ae roent: 

* See Animal Flight, pp. 30, 31, where a cheel or kite describes a circle 12 m. in 
diameter in about 8 seconds. 



368 Dr Walker, Meteorology and the 

which is inappreciable. For a vulture, if we take the angle of 
descent as roughly 5° and the velocity as 30*, the smallest average 
gust amplitude that will keep the bird in the air without flapping 
is easily seen to be 16, corresponding to a wind velocity in England 
of about 30 miles an hour, or force 6. That there is a very marked 
difference between the two birds in this respect is easily observed. 

11. Lregard the previous sections 8 to 10, in spite of the rough- 
ness of their approximations, as affording a basis for regarding 
Langley’s ‘internal work of the wind’ as adequate for explaining 
what Hankin calls ‘wind-soarability’: and a first glance at the 
charts of a Dines’ anemograph would suggest that the same ex- 
planation applies to the conditions produced in the tropics by 
sunshine. At Allahabad there was from 1909 to 1911 one of Dines’ 
instruments on a tower about 150 ft. high in addition to one on 
the observatory tower 55 ft. high. On each some time after sunrise 
in clear weather there developed a marked turbulence or gustiness 
which died away before sunset: thus at the upper station on the 
mean of the month of May 1910, the amplitude of the oscillations 
of wind velocity was at its minimum of 1:0 m.p.h. between 22 hrs. 
and 23 hrs., i.e. the 23rd hour. It increased to 2-5 during the 7th 
hour, 4-0 during the 8th, 6-2 the 11th, and thence to the 17th varied 
between 7:3 and 8:2; for the 18th it was 5:3, the 19th 3-3, the 20th 
1-5 and thence diminished. The mean velocity varied only from 
11-5 at the 10th and 18th hours to 15-0 for the 4th. At the 55 ft. 
station the amplitudes of the oscillations were slightly less than 
half those of the 150 ft. station, ranging from a minimum of 0:3 
between 19 hrs. and 23 hrs. to a maximum of 3-1 between 11 hrs. 
and 15 hrs.; the mean velocity had its maximum of 4-1 between 
13 hrs. and 16 hrs. and its minimum of 0-8 between 19 hrs. and 
22 hrs. This marked increase of eddy motion with height is what 
we should expect as the upward currents will be gaining in velocity 
up to a height of nearly 4 km. or 13,000 ft. The gust-amplitude of 
6 necessary for the maintenance of a kite without flapping occurs 
at 150 ft. from 10 hrs. to 17 hrs.; and by extrapolation it may be 
inferred that at about 430 ft. the gust- amplitude will exceed 16 for 
the same period of 7 hrs. so that Langley’s ‘internal work’ will 
enable a vulture to maintain horizontal flight without flapping. 

12. Another suggestion, due to the late Lord Rayleigh7, is that 
a bird may use an increase of wind with height as a source of energy; 
and we may now examine how far this method is adequate under 
tropical conditions. We suppose that a bird is describing circles, 
of radius a, inclined to the horizontal at an angle B. If the increase 
of wind for each foot of height be p f.s. the wind velocityt will be 

* Animal Flight, pp. 30, 31. + Scientific Papers, Vol. tv, pp. 464-467. 
{ Assumed horizontal, perpendicular to a level line in the plane of the circles. 
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a minimum at the lowest point of the circle and will exceed this by 
ap (1 — cos @) sin f ft. a second at a point on the circle whose 
distance measured along the arc is a# from the lowest point. As 
@ increases at a slowly varying rate v/a the rate at which the 
velocity of the air at the point @ increases will be vp sin @ sin f, 
and the component of this along the tangent to the circle is 
vp sin? @ sin 6 cos 8. Thus the gain in potential height due to the 
change in air velocity will in a complete circuit be the time- 
integral of v (vp sin? 6 sin B cos B/g — 4). 

Now the value round the circuit of fvdt is 27a: and, if the bird 
could be regarded as moving in a circle under no forces but gravity, 
we should have fv? sin? 6dt = dw? fdt, where w is the value of v at 
a level with the centre of the circle; for corresponding to each 
value of sin? 6 there will be four values of v? of which the sum would 
be accurately 4w?. If we take into account the slight retardations 
due to ‘drift’ and the slight accelerations due to the air movement 
we shall still have without serious error 

and so fv? sin? @dt = fw (27a), 

Jv (up sin? 6 sin B cos B/g — 5) dt = za (wp sin B cos B/g — 26). 

Taking a = 30, B = 15°, w = 28, we obtain as the approximation 
to the integral, 20 (p — -3) ft. Now in May 1921 the average 
velocity at Agra between 7 and 8 a.m. was 7:8 ft. a second at 4 ft. 
above ground, and was 15-7 at 45 ft.: so that on the mean of the 
month p = 7-9/41, or -19, and the average conditions below 45 ft. 
would not suffice for climbing. But winds vary during an hour, 
from day to day at the same hour and from place to place at the 
same time. It may, I think, be concluded that while this method 
will not in general be adequate to enable height to be gained by 
gliding it will occasionally suffice; and it will at times be a useful 
auxiliary when other methods require supplementing. It is note- 
worthy that Hankin (Animal Flight, p. 29) remarks that in ordinary 
circling flight the gain in height, both for vultures and cheels 
(kites), is mainly on the upwind and windward sides of the circle; 
for if we suppose the inclined circular path to be slowly rising we 
obtain the most rapid rise on the upwind portion of the circle, the 
windward portion being the highest. 

13. For a sea gull describing circles near the stern of a steam- 
ship we may impose on the whole system a velocity equal and 
opposite to that of the ship, say 14 knots or 24 feet a second. We 
shall thus have a velocity of 24 compounded with the wind velocity 
in the open and a small positive*, or a negative value if an eddy 
forms, near the surface of the sea in the shelter of the stern. If 
there be a breeze from one side, the place of greatest shelter will, 

* The direction of the reversed velocity of the ship. 
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of course, be to one side of the stern. There will thus be a change 
of velocity of something like 24 in a height of about 24 ft., so that 
p=1; and if B = 30° and w = 28, and 6 = 3° for a sea-gull the 
roughly approximate formula gives for each circle of 48 ft. in 
diameter a rise of 20 ft. There is thus an ample source of energy 
for keeping up with the ship. 

14. Turning now to (b), the use of ascending currents, there 
can in my view be no question that among hills this in general 
provides all the energy that is needed. On the south side of the 
Simla ridge there is a bay with ridges projecting southwards at 
its east and west ends. About 2 hrs. after sunrise the western slope 
of the bay, having by this time been strongly heated by the sun, 
attracts the large birds which are flying within the bay: they may 
flap until they reach the slope but having reached it they glide to- 
and-fro over the trees for indefinite periods. From time to time 
some of those which are higher up will start gliding in spirals up 
a column, presumably of strongly heated air, and others noticing 
this will join them until 20 or 25 are in the column which is usually 
about four times as high as it is broad. After perhaps 5 minutes of 
this climbing, which they seem to do purely for diversion, having 
reached as high as they can, they break off and some of them will 
dive at a considerable pace back to the tree-clad slopes. An hour 
or two later, when a higher sun has thoroughly heated the main 
ridge, they glide in a spiral up to a considerable height and then 
float away with very little restriction as to their locality provided 
that it is approximately over the main ridge. By midday they may 
be seen ‘flex-gliding’ (gliding with flexed wings) in all directions, 
sometimes rising slowly and sometimes falling slowly; and towards 
sunset there is a marked disposition to congregate at the eastern 
end of the bay, where the slopes of Jakko and the houses of the 
bazaar are still strongly heated by the western sun. During the 
past 7 years I have not seen a bird gliding upwards in a region 
where, from physical causes, descending currents could be expected ; 
and in most cases ascending air has been strongly indicated*. 
Further information has been derived by watching kites, vultures 
and eagles through a 3” telescope freely mounted so that it is easy 
to follow birds for fairly long periods flying at all heights from 
500 ft. below to 1000 ft. above. These observations have thrown 
light on several problems. It is easy to see the violent ‘burbling’ 
produced by eddy motion on the upper surface of the wings and 
on the back of a vulture descending rapidly at a large angle of 
incidence; and this burbling does not occur when the bird is slowly 
climbing as steeply uphill as it can, although the angle of incidence 
is large. The primary quills are then protruding separately from 

* For similar observations in Peru see G. M. Dyott in The Aeronautical Journal, 
October 1919, Vol. xxm1, p. 526. 
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each other for a distance of about 7 ins., and Nature obviously 
attaches much importance to this feature for she employs a special 
device to increase the separation beyond that due to the mere fan- 
like spreading of the feathers: she deliberately leaves the primary 
quills about 14 ins. wide for about -7 of their length and suddenly 
steps down the width to half this amount for the remaining terminal 
portion. The wind pressure bends up the quills, especially those at 
the leading edge of the wing, so that the successive shafts he on 
a forward slope of something like 30°, the leading quills being 
higher than those behind them; and the individual quills are 
rotated round their shafts, the posterior margin being raised by the 
pressure from below. This Handley-Page-like device seems phenom- 
enally successful, for I have watched vultures climbing spirally on 
a strong upward current, e.g. when a wind is blowing against a 
cliff, with an angle of incidence which I believe to be as great as 28°: 
the upward inclination of the plane of the wings as well as the angle 
of climb appeared to be 20° while the velocity of the birds was 
about 25 ft. a second. This means a vertical rate of climb of about 
8-5 f.s., and estimating the vertical current at 12 f.s. makes the 
bird’s path relative to the air descend at an angle of about 8-5° so 
that the angle of incidence is 20° + 8-5°. At first sight it looks as 
if the bird with its wings plane tilted backwards (i.e. with the 
leading edge of the wings higher than the following edge) cannot 
possibly maintain its forward motion against the resistance of the 
air. But if we consider the forces acting—the ‘lift’ (at right angles 
to the relative motion and so inclined forwards at 8-5° to the 
vertical) and the ‘ drift’—it is clear that the condition for mainten- 
ance of the forward motion is that, since cot 8-5° is 7-7, the lift 
shall exceed 7-7 times the drift; and this condition is easy to satisfy, 
e.g. with a Handley-Page wing (Aeronautics, Vol. xx, p. 129, 1921). 

15. In the plains the daily programme appears to resemble very 
closely that in the hills. Early in the day when the stability is 
breaking down, and late when it is nearly established, the up- 
currents are only local, while at midday they are inevitably more 
widespread and extend higher. On some days there is much 
apparently aimless wandering, probably explained by unusual 
gustiness used as suggested in paragraph 11 above: there are usually 
circles interpolated from time to time; and of these some are 
obviously started in the teeth of a puff of wind, but most are, I 
believe, described round a stream of rising air. On many days 
circling round ascending columns seems to predominate within 
100 ft. of the ground level. Thus on a recent visit to Delhi railway 
station I noticed near sunset a long horizontal trail of smoke with 
a few upward projections due to very slowly rising air. Kites were 
gliding about horizontally with occasional circles and one kite 
gliding somewhat transversely across the line of smoke described 
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circles round two of the upward projections. On a damp hot day, 
with a feeling that thunder is about, when on meteorological grounds 
we should expect strong updraughts to be set up locally, it is not 
unusual to see a score of vultures and kites gliding spirally in a 
column about four times as high as it is broad; and | have watched 
other birds, who have noticed the column and wish to enjoy it, 
flap along near the ground until they reach the column and glide 
upwards in it. I fully share Dr Hankin’s view, expressed to me in 
conversation, that birds derive a large amount of pleasure from 
gliding; I have several times at Simla seen the air suddenly filled 
with scavenger vultures and kites when the only obvious cause was 
a sudden change in the weather that made the air very turbulent 
and gave exceptional facilities for gliding. I notice that in a paper 
on dust-raising winds* Dr Hankin speaks of his ‘experience that if, 
in the hot weather, a vulture is seen at a height of 1200 metres or 
more, then a large dust-devil is always within two or three miles 
distance.’ It may be that the vulture has not used the dust-devil; 
but it has used the ascending currents produced by the vertical 
instability to which the dust-devil owes its existence. 

16. The reason given in paragraph 2 for believing that the 
larger ascending currents, as distinct from smaller ones of, say 10 ft. 
in diameter, must become stronger up to a height of several 
thousand feet are confirmed in two ways: 

(a) Kites and vultures when ascending from near the ground 
have to manceuvre in order to get up, often circling round an 
ascending current; but when by 10 hrs. they have reached a height 
of 500 or 1000 ft. they seem to have no further difficulties, and can 
flex-glide apparently i in all directions. For example, on p. 20 of 
his book Hankin gives 80 m. as the ordinary height of flex-gliding 
of a kite, while 400 m. is that of a common vulture which has 
higher loading and needs stronger forces to maintain it. 

(b) In the official description of conditions experienced in the 
air in Egypt*, there is an account of three types of bumps which 
fit well with impressions derived from Indian conditions. First, 
there is ‘disturbed air, thoroughly churned up, which makes an 
aeroplane roll and pitch continuously, and does not extend more 
than 3000 or 4000 ft. from the ground. Secondly, there are ‘small 
vertical currents’ which cause a sudden bump of | to 3 seconds; of 
these the bottoms can in many cases be detected ‘in the vicinity 
of a town by kites or hawks soaring’: ‘over hilly country the 
vertical speed is probably as much as "1000 ft. a minute, but con- 
siderably less over the cultivated land or flat desert.’ Thirdly, there 
are ‘large vertical currents’ of ascending or descending air, “usually 
noticed over the Nile valley or near the edge of the cultivated Jand,’ 

* See Professional Notes, No. 20 already referred to, p. 121. 
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and to be detected ‘when gliding by carefully watching the 
aneroid ’: for the rate of ascent or descent * 300 ft./min.—400 ft./min. 
is probably not excessive’: ‘these vertical currents appear to cover 
an area of at least } to ? of a mile in diameter.’ 

17. A study of conditions in Senegal with the help of special 
kites and balloons and registrations of the vertical velocity of the 
wind has led M. Idrac to the conclusion that ‘chaque fois que les 
oiseaux volaient a voile, et sans exception ils se trouvaient dans un 
zone ou le vent avait une composante ascendante*.’ 

IV. CoNSIDERATION OF Dr HANKIN’S ARGUMENTS. 

18. When reading Dr Hankin’s publications it is necessary to verify that 
the sense in which he uses phrases is not misunderstood. When looking in his 
paper on ‘The problem of soaring flight’ for his views regarding Langley’s 
internal work of the wind it is natural to turn to his section 5 where he considers 
‘the effect of lateral gusts of wind.’ It may, in fact, frequently be observed 
that a bird flying with its wings flat heels over when it wishes to take advantage 
of a gust and for the gusts which are actually recorded by an anemograph there 
is ample time for the heeling over to be effected. The argument of Dr Hankin’s 
section is, as is seen from its last sentence, against flight by means not of such 
gusts as occur in reality, but ‘lateral pulsations’ of which I know nothing. 
Similarly in his section 6 under the title “Soaring flight is not due to the effect 
of ascending currents’ it is clear from the references to pp. 20 and 283 of his 
book that he limits ‘ascending currents’ to currents, previously horizontal, 
reflected upwards from roofs or walls. It is quite natural for a bird to avoid 
reflected currents when it can rise several hundred feet by using ascending 
columns of air in the open. In his section 7 on ‘Convection currents and soar- 
ability’ we should come to the gist of the matter and all Dr Hankin says there 
is that ‘ample evidence exists that convection currents in the air caused by 
the heat of the sun, whether at ground level (Iv, p. 263) or at a height (Iv, p. 23) 
have nothing to do with soarability.’ The former reference to his book is to 
the beginning of Chapter xv on ‘Ascending currents caused by the heat of the 
sun’s rays’: but the discussion there is limited entirely to the question whether 
the heat eddies that cause shimmering are the cause of soarability. It is true 
that these eddies and the massive upward currents are both due to the sun’s 
heating; but it does not follow that the ascending currents stop when shimmer- 
ing stops and vice versa. In the latter reference (p. 23) he merely demolishes 
the idea that reliance can be placed on the argument that because opacity of 
the air and soarability cease at the same time, therefore soarability depends on 
the movements of small masses of air. 

19. It would be surprising if Dr Hankin’s disbelief in the use of ascending 
currents were based on such slight evidence and it is desirable therefore to deal 
briefly with the arguments in his book: I think the chief of these are to be 
found in his Chapter xt. Unhappily Dr Hankin’s conceptions of mechanical 
law are hazy in the extreme, and as the matter under consideration is mechanical 
his arguments are often hard to follow. Thus on p. 208 it is said that a bird 
gliding horizontally in unsoarable air is acted on by four chief forces, ‘lift,’ 
‘weight,’ ‘pull’ and ‘drag’: of these “the “pull” consists of the momentum of 
the bird’ and ‘acts in a horizontal direction at the centre of gravity’! Again, 
if the bird were to glide into soarable air ‘the pull would no longer act at the 
centre of gravity. It would no longer consist of the momentum. It would 

* Comptes Rendus, Tome 172, No. 19, p. 1161 (1921). See also Tome 170, No. 5, 
pp. 269-272 (1920). 
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consist of the tractive effect of soarable air on the cambered wings’ (p. 209). 
It is puzzling enough for a momentum to be a force, but why should it cease 
to be one when the air becomes soarable? To draw attention to such errors 
would be ungenerous were it not that important and detailed conclusions are 
based on them. Further, the ‘pull’ and the ‘drag’ are recognized as acting at 
different heights, so that a couple would be formed; yet the ‘lift’ and the 
‘weight’ in unsoarable air are supposed to act in the same vertical line 
(pp. 194, 195), which is impossible without producing rotation of the bird about 
a transverse axis. 

20. Dr Hankin’s estimates of the forces acting on the wings of birds also 
seem to me lacking in precision; and he appears to ignore the large amount of 
information derived from experiments in wind-tunnels. Obviously if there are 
ascending or descending currents the angle of incidence of the wings in any 
position will not be the same as if the air were stationary; and when discussing 
this purely geometrical effect Dr Hankin says on p. 198 of a vulture ‘gliding 
with speed ahead in an ascending current’ that ‘the angle of incidence is about 
90°. In other words, the ‘‘total pull” acts in a direction at right angles to the 
surface of the wing, or nearly so.’ Now from p. 42 I estimate that gliding with 
speed ahead means a rate of at least 60 ft. (18 m.) a second and as the vertical 
velocity in an extensive ascending current is presumably less than 15 ft. a 
second the angle of incidence, the plane of the wings being horizontal (see 
Fig. 65), will be less than 15°, not ‘about 90°.’ Yet it is on this false conclusion 
that Dr Hankin bases his idea that the “unknown force of soarability,’ which 
lies at the base of his analysis of flight, acts at right angles to the wing surface. 
Again, I am at a loss over the diagram (Fig. 66, p. 198) showing the wings of 
a vulture fast flex gliding inclined at 30° downwards. Dr Hankin rightly says 
that if they were ‘imitated by a power-driven aeroplane’ he would expect it 
‘to rapidly bring the machine to the earth.’ I have for years looked for this 
position of the wings, and have never seen it. That it is very rare in Simla I am 
confident; my instinct that it is rare in the plains is corroborated by Dr Hankin’s 
own drawings (Figs. 61, 62, 63, p. 197) of vultures flex-gliding at slow, medium 
and fast speeds. In the first and last of these the wing is supposed to have 
inclinations of 0° and 30°, and the reduction of the latter by 13 per cent. in 
width as seen from below would be easily recognised by one accustomed to 
watching birds. The same argument applies to the cheel diagrams (Figs. 8, 9 on 
p. 39). The reason for the belief is presumably that the pressure due to ‘erg- 
air*’ beneath the wings is wrongly supposed to act at right angles to them and 
so the wings must slope downwards in order to get a strong normal thrust 
forward. But this theory is itself contradicted by Fig. 65 in which the wings of 
a vulture slowly flex-gliding have no slope though the bird needs a forward 
thrust to maintain its motion: and it is also contradicted by the diagram on 
p- 210, in which a vulture is gliding in soarable air with its wings sloping 
upwards at an angle of about 12°; if in the latter case the thrust on the wing 
has a backwards component, how can forward motion be maintained? 

One obvious question is, how is it that erg-air can only exert pressure on 
the lower surface of the bird’s wing whether, as in the case just quoted, it is 
on the forward side of the wing, or, as in the fast gliding bird, it is on the 
following side? ; 

21. Another feature on which Dr Hankin relies for a refutation of the use 
of ascending currents is the bending up of the digital quills (pp. 202-204) ‘by 
the unknown force of soarability’: he gives (p. 203) the forces necessary to 
straighten the four digital quills of an adjutant as weights totalling 170 gms.; 
and if in order to bend these beyond the flat to the position observed in flight 

* T use Dr Hankin’s convenient phrase for the air which during sun-soarability 
does not, according to his view, obey the ordinary mechanical laws. 
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we double the weights we obtain a force of 680 gms. weight while the weight 
of the bird (p. 140) is 7344 gms. It is not hard to believe that an eleventh of 
the weight should be borne by feathers of which the area is about a seventh of 
that of the wing (see diagram on p. 131). A vulture’s digital quills are said 
(p. 203) to need weights of 150 gms. under flex-gliding conditions, when I 
estimate (see Fig. 62) that the area of the digital quills is about a ninth of the 
wing area. As the weight to be supported is 5-5 kilos, the estimated pressure of 
1-2 kilos on the eight digitals is about twice the average pressure on the wing: 
it is, however, known that the shape of the wing tips on an aeroplane has a 
very great influence on efficiency and I therefore see no difficulty in regarding 
the bending of quill feathers as due to ordinary mechanical causes. That this 
must be so follows from the frequently observed fact that a vulture flex- 
gliding on a cold cloudy day (with the possibility of ‘erg-air’ excluded) has 
his wing-tips as much bent up as on a hot clear day under otherwise similar 
conditions. Yet Dr Hankin infers from the bending of the quills, without 
quoting any figures in support (p. 204), that “if sun energy subserves soaring 
flight by means of ascending currents’...‘it (the air) acts as if, not only in one 
place but all over the sky, it is ascending en masse at a rate of thirty or more 
miles an hour.’ 

22. Considerations of space prevent me from discussing the other argu- 
ments used against the mechanical interpretation of flight: I will merely say 
that the double-dip which I have often seen from the level of the bird as well 
as from below appears to me the exact analogue of pushing the controlling 
lever of an aeroplane forward when stalling is imminent—it produces a down- 
hill glide: and that the apparent stillness of feathers close to climbing vultures 
is due to the very great difficulty of observing an upward velocity of 2 f.s. in 
such an object when considerably above the observer through field glasses held 
in the hand; a similar remark applies to the difficulty in the plains of finding 
out whethe®a bird is gliding slightly uphill or slightly downhill. I have not 
touched on the problems of dragon-flies and flying fishes because I have not 
observed them systematically. Regarding the ‘puttung,’ the ordinary boys’ 
kite of India (paragraph 3 of ‘The problem of soaring flight’), this flies at an 
extremely high angle in light winds with the string at an angle of about 45° 
near the ground and 75° near the kite. I have never seen the string hanging 
vertically from the kite except temporarily when there has presumably been a 
lull so that the kite was descending and the freshening wind carried the string 
with it more rapidly than it did the kite. Obviously, under existing mechanical 
laws, if there is a steady horizontal wind the kite cannot fly with its string 
vertical, and if it does fly with its string steadily vertical there must be an 
ascending current with no horizontal current. 

23. I cannot conclude these remarks without an expression of sincere 
regret over my inability to appreciate the physical side of Dr Hankin’s work, 
much though I admire the zeal, industry and skill that he has shewn as an 
observer. We have often talked frankly over our differences, and he has always 
been willing to shew me his methods and results: it is only because he has given 
wide publicity to his views that I have felt obliged to attempt to controvert 
them. 
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The Algebra of Symmetric Functions. By Major P. A. MacManon. 

_ [Read 30 October 1922. ] 

1. The necessity for an algebra of symmetric functions arose in 
the first place in 1884 from the circumstance that, in the Theory of 
Invariants, the seminvariants of binary quantics were shewn to be 
transformations of non-unitary symmetric functions of the roots 
of an equation of infinite order*, where a non-unitary symmetric 
function is defined to be 

Dory" ors ors”... Og 
where the number of quantities a is infinite, s may be any integer 
and exponents p may be any integers < 2. 

Cayley} was thus enabled to attack the problem of determining 
the seminvariants of the quantic of infinite order which, qua degree, 
are irreducible. In the paper (loc. cit.) he introduced an algorithm 
for the multiplication of two non-unitary symmetric functions and 
then for the first time definitely broached an algebra of these 
functions. 

Cayley employs the partition notation of symmetric functions 
and the algorithm is the production of an abbreviated method of 
multiplication on combinatory principles. In fact, one part of the 
process consists, if the two functions to be multiphed be 

(P1P2Ps --- Ps)» (1929s --- 1) 
in placing all or any of the numbers q,, qs. ... q; underneath the 
numbers ,, Po, ... Ps in all the really distinct ways and in assigning 
a number to denote the frequency of each way. The rest of the 
algorithm is automatically completed and does not involve a 
possibility of errors in counting. 

He was able to give a general formula for the multiplication 

(372°) (3°2%), 
a, b, c, d denoting repetitions of parts, and was thence able to 
advance the theory of the perpetuant seminvariants. 

2. The next step in the algebra was taken by the present 
writert who introduced the Hammond operators D,, D,, Ds, ... to 
the subject. The result of multiplication, being a linear function of 
monomial symmetric functions, we write 

(Pi PsPs ---) (Gi 9ods -) — ee Cee gta ts-c-) ate 

* MacMahon, ‘Seminvariants and Symmetric Functions,’ A.J.M. Vol. v1, p. 131. 
+ ‘A Memoir on Seminvariants,’ A.J.M. Vol. va, 1885. 
{~ MacMahon, ‘The Multiplication of Symmetric Functions, The Messenger of 

Mathematics, New Series, No. 167, March 1885; Combinatory Analysis, Vol.1, p. 438. 
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Then we have by the laws appertaining to the operator 

D,, D,, Dy, +» (Pr P2Ps »++) (19248 --+) 

— Cae ove DDD... eee (7172173 a) 

a7 Cran ree 

that is to say that the number C,,,,,,... 1s found as the direct 
result of the performance of certain differential operations. 

Moreover, this method is directly applicable to the multiplica- 
tion of three or more symmetric functions. The method depends upon 
the law by which a Hammond operator is performed upon a product 
of two or more functions. The way in which D, is performed upon a 
product of s functions depends upon the compositions of the number 
r into s parts (zero parts being taken into account). These com- 

_ positions are enumerated by 

p+ s— 
(as) 

because this number is the coefficient of x” in (1 — x)~*. 
The operation of D, divides up, therefore, into 

r+s—l1 

leet! 
separate operations, one of which is 

(D.. Fy) (D,, Ps) ake (COTA 

Cy ... ¢, being a composition of r into s parts 

Cy iz Galicia ee ahaa re 

Ex. gr. Dy Fekete 

= (D; Fy) (Do Fs) (Do Ps) + (Do Fs) (D, F») (Do Fs) 

+ (Do Fy) (Do F's) (D2 fs) + (Do Fy) (Dy F) (Dy F3) 

+ (Dy F,) (Dy Fs) (Dy Fs) + (DyF,) (Dy Fs) (Dp Fy) 
because 2 has, into 3 parts, the six compositions 

200, 020, 002 

O11, “10% ano: 
Not all of these separate operations may be effective because 

D, F is zero unless F, involves a part ¢,. 
The complete operation 

Di De Disco Mek ene hs, 

is performed by associating single compositions of the numbers 
11, %, Tg, ..-, each into s parts, in all possible ways. If 7, has R, 
compositions into s parts we may have to deal with 

R, RR, ... separate operations. 

Each of these may be denoted by a tableau. 
VOL, XXI, PART IV. ° 
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For if a composition of 7, be 

Cik, Cok, C3k «++ Esk 

a tableau such as . 

| 

Cray jp Con a Cet alae =. | Cot 
Cpe Cae Cae Ir 4: - | €sp 
Cis | Cog | Cas . - | Csg 

denotes one of the R,R,R, ... separate operations. But some of 
these may vanish as mentioned above. Those which do not vanish 
form a set of tableaux. These possess a common property, viz. the 
sums of the numbers in the successive rows are 1}, 72, 73, ... Tespec- 
tively and the collections of numbers in the successive columns are 
those which define the symmetric functions F,, PF, F3, ... FP, re- 
spectively. If one is asked: What is the number of tableaux 
each of which possesses the property above-defined, the mathe- 
matician’s answer 1s 

DDD, eee, 
which denotes a number which is readily evaluated. We have, in 
fact, a good example of the use of the Hammond operators in 
solving questions of enumeration of the Magic Square Class. The 
multiplication of symmetric functions invariably supplies an ex- 
ample of this kind of enumeration. 

3. Let U be any linear function of symmetric functions of the 
same weight w. 

Consider the multiplication 

(1%) U, 
and therein the term involving the function 

(p"' p,* p,’ --.) of weight
 w + r. 

We ne 

Dy, (1" ai Gis ae (la) Drea Ul, 

Dp, rs U = {(1") Dp, + 21") Dp,Dp,4 + (18) Dp, a} U. | 
Now put (1") = a" caine so that these results may be © 

written | 

Dy, (1") U = a" (Dp, + a Dz,_s) U, 

p?, (1) U =a" (Dp, + a+ Dp, 4 U, 
and generally 

Dy, (1") U = at (Dp, + a Dp,_4)" U, 
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and more generally 

ee Deeps. (1%) U 
0D a Dp) (Dp, a Dy.) (Do, + © Dp? 

When this operator is developed and applied to U it is obvious 

that every term which involves an operator product Des De esi 
a weight > w causes U to vanish. This happens whenever the 
associated power of a is positive. 

When the power of a is zero the attached D product is of weight 
w and either does or does not cause U to vanish. If U involves a 
term 

Cyn $272 537 00 (si Se s3° =e a) 

the operation of D;. Dee D;. ... produces the number C501 5002 5578.00 
In the contrary case the operator produces zero. 

The negative powers of a in the development have no real 
existence symbolically so that all terms involving such must be 
put equal to zero. 

It thus appears that the effective operator upon U consists 
entirely of the terms in the developments which are free from the 
symbol a. 

If the process of picking out this portion of the whole operator 
be denoted by T,,, we may write our result 

eaMeeWe-.. (1) SU 

= TL, {a" (Dp, + a Dp,_1)™ (Dp, + @7 Dp, i)™ 

(Dy, + at Dy,- )™ Sets; We 

This theorem enables us, from the known value of U as a sum of 
monomial functions, to proceed to the similar expression of 

Gis). 
Ex. gr. Suppose 

U = (12) = (2) + 221%) + 6 (19, 
and that we require the term of (1)? which involves 

(321), 

D3 DD, (1*) (1°)? 

= T, {a (Ds + a Dy) (Dz + a D,) (Dy + a} (1°)? 

= T, {aD, (D, + a~ D,) (D, + a)} (1?) 

(because, since U is here of degree 2, we may put D, = 0) 

= (D5 + DD?) {(2) +'2. (212) + 6\(14)). = 1 + = 8. 

Thence (1?)8 = ... + 3 (321) + .... 
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4. The expression of 

Dp Diy Dee en 
may be presented in a more convenient and suggestive form by the 
employment of a further symbolism. 

If we write 

ay (7, — 1) (7, — 2)... (7, — 8 + 1) = 7% symbolically, 

we have 
. D ete 

(DOD) exp aia i effectively, 
: Prog 

and thence the expression 

Ly an D;, Dr, Dy, ... Cxp (7; a + 7. Pres + Tg ae li se a U 
Pi Pe 3 

1 
7! Doma ARS 

Dy ee ESD) 1 2 Ps 

Deep Dae (m; 

a result which, as will be seen presently, is generalizable. 
ce to the particular case we find 

2 

(p+ Dp," a) Uh 
= (Dz + D, Di + Ds D,) {(2)? + 2 (21) + 6 (14)} 
=]1+42=3 as above. 

5. Next consider the product 

(2721") U. 
We have 

Da 2 1) Ui — (22 1) Dp (27 dear (27 yn kDa aye 
D,, (2721") U 

= (271%) D,, + (271%) Dp, Dp, 
+ es 1") Dy, Dp,-2 

+ (2719-4) Dy, Dp,-a + (2717) Disses 

+ (2°11) Dp, Dp, 
(ta Wt) ps ee ee) Dy, -1 Dp,-2 

+ (27? 1) Dp, 2 Dp,» 

Ue 

Thence writing symbolically 

(27217) = abr, 
so that symbolically 

Dy, (2721) U = a b™ (Dp, + a4 Dz, + 0-1 Dp,_2) U, 

D,,, (271%) U = ab" (Dp, + a Dp,-4 + 6+ Dz,-2)? U, 
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and generally 

Dp, (21%) U = ab" (Dp, + a Dp,_, + 6 Dp, 9)" U, 

and more generally 

Dy, Darn (21) 0) 

= ab" (Dp, + a+ Dp,_-, + 6+ Dp, 2)" (Dp, + a1 Dp,_1 + 6+ Dp,-2)™ 

(Das) Dae Oe Dat... On 

By reasoning similar to that advanced above we have here the 
coefficient of a°b° as the effective part in the development of the 
operator, and denoting this by T,,, we find that 

Dz, Dp, De een) U 

= Ty, {a"b" (Dp, + a-* Dp, + 0! Dp,_2)™ 
x (Dp, + a Dp,_1 + 6+ Dp,_2)® 

x (Dp, + a-* Dp, 4 + 6 Dp, 2)” ...} U, 

and introducing as above the symbolism 

1 (7, — 1)... (7-8 + 1) = mH, 

we find finally 

1 Ty, To. 3 Dies Dy,-4 1 

11! To! Dy, Dp, Do, »-- (m Dy + 19 pia + els ) 

Dis 1D T2 
(m1 ime met pe 2 U 

as the symbolic form of the operator which when performed upon 
U produces the coefficients of the term 

| ODP PE.) 
in the development of 

(272 1") U, 

6. We now readily proceed to the general result 

DDS. Dy. ey Correa 

=P goss @ OC"... (Dy, + a) Dp, 1g + 6 Dy, +0 Dp. 9 +...)™ 

x (Dp, + a Dp, + 6 Dp, 2 + €* Dp, _3 + «..)"* 

x (Dp, + a Dp, + 0 Dp,-a + 0 Dp,_g + ...)™ 
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and this, adopting the z symbolism as above, is 

are Waleeee Dp, Dp, Dp, .-. 

Dp,-1 Dpy-1 Ps-1 i 

: (m Dp, ge Dp, Y, Ps ef ) 

D Pei 1D) ma D os T2 

Gots ae See ) 
1 2 3 

Dy,-s D»y,-3 Dp,-5 y 

x ( LoD es De sh ‘ Dp, i 

SM gid Pause sak odatea too ee aeRO Re eee U, 

the value of the coefficients of the term 

(py jie p as 

in the development of (... 3722721") U. 

7. I will now apply this result to the cases dealt with by 
Cayley (loc. cit.). 

The first multiplication he took was 

(2") (2°), 
where I think it best to retain his original notation. I take the 
precisely equivalent case 

(1*) (1?). 
Here U is (1°) and the general form of monomial term in the 

product is 
(24 ]o+8 =). 

To find the coefficients of this term we have, as above, 

De Det (eye) 
=D (a(D3 4, @> Di) (Oral) 

= 2, {at4 Dy (D, + ayer) 
(Sa pe ea Be | 

=| oA ) Di (ar) = Carle) 

a 0b 5h (OF BSAA NGS wiute 2s 4 So thate ) (1) = 3 ( Bas Je [a49-24) 

(cf. loc. cit. and Collected Papers, Vol. xu, p. 244). 

It will be observed that the present process is not concerned 
with ‘frequencies’ and ‘multiplicities’ but is altogether algebraical. 

Cayley’s second case is 

(3% 2°) (372°) 
because he was only concerned with non-unitary forms. 
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Here O(a 2) 

and the general form of monomial in the product is 

(6452 46°39 '2%), 

where D=a+y—2A—B, H=B+6—B-2C; . 

to find the coefficient of this general term we have 

Ty, {b'c* (Dg + 6-1 D, + c+ Dg)4 (D; + 6-1 D; + c-1 D,)# 

x (D, + 6+ D, + 1 D,)© (D; + 6+ D, + c)P 

x (D, + b-)7}. (37 2°). 

Since the operand is annihilated by each of the four operators 
D,, D;, Dz, Dy we put each of these equal to zero and find 

Ty. {08 «1-4 DA (b- D, + c-1 D,)® DE 

(D; + c-1)? (D, + b-)F}. (372°), 

whence we observe at once that the sought coefficient is expressible 
as a linear function of terms each of which is a product of these 
binomial coefficients (cf. loc. cit. p. 246, the final conclusion). 

Before calculating we put 

D=a+y—2A—B, E=B+85-—- B—- 2, 

and if (with Cayley) we take 

y, 2, r to be integers 

< B,< D, < E respectively, 

we find as the coefficient sought 

=(5) (2) (7): YI \2EPNY 

the summation being controlled by the relations 

—y+r=6—B-C 

Ytz2=y—-A. 

8. Having thus verified the results of Cayley by pure algebra 
I now resume, from a general point of view, by considering the 
next case in order to (17) (18), viz. 

(222 192) (28212), 
Here U = (28:14) and 

D# D? DE D? (2% 1%) , (282 182) 
= Ty, {a%b™ (D, + a D, + 6-1 D,)4 (D; + a-! D, + b= D,)? 

(D,+a*D,+b% )° (Dy + a> )?} 
(282 181), 
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Since here D, = D, = 0 this is 

T ay {a b2-4 Dz (a-* D, + b= D,)B 

x (Dz + a Dy + bE (Dy + a*)} (2°21), 
and we observe that the coefficient sought is a linear function of 
terms each of which is a product of a binomial, a trinomial and a 
binomial coefficient, in the order named. 

We say that the structure of the coefficient is 

232. 

Observe that in the case (1*) (1°) the coefficient is a single 
binomial coefficient so that its structure is denoted by 

2. 

9. It is not necessary to carry this case further and I proceed 
to the product 

(323222 1%) (38s 282 181), 

We have to consider 

Dé DP DE DP DE Df (3222 1%) , (38262 141), 
where U is (38s 282 181), 

Merely writing down the D suffixes which occur in the operator 
factors, viz. 

(6543) (5432) (4321) (3210) (210) (10), 

and striking out the numbers greater than 3 we obtain 

(3) (32) (321) (3210) (210) (10), 

and we observe that the character of the sought coefficient is 

23432. 
Again for the case 

(4243%8222 121) | (484383 282 181), 
we have first of all 

(87654) (76543) (65432) (54321) (43210) (3210) (210) (10), 

and thence 

(4) (43) (432) (4321) (43210) (3210) (210) (10), 
shewing that the character of the coefficient is 

2345432. 

10. It is now clear that in the case of the product 

(kee ... 323222 1%) (KF .,, 383282162), 

the character of the coefficient is 

234 ....k,k+1,k... 432. 
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11. The same principle is available for the product of three 
functions through the composition of numbers into three parts. 

Consider the simplest case 

(1*) (18) U, 
where U is any given function of weight w. 

De) EO — 1) 18) ae a) 8) ee Oa 
ral ED aeL 

wherein writing (1*) = a*, (1°) = b® symbolically 

ty al 1 ) 
Dp, (1) (1°) U = a*b? Do cy ( at 3) Dp, 4 a ab Dp,-2} UO; 

a 

leading to 

D™ (1) (18) U = arb? Jp, + (444) p Epa: a pL") (18) U = @ ge: MAY ap Pr-2 , 

and if (De Pen pes te :) 

be a partition of w + a + B, representative of a symmetric function 
which appears in the development of 

(1s) (2). 

Di Dp, Dee (is) (le) 0 
T «48 /D 1 1 ant 

=ta,|a Oo nt (5+ 5) Dart = Dos 

il 1 i Te 

x {Dp,+ (+ 5) Doi t Dns} 

LY acl 1 ™3 
x {D», ae (; at 5) Dp, 4+ ah Dos} 

The operator which survives the process 7',, is of weight w and 
when performed upon U produces the coefficient of the term 

(Py Pa’ Ps’ +++) 
in the development of (1*) (1°) U. 

The reader will have no difficulty in proceeding to the result 
which follows from introducing the further symbolism in regard to 
CG AE LE. See 

12. Take as an example U = (17) and, without loss of generality, 
we may suppose 

a>p>y. 

Let the general term in the developed product involve 
(34 9B [othty-84-38) 
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We have (writing « + 8B + y— 3A — 2B = C for short) 

D;' Dy’ Dy’ (1*) (1) (1) 

: + 5) D,+ = \Di + (; 4 af | (17). 

If y, z be integers <B, <C respectively, we find 

eral an (8) (Lf) (AY Canad) Jom 
C-z ane @ @ pat [ent toe C ae 3) | (17). 

If x be an integer < y + C —z, we find 

BY (C +C—z ee 

BN 5G Oe re eed 2 eer eyt ne 

: Le ay 
where A+y+z=y,; 

a—A-—B+-y—z=0, 

B-—-A-—-B-—C+4+2z4+2=0, 

three relations to control the summation, reducing to the two 

Y eA 
y—a2=—a+A+B. 

_ The coefficient is thus a linear function of terms each of which 
1s a product of three binomial coefficients. 

In particular, the coefficient of (1*+8+7) reduces to 

euaiae: (eae 

or ia 
GV Bil 

which is obviously correct. 
We may similarly treat the product 

(2% 11) (28.1%) U. 
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Dp, (2% 1%) (282 18:) U 

is in fact dealt with by considering the composition of p, 

0; 0, 3 9, 1p, — 1s 1,0; my — 15 0, 2; p, = 25 1,1, py — 25 

2, 0, p, — 2; 2, 1, p, — 3; 1, 2, p, — 3; 2; 2, p, — 4; 

yielding, symbolically, 

1 1 1 1 1 
ap Bo DBx == = b& bf [Dn + (= +5) Dnat (= +o5 +5) Da 

1 1 Ut 
+r = 7 abs =) Dp,-3 + > asbs Dp} U, 

and we proceed in the usual manner to express 

Dp, Dp, Dp, ... (2221%) (282141) U. 
Finally, the procedure is clear in the case of the product of any 

number of symmetric functions. 
The process is valuable when we require the calculation of the 

successive powers of a symmetric function. 

13. Suppose, for example, that we have calculated the develop- 
ment of (12)"—4 

and we require that of (12)™, 

Dp, (1?) .(12)"4 
=a (D,, at: = Dp.) (2 

7 1 ,7-1 il 2 

> a® 1D5.+ (71) 2 Dh Dy,1+(3!) Dn D;, 1} Ce a 

: 1 : 
since powers of 7 greater than the second cannot contribute to the 

final result. 
Thence 

ee ie De
 ae (1?) : Gin 

_f, G {Dp + ) (*2) ] De Dake CS 
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a 3 (St) Dp. * Di, Dp, Do, (12m 

7-1 To — 173 

i z « ae Dp, D,,, =i Dp, Dp, -1 Dy, 2 (ie ae 

so that if we multiply certain coefficients of (1?)”-1 by numbers 

@ and certain others by numbers i) (a and all these numerical 

results together we obtain the coefficients of the term 

(py PrP; --+) 
in the development of (1*)™. 

Ex. gr. We know that 

(17)? = (3?) + 3 (321) + 6 (315) + 6 (23) 

+ 15 (271?) + 36 (214) + 90 (15), 

and we find for the coefficient of (3271) in (1?)4 

T, {at (2, ie : D,) (0: ie - DD at) (D, “ -)t (12)3 

= (D;D} + 2D; D,D, + D; + 2D,D}) (17)? 
= 6. 92538) Mee6 =Ei2215 

48. 

14. The general result 

Bip aos : aye 

+ {5 (3) (78) Do" Daa Do Dora Dp..} (2 
can be put into an interesting and suggestive form by writing 

Tx (7 — 1) (ate — 2) ... (7 — 8 + 1) = 78, symbolically, 

for it then appears in the symbolic form 

Ty T Tv 1 D — D = D 3— 

Dp, Dp, Dp, ... 5) (m DEN + 7p Dp, + 73 D, : 

So that in the particular case exemplified we have 

+ ak (12)m—4, 

2 

DDD, 5 (1 Das esieata 2) (12)3, 
Ds; Dy D 

where, by the symbolism, the squared bracket is to be read 

D5 D D; D 1 1 
1.03 +2.1.2.544 2.14 2.1.1.4 42.2.1.—4+1.0— 
ay Dae D; i joe De Ke 
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D; sbi D, 1 
ey ie Dar 

and thence (2D;D;-+ D;D; + D; + 2D; D,D,) (12). 

or 4 

15. Consider next (ESV Gb eee 

Dy, Gis) s (tt) ties 

= {(1") Dp ee) Daas ley 

= q" (D at *D p-1) (1”)"-1 symbolically, 

and thence 

EO Dy a: ()a(l2\ 
il Ty 1 To 1 13 

—1, G (Dot Dy) (Dp,+ Prva) (Dp,+ Pe) | ae 

71 i 71 i 7% =f, G Dp + (7) g Do Dnt (3) qn Dnt. 

ae nay zt Det D,-.| 
a 

J To 2 1 T—1 1 Ce 1 T2—2 72 
x D+ (7 1 ) a De Dy,-1a+ ( 9 ) qo Do in Ses 

+ (7) Dor” Dea} n/a" 

73 173 Pree! 13 J Hal Aas ee 

x Dpi+ (7) 5 De. Dp,-1+ P| Des Da ts: 

TT. if T3—-N n 

+ ie) —, Dis Dj,-.| 

ee LS or fh LO VURRN Oery Bate ERUReY | (s\n 

Introducing the symbolism 

at, (ay, — 1) (ay, — 2) ... (7, — 8 + 1) = 8 

this is 

™, aT. 73 1Dp = _D» =a 773 Dp 1 
Fe) 51D} a 4+. “= m-1 r,[a Dp, Dp, Dp,.-. EXP (= De ale “De. += PF as +.. Jan 

Dy, 4 Prva Dp,-1 ete 
=— Di.D; Di. (m5 Dat Sao att = D,: +...) (1)m-4, 

a noteworthy generalization of the ordinary multinomial theorem. 
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In fact we have established the formula 

Dp,-4 1 71 7%: 7.73 Dy Dy,-1 be NT 
=) DEDEDE tm Dp, + TT 1D. + 73 ees (1 ) - 

and the ordinary multinomial emerges as 

D D D =a Uhl ORS OR = Pi=V | Po=t 5 Pa 4] \m-1 
(Gp) 2 = 2 Ds Ds Dy,°* (7; Des T 2 1D 1 3 Dy. 1 ) (1) > 

wherein the summations are in respect of all symmetric functions 

CDs A eka) 

which present themselves in the developments. 
The formula above for n = 1 is readily seen to be equivalent to 

the formula 

m! 
1) 5 3 

r=" al” al) Gp p. -..)s 

16. In the discussion of American Tournaments which has ap- 
peared recently* the present author has dealt with the symmetric 
function algebra involved in an analogous manner—but in that 
case the applications were of a particular and not of a general 
character. 

However, the study of those Tournaments is responsible for 
bringing to light the advance in symmetrical algebra which is 
brought forward in this paper. 

* «An American Tournament treated by the Calculus of Symmetric Functions,’ 
The Quarterly Journal of Pure and Applied Mathematics, Vol. xt1x, No. 193, 1920. 
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Fluctuations in an Assembly in Statistical Equilibrium. By 
Mr C. G. Darwin and Mr R. H. Fow er. 

[ Received 31 October; read 13 November, 1922. | 

§ 1. Introduction. In a series of papers* we have developed a 
general method of calculating the average statistical state of 
certain assemblies of molecular systems. At the same time we have 
shewn by the calculation of the fluctuations that this average state 
of the system is effectively its normal state. The examples of 
fluctuations which we have so far given are, however, of a pre- 
liminary nature, though sufficient for the purpose in hand. The 
method of calculation can be systematized and pushed much 
further, so as to enable us to evaluate asymptotically a large variety 
of fluctuations. 

We have previously spoken of the fluctuation of any quantity 

P, whose average value is P, meaning thereby (P — P)?. We shall 
here be concerned, however, with general fluctuations such as 

(P — P)" and shall distinguish the simpler type above by the name 
second order fluctuations. It is, of course, these second order 
fluctuations which are primarily of interest and importance, but 
the general results are often elegant, almost as easily obtained, and 
not without a certain interest of their own. When this is so we 
give them in full in this paper. Many of them will be seen to 
generalize corresponding results due to Gibbs, obtained by him on 
his assumption of canonical distribution-in-phase. 

In § 2 we establish formulae for the general fluctuations in the 
energy partition in an assembly containing two types of systems; 
the extensions to any number of types are obvious and need not be 
detailed. In §3 we do similar calculations for the number of 
systems of one type which have a specified energy or (in the case 
of classical systems) le in a specified cell of the phase-space. In 
§ 4 we evaluate the second order fluctuations in the reaction of the 
assembly on external bodies such as the walls of its containing 
vessel. General fluctuations are here too cumbersome to be worth 
calculating. In §§ 2—4 we deal with assemblies in which the numbers 
of each type of system are fixed. In §5 we consider assemblies in 
which dissociation and association of atoms and molecules are pro- 
ceeding and calculate general fluctuations of the degree of association. 
In § 6 we conclude by extending the results of §§ 2-4 to the more 
general assemblies. 

* Darwin and Fowler, Phil. Mag. Vol. xtrv, pp. 450, 823, papers | and 2; Proc. 
Camb. Phil. Soc. Vol. xx1, part 3; Fowler, Phil. Mag. Vol. xiv, papers 3 and 4. 
(Not yet published.) 
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§2. General fluctuations in the energy partition. It is sufficient 
to consider an assembly of two types of quantized systems. The 
results can be extended at once to more general assemblies (with 
or without classical systems) in which no dissociation takes place. 
In the notation of our previous papers we have 

op 2 [ (4) ver oor. 2 
Dare - 

In this equation f (z) and g (z) are the partition functions of the two 
types of system, M and N in number, # is the total energy of the 
assembly, and £4 the energy on the first group of systems. C is the 
total number of weighted complexions representing the assembly 
with energy #. The contour y is any circle with its centre at the 
origin and its radius less than unity. In order to evaluate (2-1) etc. 
asymptotically (M, N, E large) we choose that circle for which 
|z|=%, where S$ is the unique positive fractional root of the 
equation 

d d 
E= MS qs lost (8) + NS ag log g (9). Jean (2-11). 

It is our purpose to evaluate the dominant term in expressions such 

as (E4 — E44)". This could be done by expansion and a repeated use 
of (2-1), but as many terms then cancel the dominant term in (2-1) 
is insufficient and a more or less complete asymptotic expansion 
would be required. We avoid this difficulty by constructing first an 

exact integral for C (H4 — Bay" analogous to (2-1), a direct evalua- 
tion of which leads at once to the dominant term required. 

A change of notation is expedient. Put 

2—€, f (2) a en he g (z) = eG (a), 

We shall usually omit the arguments of F and G. Then 

aig [ BEES (5) oo Ai von ae (2-2). 
A Q70 . a 

The contour y’ is now the straight line from log S — im tolog S + az. 

To form the integral for C (EZ.4 — E4)" we use Leibnitz’ theorem 
and the equation H = E4+ Hg. Thus 

C(E4— Es" =C[E? — CE PE + C,H = (Es)? — ...]; 
A= ely NG-—Eu (5.) - ine ( d aR == | ’ du | 5) ~20,Ea(7) 

== nUg (B.4)? Ge) Trucks f pele 

: va z a 
= =| ENG Egy (+) CAM AS cee (2-21). 

2art J y du 
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Now we know that effectively the whole value of this integral is 
provided by a small strip of the contour near u = log 3. We there- 
fore write u = logS + 7 and F for F (log $), etc. We recall also 
the result of our Ree papers, that 

dF es see Ng) 7 2-22 E,= Ms 1 logf = | Mae MF’.......(2-22) 

Then 

MF — Eyu=M (F — logSF’)— 4MF’C —-YiMP"C + 

There is a similar expression for NG — Egu. The integration now 
is with respect to ¢, and while is still small we may suppose that 

(MF" + NG"): ¢ ranges effectively from — «© to + 2% while all the 
other terms such as MF’’@ remain small. Thus 

C (Ey Sry ue i eM (F -log SF’) +N (@—log 3G") 

x he e-ENG"¢? a+owey(; io) [e-Btans" {1 + O(ME)}) dl. 

The O-terms may be differentiated. If we take the special case 
n = 0 we obtain C, and it is clear that the O-terms cannot then 
contribute to the leading term in the integral which is 

+00 +s a 9) 
| Plas CURIE ISE YS) yc as ao 

0) (MF" + N@")2 

= (MFT4 NG BHO en 
(Ba — Bay = (i)*( [ewer a +0 We) 2ar 

. (a) [e-Mr’s 1 + O(ME) Jal. ......(2°3) 
The further approximation to (2-3) depends on whether » is 

even or odd. It is clear in any case that the first differentiation of 
the bracket {1 + O (MZ?)} does not alter the order of the integral; 
while every time we differentiate e~?“""S’ we increase the order 
of the resulting integral by \/M. Thus the highest order term arises 
from differentiating e~}”*"s* n times, and the O-terms are both 
irrelevant provided that this highest order term does not vanish on 
integration. This is the case when n is even. When n is odd it does 
vanish, and further consideration is required to which we return 
later. If we put m = 2v we therefore find for the required asymptotic 

form of (Ea -- E 4), 

(Ey — Ey)” = 
" Wy ptiwo 2v 

VOL, XXI, PART IV. 26 
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To evaluate (2-31) let us write 

eee d \2¥ 
— Sn VU » -$ NGC? as -4MF’"2 I, = (=) [ve \(42) e lat 

fo po =) deditn at = (ye | gamrgyemn at, 
the last equation following by integration by parts. Then, since 
db, = — MF’C4,, $y’ = — NG"¢,, we find that 
MF’ + NG" 
MF’NG ~~” 

=a \el pele i dbo’ b 2 d ies ¢ po?) dl 
NGOS ae + rp re 

Ea ea 
If we integrate again by parts we find 

MF’ + NG’ Je . ; 7 

: a HA Seva ee SE es) iene ( cl as + by'b_?°—)) dl 

and by continued repetition 

MF" + NG" 
st) a (ew), (v1) Ce) 

MRinGr fe 20h sala © (palpy 2) + yf) de 

ee Cd (by°M4,°) 
= (2v—1)I,_, 

Thus 
NEE ENG Ne Qar \5 

[Ls (2 _ ye tere Satelce GFoe) In i= ar as Te 5 

ica (2-4) 
aah eS MF’NG’ \ 

aS 20a ony pas (Hy — Bae Op) a 3 Ie (Ne) 

=={ Dipl) sk LN EJP», 1 (ETD 
and finally, with the help of (2-22) differentiated, 

a ae ao SEEENG? dE 4 ( 7 aoe) 
(Ba — Ba! pre — > as \1~ Saeyas )” 

Fluctuations of the energy of all even orders are thus completely 
determined. 

We now return to the odd orders. To an equivalent approxima- 
tion these all vanish. Actually they are thus all of order lower by 
VM or/N than the corresponding even orders. We must retain 

...(2:5) 
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the exact MZ? and NZ? terms in (2-3), the M@4 and NZ terms now 
being negligible. We find after reduction 

(Ey — E4)4 

as -(—3 ne ae ( a) MRF” |  Be-IG"e ( z) enue dt 
vin —@ 

hoy mt nc —1ING’2 ( d a 3p -4+ MF’ CS | NG e { Ge dain. 
. Se (\d¢ 

ut 

(8e-MF"G _ _ 1 ad ° EMERG 3 d e-}MF’S 
MPF" \de M[F”? dé 

Therefore 
1 MF’ + ae (—)r4 

6 
(E4— Ey)? = ( 

2a 

<{MP" i ° EF Ve Ps $29," — py oe) de 

+ a” [ (paddies at) ath 
MF’NG’ A (Ql MF’ 

== (() = 1) 8 68 ae | Se) ne ee ee 
( U 1) VOR 3 1 (a Tae \|6NG” (3 ( U 1) WR" NG ) 

ae 
NG” - 

a - Pw G 4 ee 2. 

6M F”2 (3 (20 =F 1) MF’ =e ae . se 6) 

This expression is of order v— 1 in M or N, ie. 3 (2v — 1) — 3, 

while (H.4 — £4)?” is of order 4 (2v) which is relatively greater, as 
stated above, by 1/M or -/N. 

When the systems of type A are in a bath of B’s, that is when 
N is very large compared to M, (2-6) reduces to 

(yh) — ws — 1) ee OE) 
2-6 

as ehmcepondins Gorilla i yneemearedearte TT! ey le 

(Hy) (0 Nee ool, (MER)*. (269) 

We recall that 

MF"=8 = MF’ — (s =) Eg. ......(2°63) 

These formulae give the dominant terms of the formulae given by 
26—2 
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Gibbs*, which alone are relevant when M is large. The general 
formulae (2-5) and (2-6) refer on the other hand to the case when 
the systems of type A are not in a temperature bath. 

Finally, we may observe that the formula 

C(E4— E4) (Ex— Ex)” 

= 1 d\? MP -Eou =| ae | = 

Qt jal 2 NG e ont du ...(2°7) 

can be derived and evaluated in an exactly similar way. 

§3. General fluctuations of a,. A similar, but slightly more 
complicated, investigation will provide us with the values of 
(a, — a,)", where a, is the number of systems of type A in the 
assembly which are in the rth possible state or cell. By the general 
formulae of our first paper 

! N! as = 
x = ayy 42 ——— 1 2 — n 

Bo ae agtae bu he > panmmnpmeety ce: Gr Or) 
Sunes (3-1) 

where the summation &,, is to be taken over all zero or positive 
values of the a’s and b’s consistent with 

Dd — Vi. be — IN dem eee — ol: ,.5.--(O7 ll) 

There are only a finite number of terms in (3-1). Therefore C (a, — a,)” 
is (wn!) times the coefficient of «” in the expression obtained by 
replacing (a, — a,)" in (3-1) by e*(%-%), This is conveniently ex- 
pressed by the notation 

C(a,—a,)"=% 

eet ! ats 
Baa ae = Ay M2 2 b b x (a,—a,) C(a,—4,) Cottam nea fe Pr Srpepag a2 +28 E 

But the series X,,, 1s now of the usual type with p, replaced by 
p,e*. Therefore in the usual integral f (z) is replaced by 

Sf (2) + pe (e* — 1). 

On changing to the variable w and the notation of § 2, we find 

aes 1 fepel 
C (a, — a,)" = Coef, =— e— But MP+NG—art {] + p,ecru-F (ex — 1) M dy, 

aTrd 4 ty 

The terms containing z in (3-2) can be written 

exp[— a,” + M log {1 + p,ev"-F (e* — 1)}]; ...... (3-21) 

* Elementary Principles in Statistical Mechanics, p. 78. 
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in (3:21) « can be fixed as small as we please, and u = log S + 2, 
where ¢ is small on the only effective part of the contour. It is 
clear that the presence of the «-terms does not affect the choice of 
the u-contour when z is sufficiently small. Moreover 

a = Mp, erl0eS —F (logs), 

Thus (3-21) becomes after reduction 

exp {ilaa, (e, — F’) + $a? (a, — @2/M) + O (MCz) 
+ O (Mz?) + O (Mz). 

When v = 0 we can at once put z = 0 in (3-2) and obtain C. Using 
this fact and approximating as in § 2 we find that 

= Coef,, ( e 36? (ME" + NG”) +igaar («r — F’) +32? (ar —ar*/M) MF’ + NG"\3 t= ey 
x (1+ O(ME) + O(MEx) + O (Mla?) + O (Ma); de 

. Eee Fr 2 aN ile’ Fist sont r r 

=a ep {2 a, M MF"+ cal 

x [1 + O(M~4) + O (2) + O (Mx) + O (Mz3)]. ...(3-3) 

—-a 

/ 

We require the highest order term in (3-3) and it is obvious that 
when n is even, n = 2v, all the O-terms are negligible. Thus 

qfes le ; Ga (c.f) 
20 Se sy cea| | a pas aah (a, — a,)*” = Coef,, exp {ha a, Meer’ oN al 

Qn! c a? aay 
7 ~ 2Pay! MA Mea G 

SFOs, ‘ EONS M («, — E4/M)*\]° 
= (Qv=1).....3-1.[a— FF (14 ae )| 

a,2 (Sda,/d3)2]" 

M SdE/d3 ee 
(CDE) eens alien (Gere a) CR (3-42) 

When vn is odd, the approximation must be carried one stage 
further to obtain (a, — a,)*’>!. The actual formula we omit; it can 
be easily obtained if desired. By an obvious extension we can also 
calculate all such expressions as 

=Qv=1).....3.1.]%— 

(a, — a,)° (a, — @)” and (a, — a,)” (b, — 6)” 
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2 evaluating the coefficients of x’y” in the integrals 

: =H due-Eut+MF+NG —arx -asy 

ae a x fet + 9, esr F (e% as 1) =e pee a (ev — IES 

1 - due-EU+ MF+NG —ara —bey 
Qi 

x [1+ p,er-F (er — IPL + guem-4 (o” — 1)", 
respectively. We shall content ourselves with giving the results 
required in calculating the second order fluctuations in the external 
reactions of the assembly, such as its partial pressures on the 
walls. We find without difficulty that 

(a, =) a=) = — | 9p + per | MME" LNG’ 
_ am _ (9da, a9) (9 da, /d9) 

mM 3 dE/dS eo 
= We ere Gia!) GR = CA) 

(a, ats a,) (b, wi b,) ae Ss a,b, Mr" ae NG’ 

__ (Sda; /d) (8 db, /d3) . = 3 aEaS a (3-51) 

§ 4. Fluctuations in the external reactions. The generalized re- 
action of the systems of type A on an external body is given by the 
equation* vil de, 

si (- > at) ars isn (4-1) 

where y is the corresponding coordinate defining the position of the 
external body. The average reaction is 

ae Oe, Oe, . Y= =, (— ay) Sus (- al 96/ f(9) ...(4411) 

M 19 mine | 1s i Logs (SS) a ee Te 3 (4-12) 

The second order fluctuation of Y is 

he Oe, Gende. put 
SEE VAT ae 9 SA ey Pe 25 (Ve = 32 Ge (a, - ae) — 22r, 8 By a (a, — a,) (a, — G).- 

Applying the formulae (3:41) and (3-5) we find that 

ae Cen Seen den ta) oye ese mayeae ee (Vo) — > & dy — {3, Ge) a, 

1 G€,\ . OG, 

— 3 OES {2 (hea 
* Second paper, § 7. 
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This expression can be simplified, for on differentiating (4-11) we 
find 

Geman ul CepNeaen 2 2 
DU ie) a, — a9 13, al | = (7 ( wk ois. 

Therefore by (4-2) and (4-11) 

oe. a ) fire 1/9 — SERS.” (43) 

Gibbs* gives a formula for (Y - ‘Yy equivalent to (4:3) without 
the last term, which is properly negligible under bath conditions 
(N large compared to M). 

With the help of (3-51) it is easy to shew that (4-3) is formally 
unaltered if Y refers to the total reaction due to all groups of systems 
instead of to the partial reaction of a single group. 

In formula (4:3) all the terms except 0 Y/dy or &, a, (— 07e,/0y?) 
have an obvious interpretation. This term lies deeper and is com- 
pared by Gibbs to an elasticity. In illustration we shall apply these 
results to the limiting case in which the reaction is a pressure. It is 
sufficient to consider the reaction with a part of the wall only, 
which may be taken to be plane and represented by a moveable 
piston in a cylinder of cross-section A which completes the enclosure. 
We cannot progress without some definite assumption as to the 
field of force near the wall. We shall suppose its potential is D/d*, 
where d is the distance of the molecule from the wall and D and s 
are constants. If D is small and s> 4 or so, this will adequately 
represent an intense local field of force. If y is the length of the 
cylinder and «,, 7, 2; rectangular cartesian coordinates, x, along 
the cylinder, then 

1 pimulens 
r= a (Pr + Po + Pade + [DIY — ty) n> (4-4) 

2am)* A oe 
h3 ( (log 1/S)2 

When the field is sufficiently local, or D nearly zero, we have 
effectively 

rl,° exp | log 1/S Ga dx,. ...(4°41) 

(2am)? A oh 

BB (log 1/3)? 

in agreement with our first paper § 12. Further, by differentiating 
(4:41) with respect to y we find effectively (D nearly zero) 

Lidia Us isaac sos hanwrtaee asie, (4-5) 
foy y 

* Loc. cit. p. 81. 
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This gives us at once by (4-12) 

SS KORY (4:51) 
or the usual result 

Wi PV Meee | ks (4-52) 
It appears that we must arrive at (4:52) whatever the law of 

force. But when we come to calculate 0 Y/dy we find that it depends 
essentially on the form of the law. Thus 

at 
aves, GHEE M EES 1) 

ay = =e (— ay) = =a (y— ai exp {log 1/9 Gy” 
(s+1)M ie f ce 4) e-alogi/s dg. 

g pie \D ? 

Now D/Is is the potential of the wall at the other end of the cylinder, 
and in any case must be indistinguishable from zero. Thus 

a) 1G a) eee) 
oy * yD Is (log 1/$)41 Fao ueaos 

This depends essentially on D and s, and moreover must tend to 

infinity if D0 or so. The largeness of 0Y/dy and therewith 

the fluctuation (Y — J’)? is, however, to be expected in this case, 
for in the limit the momentary reaction of the boundary with a 
single molecule of finite energy must itself become infinite, although 
Y retains its ordinary value. This by itself is sufficient to permit of 

an infinity in (Y — Y)2. In spite of this, however, if we calculate 

roughly the order of (Y — Y )2/(Y)? for reasonable values of D and 
s we find that it is still negligibly small. 

Other second order fluctuations involving reactions, such as 

D 

(Y= ¥)(Z— Z) ands(¥ eae), 

both mentioned by Gibbs, may be calculated in a similar manner. 
We find 

(Y_Y)Z_-D = = _ ae r) | og ve (9 0Y/09) (3; 0Z/0S) 
(a Oz} S0E/OS ; 

cee (4-7) 
= SG 9 0B 4/0 

(Y2Y)\(B.hyy=: ae (1- Sais) ue (4:71) 

§ 5. Fluctuations of concentration in a dissociating assembly. It 
has been shewn in § 9 of the third paper of this series that in a 
gaseous assembly formed of dissociating and associating atoms and 
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molecules the average number of molecules of type | is given by 
the formulae 

x N, Nj 

C= 5) geal Cl Wes Ben ght ya 
sgt (5-1) 

CN, = = i Lon (NI «Lge IE Braye Dy. nee (5-11) 
Die Op, 

The X’s are total numbers of each sort of atom, the N’s the numbers 
of each sort of molecule, the M’s the numbers of atoms remaining 
uncombined, and the g’s the partition functions for their trans- 
lational motion. The f’s are functions of the partition functions 
which we need not specify further here. Reference should be made 
to the paper quoted for fuller details. 

It is expedient to make a change of notation similar to that of 
§ 2. We write 

eG ale; 
G, = 7,7 ete = log Dian oC eee Oo: any ek 

ae il 2 3 0 . 
Then CN =5-. [ du e~EUt XG t+ Xie oo | ...(5°12) 

ZT7t |! y 0B, 

It is found that N,, etc. are determined by equations equivalent to 
N, = 9,, ete. provided that wu = log $ and that 3 is determined by 
an equation equivalent to 

GG 2 XG NSB eee NB eae (Oo Lal) 

By an obvious extension of the arguments of § 9 of the third paper 
and of § 2 here 

~ 

Son 1 r 7" 1 ” Y i ' ” y / C i ~ Cues | dae ae sa) ev, ...(5°13) 
270 - y \OD, 

— ’ ee zx _ C n 
C (N. = N. ) — 1 : du e~BUtAiGit+...+Xs@s+NiBy x et —NiB, 

1 +) 1B Qari} y OB, 

a. (5-14) 

We can treat (5-14) just as we treated (2-21); for this purpose we 
write the integrand in the form 

Paes. te X Cet Nob a MGB, | 

0 re 1 a T 
x Ea exp [o — WV Bs = N,B;]. 
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Put wu = log S + 72, and assume that log S$ is the argument of every 
function that occurs. The integrand becomes 

exp[— Flog} + X,G,+...4+ X,G,+6 

= $C {XG +... + XG,” + NB" +... + N;B;} = 0(XB)] 
4) n 

‘ (sn) — E {oy (8By)* + ... + 20425B, 3B, + ...} 

The coefficient of 7¢ in the first exponential vanishes by (5-121). 
The coefficients of 6B,, etc. in the second all vanish in virtue of 

the equations N, = o,, etc. Further 

B, = 1B,’ + O (C7B,"), ete. 

By arguments exactly similar to those of § 2, we find that the 

leading term in (N, — N, ri is determined by the equation 

>yT S 0E/cS 5 farts 2/W awry .Rw 
(N, = Ny" = (: ne Eee =) (2 )) —n | dle ~3S tXaGs +.--+N7B;""t 

i ( 0 i 9 y2) 1 ’ , 7 

»< — = e738? ton By? +... + 202By B, Pees .--(D°2) 

(bk OB, 

This integral will of course be found to vanish if » is odd, and 
further approximations are required, which we shall omit. 

The integral in (5:2) can be cast into the same form as the 
integral in (2-31). For we can write the coefficient of the second 

3¢7 in (5-2) in the form o,, (B,’ + 4)? + A, where A and pu do not 
depend on B,’. Thus the integral takes the form 

1 me oN ; : 
peeseiN $07 {X Gy +... + NG Bj" +A} ( —304; (By +4)? 

Cray ee at) ° i - ap eee! co 

It follows at once by the same reasoning as in § 2 that 

BAS NEB ee i 

(N,—N,)??=(2v=1).....3.1. | Bees 
S 0L/cS 

2 ae )? v 

== 1)-0.8-1. fou — BS se | 
ote ‘N21 0 

= (29 — Dee eerie lou — (0, By’ af se + 04;B; ‘| l 

The relation between (nes N, 1)?” and Ke N, 2 is therefore the 
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same as in all the similar previous cases. The various terms in 

(N, — N,)? can be to some extent interpreted. We find that 

Giged OND ONG sy ONS 
oa Be OBS wt Seee on = Paap: 

(noe a Op, 
ic ~ Bes’ etc. ; 

so that 

ee ise ashy aN. op, 0 0p; 0 | s-)? OE 
as 22 psi Heel eal aged ee pear (W, — W= 8, 5 {|s eat oe sp, | m,| a= 

ON, ON,\2 /. OE 
= Bi aR re (s oa) [Sas ee Fo) ee Sa ceisje stein (5:32) 

The method by which such mean values as (N, — N,)’(N,.— N,)” 
are to be calculated is sufficiently obvious from the foregoing, but 
the complete results would be complicated. It is clear that we get 
in the simplest case 

ae — 9 ON, ONIN MONGN [OEY 13 
(Ny M,) (Na — N.) = Ba 5a! ~ (¥ 395) (2 ee) 

§ 6. Other fluctuations in dissociating assemblies. In conclusion 
we will indicate shortly how the analysis of §§ 2-4 must be modified 
in order to extend it to deal with dissociating assemblies. If we 
consider one particular example of the assembly with M,, ... free 
atoms and N,, ... molecules of each sort, the number of weighted 
complexions representing it is found to be 

1 

ea due ~Bt+ MiG +..+ MeGe+ Ny (H+ Ry — Xx) +--+ Nj (Hj +B; X50), (61) 
a! eas 

The H-terms and the A-terms arise from the partition functions 
for the translational and internal motions of the molecules re- 
spectively and the y’s from their heats of dissociation. If we wish 
to calculate the contribution of this example of the assembly to 

such an expression as, say, C (Zp, — Ep)" we have to replace the 
a, (a\" a 

factor e414 in (6-1) by e# 2% (z) eNiki-Er,", We have then to sum 

(6-1) or its analogue for all examples of the assembly. We thus get 
in the integrand, instead of the factor, which we have called 
e7 (B1,... Bj), an expression which may be written 

a\* — 
ef R, u € ) e7-ERU, 

U ; 



404 Messrs Darwin and Fowler, Fluctuations in an assembly, ete. 

provided that the differentiations are only applied to a single term, 
the R,-term in the function B, the first argument of o, and to e# "4. 
With these restricted differentiations we find 

C (En ae yr — we i du eXsGi +++ XsGs+(Ep, -E)u (s) @ -E Ru, 

The argument then proceeds on just the same lines as before, and 
we arrive finally at results which can be cast into exactly the same 
form as equations (2-41) and (2-5) of the non- dissociating « case. 

We can obtain similar extensions of the results for (a, — @,)", 
where a, refers (say) to the number of molecules of type 1 whose 
rotations are in the rth quantum state. We find 

C (a, — a,)" = Coe, 5— le due~ButiGit...+XsGs-art+e, |. (63) 

where now 

o— 6 (Bj 4 DB, 5 Dn Dy loge pe = (e2 woie 

From (6:31) we can proceed with obvious modifications of former 
arguments to equations of the same form as (3-4), (3-41) and (3-42). 
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On some a-Ray tracks. By C. T. R. Witson, F.R.S. 

(Plates IIT, IV.) 

| Read 27 November 1922. | 

I have recently been applying the cloud method mainly to the 
study of X-rays and f-rays. A number of stereoscopic pictures of 
a-ray tracks were however taken to test the working of the appa- 
ratus. Some of these are of interest in themselves and as illustrating 
points regarding the applications of the method and the interpre- 
tation of such photographs. 

The pictures here reproduced (on four times the scale of the 
original objects) were all obtained by spreading a small quantity of 
Thorium oxide along a narrow strip across the middle of the floor 
of the cloud-chamber* (which was about 18 cms. in diameter and 
3 cms. in height) and covering the oxide with black paper. Thorium 
emanation is continually diffusing through the paper into the air 
of the cloud-chamber. From time to time an emanation atom ejects 
an a@-particle and within a small fraction of a second an a-particle 
is in turn ejected by the resulting Thorium-A atom. A potential 
difference was maintained between the roof and floor of the cloud- 
chamber, the roof being negative so that free positive ions travelled 
upwards, negative downwards. The clouds condensed on the ions 
as a result of sudden expansion of the air were photographed 
through the side of the cloud-chamber. 

In the left half of Fig. 1, Plate III are visible two inclined diffuse 
cloud tracks, b and 6’. An a-particle had passed through the air 
before the expansion occurred and had left a trail of free positive and 
negative ions; these have been separated by the electric field before 
being rendered immobile by condensed water. The a-particle had 
traversed the whole height of the cloud chamber along a path aa 
(whether from roof to floor or floor to roof it is impossible to say); 
the vertical displacement of the ions (positive upwards, negative 
downwards) has exceeded half the height of the cloud-chamber. 
The potential difference maintained between the roof and floor 
amounted in this case to 100 volts; from the amount of the vertical 
separation of the tracks, it follows that the a-particle traversed the 
air about ;', of a second before the expansion. 

The other events of which the picture gives a record occurred 
after the expansion. Near the extreme right of the picture a thorium 
emanation atom at d has ejected an a-particle along de down- 
wards and away from the camera, and the ions liberated, including 

* Roy. Soc. Proc. A, 87, p. 277, 1912. 
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the Th A atom, have been at once fixed by condensation of water 
so that a sharply defined cloud track is formed. (The track goes 
out of focus as it recedes from the camera and ultimately passes out 
of the illuminated region.) The Th A atom in the head of this cloud 
track has within a small fraction of a second ejected an a-particle 
in a nearly horizontal direction along df. Over the greater part of 
the length of its path condensation has at once occurred giving a 
sharply defined and straight cloud track. But in the immediate 
neighbourhood of the lower end of the diffuse cloud 6, already con- 
densed on the positive ions of the older track described above, the 
new a-particle finds the air robbed of a considerable portion of its 
water vapour; in consequence no condensation here takes place on 
the ions liberated by it until they have been carried by the electric 
field into a region where the necessary supersaturation still exists. 
In the present case the negative ions moving down under the action 
of the field have fairly soon reached a region where the water vapour 
is still sufficiently supersaturated to condense upon them; the 
V-shaped diversion in the otherwise straight track is thus easily 
explained. The positive ions have been carried further into the old 
cloud by the action of the field and have thus left no track, except 
for a short distance above the two upper ends of the V. 

Again, ions formed along the initial portion of the a-ray from 
Th A (as well as by the recoil atom) were liberated within or very 
near the cloud which had already condensed along the track of 
the original emanation a-particle and of the recoiling Th A atom. 
Condensation on these ions, positive or negative, could thus only 
take place when they had been carried sufficiently far up or down 
to enter regions in which the critical supersaturation was still 
exceeded. The initial portion of the cloud track actually left by the 
a-particle from the Th A atom is therefore pincer-shaped, and the 
head of the original @-ray track from the emanation atom lies 
midway between the jaws of the pincers. 

The sharply defined portions of the a-ray track from the Th A 
atom in Fig. 1 show here and there little projections—the tracks 
of slow-speed f-rays. Photographs showing such rays originating 
from a-ray tracks in hydrogen were obtained by Bumstead*; they 
were called by him fast 6-rays. 

A good example of the perfectly straight beaded track of a 
very fast B-particle is visible towards the right of the picture. 

On the other hand the large deviations from straightness which 
characterise the last few centimetres of the path of a f-particle, 
when its velocity has been largely reduced by encounters, are well 
shown in the threadlike track visible in Fig. 2, Plate IV. 

Fig. 2, Plate IV shows the initial portions of two a-ray tracks, 
g and g’, each of which starts from an enlarged head—the track of 

* Physical Review, vu, p. 715, 1916. 
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the recoil atom. The potential difference between the roof and floor 
was again 100 volts. The short f-ray tracks (Bumstead’s 6-ray 
tracks) radiating from the path of the a-particle are well shown. 
A number of pictures showing similar features have been obtained. 
The maximum range of the 6-ray tracks in air at 3 of normal 
density is between -4 and -5 mm. This range greatly exceeds that 
of the f-rays excited in air by the A-radiation of aluminium and 
amounts to about one-fifth of that of the longest B-rays excited 
by copper K-radiations. (The copper and aluminium ranges were 
obtained also by the cloud method in the course of experiments 
which will be described elsewhere.) If we assume the range to 
vary as the cube of the velocity of the f-particle, we find for the 
6-rays of maximum range a velocity of about 3-5 x 10° cms. per 
second—about twice that of the a-particle. We should expect a 
B-particle which had been expelled from among the relatively 
slowly moving electrons of the outer level of an atom, with a 
velocity comparable with twice that of the a-particle, to have a 
large forward component in its velocity. There is however no 
indication of a preponderating forward component in the pictures; 
the f-particles generally appear to be emitted nearly at right 
angles to the a-ray tracks. Accordingly it seems probable that 
some at least come from the K levels of the atoms. 

In none of the photographs do any 6-rays appear on the last 
two centimetres of the a-ray tracks. This is well illustrated by the 
stereoscopic picture reproduced in Fig. 3, Plate IV. The potential 
difference between the roof and floor of the cloud chamber was 
20 volts. Here are seen side by side the initial portion of one a-ray 
track, h, and the final portion of another, 7. The initial portion of a 
third track, /, is also shown crossing the lower part of the picture 
from left to right. 

If we suppose that the range of the 6-rays is proportional to the 
cube of their velocity like that of the e-ray and that the velocity 
of the 6-particle is proportional to the velocity of the a-particle 
which ejects it, then the maximum range of the 6-particle (which 
is about ‘5 mm. at 5 cms. from the end of the a-ray) will only be 
about 0-1 mm. at 1 cm. from the end. Now a sharply defined a-ray 
track has generally a radius of about this magnitude, so that near 
the end’ of the a-ray track the 5-ray would not project beyond the 
general cloud track. 

It is unlikely however that the distribution of the d-rays is to 
be wholly explained in this way. It may be connected with the 
fact that the velocity of the «-particle near the middle of its 
course passes through values which on Bohr’s theory are com- 
parable with the velocities of the electrons in the A orbits of 
Oxygen and Nitrogen. 

If electrons are expelled from the K level of some of the atoms 
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traversed by the a-particles, we should expect the corresponding 
characteristic X-radiations to result from the falling in of outer 
electrons into the vacancies thus created. In Fig. 2 there are in 
fact visible, at radial distances of 0-5 to 1:5mm. from the early 
portion of the a-ray track, minute globular cloudlets—the tracks 
probably of very short-range f-rays ejected from atoms of the gas 
by K-radiations which originate in the a-ray track. 

Kapitza has found* that the loss of energy of an a-particle per 
ion liberated is greater in the first part of its path than in the last 
few centimetres. He suggests that this excess may be due to a 
certain proportion of the electrons liberated coming from the K 
level of the atoms. The present experiments tend to confirm that 
view; they indicate that some of the missing energy may escape as 
X-rays which are absorbed outside the track. 

A much more detailed study of the range and distribution of 
the 6-rays along a large number of @-ray tracks is obviously required. 

The separated positive and negative a-ray cloud tracks of Fig. | 
and similar pictures are sufficiently nearly resolvable into their 
separate drops to suggest that it may be possible to apply the cloud 
method to the direct determination of the ionisation along the path 
of an a-ray or even of a recoil atom. Some of the pictures which 
have been obtained show in a striking way the much greater density 
of the ionisation in the recoil tracks. 

Another application suggested by some of the photographs is 
the measurement of the mobilities of the ions and in particular the 
separation of ions of different mobilities. This is a problem of con- 
siderable interest in view of recent work by J. J. Nolant and others. 
Some multiple diffuse cloud tracks, e.g. the quadruple track which 
appears in the background of Fig. 3, are most naturally interpreted 
as indicating the existence of ions of different mobilities. It is 
possible, however, that under certain conditions some of the ions 
escape immediate capture at the moment of expansion and so lose 
their chance of finding the necessary supersaturation of water 
vapour till they have been carried by the electric field beyond the 
influence of the first formed drops. 

There is one ion of which it is of especial interest to observe the 
displacement—i.e. the Th A or similar atom left behind by the 
expulsion of an a-particle from an emanation atom. The point at 
which it takes its origin by the expulsion of an a-ray from the 
emanation atom as well as the point where its life comes to an end 
by the expulsion of a second a-particle are both marked in a cloud 
track picture. If the first of these events occurs before the ions are 
fixed by condensation of water, the second after, we can compare 
the displacement of the Th A atom with that of the other ions, 

* Roy. Soc. Proc. A, 102, p. 48, 1922. 
{+ Proc. Roy. Irish Acad. 36, A, p. 81, 1922. 



Phil, Soc. Proc. V ol. xxi Pt: tv. Plate LI. 

~ 
> 

e 

‘inal objects 
~ 

© 
+H 
© 

_ 
= 

re) 
= 

o 

~ 
= 

o 
— 

— 





hil sSocwlkroc. Vol. xxa. Pt) iv. Plate IV. 

Fig. 2. 4-fold enlargement of original objects 

Fig. 3, 4-fold enlargement of original objects 





Mr Wilson, On some a-ray tracks 409 

and thus obtain their relative mobilities. In the only two pictures 
that have thus far admitted of this comparison being made, the 
Th A atom appeared to have been displaced at least twice as far 
as the ordinary ions. This double mobility might be interpreted as 
indicating a double charge, but this is unlikely in view of previous 
work. A more probable explanation would be that the charged 
Th A atom less readily attaches to itself water molecules than do 
charged molecules of Nitrogen and Oxygen (Nolan, l.c.). 

The work has been carried out at the Solar Physics Observatory, 
and I have to thank the Director, Professor Newall, for providing 
me with all facilities for carrying on the research. I am indebted to 
Mr Manning for the enlargements of the photographs which are 
here reproduced. 

VOL. XXI, PART IV. 27 
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The stellate appendages of telescopic and entoptic diffraction. By 
Sir JosepH Larmor, Lucasian Professor. 

[ Received 1 December 1922. ] 

The sections which follow set out the proof of statements made 
in abstract in a paper communicated to the Mathematical Congress 
at Strasbourg in September 1920. See Report, p. 589. 

Let the coordinates of a point on the aperture-plane, which is 
a wavefront of incident light, be (x, y), and those of a point in the 
parallel image-plane be (a, b), the rays converging as in a telescope 
to a point-image at the origin of coordinates. Let these planes be 
at a large distance e apart. Then an element of polarised disturbance, 
of area of front 68 at (2, y), contributes to the light-vector at (a, b), 
on the Fresnel theory sufficiently valid for small obliquities, an 
amount varying as 

5S cos n (ct — R), where R? = e? + (x — a)? + (y — 6), 

in which a,b are usually small compared with z, y, and all are 
small compared with c. 

a, COR) REI Thus R=e- rae 
2e e 2e : 

so that the light-vector at (a, b) in the image-plane for the case of 
a uniform incident beam is 

[as cosn (e+ 4-2), 

in which A is a constant of phase, and n is 27/A. 
Well-known theorems of correspondence here arise. The dis- 

tributions on the aperture-plane and image-plane correspond in all 
cases in such manner as maintains az + by invariant. Thus if the 
form of aperture is altered so that x, y become 

x’ = pt, y' = gy, 
then the pattern in the image-plane is altered so that a, b become 

a = pa, 6 — Geo: 

Taking the axis of x through the point (a, 6) on the focal plane, 
thereby making b zero, the integral becomes 

[dz F (x) cos n (e+ A— ee), 

where F (x) is the transverse breadth of the aperture at distance x 
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from the projection of the image-point on its plane. The diagram 
shows it as the length of an infinitesimal slice, for the case of a 
triangular aperture. 

If the aperture is of any form bounded by straight lines, the 
graph of F(x) the length of the differential element will be a suc- 
cession of straight lines, with abrupt changes of inclination as it 
passes each corner of the boundary. This suggests the process of 
integration by parts, leading to 

a eae (x) sin + ulin F’ (x) cos 
na na 

-- [ax $5 F" (0) cos Pe ARS eye (c = Z r) . 

This result may be interpreted in alternative ways. If the corners 
are regarded as sharp angles, the final 
integral vanishes over each straight 
segment: and of the terms at the limits 
the first vanishes except in a crucial 
special case, while the second provides 
a contribution from each corner of the 
aperture. If, however, the corners are 
regarded as rounded, on account of 
the continuity thereby introduced the 4 
terms at the limits provide nothing, 
while the integral term gives a contribution spread over each 
rounding off, on account of the great local magnitude of F” (2). 
The two modes will agree only when the rounding off is completed 
in a small fraction of a wave-length. But in either case the 
diffraction pattern may be regarded as due to a distribution of 
coherent point-sources at the corners, though the relative magni- 
tudes assumed for them will have to alter with the direction of 
the diffraction. 

The exceptional case is when the direction of diffraction is exactly 
perpendicular to one edge of the aperture, say of length /; then the 
first term above at the limits gives, for focal length e, a contribution 

ek a 
fae sinn (t+ A—“2) 

na e 

with choice of sign according as it is a forward or rearward edge. 
This is to be compared with the contribution from a corner which 

2 2 
Py . . amd 

Its ratio to the latter is Bi 

angle subtended by the edge / of the aperture at the focus. Now 
the mean radius a’ of the diffraction pattern around the focus is 

is of order —«a, where a is the 
e 

na? ~ 

readily seen to be of order —,, where @’ is the angle subtended at i : 

27—2 
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the focus by the mean diameter of the aperture: thus the ratio 

is 27 < 2 , in which the first factor is the ratio of the distance 
a 

of the point P on the ray to the radius of the central ring and 
the second is the ratio of the length of the straight edge to the 
radius of the aperture. The edge thus strongly preponderates over 
each corner, while the various corners counteract each other owing 
to differences of phase. It is only in a very definite direction that 
this preponderance of the edge-effect over the area-effect exists; 

é @ 
lat 

tirely disappears, while exactly along that direction the diffraction 
would be sensible to a much greater distance than near it. This 
would mean that in the diffraction pattern a prolonged sharp ray 
emerges from the focus perpendicular to each straight edge of the 
aperture. An edge not quite straight will show the effect if its 

at an angle with the direction normal to the edge it en- 

/ . 6 
curvature is of smaller order than ory» where @ is the angle the 

central diffraction pattern subtends at the aperture. 
These rays form a familiar feature in optical images: in Sir John 

Herschel’s drawings (Hncyc. Metropolitana) of telescopic diffraction 
with an equilateral triangular aperture, they constitute the hex- 
agonal star diverging from the central rmgs. The present general 
mode of argument may be compared with the detailed special inte- 
eration for this triangular case, as carried out by Airy in his Tract 
on the undulatory theory of light. The present reasoning would 
predict irregular stars for any triangular or polygonal aperture: in 
fact 1t would demand a ray at right angles to each straight part of 
an aperture elsewhere curved. 

The diffraction patterns for two apertures whose forms are 
related after the manner of geometrical projection should corre- 
spond linearly according to the relation above stated: it is easily 
verified that 1f for one of the related apertures a ray is perpendicular 
to an edge it will be so for the other, as ought to be the case. For 
example, the diffraction pattern for a scalene triangular aperture 
would have the rays shooting out at right angles in both directions 
from the centres of its sides. The best focus would be their meeting 
point. 

The very copious illustrations of telescopic diffraction given long 
ago by Schwerd in his treatise Beugungserscheinungen are, it may be 
observed, in many cases, including the scalene triangle, examples 
of this simple principle of the ray-effect of straight edges. 

It has been stated (by de Haas and Lorentz) that Helmholtz 
ascribed the rays that appear, in normal focused vision of a distant 
small bright point, to the irregular boundary of the iris diaphragm 

—— 
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of the eye. As above, straight segments would be required to pro- 
duce long sharp rays. 

In short-sighted vision (with one eye) such that the focal plane 
is in front of the retina, extremely definite ray patterns, it may be 
radiating from one or two small concentric central rings, are found 
to develop with years, and could be due, in so far as they are not 
shadows of the internal structure of the lens, to patches of irregular 
refraction forming in the lens, a hexagonal star with ringed centre 
corresponding to a triangular patch, the same in fact as described 
by Herschel for his telescope. It would be of interest for the sake 
of comparison to examine the telescopic appearances out of focus. 

The effect of locally increased refractive power over a limited 
region of the lens would be to alter the effective length of path of 
the ray say by /so that the vibration changes from 

cos n (ct — x) to cos n (ct — x — l) 

the increase of the vibration-vector being thus their difference 
2 sin Inl sin n (ct — « — 41). This added distribution of vibration 1s 
imposed on the regular refraction which would produce normal 
focusing. Thus if / were a constant say kA over an area of the lens, 
it would be the same as superposing a vibration of relative ampli- 
tude 2 sin km integrated over that area but with phase increased 
by 4k of a period. If & were % it would nearly be equivalent to 
blocking out that area of the lens: and by Babinet’s principle, the 
bands of diffraction are the same for a blocking screen as for an 
aperture. 

If there are two parallel edges on the aperture there will be inter- 
ferences along the ray of diffraction that shoots out normal to them, 
producing alternations of bright and dark places with homogeneous 
light merging into the colours of Newton’s rings with ordinary light. 
This appearance is shown, for example, with a square aperture, 
along the rays of its four-rayed star: and the beaded pattern of the 
hexagonal rays figured and described by Herschel for a tesselated 
triangular aperture made up of alternate smaller equilateral tri- 
angles would be elucidated on similar lines. 

[Compare the (merely descriptive) section on astigmatism in 
Helmholtz, ‘Physiologische Optik’: also the treatise of Donders 
‘On accommodation and refraction of the eye.’ | 
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Can gravitation really be absorbed into the frame of space and time? 
By Sir Josepu Larmor, Lucasian Professor. 

[Read 22 January 1923. ] 

The more obvious local effects of gravitation can be masked by 
motion of the system concerned, with appropriate changing velocity. 
If the room containing the observer and his apparatus were travel- 
ling in free space, without extraneous contacts or constraint, the 
attraction towards the Earth would be annulled relative to the 
observer and all the masses in it would lose completely their 
weights. Cf. Newton’s Principia, Leges Motus, Lex i, cor. 6. As 
then the effects of gravitation can be to this degree annulled by 
mere motion of the observer and his system, may we adopt as a 
provisional guide the postulate that it can thus be wholly obliter- 
ated? This is the primary postulate of recent schemes of general 
relativity. It would mean that gravitation should be wholly 
absorbed into a scheme of moving space and time, which, as we 
have seen, can always be done in each locality so far as regards 
the main overt effect: and it would, of course, require that the 
local partial schemes of space and time shall cohere into a con- 
tinuous spatial whole. So far, this mode of representation seems 
possible. But as regards effects not so overt: is it true that a field 
of gravitation, say downward, also affects light from an outside 
source, say from above, merely as if it were replaced by that 
accelerated motion of the observer upward which would produce 
for him the same sensations of weight and mechanical force? That 
hypothesis is the ‘ principle of equivalence’ of gravitation and mere 
acceleration, made fundamental as an exploring clue by Einstein; 
it implies that bodies and the rays by which alone we trace them 
are essentially projectiles flying across space, and that there is 
nothing else there. This is a hard saying in face of the developed 
science of optics and electrics. It will merit attention as an alter- 
native to that domain of knowledge, only in so far as it can itself 
produce a coherent scheme fortified by verified predictions. Such 
a theory has been advanced, and has become famous: but is it 
coherent? It has been suggested in regard to it, now for a con- 
siderable time, that the only adequate test of its coherence is that 
it must come into line with the principle of minimal Action, which 
is installed as the one relentless all-embracing criterion of coherence 
between the different domains of physical science: their supplanter 
can hardly demand a more lenient test. Answer has nevertheless 
had to be made that in this ultimate domain the finality of any 
such principle cannot be recognised. It remains open then to 
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construct a theory mathematically cognate on the basis of the 
principle of Action, and examine how it compares. Such a theory 
was put together Jast autumn, formally completed on October 17: 
the more essential parts have now been published in the Philoso- 
phical Magazine for January 1923. It appears as the main tangible 
result that a field of gravitation should not affect hght in the way 
sketched above, as if space were empty, but to only half the extent 
that such a view would necessitate, that is to half the extent which 
the solar eclipse expeditions from Greenwich and Cambridge in 
1919 are usually held to have confirmed. The development from 
minimal Action introduces however (as is readily verified) the same 
planetary perturbations, most prominently an advance of the peri- 
helion of Mercury, as the other. Thus as regards physical astronomy 
no practical difference arises: the two spatial schemes are alike 
successful in accounting for the small planetary outstanding dis- 
crepancy. One of them, built up tentatively by tensorial adapta- 
tions, claims to have predicted the astronomical deflection of hght 
as confirmed afterwards by observation. The other is not amenable 
to any adaptation, except the fundamental one to Kepler’s Laws 
of Planetary Motion; but it gives only half this deflection for the 
rays of light*. It came at first as a surprise that they do not agree. 
Can there be any discrepancy in either—e.g. any contradiction 
lurking in the successive adaptations of a purely spatial formula- 
tion? 

A recent critique by an eminent analyst, M. Jean Le Roux, 
Professor at Rennes, seems to shed decisive light on this question. 
He recalls that in the quasi-spatial theory the gravitational orbit of a 
body is postulated to be given by 5fds = 0; and he remarks simply 
that this ds, as worked out in special examples, cannot be an ele 
ment of path in any fourfold space; for in addition to dz, dy, dz, dt, 
the local differentials of the path, and its coordinates «, y, 2, t, its 
expression involves a fourfold series of variables 2,, y,, Zp, t», One 
set for each of the other influencing bodies in the field. If these 
were unvaried parameters, the path would be a geodesic curve in 
a fourfold expanse defined in terms of z, y, z, t: but they are the 
variables of other paths concurrent with z, y, z, t, and therefore ds 
has no claim to express a self-contained element of path or interval 
in any fourfold at all. The orbits are, in fact, inter-related. 

‘On a bien ainsi une forme quadratique de quatre différentielles, 
mais, en vertu de la variation solidaire de toutes les coordonnées, 
cette forme n’est plus un élément linéaire & quatre dimensions; les 
mouvements ne sont plus définis par les géodésiques d’univers, les 
considérations relatives 4 la courboure de J’univers n’ont plus de 
sens, et enfin, fait plus grave, l’explication quasi géométrique de 

* Absence of any deflection would perhaps exclude all tampering with the 
uniform spatial frame. 
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la gravitation disparait’ (Comptes rendus, Dec. 4, p. 1136). In 
fact, if the eurves determined by 6fds, = 0 are not geodesics, they 
are (in default of being proved to be expressible in terms of geo- 
desics) changed essentially by mere change of the frame of reference 
for the same spatial domain; therefore they cannot be orbits of 
bodies in the physical world that underlies all such. accidental 
frames. 

It is emphasised by M. Le Roux that in working out the scheme 
the coordinate with the character of time, t,, 1s to be taken the same, 
in fact the necessary universal working time of the analysis, for 
all the bodies: then the other coordinates z,, y,, 2%, represent 
simultaneous positions. This means only that approximations are 
best carried out by aid of sections of the fourfold determined by 
¢ constant: for then ordinary notions of distance and time can assist, 
and potentials approximately Newtonian. For development is 
feasible only for an auxiliary fourfold nearly flat, a condition to 
which actual astronomy conforms; and these coordinates enter into 
the approximate adaptation of Newtonian theory through the 
simultaneous mutual distances 7,, measured as if it were exactly 
flat. If the velocities of the bodies were considerable in relation to 
c, it might rather be thought to be mutual distances at an earlier 
time ¢ — r/c*. But if the fourfold were not nearly flat, it is almost 
no use contemplating any such formula for the Action of the masses 
at all, so complex would the entanglement between the orbits be 
when among other complications 7,, has to be measured on a 
curved geodesic in an undetermined expanse, instead of with 
sufficient approximation on one virtually straight. Actual orbits, 
however curved they be in ordinary space, are nearly straight lines 
in the fourfold space-time expanse. 

Reversal of the procedure perhaps places in clearer light its scope 
and limitations. The single equation of Action which consolidates 
into one formula the Newtonian mutual dynamical influences of 
the n bodies can be written down. It is necessarily invariant for 
the Newtonian group of frames of reference defined by dz? + dy? + dz? 
invariant, ¢ universal. Therefore it cannot be invariant for the 
group conserving invariance of optical radiation which is defined by 
dx? + dy? + dz* — dt? invariant. It can, however, provided cer- 
tain very small terms are added to this Newtonian Action, be 
changed to the form 

A=—XZfmyecdsy, ds? = edt? — dx® — dy? — dz 

which now is invariant in the latter group of frames, but not in 
the former. Gravitation is not yet in it, so orbits are all straight 

* The striking general result that electric, and presumably also gravitational, 
potentials between bodies prove to be practically instantaneous and not retarded, 
and that this is the reason why there is no Laplacian aberration concerned in 
them, will be discussed elsewhere. 
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unless the masses are electric ions: after Einstein gravitation is to 
be introduced by making the fourfold expanse variable instead of 
uniform. If this latter is assumed to be the true and exact form of 
nature, being in accord with the fundamental electrodynamic group, 
and it is interpreted back with its new terms that contravene 
Newtonian invariance, into the special Newtonian uniform frame 
that is used in practical physical astronomy, the slight new terms 
involve the Einstein modifications in the planetary motions. 

Having thus submitted to the restrictions confining the problem 
to the feasible approximate form effective for actual physical 
astronomy, the expression — fm,cds, involves local position through 
Ly, Yy, % and their differentials in addition to dt, but involves also 
variables such as zy, yy, 27, entering through 7,,; this makes up for 
an orbital problem of n bodies, 3n concurrent variables in all, in 
addition to the single independent variable f. To minimise one 
such integral involves 3n differential equations of condition. To 
minimise all the integrals of type — fm cds, separately thus would 
involve 3n7 equations between 3n independent variables. It cannot 
be effected at all within a fourfold extension, just as M. Le Roux 
insists. 

But cosmic extension in fourfold, and no higher, type is a 
postulate. In it only one Action function can be minimised, and 
that is the conjoint Action of all the interacting bodies. In the 
previous paper the invariance of an additive linear form of Action 
was guaranteed by its being derived from a fourfold integral of 
Action inherent in the medium and so made everywhere locally 
invariant over the whole expanse: the crucial importance of this 
guarantee was noted, and also the purely formal nature of its 
demonstration. It would be of no avail to propose to restrict the 
minimising of each component — fm, cds, to variation with respect 
to its own coordinates x, Yg, Zq: such a partial operation would 
carry no significance, for the essential criterion, invariance of the 
orbits as regards mere change of frame, would be entirely absent. 

It is true that the fourfold cosmos exists merely statically, as a 
spread-out history of the universe: but an orbit is to be determined 
by some process of variation, and one orbit cannot be varied in the 
relatively adjusted expanse without affecting the whole cosmos and 
thus changing the other orbits which in turn react upon it. Nothing 
less than complete concomitant variation of all the orbits in their 
adjusted physical expanse can be self-consistent. 

It is the presence of a pervading medium alone, whether as the 
arena of dynamical Action or the spatial seat of formal tensors, 
a medium for which the particles are essential singularities in its 
structure, that retains the problem always as one of a 4-fold exten- 
sion, instead of for n bodies one in a 3n-fold variational exten- 
sion as counting of the orbital variables would indicate. And it is 
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the slowness of the motions of the celestial bodies compared with 
the velocity of adjustment by waves across the medium, that 
permits an analysis attributing to each body a statical field of 
force and so renders practical discussion of inter-related orbits 
feasible. 

This destructive criticism of a purely spatial scheme seems to 
be fundamental and complete. Can then an amended scheme be 
formed? The alternative determination of orbits by minimal 
conjoint Action has already been set out formally as regards its 
general plan inthe previous paper: it seemed to satisfy automatically 
the criterion of invariance, provided however we are assured that 
the form of the material part of the Action 

A = — fm,cds, — Jmgcds, — ... 

is immune from the present dilemma. For if ds, is not, as urged 
above, an element of a path in any fourfold at all, what right can 
we have to fix on this as the one suitable invariant form for the 
Action? The paradox at first sight still remains. The element ds 
for each body cannot help being an element in the fourfold map of 
the history of the world, which stands as the postulated final and 
absolute representation that has shed off all relative features. It 
ought thus to be determined locally, implying an expression in 
terms of its own varying coordinates alone: yet the expression 
obtained for it, which is to be subjected to the process of variation, 
involves the varying coordinates of the orbits of all the other 
masses in the field. If we take the fourth coordinate to be common 
to all the masses, to be the universal time-coordinate necessary to 
any mathematical analysis, one would say that ds depends on the 
simultaneous positions of all the other masses. Can the conclusion 
be evaded that these two conditions for specifying ds here also 
involve a contradiction? So far as this inference may be inevitable, 
all such formulations in terms of a changing space would lapse. 

May the paradox be connected with the very inconvenient 
property of the pseudo-space, that length and time range without 
limit within the same compacted differential element of fourfold 
extension determined by finite range of ds? The property of 
locality, inherent in ordinary space, is thus absent. If so, the pseudo- 
spatial analogy may be a bridge leading not merely to mystical 
but to false notions, unless it is restricted to purely algebraic uses*. 
The aim would then be transferred to saving as much of the alge- 
braic analysis as may be feasible. The analogy of the analytic 
process, with an extended fourfold quasi-Euclidean in its differential 
elements, could remain: but the purely geometrical idea of a geo- 
desic or locally shortest path would go. Some universal scheme of 

* This is in agreement with a recent critique by A. A. Robb: as regards the 
rest of this paragraph compare A. N. Whitehead’s recent book on Relativity. 
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coordinates is essential: one of the four would be sharply marked 
off as a universal time: the Action as distributed in three-fold 

heterogeneous space, integrated in one-fold heterogeneous time, 
would be expressed by a fourfold integral: there would be local 
invariance as regards radiation which demands (Phil. Mag. Jan. 
1923, p. 249) the group of frames of the Lorentz transformation. 
It is legitimate to separate off the finite part of the Action that is 
close around, and associated with, each particle, by integration 
into a material term fkdt, which transferred to a local Lorentz 
frame in which the particle is moving changes into [keds which 
the criterion of locally minimal Action identifies with — fmeds as 

ae 1s 
previously. The material part of the Action is now — Lfme = dt, 

integration being along each orbital path in threefold space. But 
now ds/dt is an analytical expression and ds has nothing to do with 
a possibly misleading fourfold pseudo-space for which the idea of 
distance breaks down: it is now an expression arising analytically 
out of the transformation of a fourfold integral in space and time 
into a single integral in time. The analysis might thus become one 
of Action, purely dynamical, utilising a fourfold expanse only to 
visualise domains of integration with regard to space and time. 

It is not necessary, however, to pursue the possibilities of such 
a mode of reconstruction. The dynamical] procedure by Action seems 
to provide a direct escape from the paradox which besets the quasi- 
geometrical theory. To recognise this, it is necessary to scrutinise 
more closely what the nature of the analytical process of mini- 
mising would be, in cases where it might be feasible to carry it 
through. In the problem of » bodies one would begin by assuming 
a Newtonian approximation to the orbits and adapting it into the 
fourfold frame. This assumed specification of the orbits determines 
ds throughout the fourfold and also the Action-density in that 
expanse, e.g. by utilising the methods of approximate calculation 
developed by Hinstein (and Hilbert) on the basis of a foundation 
expanse nearly flat. Integration over the whole expanse gives the 
total Action. If the assumed configuration of the orbits is slightly 
changed, a different value of the total Action is obtained. The 
problem is to adapt this configuration so that shght variation of it 
does not sensibly alter the Action. For each configuration of the 
orbits the Action, adjusted throughout the field, consolidates into 
an expression involving a single integration along the orbits, the 
integrands ds, involving the loca] coordinates of position in the 
space which the orbits determine: for the integral is restricted as 
usual by invariance in the fourfold to the form — Xf m,cds,. It is 
true ds, involves the concurrent coordinates of all the orbits, as 
well as its own coordinates as a point of the expanse. But there is 
here no question of going outside a fourfold expanse so long as the 
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configurations of the orbits are not changed; and when the con- 
figurations are varied the expanse which they determine is in 
consequence altered, and the new orbits lie in the new expanse. 

To resume: Each configuration of the orbits determines a four- 
fold expanse in which they exist: and the total Action is determined 
as a line integration in this expanse along them: then the configura- 
tion is to be varied so as to minimize this Action: but it is not 
implied at all that the ds? for the varied configuration continues 
to belong to the same spatial expanse. 

If things stand as here claimed it is not involved that the 
beautiful mathematical theory of general relativity so-called 
becomes derelict. But an inference does lie that the metaphysic 
which would absorb gravitation, and even electric fields, into a 
physical space and time belonging to the masses, and which postu- 
lates that space is otherwise mere emptiness and nullity, has been 
founded on a faulty analysis inconsistent with itself. It is when 
the theory tries to come into contact with the ordinary material 
world, with fields of activity produced by atoms, that misfit seems 
to arise as regards its metaphysical postulations. But the elegant 
mathematical analysis of fields would still provide an effective 
method of exploring the inner connections of a field of gravitation 
with the other primary physical agencies: and if, as is here claimed, 
closer scrutiny compels a reversion to the view that space is a 
plenum, is an aether in the historical and ultimate British sense 
held ever since Maxwell and even long ago by MacCullagh, not a 
crude material substance but a coherent scheme of local physical 
relations, then further mathematical and observational develop- 
ment may have gained rather than lost in interest. 
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Flying-fishes and soaring flight. By E. H. Hanxrn, Sc.D. 

[ Received 20 November 1922. 

If the span of the more efficient soaring animals is plotted 
against the loading, a remarkably regular curve is obtained with 
one striking irregularity. As shown in Fig. | there is an increase of 
loading with increase of span in the case of inland birds. The 
loading of flying-fishes, on the other hand, is very much greater 
than would be expected in birds of similar sizet. 
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Fig. 1. Relation of span and loading of soaring animals. 

Generally their flights are less than 50 metres in length. Occa- 
sionally they make longer flights extending from 200 to 400 metres. 
Rarely they have been seen, both by me and by other observers, 
to glide at a uniform height above the water till they were out of 
sight. 

1 The loading of the small flying-fish shown in the figure was obtained from two 
freshly-caught specimens of Hxocoetus oxycephalus measured by Major R. B. Seymour 
Sewell of the Zoological Survey of India, to whom I am much obliged. Their weights 
were 44:84 and 57-60 grammes respectively. Their span was about 21 to 22 centi- 
metres. Their loading worked out at 1-73 and 1-98 lb. per square foot if the hind 
wings (pelvic fins) were not taken into account. Including these hind wings the 
loadings were 1-57 and 1-67. 
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Though flapping may occur at starting, ample proof exists that 
the continued flight of these fishes is not due to movements of 
their smgularly feeble wing muscles!. Consequently the flying-fish 
is by far the most efficient of existing soaring animals? in respect 
of power of carrying weight in a horizontal direction. 

Though longer flights and flights at high speed only occur in 
the presence of wind, flights at low speed may occur in the apparent 
absence of wind but then only in the presence of sunshine. During 
a recent voyage (February 1922) flights estimated at between 50 
and 100 metres in length were seen by me when the sea had a 
glassy surface. At the time, at a distance of a few miles, isolated 
cat's paws were visible. Once when the surface was smooth and 
glassy, it was noticed that the funnel smoke was not being left 
exactly astern. Hence, on this occasion, a wind (estimated from 
other data at 2 metres per second) was present at the level of the 
top of the funnel. In calm, in the absence of sunshine, flying-fishes 
attempting a flight have been seen by me to fall back into the 
water immediately the propelling action of the tail came to an end. 
In calm, if the sun is obscured by cirrus cloud, so that sunshine is 
lessened but not abolished, gliding flying-fishes, at intervals of 
about two seconds, lower the tail momentarily into the water and 
by wagging it to and fro gain an increase of speed that is easily 
observed. On one occasion it was noticed that flying-fishes, gliding 
in the apparent absence of wind, began to show lateral instability 
in the afternoon. In this respect their flight resembles their flight 
in the presence of wind and also the soaring flight of inland birds 
and dragon-flies in all of which lateral stability occurs more often 
in the afternoon than at other times of the day. 

It seems probable that where the sea is smooth with a glassy 
surface, air movements immediately over it are gentler and less 
complicated than they are under all other conditions in which 
soaring flight has been observed. Hence the study of movements 
in the air over a glassy sea surface in the presence and in the 
absence of sunshine may perhaps reveal the nature of the condition 
on which soaring flight depends. 

In view of the efficiency of the flight of the flying-fish, the 
1 See correspondence in Nature, April to August 1921, pp. 233, 267, 376 and 714, 

and also my paper, “Observations on the flight of flying-fishes” (Proc. Zool. Soc. 
London, December 1920). 

2 It has been asserted that when flying up and down as it glides at a uniform 
height above the water, the flying-fish is merely lifted and dropped by the movement 
of the air in which it is supported. No doubt a piece of thistledown floating near 
the surface of a rough sea would behave in this way. But it is equally certain that 
a rifle bullet would not show any appreciable deviation from its course from this 
cause. From its speed and heavy loading, it may be concluded with certainty that 
the flying-fish resembles the bullet in this respect far more than ié does the thistle- 
down. Its following the water surface, therefore, can only be due to some active 
adjustment for steering up and down. It is probable that this adjustment consists 
in changes of position of the pelvic fins. 



Mr Hankin, Fying-fishes and soaring flight 423 

structure of its wings is of interest. They consist of a thin membrane 
supported on fin-rays. Sections taken near the base of the wing 
are shown in Fig. 2. In the case of a soaring bird the bones of the 
wing stand out on the under surface forming a ridge transverse to 
the line of flight. Such transverse ridges are present on the wings 
of all the more efficient soaring animals. It is of interest to notice 
that they are more numerous in the case of the flying-fish than 
with other soaring animals. 

Occasionally a flying-fish makes a flight, not in a straight line, 
but in a curve of several hundred metres radius. Such flight on a 
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Fig. 2. Sections at right angles to long axis of wing of flying-fish showing 
fin-rays projecting as ridges on underside of wing. The numbers indicate 
distance in centimetres from base of wing which was 18 cms. long. 

curved course probably is due to an accidental lack of identity in 
the dispositions of the two wings. The regularity of the curve 
furnishes a presumption that during its course balancing or steering 
movements did not occur. An inherently stable model aeroplane 
described by Bairstowe! has an arrangement of supporting and 
rudder surfaces not very unlike those of the flying-fish. For these 
two reasons it is probable that the flying-fish has a higher degree 
of inherent stability than have other soaring animals: 

The facts mentioned in this paper indicate that the flying-fish 
is likely to be a useful guide in attempts to achieve artificial soaring 
flight. 

+ “The stability of Aeroplanes” (Aeronautical Journal, vol. xvi, p. 68, April 
1914), 
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On the air brake used by vultures in high speed flight. By E. H. 
Hankin, Sc.D. 

[ Received 14 November 1922.] 

If a vulture is gliding at slow speed and wishes to come to earth, 
it gradually rotates its wings so that, just before perching, their 
surface lies almost at right angles to the direction of flight. This 
method would be quite unsuitable for use in high speed flight. Such 
flight may result in an air speed of 40 or more metres per second. 
At such high velocity any attempt to rotate the wings would, with 
little doubt, lead to disaster. Another method is used when flying 
at high velocity which checks speed gradually and without exposing 
the wing to undue strain. It was observed by me many years ago 
and described in detail in my book Animal Flight (chapter VII, 
pela): 

The ligaments attached to the secondary quill feathers are so 
arranged that camber is at a maximum when the wing is fully 
extended. If the wing is flexed slightly at the carpal joint, camber 
decreases or vanishes and such flexure with absence of camber is 
used in high speed horizontal flight. If the flexing occurs not at 
the carpal joint, but at the metacarpal joint, then camber persists. 
This metacarpal flexing occurs when the bird is checking speed in 
fast flight. It is accompanied by a reduction of the angle of 
incidence apparently to zero. As much as a minute or more may 
be needed before this disposition of the wings brings the speed down 
to such a point that descent is possible by one or other of the 
methods that have been described by me in my book. Why or how 
this wing disposition should check speed was not known to me at 
the time of my observations. An investigation carried out by 
Gustav Lilienthal appears to throw a light on the question. 

He made models of the wings of soaring birds and also planes 
having sections similar to those of birds’ wings. These were exposed 
to currents of air either at the end of a whirling arm or in a wind. 
Numbers of small flags were attached to the models. These were 
made of thin cardboard mounted on needles. The attachment was 
somewhat stiff so that the flags would only turn when the air 
currents reached a certain strength and the flags would retain the 
position thus impressed on them when the wing was brought to 
rest. By numerous experiments carried out in this way, Lilienthal 
discovered that an eddy current is formed under the wing. Part of 
this eddy is shown in Fig. 1 which is copied from Lilienthal. The 
whole eddy had a spiral or ram’s horn shape and the air streaming 
from the eddy is shot out at the wing-tip in a direction parallel to 
the long axis of the wing. At the other end of the spiral eddy, near 
the body of the bird, a backward current is formed. 
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That such an eddy may exist in flight is suggested by an 
observation of my own. A feather that was floating in the air was 
seen to pass just under the wing of a cheel. Instantly it was shot 
out sideways with almost explosive suddenness to a distance of 
three or four metres from the bird. 

Lilienthal concludes that this eddy, which is caused by the 
bird’s passage through the air, is the source of the energy of soaring 
flight. For reasons that it is unnecessary to specify his opinion is 
not likely to gain many converts. 

Another and an entirely different conclusion may be drawn 
_ from these experiments. On looking at Lilienthal’s figures, it is 
clear that his wing sections had a degree of camber that may be 
found in the dead bird but that never occurs in flight except when 
the bird is checking speed in high speed flight as above described. 
Lilienthal’s figures show that his heavily cambered wing sections 

os | —— 

Fig. 1, Diagram of Lilienthal’s eddy. 

were given a zero angle of incidence. This also is the case when the 
vulture is checking speed. When in flight with wings cambered, 
but probably to a lesser degree than in Lilienthal’s models, as 
happens in circling flight with gain of height, there is a large 
positive angle of incidence. 

It is obvious that much energy must be absorbed in forming 
this complicated eddy. It is only likely to be formed under the 
conditions described above. In the absence of camber it would be 
less or non-existent. Hence it may reasonably be suggested that 
its formation is the reason why the above described wing disposition 
is used as an air brake in high speed flight. 
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Soaring flight of gulls following a steamer. By EK. H. Hanxtn, 
e.D. 

| Received 3 December 1922.] 

If a solid object projects from a flat surface over which a wind 
is blowing, then the air current rises on the upwind side and 
descends on the downwind or leeward side of the object. There is a 
descending current of this nature near the stern of a steamer. Ifa 
wind is present of such strength and direction that the smoke from 
the funnel is being left behind over the stern or over the quarter, 
then, generally but not always, gulls are able to soar in a limited 
space near the stern—the so-called “soarable area!.”’ Outside this 
space gulls near sea-level can, as a rule, only remain in flight with 
the aid of flapping. Sometimes, especially if the wind is directly 
ahead, a small ascending current exists immediately astern and 
the descending current is situated from 10 to 50 yards farther to 
leeward. Contrary to what one might expect the soarable area is 
not situated in this ascending current. 

The frequenting of the soarable area by gulls is not due to their 
finding it a convenient position for waiting for food to be thrown 
out astern, for, on one occasion, in the Great Bitter Lake on the 
Suez Canal, when the steamer went astern at slow speed, it was 
noticed that the soarable area at once shifted to a position on the 
leeward side of the ship between the bow and the bridge, though 
the majority of the birds were using the windward ascending 
current. 

Generally when the steamer is at rest, gulls may be seen gliding 
in the ascending current on the windward side of the ship. Rarely 
when the steamer is under way, some gulls also glide in the ascend- 
ing current to windward while others are soaring in the soarable 
area to leeward of the stern. There are important differences in the 
mode of flight under these two conditions. 

In the windward ascending current gain of height is gradual 
and with the long axis of the body horizontal so far as can be seen. 
In the soarable area gain of height is rapid. Steep upward glides 
occur in which the long axis of the body is not horizontal but 
inclined upwards in the direction in which the bird is going. The 
direction of the glide may make an angle of 50 or more degrees 
with the horizon. Ha dozen gulls remain behind to settle on refuse 
thrown overboard, then, as they leave it, they come after the ship 
always in flapping flight at a height of 3 or 4 feet above the water. 

1 As described in my paper “On the flight of sea gulls,” Aeronautical Journal, 
vol. x1x, July-September 1915, p. 84, and Animal Flight, chapter x1v. 



Mr Hankin, Soaring flight of gulls following a steamer 427 

They reach the soarable area at this height, usually one by one; 
then sharply turning they glide up, commonly to the level of the 
top of the stern flagstaff. Such observations prove that the con- 
ditions that permit steep upward gliding are constantly present: 
they are not due to an occasional gust or eddy. They also prove 
that the upward glide is not due to momentum gained by a down- 
ward swoop. When crossing from Dover to Calais on one occasion, 
when the steamer had a high speed and the wind was light, the 
soarable area was restricted to a space between the level of the 
deck and the level of the top of the stern flagstaff. 

Secondly, gliding flight in an ascending current, in my experi- 
ence, is very stable and in this respect differs greatly from what 
generally happens in the soarable area, where the gulls show 
various forms of instability described by me elsewhere!. Instability 
is not a constant characteristic of flight in the soarable area. 
Gustav Lilienthal has informed me that on one occasion in the 
North Sea he observed a gull gliding astern which, during a period 
of 45 minutes, did not change its position relatively to the steamer 
by more than a metre or two. 

Another difference between flight in the soarable area and in 
the windward ascending current lies in the appearance of a faint 
colour on the wings of gulls in the former position. It has been 
observed by me that the underside of the wing of a soaring bird 
often shows a power of reflecting colour which power is usually 
absent when the bird is gliding with loss of height or in an ascending 
current of air. Both on my last voyage and on a previous voyage, 
it was noticed that gulls in the ascending current to windward 
showed little or no colour of this nature as a rule, while gulls gliding 
in the soarable area showed a faint tint of green or blue or yellow 
according to whether they were gliding over green or blue water or 
over the deck of the ship. On one occasion gulls in flapping flight 
showed no colour while gulls in the ascending current to windward 
showed yellow on the nearer wing (due to reflection from the deck) 
and blue on the further wing (due to reflection from the sea). The 
colours were faint but readily recognised by an artist friend when 
they were pointed out to him. 

In my paper on the flight of sea gulls?, reasons were given for 
suspecting that the soarable area was situated in a descending 
current. Definite evidence that this is the case is contained in the 
following letter from Mr F. Clark: 

1 Loc. cit. A very interesting form of instability was noticed on the above 
quoted Channel steamer. The wings and body of the bird were, during most of the 
voyage, trembling so rapidly that the whole outline of the gull appeared blurred. 
Other gulls a few feet away outside the soarable area appeared sharp-cut. On 
another occasion momentary trembling of the wings occurred and it was noticed 
that it often preceded a steep upward glide. 

* Loc, cit. 
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“While bound from Bombay to London on the P. & O. s.s. 
Delta, 1 performed the following experiment to test the assertion 
that their soaring is due to their taking advantage of an ascending 
current at the stern of the steamer. At about 5.0 p.m. on February 
19th, 1922, the ship was about 70 miles north of the Daedalus reef 
in the Red Sea and proceeding towards Suez at a speed of about 
14 knots. There was a moderate breeze (force 3) blowing from right 
ahead and a moderate short sea from the same direction. A large 
number of gulls were present. A reel of cotton was unwound and 
the thread allowed to stream astern. Its end was carried upwards 
at an angle of about 60 degrees with the horizon to a height of 
about 15 feet above the rail of the ship. On unreeling more cotton, 
the end gradually assumed a more horizontal position until it 
reached a point about 30 feet from the stern, when it began to be 
carried downwards. The thread now took the form of a parabola 
rising upwards from the stern and about 30 feet away descending 
at about the same angle. Thus it was proved that an ascending 
current existed just aft of the stern and that farther to leeward 
there was a descending current. Contrary to what one might 
expect, it was only in this descending current that the gulls ndulged 
in soaring flight. On one occasion the thread at the point where it 
was in the descending current became entangled with a gull and 
about 10 feet of it was carried away by the bird. The gulls seemed 
carefully to avoid the ascending current. Sometimes a gull did get 
within its range. When this happened there was much flapping 
until the bird regained the descending current farther to leeward. 
The zone of the descending current did not seem to extend very 
far. It was noticed that when a gull went down to water level after 
food, on again starting, it had to flap till it reached the region of 
the descending current, when it at once resumed its effortless 
soaring flight. My observations were continued for about half an 
hour, during the whole of which time the behaviour of the gulls 
was as above described!?.” 

This experiment was performed in my presence and it was 
noticed by me that the free end of the thread while it was passing 
through the ascending current showed movements that proved the 
presence of a high degree of turbulence. It would have been im- 
possible for the birds to change the disposition of their wings 
sufficiently rapidly for them to be able to adapt them to the 
changing air currents. This is the probable reason for their avoid- 
ance of this area. 

A similar instance was observed by me on another occasion 
when some grass thrown overboard at the stern proved the presence 
of an ascending current there which was avoided by the birds. 
Farther to leeward, about 50 yards away from the ship, there was 

1 Flight, March 9th, 1922. 
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a descending current, as shown by movements of pieces of grass 
and here, and here only, the gulls were in continued gliding flight. 

More often the presence of the descending current in the soar- 
able area is shown by movements of smoke. Masses of smoke in a 
highly-diluted form separate from the main smoke trail and descend 
to sea-level some distance away from the ship. Gulls may fre- 
quently be seen gliding steeply upwards without loss of speed 
while enveloped in this diluted smoke. Should a mass of thicker 
smoke come into the soarable area, the gulls may glide to one side 
to avoid it. If, when doing this, they glide out of the probable 
region of the descending current, they are at once reduced to 
flapping flight. 

A further proof that the soarable area is a region of descending 
air is furnished by the fact that on entering it, and on no other 
occasion in my experience, gulls may show instability round the 
transverse axis. Inland birds of different species have been ob- 
served by me to show this form of instability under two conditions 
only: first, on leaving an ascending current for comparatively still 
air, and secondly, on leaving still air for a descending current. 
They do not show it on enterimg an ascending current, as I have 
definitely observed. No evidence is known to me that they show it 
on leaving a descending current. 

Soaring flight of gulls has also been observed by me in the 
probable position of descending gusts of wind to leeward of 
Gibraltar? and, on my last voyage, to leeward of Aden. On the 
latter occasion it was noticed that the wings of these gulls showed 
a bluish tint. Three minutes later gulls were observed gliding in an 
ascending current. The undersides of their wings appeared white. 

My observations make it probable that, in some cases at least, 
the soarable area is confined to the central part of the stern 
descending current. 

Thus the evidence goes to show that near sea-level, as a rule, 
gulls can only soar in a descending current of air. That a gull 
should soar in an apparently descending current is, perhaps, not 
more surprising than that a vulture should glide with gain of height 
in an apparently horizontal wind. What is perhaps more surprising 
is that gulls generally? are unable to soar near sea-level while they 
are frequently able to do so at a height of two or three hundred 
metres above sea-level as | have observed not only abroad but 
also off the south coast of Kngland and occasionally in London 
near Westminster Bridge. 

1 “On the flight of sea gulls,” loc. cit. p. 98. 
2 For an exception to the rule see Animal Flight, p. 260. 
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L Series of Tungsten and Platinum. By J. 8. Rogers. (Com- 
municated by Sir E. RurHERFORD.) 

[Read 5 February 1923.] 

Introduction. Recently many new lines have been discovered 
by Dauvillier* in the L spectra of the elements of atomic numbers 
lying between those of tungsten and uranium. Experiments have 
been carried out to verify these and, if possible, to discover new 
lines for the elements tungsten and platinum. The results have to 
a very large extent substantiated the work of Dauvillier and there 
is evidence that several new faint lines of these elements have been 
measured. 

Apparatus. The spectrometer was the same as that previously 
described by the writer}. The protection against scattered radia- 
tion was, however, modified, as it was found that the protecting 
channel of lead was sufficient. Again, as the X-rays under in- 
vestigation were much softer, it was found necessary to remove 
the intensifying screen on the crystal side of the photographic film. 
A Coolidge “medium focus” tube was used for the tungsten rays, 
and the Gundelach tube, described in the above-cited paper, for 
the platinum rays. The width of the tube slit was usually 0-1 mm. 

Experiment. The Coolidge tube was worked at a potential of 
40,000 volts with the current through the tube about 6 milliamperes. 
The Gundelach tube could not be kept permanently at any one 
potential, but exposures were taken with potentials varying be- 
tween 30,000 and 60,000 volts, the tube currents being respectively 
10 and 6 milliamperes. It was possible to keep the tube running 
continuously between these limits for about 3 hours before a 
softening of the tube was necessary. The exposures, for each tube, 
were as long as 18 hours when the whole of the spectrum from the 
a, line to the short wave length limit was covered. 

Measurement of lines. As the spectrometer was not designed 
as an absolute one, the wave lengths of the lines were evaluated by 
reference to standard lines. These standard lines were the four 
intense lines (a, B;, Bs, y,) of the L spectrum of tungsten and the 
values assumed were the mean of those obtained by Duane and 
Patterson { and by Siegbahn§. The corresponding lines of platinum 
were obtained by photographing on the same film the lines of the 
tungsten and platinum spectra. The remaining lines of each spec- 
trum were then evaluated by reference to their own intense lines. 

* Comp. rend. 173 (1921), p. 647. 
{+ Proc. Roy. Soc. of Victoria, 34 [N.S.] (1922), p. 196. 
t Phy. Rev. 16 (1920), p. 526. § Phil. Mag. 38, Nov. (1919). 
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The lines were projected by means of a lantern on to a vertical 
board carried by the moving platform of a dividing engine. On 
this board were two vertical lines 1-5 mm. apart, and each spectral 
line was brought in turn between these lines and the reading of the 
engine noted. The angles at which the reference lines were “‘re- 
flected” at the crystal were calculated from their wave lengths, 
taking “d” for calcite as 3-02904 a.u. The value in minutes per 
mm. of the projection was then calculated by dividing the angular 
differences (a, — B,), (P, — v1) by their respective distances apart as 
measured by the dividing engine, the mean of the two values being 
taken. From this, the value of the angle of reflection of any line 
at the crystal could be obtained by noting its distance from any 
reference line. The value of the wave length was then calculated by 
Bragg’s formula (nA = 2d sin @). 

Results. The values of the wave lengths, in Angstrém units, are 
given in the Table. The agreement between these values and those 
given by Dauvillier* and Coster} is generally good, although there 
are discrepancies for some of the fainter lines. The values are the 
average ones obtained, usually, from at least three films. The 
spectral regions on the long wave length side of the a, lines have 
not been examined. The K absorption edge of bromine, due to the 
silver bromide in the photographic emulsion, was obtained and the 
wave length is -9178 a.v. (cf. Duane and Blake’st value -9179). 

Discussion. Before the lines, given in the Table as new lines, 
can be definitely allotted to their respective spectra, it is necessary 
to consider what other agencies would possibly cause their 
presence. In the first place any impurities in the anticathode 
materials would emit their own characteristic limes and secondly 
some of the lines may be due to the secondary radiations excited 
in the slits and other parts of the apparatus exposed to the primary 
beam. Several lines which occurred on the films have not been 
included in the Table because their wave lengths could be accounted 
for by this means. 

Although there appeared to be no trace of impurities in the 
anticathodes, the AK series of antimony used in the tube sht was 
found in the second and third orders. The Za, line of lead was also 
recognized in both spectra, but as this was excited by the general 
radiation issuing from the X-ray tubes, it was a very faint line. 

If, on the other hand, the new lines actually belong to the 
spectra as given in the Table, it should be possible to show the 
electron passages within the atom from which they originate. Such 
a classification is here limited as two substances only have been 
investigated, but comprehensive schemes of the energy levels 

* Loc. cit. 
+ Zeit. f. Phy. 4 (1921), p. 178. 
t Phy. Rev. 10 (1917), p. 697. 
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within the atom have been developed by Coster* and Dauvilliery. 
In order to obtain a measure of the various levels of energy within 
the atom the wave number, the reciprocal of the wave length of 
the line expressed in A.v., will be taken as a measure of its energy. 

TABLE. 

Wave Lengths in Angstrém Units of L Lines of Tungsten 
and Platinum. 

Tungsten Platinum 

Line |Intensity Teen | Line |Intensity ieee 

Gp | aeDEL 1-4843 | ay m.s. 1-3213 
ay V.S. 1-47327 Value assumed ay V.S. 1-3100 
as vf. 1-4503 | as f. 1-3038 
n Be als giles hye n iis 1-2403 

Valera pele siiooum Il Bu Vil: 1-1658 
Bu Vib. 1-3212 Bs\ ae 
8, | ms. | 1-2987 | Bie ip Cee |, elon 
Bs m.f. 1-2876 By v.S. 1-1172 
By V.S. 1-27905 | Value assumed Bo vf. 1-1060 
Bs m.s. 1-2601 | Bs \ F 
Bo’ aus 1.2487 | 8. { V.S. 1-0998 

Bo v.s. | 124192 Value assumed Bie v.f. 1-0936 
Bu! Veteo lel-2sboen| v.f. 1-0803 
Be f. 1-2300 | Ba’ ii 1-0772 
By £ 41-2206 | Be i; 1-0752 
Bs Wal: 1-2126 | Bs fe 1-0697 
Bs fe 1-2021 | Ban v.f. 1-0660 
Ys f: 1-1292 Be v.f. 1-0599 

v.f. 1-:1138 | li fers fi 1-0520 
v1 V.S. 1-09553 Value assumed Vets 1-0375 
Vi0 v.f. 10862 | Vs m.f. ‘9855 
V6 f 1-0780 V1 V.S. 9552 

: v.f. 1-0715 Y10 v.f. 9446 
Y2 S. 1-0650 V6 1% 9383 

3 g. 1-0590 al : 
i f. 10433 | a Es es) 
Ya m.S. 10256 ¥3 8. 9252 

Y9 fi: -9156 

Ya m.s. 8942 

v.s., very strong; s., strong; m.s., moderately strong; m.f., moderately faint; 
f., faint; v.f., very faint. 

In the tungsten spectrum the line 1-4503 has been called a, and 
the line 1-2487, 8,’. According to Dauvillier the former line is due 
to the passage M,L,. The energy of the line is -6895, while the 
differences of energy between L, and M, is -6788. The wave number 

* Phil. Mag. 43 (1922), p. 1070; 44 (1922), p. 546. 
t+ Journ. de Phy. 3 (1922), p. 221. 
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of B,’ is -8008, while the energy difference between N, and JL, is 
8052. The line 1-3735 (wave number -7281) appears to be due to 
the passage N,L, (energy difference -7258) and the line 1-1138 
(8978) to the passage ML, (-9001). 

In the platinum spectrum the line 1-0660 has been called By. 
The line 1-0803 appears to be due to a passage from an O orbit to 
the L, orbit, and finally the line 1-0375 (-9639) may be due to the 
passage M,L, (-9506). The agreement is, on the whole satisfactory, 
since the values of the M, N, O energy levels have been obtained 
by subtracting the energy value of an JZ line from that of the 
particular L level to which the electron, giving rise to the line, 
passes. 

Further evidence as to the correct naming of some of the new 
lines is obtained by drawing the Moseley graphs. The line 1-4503 of 
tungsten falls close to the graph of the a, lines obtained by Dau- 
villier, and the same occurs for the line 1-2487 of tungsten with 
regard to the graph of the f,’ lines. The line 1-0660 of platinum 
also falls very close to the graph of the fj lines. 

This research was carried out while the writer was a Fred 
Knight Research Scholar, University of Melbourne. The writer 
wishes to express his sincere thanks to Prof. T. H. Laby for his 
interest and assistance during the progress of the work. 
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Dimensions, with special reference to the Matrix Representation of 
Curves and Surfaces. By C. G. F. James, Trinity College, Cam- 
bridge. 

[Read 5 February 1923.] 

The questions, with which this paper is concerned, arose in 
connection with the representation of constructs, other than those 
given by a single equation, by means of matrices. The discussion 
is restricted to spaces of three and four dimensions (S, and Spe 
respectively), but the methods are clearly capable of extension. In 
S, we consider what curves can be represented by matrices of / 
rows and 1+1 columns, whose elements are quite general. We 
then proceed, in the case / = 2, to consider the introduction of one 
or more redundant curves, our object being to obtain formulae for 
the characteristics of such curves. We include this in the more 
general problem of the genus of the curve of section of two surfaces 
residual to a system of multiple curves with mutual intersections. 
We also obtain the number of points of intersection of three surfaces 
residual to such a group. 

In S, we consider briefly the characteristics of the surface 
given by a matrix of 2 rows and three columns, and of the curve 
given by a matrix of two rows and four columns, in each case, 
when the elements are general, and shew how to obtain the 
characteristics. We then consider the characteristics of the curve 
when the elements are satisfied identically by a redundant curve 
or surface. We obtain, in fact, a formula for the genus of a curve, 
intersection of three three-dimensional forms, residual to a group of 
curves and surfaces in arbitrary position. We can readily extend 
these to the case when the curves have intersections with them- 
selves, or with the surfaces, but the case of surfaces with mutual 
intersections along curves requires analysis of a more fundamental 
nature than that employed here. 

The base formulae required are given in papers of Severi cited 
in §9, wherein the intersection of constructs residual to a single 
simple construct of lower dimension is solved in all its generality. 
He also gives a formula for the curve of intersection of con- 
structs residual to a single curve multiple on each, and one for 
the number of intersections of n forms* in S, residual to an 

* Following Severi I use this term for (n—1) dimensional constructs in S,, in 
preference to the term hypersurface. 
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h-dimensional construct, which is at most double on one or more 
of the forms. These formulae are the only ones which overlap the 
results of the present paper. 

Throughout the work we suppose the elements quite general 
of their type. We exclude throughout the case when the elements 
represent forms with a common multiple point. In S; (for example) 
this effects the genus, but not the order or number of apparent 
nodes* of a curve. It merely introduces an actual node, for whose 
effect we can easily allow. The same is true for the number of 
points of intersection of forms. We shall denote by c? a curve of 
order n and genus p, by c¥ a curve of order n and first rankt R, 
and by c” a curve of order n with h apparent nodes, according as 
to which characteristic it is convenient to employ. The upper 
suffixes will be used exclusively for these characteristics. Expres- 
sions a will denote homogeneous polynomials in ...... Dr OF 
degree n, and these in turn will generally be denoted simply by 
(n), ete. We shall write 2n+R=J1, this being a_ frequently 
occurring combination. 

§ 1. Confining ourselves to ordinary space until the contrary 
is stated, the matrix in / rows and /+1 columns, 

fv tl| = Oot temee sirivshatewt ae (l) 
plainly represents a curve, whose order and genus are calculable 
by known rules. The elements being considered general of their 
type, and taking the elements of the first column as being of order 
ie eee n,, and those of the 7-th row as n;, m+h, m+ he, ...... : 
the curve represented is known to be of order 

yn? + Sn; N+ (=n;) (hj) a Dh; hj. 

If then we wish to determine whether any given curve is 
representable by a matrix of / rows, it is clearly sufficient to 
consider the case§ when 7,, ns, ...... n, are all greater than zero, 
for otherwise we could reduce the matrix to one with fewer rows. 
Conversely if the curve has first a representation with / rows it 
has at least one for each case with more than one row. We may 
call a matrix with no elements mere constants normal. Thus 
normal matrices of | rows represent curves whose orders exceed 
$/(1+1). It will be abundantly clear, that there are curves, which 
can In no way be represented by a matrix of the type considered. 

§2. Let us consider first curves representable by a general 
matrix of two rows. These include complete intersections, and 

* Number of chords through a point (S,) or meeting a line (Sj). 
+ Or simply rank. 
+ It is not essentially restrictive to suppose h; < hj... 
§ It must not be supposed that other representations are of no value. They are 

extremely useful for representing systems of curves. 
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curves represented by normal matrices of two rows. The latter are 
thus curves which are the complete intersection of two surfaces, 
residual to a curve which is a complete intersection of two other 
surfaces. Taking the matrix as 

| (m) (m+h) (m+k) fe = 

'(n) (n+h) (n+kh) 

we can shew that the curve has for order, and number of apparent 
nodes, respectively 

M=m?+mnt+V+(k+h)(m+n)t+hh, 2.2... ccc ccc eee e eee eee (2) 

H=tmn(m—1)(n—1)+3(M — mn) (m+n+h—-1)(m4+n4+hk—-1)*. 

eS an deen (3) 

The curves in question must include those of minimum+ H of given 
order, for it is known that such le on a quadric, either as a 
complete intersection or residual to a line}. It is not difficult for 

-a given M to determine by exhaustion what curves occur, and the 
representations which are possible. The number of such representa- 
tions is necessarily finite (this holds for any value of /). Excluding 
plane curves, as far as M=7, exclusive, only curves of minimum 
## occur, Kor M=7, H=9, 10; for M=8, A =[12]) 145 "for 
M=9, H=16, [18], etc.; are found to be the only possible cases, 
the cases in brackets being complete intersections. 

CoOROLLARIES. 

(1) The cj, c&, c2, cy, cf, cg, the upper suffixes referring to H, 
cannot-occur in matrices with general elements. 

(2) The following matrices are the only ones for the elliptic 
quartic 

222 Alpine 221 

000 022 110 

so that these would be of use in the study of systems of these 
curves. 

(3) Conversely all curves which satisfy the condition at the 
beginning of this paragraph are representable by a matrix with two 
rows. We may pass on to state the general principle, of which the 
truth is self-evident. Curves represented by a normal matrix of | 
rows are complete intersections residual to a curve representable by 

* Salmon, Geometry of Three Dimensions, 5th Edn. 1914, vol. 1. §345, p. 358. 
We use H, in place of the genus p, to avoid difficulties of proper nodes. 

+ Or those curves which if they had no proper nodes would be of maximum 
genus. 

+ Noether, ‘‘Zur Grundlegung der Theorie der algebraischen Curven,” Berl. 
Abhand. 1882, p. 42. 

§ The sextics since the only matrix normal for 1=3 giving M=6 gives H=7. 

29—2 
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a normal matrix of (L—1) rows. The converse is not true for 1 >2; 
it depends on the possibility of drawing through the second curve 
a surface of sufficiently low order. This may be illustrated by the 
c; and ci, which, when they have suitable intersections from the 
complete intersection of a quadric and quintic surface, and the 
latter has a matrix representation, but not the former. 

$3. Having then seen that it is impossible in, in fact, the 
majority of cases, to represent a curve of S, by a matrix of general 
type, let us consider under what conditions it is possible to obtain 
a representation at all. It is clearly necessary to introduce re- 
dundant curves of simpler character*. It is sufficient from now 
onwards to confine ourselves to the case /=2, though a parallel 
theory could be generally developed. We consider the matrix 
equation 

(m). (M+h)arp (M+E)aro 

(n)p (n+h)pip (n+k)p+o 

where the elements denote expressions of the order stated, which 
if equated to zero would represent surfaces passing through a 
certain ¢, the number of times indicated by the suffixes. We 
must have m, n, h, k, a, 8 all positive or zero. In addition we have 
a number of essential restrictions. To express that, when we 
develop in a definite manner, the final surfaces, whose partial 
intersection gives the curve in question, do not degenerate, we have 

mete a eee) 

==(); 

2 

m+tn+k—1 a+Bt+o 

(otis i Jaret eam 
Clearly also we must express that it is possible for elements of 
these forms to exist. Thus for a line (w= 1), we must have 

<n: SP <n. Gy pregnant. taxea , Bto<nt+k. 

Further 0<a+p,0<8+co in all cases. Lastly, in order that the 
introduction of c, may be significant, 

a+B+p>0, a+B+oa>0. 

Further we have a series of unessential restrictions such as 
O<h,k; h<k; m<n; and others in special cases (such as the 
equality of h and k when we may take p <a, etc.). 

It is easily shewn that the order of the curve represented by 
the vanishing of our matrix is 

M=m?+mn+n?+(k+h)(m+n)+hk-p {a?+a8+6?+(p+c)(a+8)+pc}. 

* For a second method of overcoming this difficulty see an interesting memoir, 
Algébre @ deux Dimensions, M. Stuyvaert, Ghent, 1920, p. 63, and Chap. x11. p. 212. 



in space of three or four dimensions 439 

For a given value of M we can determine solutions, for successive 
choices of m and n, etc., by a process of exhaustion. The ultimate 
solution depends on those of equations of the type A (k+h)+hk=ax 
(A and «# being given integers), which are easily determined. The 
general problems involved however are not so easy to handle as 
before. In the first place we may state as before geometrical 
conditions which the matrix expresses. Thus curves represented 
by matrices of two rows are clearly complete intersections of two 
surfaces residual to a cy, multiple on each, and another curve which 
is the complete intersection of two surfaces residual merely to a Cy 
multiple on each, .and so on. It is clear that the converse, as before, 
ceases to hold for / > 2. 

It would be interesting to determine whether for any given 
curve Cy, restricting w to be less than M, the number of possible 
(normal) matrices, is finite or not. It is certainly not, in some 
cases at least, if we remove the restriction of normality. Thus the 
assemblage of all curves of a given order, which lie on any surface, 
residual sections by a surface having one of its plane sections (as 
multiple), has an infinite number of representations, and hence at 
least one such curve has (and, in general, all). 

We propose later to develop methods for calculating the genera 
of these curves. For the present let us remark that an obvious 
generalization is to the case, when there are more than one 
redundant curves, and pass on to devote a few words to the 
special case of the rational quartic*, this being perhaps the most 
important example we can select. 

Taking first the case of a single redundant line, lJ, and assigning 
successive values to m and n, we find up to m=2, n=2 inclusive, 
the following matrices giving M = 4, 

0. 2aeSoltc Oeil. 20) eMiele te Dao lk oe a 
Os diy. hin Binds hee Tino ly, 2} 

{<1 ea ont: 
| |g a | ja ae 
ee (ead 3 Fea Pee 

Of these the first three in the first row are of the second species, 
the fourth of the first species. These require no comment. Those 
in the second row are both of the second species, as can be shewn 
easily by a degeneration argument or directly from the formulae 

* Necessarily of the 2nd species, intersection of a quadric and cubic with two 
skew lines in common. That with an actual node we have excluded. 

+ It is not claimed that these are exhaustive up to m=2, n=2. An attempt 
was made to determine all types, but in the absence of a theory of the equations 
involved it is impossible to ensure that this is the case. 
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of §7. Those in the last column each represent four lines, all 
skew. Thus the first matrix represents the intersection of two 
ruled quartic surfaces* with the same triple line J, and a common 
cubic c;= /?. We may allow each to break into a quadric K (or K’) 
passing through c, and J, and planes @,, a; (a, a’) through / (§4). 
The residual quartic breaks into four lines each meeting / and c;, 
but no two meeting. Such a figure is underivable from a proper 
quartic curve. Thus the section of two ruled quartics with the same 
triple line and a common cubic curve having | as chord necessarily 
consists of four common generators. 

From the second matrix it is seen that a similar theorem holds 
for a cubic surface C?=(lP ct, and a quartic surface Q*=(l)' cs, 
where c, 1s a conic meeting l. These are both included in a theorem 
of much more general character. The matrix 

Mn (W+h)nan (N+k) ate 

Mma (M+h)msn (M+kh) mix 

represents the intersection of scrolls RN*", SN** residual to the 
common multiple directrix 1, N+h—1 fold on the first and 
N+k-—1 fold on the second, and a rational cy_, =/*—, itself the 
intersection of two scrolls, and this intersection consists of N+k+h 
common generators. Here N=n+m>2, and the curve ¢ lies on an 
infinite number of scrolls of order NV =/4~ I’, locus of lines meeting 
simultaneously J, l’ and cy_,. Let us break R%** into one of these, 
and into h planes through J, and S‘** similarly into another, and 
k planes through /. Then the theorem will follow if we can prove 
it for two of these NV-tic scrolls, and for these it is obviously true, 
for if 1” be the simple directrix of the second scroll, their 
intersection is simply the WV lines meeting cy_4, J, U’, and lt. 

=0 

Let us consider in what ways we can extend this theorem. Consider first 
two scrolls RN =(c,)# (cy)? generated by lines meeting /’, c;, eu; and l”, cr, cy; 
respectively, where c, and ¢; have o intersections. Then the conditions 
require, in the first place, 

N?— N=pr*+p"7, 

where JV, the order of the scroll, is equal to 277-0; and hence 

o?—o (4ru—1) + yr (4ur —p—r—2)=0, 

so that a first condition is 

1+4yr(u+r)=&, a perfect square, 

when o=3(4ru—1—€). It seems possible to get an infinitude of solutions of 

* Salmon, op. cit. vol. 1. § 546, p. 203. 
+ The notation Rk” =(c,)" P* denotes that the surface R” passes r times through 

c, and has P as an s-ple point. c, = (c,)"P* denotes that the curve Cy meets cy r 
times, (outside P if c,=P), and has P as an s-ple point. 

t Given by the intersection of cy_, and the regulus of lines =J1’/’, removing 
the lines through the (N — 2) points of cy_, on J, meeting l’ and U”. 
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this: problem by the following process. Select a definite value of y, and suppose 
first ror 7+ prime. Then we may have one of the following possibilities 

(E-1)=ar(u+7)\ E+ 1=ar(y+7)) 
(£+1)=8 7 g-ise@ | | 
(2) —ar \ é+1=ar 1: 

(E+1)=B8(p4r) J? €-1=BQet+r)J 
Taking the various possibilities for a and 8 it is possible to exhaust all such 
solutions for an assigned p. Let r’ be any one such corresponding to é’. Then 
we may rewrite our equation: 

tyler (rte tp) =8-&, 
and proceed, in precisely the same manner, to exhaust all cases when r—7’ or 
T+7 + p is prime, and so on. However we can shew that, if this is to give a 
permissible value of o, either » or r must be unity. Let WV be the order of 
the surface of least order passing through c,. Then, excluding the case when — 
cy and ¢; lie on such a surface, o <r, and exceeds this value, regarded as a 
function of 7, except when 

O<r<r=(w?+2u—N)/[4p? —p(4V+1)+ V*), 
giving a definite upper limit to 7 for a given p (supposed >1). Consider now 
all curves for which .V has a definite value. Then it is immediately shewn 
that T <1 except for 

, where aB=4p 

1NEp < N+ il. 

and except for »=2, 3 there are no such curves. The excluded case is treated 
similarly. In the case »=1 (or r=1) we may have any value for 7, but 
o=7-—1, so that we fall back on the case we started with, now shewn to be the 
only one possible. 

Secondly, it is easily seen that two quartic scrolls of chords of the same 
space cubic, meeting respectively two lines J, 7’ (Type 7 of Cremona, Iv of 
Sturm), have as residual intersection four generators, and the same is there- 
fore true of two general quartic scrolls with the same nodal cubic (Types 1, 11). 
Consider generally the scrolls of chords of a curve et meeting two lines 

(respectively), and of order 4+ (Be (a 

Then the conditions require 

N(N-1)=p(p- 1), 
or R+h(p?—p—1)+p(u—1)(4[p?- 5p]+3)=0; 
so that if h=1, in which case the lines are simple directrices+, the only 
solution is »=3. More generally, a first condition is that 4u(~—1)?+1 shall 
be a perfect square. Solutions are »=0, 1, 2, 3 and usingithese in the way 
indicated above it is easily shewn that there are no other solutions, for which 
any one of p, w—1, w— 2, p— 3, wp? +1, p?+u+4 is prime. There may be other 
solutions of the numerical problem, though this appears unlikely}; but it is 
easily shewn that there are none corresponding to permissible values of / §. 

Of course in most of the cases mentioned the intersection will consist 
partly of generators. 

* Salmon, op. cit. vol. 11. § 470. 
+ his, in fact, the multiplicity of the lines on the scrolls. 
{ There are certainly none < 100. 

d -1 -1 -1 
§ Noether, loc. cit. in §2. h> (7 = )- [5 |(n-2 ~ [" 5 =|); where [a] 

denotes as usual the greatest integer in a. 
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Passing back to the case M=4, the quartic of the second 
species does not occur after n= 1, m=1, in our list; and the 
process of enumeration would lead one to suspect that it does not 
occur again. 

Taking next the case of a common conic; we find up to n=1, 
m= 1 inclusive, the following matrices giving M = 4 

O Bese thea) Odes | eels 

0 2; 1,2:3, |} |} lid ‘ 

0 2, 4 ||, || 0 2, 5, ||, ete., 

0 2, 4 | | 0 2, 5; 

of which all in the second row, after the first, are to be rejected, 
since (for ~>2) a surface of order w+2 cannot have a yp-fold 
conic. These quartics are all of the first species, and clearly the 
rational quartic cannot occur in this group. 

§4. We pass on to consider methods for determining a second 
characteristic (say, the number of apparent nodes H) for the 
curves represented by this type of matrix. We consider in fact 
the more general problem of the number H for the intersection of 
two surfaces with a common system © of multiple curves, having 
prescribed mutual intersections but otherwise in general position. 
With this we associate the problem of the intersection of three 
surfaces under such conditions. From these the passage to the 
special problems under consideration is immediate. 

The method we employ is to allow the surfaces to degenerate 
in some suitable way. In the former case we obtain a group of 
partial curves with a number of mutual intersections, which, as is 
well known, can serve as an 1mage of the real curve we seek. The 
number of apparent nodes is equal to the sum of the same 
characteristic for the partial curves, together with the number of 
apparent intersections of the curves by pairs. Amongst the 
apparent intersections however must be reckoned, in general, 
some of the real intersections on the common multiple curves. In 
fact, if two parts of the curve intersect in a simple point on the 
system of common curves ©, then, with the restrictions involved, 
they will be images of branches of the curve lying in different 
sheets of the secant surfaces. Their intersection will clearly 
represent an apparent self-intersection of the real curve. In the 
case of a double point of the system ©, it may happen that the 
actual curve is forced to have there an actual* multiple point. If 

* The term proper having acquired, in connection with multiple points in 
general, a special significance, we prefer to use the term actual for self-intersections 
of curves, where these questions are not taken into consideration, 

In the case of an actual node on one of the component curves, our formulae 
remain unchanged, if expressed entirely in terms of h, instead of R. 



in space of three or four dimensions 443 

r, s are the multiplicities of the parts of ©, there intersecting, on 
one surface, and r,, s, on the other, this occurs in general when 
the inequality between 7 and s, and that between 1, and s,, are 
opposite (neither being equalities), but not, in general, in the 
other cases. Thus it does not occur for an actual node on one of 
the curves of ©. We exclude the case of triple points or triple 
intersections of components of @. Neither does it occur in the 
specialized problem, when the redundant curves have no common 
intersections. It appears to be most convenient to leave the 
number of these actual nodes indeterminate in our formulae, and 
to determine them in the special cases which occur, which is a 
quite simple process. 

Intersections 6f the partial curves outside © are of two types. 
Firstly those which arise from a contact of the secant surfaces, or 
from a nodal curve on one of them. These do not affect H, and 
are easily determined in application (if we wish to pass from H to 
the genus p). Secondly we have intersections which do not 
correspond to actual nodes on the real curve of section, and lie in 
a simple region of each secant surfaces. They clearly cannot be 
images of apparent intersections, and hence we have the result 

H+ p= Xn;nj; + Uh; —v, 

wherein (n;h;) are the characteristics of a partial curve*, v is the 
number of intersections outside ©, and ws is the equivalence of the 
nodes imposed on the curve by multiple points of ©. It is necessary 
to ensure that only simple intersections occur in «. The method 
of ensuring this will appear in the calculations. This formulae 
enables us theoretically to solve all cases which occur, We develop 
the calculations sufficiently far to cover all cases in which © 
contains at most three components. It appears convenient to 
consider simpler cases first. This envolves in theory some re- 
dundancy of calculation, but not in practice. 

The second problem, in which we have three surfaces with the 
system of multiple curves © in common, is much more simple, and 
actually we treat this case first. Before proceeding to details, 
however, we require a few lemmas on the intersection of surfaces 
having a common sy stem of simple curves. 

§5. Lemma l. Two surfaces have three curves in common; to 
find the relations between their mutual intersections, the relative 
positions being general. 

The surfaces are of order a, a, the curvest of order 44, 2, fs 

* A curve, unless stated to belong to 6, always means in this connection a 
partial curve of the image of the real section. 

+ In the subsequent work a curve (u) means a curve of order x. 
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with o 3, oj, oj mutual intersections. Then, from reasoning 
analogous to that in Salmon’s Treatise*, we have 

Mi(@ — 1) (a —1) = 2h + ws (uj + wx) — oy — OH; T=1, 2,3; 7 +k +%, 

from which the required results can be obtained. If each c¢,, be 
compounded of a group of curves with A; intersections, then as 
far as all the intersections are concerned 

2A;+ oj; +o%~0, 

the symbol implying that we omit all terms independent of the oc. 
This is the form in which we shall use the result. 

Lemma II. Two surfaces R* pass through curves pm, p 
(simple, or compounded), and R® passes through pw’ only. To find 
the number of intersections outside w and p' as functions of the 
intersections. Considering the intersections of the residual inter- 

section c, of the R* with the curve cy, we have 

N° of Intersections Sought ~ points on ¢, and c,’ 

w 2Aw + 0, 

by Lemma I, wherein o is the number of intersections of c, and cy. 
LemMa IIT. On the other hand if we have two R?=cy and an 

R* = Cy Cy, the number of intersections 

t(a,8,B)~ 2A. 

In fact generally if three surfaces pass through three groups of 
curves with common members we may remove fron consideration all 
those which occur once only, and group those which occur thrice 
into a single compound curve. 

Lemma IV. If R*= Cy, Cu, Cug, B® = Cu, Cuz, RY =Cy,, to find the 
number of intersections. This is essentially the same as Lemma II, 
and the number sought 

S(a,P,y)~ 2Au, + Fr. 

LemMA V. To find the number of wntersections of surfaces 
Re = Cy Cua Cugs RF = Cy Cug, RY =Cyu,Cug, Outside these curves. The 
number of points sought is clearly the number of intersections 
with RY of the residual curve c,, intersection of R* and R%, outside 
Cug> Cay; and the number of these redundant intersections is clearly 
that of the points of intersection of R® and c,, outside ¢y,, Cu 
Hence, using Lemma I, 

S(a,Byy)~ 2Aus + Fiz + Gis + G95. 

Lastly, Lemma VI. To find the number of intersections of 
ta a iis Rr= tside tl surfaces = Cu, Ca, Cu, Leo = C Cue Caae = Cup Cus Cu, Outside these 

curves. This number is equal to y (a8 — “4, — #4) less the number of 

3 

* Op. cit. $345. 
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intersections of the residual curve (f* A?) with c,,, cy,, and ¢,,. 
The first of these equals the number of intersections of ¢,, and R8 
less its intersections with ¢,,, c,,, and c,,; the second the same 
with the suffixes 2 and 3; and a and 8; interchanged, but in this 
we shall have counted the points o,, twice. Using Lemma I for 
the third, we have finally 

4 

I (4 B, Y) ~~ 2A, LR > O7j- 

These are sufficient for the problem as far as we develop it. It is 
important to notice that any of the curves may be compound. 

$6. Intersection of Three Surfaces residual to a common group 
of multiple curves. 

$61. Starting with a single curve c# of order w and rank R, 
and surfaces 

Rm = (Gay, Rm = (ci R™ = (G5 

in a general manner. 
We break R™ into r surfaces qg of suitable order* a passing 

each once through ¢,, and m,— ra planes w in general position ; 
R™ similarly into g’ and a’, R” into gq’ and w”. The points in 
question are given by qq'q", qq a, qa a", aa’a”, etc. Using for 
the first group the formula for the intersection of three surfaces 
residual to a curve+, we get finally for the number of intersections? 

M,M,M; — 6 (Ym,rs — 2rst) + Rrst. Formula I 

$62. We neat take a group of curves with no mutual inter- 
sections§ and 

R™ = (¢p,)™ (Gag)? (Gu,)"8)-55«8 

Rm= (crete, R™= (¢,,)%, ete. 

We break R™ into groups of 7; surfaces of suitable order a; 
passing simply through c,,; and m,— Xr;a; planes im general 
position, and the remaining two similarly. It is clearly merely 
sufficient to select those terms which involve at least two distinct 
curves of the group, and which also do not involve the arbitrary a;{, 

* The surfaces (a) must be »! at least. 
+ Salmon, op. cit. p. 370. Our result agrees with this, of course, and with the 

formula for r=2, s=t=1. 
+ In getting this and the subsequent formulae the process adopted is to reject 

all terms involving the a;. In the earlier cases it is easy to verify that these do 
disappear, and in fact it must be so always, though special cases may logically 
require independent examination. 

§ It is clearly permissible to exclude 7,=7; with s;=s; for such a pair of curves 
could be taken together. The same is true throughout. 

‘| In special cases there may be no choice for the a;. In such a case to complete 
the proof we must theoretically verify that these terms do disappear, or from the 
fact that it is clearly permissible to assume that the results do not vary in form for 
possible values of the terms involved. 
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and in fact there are clearly no such terms. Hence the number 
sought is 

T= ™M,M.Ms — > My; {ms TS; — 277; 8;t;} + >R; T;,Sib;. Formula TT 

z t 

§ 6-3. We pass on to consider the modification of this formula 
when the various curves have mutual intersections, and oj will 
always denote the number of intersections of c,, and Cu;, Which are 
assumed all distinct, and that there are no contacts. [tis necessary 
to ensure that in the components of the degenerate curve that none of 
the extra double points fall into their points o;;. This we do by the 
following process. Let R” pass 7; times through c,,, and let, for 
the moment, ri <i (all 7). 

We break Rk” into r, surfaces of order a, passing through 
Cuy +++ Cuys T2—7, Of order a, passing through c¢,, ...Cuy; T3—T2 of 
order a; through ¢,, ... Cu,, etc., ete. If this is done for each surface, 
the result sought is obtained. It will now be quite clear that a 
solution is always possible, in which the result sought is a function 
of the p;, R;, m;, r;, etc. ete, and the o,;. This being so it is 
sufficient to consider the formulae merely in as far as they concern o. 
The results unfortunately are not invariant in form, but depend 
on whether the sequence of the curves, arranged in order of 
multiplicity, is the same for each surface, or not. It is tacitly 
assumed that at a point of intersection of two components, each 
surface passes through the curves with the least possible number of 
sheets. If this condition is infringed the case must be examined 
independently. 

We believe it useful to examine first the case of two curves. 

S64. Case I Rm= (¢.,) (G3) Be =(GF! (Ge) 

te (G9 (AA 

with Bo Wie 1S Sas Meee 

Breaking Rk™ into r, a-tics through c,, and c,,, 7, — 7, 8-tics 
through ¢, only, and m,—7r,a—8(r,—7,) general planes; ete., 
then, by Lemmas II and III the coefficient of o is equal to the 
number of combinations of type aa’, where the accented symbols 
denote components of R™, Rs respectively, together with twice 
the number of combinations aa’ a” ; 

eee, aS enterede ys Formula ITI 
1,8,t 

which added to Formula II gives the number sought. 

§6°5. Case IT. 1<%,5,<5,t >&- Im this case R™ is to be 
broken into ¢, and a-tic surfaces a”, t,—t, y-tic surfaces through 
Cu, only, and m,;—t,a—(t,—t)y planes. Using Lemma V for the 
intersection of an a-tic, a @-tic, and a y-tic (which ~ +c), we 
deduce as the modification precisely the expression in Formula III. 

0 as 

el ts 
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$66. The General Cases. We propose to consider the cases 
which occur for V curves, in as far as is sufficient to complete the 
problem in all cases when three curves only are involved. We 
propose to say that the multiplicities 7,,72,... Nn satisfy the 
inequalities. 

A: when m<m<m3<7..-<9N; 

Bi MSM << M+ SOW> 
Cr m<M<S <M ++ SON, 
DS ae N23 FM Ss +++ LINN; 

BE: |, eS <9e-- < IN; 
Bry ae Ns SN2S M1 LNs +++ LYN: 

We may clearly, with the usual notation, take the r as 
satisfying (A) so that the cases will be denoted by a two-letter 
symbol such as AA, DE, the former referring to the s, the latter 
to the ¢. We propose to call the sub-group of curves ¢y;, Cujy, -++ Cus 
the group ©;, or simply (7), while the following groups will also 
have names attached :— 

(Gy) ce Cpa Gus; Cun same (Gli) 2S Gt A) 

(hh) 2 2G Cink Cp Beene Ce aver Cpa U pe oo Cur 

A symbol such as A; or Ag will denote the sum of the number 
of intersections of all pairs of curves in the corresponding group, 

and Sy etc. will denote a sum over all curves in the ¢ group up 
to Cy,, Inclusive. 

These notations being explained, suppose we have an 
R” = (Cyu,)%, += 1... N. We tabulate the degenerations employed 
in the various cases. 

(A) 7") w-tics = 0,, 7” a,-tics = O,, 7” as-tics = O,, etc., m planes a, 

wherein 7% =m, 1° =n -— n-, fori+1; and mem. 

(B) As (A), together with (7,— 7) y-tic surfaces = @,,, where now 

=m, 1%=7,—-—m, 1°=0, n%=y-— gm, 2% =n-—NRH, 

when 72> 5. 

(C) As (A); with (, — 7) y-tics = Og, wherein 

7” =m, 7? = 0, n° =H—m, 1% =H; - na, for i> 3. 

(D) As (A); with (4; — 2) y-tics = @%, and (m, — ns) 8-ties = Oy, 

wherein 

2%=, 1? = =0, 79 = y—m, 9 =H — HA, fort >4. 
(E) As (A); with (7, —m) y-tics = ©,,, and (7, — 7) e-tics = ©,, 

wherein 

7? = 73, 9% =n =0, 1 =n, — mM, n*) = 7: — ni-1 fori>4. 
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(F) As (A); with (7, — 73) e-tics = @,, and , — 7, 6-tics = Oy, 

wherein 

n=, 7° =99=0, 99 =m—m, 1° = 9% —M-A, fort> 4. 
Herein 7 stands for 7, s, or t, and in all the formulae which 

follow the symbols with upper suffives must be interpreted in terms 
of this notation. The advantage derived is that we are able to 
state the results for the cases (AB)...(FF) by means of terms 
added to that for (AA). We shall put 

k-1 N 
2A at > >; Cy= {a, B, kh, 

where a and 8 may be a Eerie symbol or ¢... y, but & is 
always one of the numerical symbols, and 

r® sv) +7 s® =p,,, for «+ y, 

= 2p, for #=y; 

A,+A,= A (a, y); 

Sj — 8) = Sij, etc., 

the last definition being independent of the upper suffix notation. 

$67. Taking then the case 

Lays (Cu,)" > TESTinD> 

(AA) A (6) JES) Si: <Scsase = Leen, 

rs = (Cu,) ; t; < lists 

and breaking the surfaces as directed, and using the following 
results from the lemmas, 

F(Q), @, @) ~ 24: (Salmon, 1. § 355), 

FAK) 2G) iene gta (Lemma IT), 
Ff (@), Y), G)) » 24;, (Lemma ITT), 

FAM, Gy), (h)) ~ {h, 9, Be}, (Lemma IV), 

(wherein the left-hand sides denote the number of intersections of 
surfaces respectively through the groups stated, and i< j,<k), 
we plainly get as the number of intersections IT + A, where II is 
given by Formula II and A is equal to 

2 > r s9£¢0 A, + >> pe 7 3 ¢0] \4; @, 9} 
i t<j 1,8,t 

+222 [=F r9s9tO] A; +233 [2 rOsO¢] (hk, 7,k}. Formula IV 
i<j 7,8,0 i<j<k 1,s,t 

The method being now clear we can pass on to state the results 
obtained. To each Il + A is supposed added. 

(AB): te L Ga 7s) WCAC) eel; 7-#s). 

(AD): te L (6375.8) + t3 L h57, 8), 

(AE): t2 2a; 7,8) +h Inver 5); 

(AF): te Lp, 7, 8) + ts (x, 7,8), Formulae V 
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where 

L(a;7, s)= pi (A (1, @) — 43) + (p2 + pr) A (2, w) + p; A(3, 4) 

+ (pis + P23) A (2,4) + fy Gt 2;@)+7,(3;a0)+ S4, 

L (657,8) =p: A (1, $) + pA (2,3) + pu A(1,3) + 7; (15 4) 
+ T, (2; 3)+8s, 

L (31,8) =p: (A C4) — om) + pa {4, 2, 4} + ps A (8, 4) + pa A (A, 4) 
+ pis A (4,6) + px A (3, 4) + Lisp) + (2,354) +S, 

L(x37,8) = pi 4 (1, x) + po A (2, &) + ps A (3, 4) + px ACI, &) 
+ pis A (1,4) + pm A (2,4) + P.(13-x) + T,(2; @) +1, (354) + 8 

in which we have written 
N 2z=N-1,y=N ‘ 

Sy = 2a pe Ne ee eee Pay 2s 
h he<u<y 

N Ty (0, B37) = © (Pen + Pax) 12) 
and 7',(a; y) is the same with pg, dropped. For the remaining 
formulae we introduce a new abbreviation 

N 

=r) te, 8, a} = gn (8), 

and we shall use (AB), etc., for the expressions in (V), 

(BB): a+ (AB) + sz, t (a), 

(BC): a+ (AC) + sy t, M (@, $), 

(BD): a + (AD) + 825 te. M (a, $) + 50; 6; M (a, w), 

(BE): a + (AE) + 825 ty M(@) + 8; 4; M (a, x), 

(BF): a4+ (AF) +55 te M (o, W) + sy t., Ua. x), Formulae VI 

where @ = Sx L (a; 7,1), 

M(s) =2(r% +r) A, +70 A (4, 7) + gs (@), 

M (@, ¢) =r (ACL, 4) — a2) + r® A (2,4) + 7 ACB, 4) + 95(4), 

M (a, yr) =r") A (1, 4) +r) A (4, @) + 9s (4), 
M (a, x) =r A (a, x) + 27 A(w) + 79 A(4, @) +94 (@), 

(CC): b + (AC) + Sin te M (9), 
(CD): b+ (AD) + 8, ty. M () + Sb; M(g, W), 

(CE): b+ (AE) + 8.2 t, M (a, $) + ts 13 M (¢, x), 

(CF): b+(AF) + Sy be M (4, W) + Sis bs M (4, x), Formulae VIT 

where b =s,, (37, 6), 

M($)  =2r!) Ay +r AB, 6) +40(9), 
M ($,-p) =1 A (yr, 6) +02 + 7) A (4, b) + 9.) 
M (6, x) =r A (1, ) +r A (1, 4) + 7) A (4, b) + gs (AD). 



450 Mr James, On the intersection of constructs 

Finally, 

(DD): ¢+(AD) + 855 typ M () + (Ssotis + Sistso) M(, W)+ Sishs MW (wb), 

(DE): c+ (AE) + 85 ty M (a, f) + 829 hs M (6, x) + S13 tn M (@, Wr) 

+ 53 t3 M (Wy, x). 

(DF): c + (AF) 4 852 the M(, W) + S59 tos M ($, XY) + S13 the M (wv) 

+ Sy5 bos M (yy, x); 

(EE): d+(AE) + sy ty M (@) + (Sn ths + 53 tn) WM (@, xX) + Sishs M (x), 

(EF): d+ (AF) + Sy ty M (ao, W) + 8 tes M (@, X) + Sis the M (a, x) 

+ Sis hs M (x), 

(FF): sy LD (pb, 17, t) + 55 L (x, 7, t) + (AF) + Sis the M (ab) 

+ (Sqo bos + S03 Lo) M (Wr, x) + 523 tes M(x), Formulae VILL 
where 

C = Sy L (6,7, t) + 53 £ (f,7, 2), 

d=s, L (a, 7, t)+ 83 L (yx,7, ¢), 

M(v) = 2r Ay+(7®) +70) A (4, W) + 9. OH), 
M (x)= 7 A (fp, x) +79 ACA, X) + 70) A (4, Wh) + 94), 
M (x, X) = 2r AY + 7) Aa, x) + 7) (A (A,X) — O12) + 9s (X). 

This completes the formulae to the stage indicated, enabling 
us to solve all cases with three curves or less. It is to be suspected 
that some of these expressions are identical *, but this question is 
one of great complexity. They cannot all be identical. 

§7. We pass on to calculate the genus of the intersection of two 
surfaces with a common group of multiple curvest. We have 
already explained the method (§ 4), and now pass on to develop 
the calculation in successive stages. 

S71. Taking first Rm = (chy, Rm = (chy. 

Breaking Rk™ into r surfaces (a) passing simply through ¢,, 
and (m,—ra) planes @ in arbitrary position, and R™ similarly into 
surfaces (a) and ow’ (the order of a’ being also a), we have as 
components of the degenerate residual curve 

O50; besides Cus A;a; , A; @;, Dj B;- 

We shall have, in general, one intersection of the components for 
each intersection, outside c, of surfaces, 

, Vosit , , , 5 

AjAjAn , Ajj An, AA; D,, AjAj Oy; 
/ / / , P / / 

AjAjBe, AW; Oe, A BjBe 5 A;DjO~, A DjOE. 

* Cf. §§ 6:4, 6-5. 
+ Under the same restrictions as before. 
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Remembering that for the residual curves a; a; 

hi =h+4 (oe — 2p) (a— 1), 

we easily find*, applying § 4, 
\ \ 

= Gee = {m, ts) + Ms (sf + i) — prs (M,M,— M,— mM, + 1) 

Hr(2) ++(@)f rete (s+ ()p 
Formula IX 

1 being, as before, 24+ R =p? + pw — 2h (in the case of no actual 
multiple points). The terms which depend on c, we shall call F (). 
The case of a common multiple line is more quickly dealt with 
directly, giving* 

[ iT) MN: — § mt 

ed ne an . Saye ce ") —7rs(m,—1) (m, — 8). 

Formula IX a 

$72. We shall now take a group of N curves c,, with no 
mutual intersections. The degenerations will be taken as in § 6°2. 
It is clear that the result will be derivable from Formula IX, 
allowing for terms which involve the characteristics of two curves. 
There is only one group of such terms namely Yy;u;r;s;7;s;, and 
hence 

H,= (2) — Lon (4) 4m, (™)} 
N N 

+E (my) + > pipjrisi7z 8}. Formula X 
1 1 

\ 

§ 7:3. Let us now suppose the curves have mutual intersections 
(o;;) of the same nature as explained before. It is convenient to 
consider first the case of two curves Cy,, Cu,, aS illustrative of the 
general method. Let then 

Rm = (Cu, )" (Cu,)”? 5 hm = (Cyu,)™ (Cu. )*. 

Case I. 7 <712, 8, <S.. Taking degenerations as in § 6-4, the 
only partial curves we need consider are aa’, a’, a8, 88’; where 
a, 8 are components of A”, and a’, B’ of R™; the a passing through 
cy, and c,, and the 8 through c,, alone. The intersections which 

ATISe APE G;AjOR, A) OOK; A) Be, MO BR, Ae Ri', O04’ Bis a8,’ By’, 
a; B;Br, %B;Be, % BiBx- 

* For these formulae, ef. Severi, ‘‘Sulle intersezioni della varieta algebriche...,” 
Mem. Torino, ser. 2, t. 111, 1903, p. 61, Chap. m1. §8. The proof here given for 
Formula IX is quite invalid when c, is a complete intersection of two G-tics, such 
that it is impossible to have a+a, but an analogous process gives a result equivalent 
to IX. 

VOL. XXI. PART V. 30 
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By the lemmas these intersections may be counted, and 
applying § 4: 

pe ~ 2 1 : 
H = H,—«o iB (S_— $1) ty 2 G=n)= 9 (18 + 1281) + 118, (2 + 5) ° 

Formula XI 

Case Il. 7, <17.3 5; >%. As in §6°5 we break R™ into 7, 
surfaces («) through ¢y,, Cu,, (2 — 71) surfaces (8) through ¢,,, and 
m—na—(7r—7;) planes; and k™ into s, surfaces (a’), (s, — 82) 
surfaces (y) through c,, and n —s,a—y(s, —s,) planee. Analysing 
as before 

Ge ne, il 
H+p=H,-o ¢ (1, — T2) + = (s,—s,)— 5) (7, +12) 8, +872 (82+ ny} 

Formula XII 

where yw is the equivalent multiplicity of the actual multiple points 
imposed at the points oc. 

Passing then to the general case, we have surfaces of order m,, 
mz containing multiply the NV curves. We may suppose the 
multiplicities 7; for (m,) satisfy the inequalities (A) of § 6°6, so that 
we have six cases corresponding to those for (m,). Remembering 
that for the residual intersection of two surfaces with a common 
compound curve, (—h) is essentially equal to the number of inter- 
sections of the components, and employing the same degenerations 
as before, we may confine ourselves to a statement of the results 
obtained. We shall employ the following abbreviations, in addition 
to those of § 6°6: 

pt) f N 3 ; 

( 9 ) = R® ete.; ae {ax,a, @} = b(4, a); 

N c=N-1,y=N 5 : 
» > R® NN a = y(@) so) ly, x; y} = es p(t) a AC) = Ti 

a a<uv<y ; 

Case (AA). H=H,—H’ where 
N : ay tele H’ = pi(ts— 1) Ast BE [pg Aj + COBO + ORM + 9:75) (7,49) 

vs 

+ 2(r SO + sO RO + p;7;) Aj} 
+4>>> (pij Tk + Pik Tj + Pjk Ti) (kJ, kj. 

i<j<k 

For the remaining cases, to give H + wu we subtract the follow- 
ing quantities from H, — H’: 

(AB): K (6,2), (AC): K (su), 
(AD): K (sy, 6) + K (Ss, ), 

(AE): K (sy, a) + K (S33, x), 

(AF): K (Ss, bp) + K (5, x), Formulae XIII 



tn space of three or four dimensions 453 

where K (0, a) =0 (Na +L, + Ln’) + iS) M.; in which L, has been 
previously defined, and the JV, arise from the apparent nodes of 
the extra partial terms, and are 

N (aw) =r% A, +72 A, +7 Ay + ti, 

N (6) = 7% Ag + 7A, + Kz, 

N (W) =r Ay + (r® + r®) Ay + Key, 

N (xy) =7% A, + 7%) Ag +7 Ay + Ky, 

in which & r® A, = «;. 

Finally: 

L’ (@)= R® (A (1, w) — o3) + R® A (2, a) + RA (8, 4) 

+ {r® r®) A (2, a) + (r® + r&) [r® A (2,4) +k (4, o)] 

+r k (4, 4)} + &,, 

L'(¢) = RM A (1, ) + B® A (2, 3) 
+ {r® r@) A (1, 3) +r k (3, 6) + r) k (3, 3)} + 3, 

DL’ bh) = RO A(1, Ww) — B® o,, + R® (A (2, 4) — oy) + R® A (3, 4) 

+ {r® r®) A (1,4) +7 r® A (4, b) +7 (4, Wr) 

+r) 7°) A (3,4) + (r® +7) &(4, 4)} + Sa, 

L’ (x)= R® A(1, xy) + R® A (2, a) + R® A (3, 4) 

+ {[r%r® AC, a) +r%r®) A (1, 4) +70 k (4, x) 

+ r®) k (4, 4) + 7° 1® A (2, 4) + 7°) bk (4, o)} + Sy. 

§8. Parallel to the formulae of the preceding section we have a 
group of formulae, giving the number of intersections of the curve, 
whose characteristics were sought, with the given base curves. 
The general method of obtaining this will be to select as simple a 
surface as possible passing through the curve in question and 
applying the formulae of §6, though the comportment at the 
intersections of two base curves must be examined carefully. We 
therefore omit a detailed discussion. We can also read off the 
results from the degeneration method employed, and will state the 
results in a few of the simpler cases. 

N common multiple curves cy, in arbitrary position. The curve 
meets 

Cuq I py (7; My + 8,7) — 7; 8; (2; + R;) points. Formula XIV 

Taking secondly two common curves with « common intersections. 
Case I (§7°3); the curve meets c,, and c,, in the number of 

points given by XIV less {o (7 s. +728, —7, 8,)} for cy,, and less o7s, 
for Cy,- 

30—2 
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Case II. The curve meets c,, and ¢,, (outside the o points of 
intersection) in the number of points given by XIV less os,r, for 
c,, and o7,s, for c,,; and in addition passes (7, — 7,) (8, — s,) times 
through each point a. 

§9. We pass on now to a brief consideration of the matria 
representation of varieties in S,. The fundamental results required 
in this case have been given by Severi*, and we proceed to con- 
sider respectively the cases of surfacest and curves}. Three- 
dimensionalities (in S;) we shall call forms, in accordance with 
Severi’s nomenclature. 

A surface in S, is given by precisely the same types of matrix 
as for curves in S,, but interpreted as involving five coordinates 
(homogeneously). Thus the characteristics of a space section are 
obtainable by methods already known, both in the general case, 
and in the case when redundant surfaces have to be introduced 
(§ 8). Further the theory of the normality of these matrices pro- 
ceeds as before. In the first few orders this will suffice to determine 
the surface, but it has been shewn (I, n. 4) that, in general, the 
following characteristics are required to determine a surface of S, 
of “ general” character. 

(1) The order, n; 
(2) The rank of a space section, a; 
(3) The class, n’, or the number to tangent spaces in a pencil; 
(4) The number of apparent triple points, ¢. 
From these b, the order of the apparent nodal curve; d, the 

number of improper nodes§; 7 the number of tangent lines through 
a point‘/, and other less important characteristics are determinable. 
Of these we know (1) and (2) im all cases. In the case of a matrix 
whose elements are general the remainder can be calculated by 
the repeated use of the methods of S, §§ 5, 9, which are too long to 
be given in detail. d=0 for all such surfaces, and by 8, § 9, n. 20, 
Egn. (2) 7 is double the / of a space section. 

In the case of surfaces not represented by a general matrix, 
and for which therefore we have to introduce redundant simpler 
surfaces, our degeneration method involves points of considerable 
logical difficulty, though in simple cases it may be successfully 
employed. 

* In particular in ‘‘Intorno ai punti doppi de una superficie...,” Rend. Palermo, 
t. xv. 1901, p. 33; ‘‘Sulle intersezioni della varieta algebriche...,” Mem. Torino, 
ser. 2, t. nit. 1903, p. 61. When all the elements are linear, cf. F. P. White, ‘“‘The 
projective generation...,” Proc. Cam. Phil. Soc. vol. xxi. 1922, Pt. 3, and the 
references there given. Severi’s papers are cited as I and §, respectively. 

+ Two-dimensionalities, denoted by vj, etc. { Denoted as in S, by c?, ete. 
§ Biplanar points, such that every line through one such is a chord of the 

surface. The genus of a space section through such a point is unaffected (I, n. 1, 
5 et seq.). Proper nodes, biplanar or otherwise, are unessential singularities. 

{ ‘Or the first ceto in the terminology of §, §1. 

RR ae me 
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§ 10. To pass on to the case of curves in S,, these are given by 
a matrix of / rows and (J +2) columns (the curve being thereby 
given as the intersection of three forms residual to a surface); and 
if none of the elements of the matrix are of zero order we shall 
call the matrix normal. Taking first the case when all the elements 
are general, the order is given by calculating the number of inter- 
sections of three surfaces in S;, residual to a given curve (Salmon, 
loc. cit. in § 6:1). If the matrix be normal it is easily shewn that 
the order is not less than 1/(J + 1)(1 +2). Thus the curves which 
occur are even more restricted in type than in S;. They include, 
of course, all plane curves. Generally the curves represented by a 
normal matria of | rows are complete intersections of forms residual 
to a surface represented by a normal matrix of (1 —1) rows. The 
converse is true for 1 <2 only. We may calculate the rank* of the 
curve by the methods of 8, §§ 5, 12. The result is extremely com- 
plicated in the general case, but for the matrix of two rows 

|| (ma) Cm, + ha) (mg + ha) (ms + hs) | <0, 

i (mz) (mz = h,) (Mz + h) (m, 3 h;) | | 

the result is: 

3 
oN [3 (m, + mz) + Yhy- 3 —2m,m, jm + Mm, M+ m2 

1 
3 3 

+ (7m, + mz) (= h:) + Zh, he , Formula XV 
1 1 

Some Hxamples. 

| (0) @) @) @) 

; | (1) (1) (1) () ||| (Plane). 

Conics: IF | (1) (1) (2) (2) 
| FoOooa (0) (1) (2) (2) | 

Cubics: None. 

Quartics: ||| (0) (4) (1) (4) || 

| (0) GQ) @) () Ill (0) (0) (0) (3) | 

| (1) @)@) @) |i; || © G) @@ Il, Ceorsyt 
| (0) (0) (1) G2) || It (0) (1) (2) (2) 

| (1) (1) @) @) |}. 
! a) a) a) ay | 
For all higher orders there are two analogous matrices for the 

plane curve, which we therefore omit in future. Similarly any 
complete intersection necessarily occurs, and we omit those which 
belong to S;, for which we have two corresponding matrices. 

(Normal in S,.) 

* Number of tangent lines meeting a plane. 
+ The upper suflix in this paragraph denotes the genus. 
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Quintics, Sextics: No others. 

Septumics: | GE Gece) i (GOuns,) = 

MG) @) @) @y ll 
Oaaier: 1 OBO, OG Oe | 

1®@OMMA) | | 
(c.° of S, intersection of 3 quadric forms). 

Curves of order 9. No others. 

This exhausts all curves of order <9, which can be represented 
by a general matrix. For n = 10 we start matrices of three rows, 
begining with the c,.°, for which all the elements are linear. 

§11. Let us next consider briefly the introduction of redundant 
curves. Let each element equated to zero represent a form in 
which a ¢, is multiple to the order indicated by the corresponding 
suffix 

|| ma (M+ Aazp (M+Kh)aze (M+1)ar | 
1 

i mp (n+h)eye (N+k)pye (n+ pesr || 
For brevity we omit the inequalities which these integers must 

satisfy. The order of the curve is, i the general case, given by 

M =(m? + mm, + mm? + m2) + (M2 + MM, + m,7) (h +k +1) 

+(m, +m.) (hk + hl + kl) — p {( + @B + a8? + 8?) 

+ (@ + a8+ 8?)(p + o+7)+ (4+) (po + or + pt) + par}, 
Formula X VI 

as may be seen by considering a space section. 
A second characteristic may in all cases be determined by 

applying the formulae to be given in §12. As an example let us 
quote the simplest matrix for the space cubic, namely, 

| LLuih i} = 0, 

| TP ieoab aki tt 
the redundant curve being a line. 

A second method of representing those curves, which cannot 
be represented by a general matrix, 1s to employ the introduction 
of one or more redundant surfaces. We may represent this by 
precisely the same matrix as in §11. The order may in all cases 
be calculated by §§6-8. We may indicate the process for the 
most important case of a common plane w= 1. 

Then taking the section of the figure by an arbitrary space S;, 
the surfaces represented by the elements of the first column equated 
to zero cut again in curve cx, for which, by Formula IX a, 

the order V = mn — af, 

the rank R=2m (” a s +2n line | + 2(a+ B)(m—a)(n—8); 

ene 

* The upper suffix in this paragraph denotes the genus. 

iene 
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and which cuts the common line J, section of the redundant in o 
points, where, by Formula XIV, 

o=mB +na— 2aP. 

Finally, using Formulae IT and IIT with 

Seale 

T=A+B+p, S=atBt+o, t=at+B+T; 

m=mn+tnth, m=m+nt+k, m=m+n4l; 

we obtain for the order sought 

(M+h)(M+k)(M+1)-{X(M+h)(@+ c)(@+7) 

+2(#+p)(o+c)(w+7)} —(nm—a8)(8BM+h+k+l—2) 

+R+(mB+na—2a8)(8e+p+o+7—-1), Formula XVII 

where M=m+n, o=a+. A second characteristic may, in 
special cases*, be determined by the formulae of the next section, 
or in special cases, directly. As an example let us quote a second 
matrix for the space cubic 

al 
01, 2; 2; 

the redundant surface being a plane. 

a 
§12. We pass on to determine formulae for the curve of 

intersection of three forms in S, residual to a system of curves and 
surfaces. We shall use the same terminology for the characteristics, 
using for a surface 

2n+a=. 

We shall use 7, j, ... as suffixes for the curves, and a, y, ... for the 
surfaces, so that in the formulae we may have one of the first 
group equal to one of the second, but never two of the same group. 

We now take 

F™ = (c,;)"t (V"), Rie a= 1.5, /f, 

and two others of order mz, m, with s and ¢ in place of 7. We 
shall use the following abbreviations : 

r 

(a Sates = Pa; DTaSatp = Pa8; = a Sata = Ka, 

De te= 5 Ta Hoa ele 

It is important to notice that certain symbols are re-employed in a 
new sense. None of the old abbreviations are employed as such. 

The methods being quite parallel to those used for S;, it will 
be usually sufficient to state the results. 

* In particular when a pair such as a and 8 are both zero; or if one element be 
zero, the curve being now a complete intersection residual to one multiple surface. 
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The curves and surfaces are in arbitrary position, namely the 
surfaces have point intersections only, the curves none with each 
other, or with the surfaces. 

(My MyMz\ = ie 
H=( ae ) = Sms ( ) 

A Sy) 2 
a - 

+= [ie + {Mz} + mi fj pipj + Nay nee +2 iy Syty 
ix r,8,t 

+ Lzly Px Py — Nalby Fx Py + Pilz Pi Fa — palepips| 

where the summation is for all 7 and z, in the manner above 
explained, and 

2 {u} = p(w? — R) + (A — 3pS), 
2 {n} = (Ip —na)? +1(12p + 6 — w— A) —1n | 2a(m, mm, — 2m + 1) 

+ =m2rs + 6p + 6« — 2m, m, 6) + 2n’(p+x)*, 

Formula X VIII 

where the suffixes are to be inserted where required, and 

A=p[(m,+m,+ m;) — 2m, mm; + 4]+ a(S — 2), 

with the same omission of suffixes 7 or @. 
The intersections with cj, and V) are respectively in number 

Mi Bi — pi (Bpi t+ Ri), : 

Ny (LM, My ty — VM, Sz ty + 3px) — Ae (Fe — Px) + Nx px*, 

which are independent, as they clearly should be, of the remaining 
curves and surfaces. 

§13:1. We may solve the case of a group of curves with 
mutual intersections exactly as for S, (§ 7:2). For brevity we state 
the results for the case of two curves with o intersections. All the 
expressions of this paragraph § 13:1 are to be multiplied by « and 
substracted from the formulae for o equal to zero. 

Case I. Tif, Sey leat 

oHe p2(S2 +8) +(S, — 2) Brest, 

and the intersections with the first and second curves are re- 
spectively modified by p. and (X1r2s,t, — po). 

Case II. fh She; CS SS hee 

Introducing the new terms 

T7182 + 12 Sy = t, etc., Si = Ss = Sjo; ete., 

* The summations in this equation are, of course, over m,, mz, m3. 
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the modification for H +p is 
fs r. 

T8at, + pa(Te+ Si) +7 (a +8 ( 5) + t ty (t — 1252) 

t (is 
+ (é + 27282) (3) + Syo7 io fe ; 

and those for the intersections, respectively, 

te (6 — %282) + 28h; be (¢ — 27,82) + ToSeh,, 

while the curve has ¢,; (7,5, — 728) branches through each of the o 
points. 

§ 13:2. The more important case of a curve c, and surface V” 
with o points Q in common requires a little more attention, and we 
will give the method in outline. We shall denote the respective 
multiplicities by r etc., 7’ etc. If a, 8, y denote, respectively, 
forms through both constructs, through the curve alone, and 
through the surface alone, we start by observing that the surfaces 
(aa), (a8), (88) pass through c, ay meets it outside Q, By both at 
( and outside Q, and yy not at all. Further aa, a8, ay, By, vy 
have intersections with V along curves; but 88 only in a finite 
number of points which include the Q. This enables us to insert 
the unbracketed numbers in Table I, giving the intersections with 
ce and V of the various curves, as functions of o (cf. § 5). Thence 
we pass to Table II, giving the number of intersections of the 
groups of four forms involved, and this in turn gives the bracketed 
figures of the Table I. 

TABLE I 

Curve aaa aaa app aay aBy BBy 

Intersections with V- [—oc| —-c —-a _ [0] 0 —o 
4) U e [-2c0] [-o] [0] —-c -c -o 

Curve BBB ayy Way PY 
Intersections with V 0 [0] 0 0 

5 im eC 0 0 0 0 

In addition only BSy will pass through the points Q. This and 
the similar results for the remainder are given directly. 

TABLE II 

Group aaa aaaB  aaBy aBBy aaay aap 

Number 30 2o o o o o 

Remainder, 0. 

It would be tedious to carry this through in detail. 
We will confine ourselves to giving an example of each stage. 

Firstly the curve a8y may be considered as the intersection of a 
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surface By and form a, and therefore meets c in the points other 
than Q where c meets By. Since the total intersection By . a con- 
tains a curve (in V) through Q, ay itself will not pass through Q. 
As intersection of ay and a form 8 it meets V in the points where 
ay. V meets 8, which on reduction are zero in number. Secondly 
the points aaBy being the intersections outside V and ¢ of aBy 
and @ are o in number; and thirdly since the points aaay are the 
intersections of aaa and y and are o in number, the curve aaa must 
meet V in (— oc) points. 

The A of the partial curves other than aa« are all zero. We 
proceed to find this outstanding one by a method, which also 
affords a useful check on the above calculation. J and J denote 
its intersections with V and c¢ respectively, 7 its rank*. Then 
taking the Jacobian of the three a and two arbitrary spaces (as 
in S, §6, n. 15), and considering its intersections with aaa and ¢, 

r+[I+2J~I[+2c0~0., 

Regarding the two curves in question as a compound curve, 
intersection residual to V of the three a, we have, from the formula 
(S, § 13, n. 37) for the rank,r+22~—2(¢+J); and from that for 
the intersections with V, J+a~0. We thus verify the values of 
f and J, and obtain for our h the value (— 2c). 

We shall denote by r etc., 7’ etc. the multiplicities of ¢ and V 
respectively. If © denote one such symbol, we take as components 
of the corresponding forms 

©’ forms a, O-—O' forms B, if O>0, 

and © formsa, ©’-—Oformsy, if0< 9, 

together with a suitable number of spaces. To cover all cases let 
us say that we take as components of (m;), &; forms a, n; forms 8, 
¢; forms y. (t= 1, 2, 3.) The four cases are taken as 

MG RESTS Sas Aa <i Seese ah 

TOT osteiy- SS altih LV se Sess. t= 

and we put 

Einj + Eini= Ge, cyclically, oF j7+h; €+&+ & =, ete. 

Then the modification for H + p is 

=o {6 £& (3&4 29+ €-3)+ @ (Ey + + Oy + 9295) 

= (i) (ny + &&) +20 E,0/ (m+ 1) + mes (Ei + ft : 

* This is used in a different sense already, but confusion is impossible. 
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and those for the intersections with V and ¢ are respectively 

ve =—o [&,&€& +3 (€, En; = E,n2) + m 72s], 

I,=-o [2 &&& + > &é, (m3 + 3) + ps £8, +m 2Fs], 

the summations being over the suffixes 1, 2, 3. The curve will pass 
mot times through each point Q. We give the results explicitly 
for the important cases I and II, the results being multiplied by 
o and subtracted from those foro=0. p, p and S,S are defined 
as at the beginning of § 12, and 

=rst =r, Dr's’ t=N. 

Case I. tess bt. 

2H: p) (7-—S+S8')+n (S—-S’—3)+A(S— 1); 

Ty: ¥-N +p; Lh: Vp’ 

Case II. iss ase  b< 

2H: p(1+S’—S)+A(S-— 2); 

i: pa eo — pe: 

§ 14. For the sake of completeness we conclude by giving 
formulae for the intersections of four forms in S, residual to a group 
of multiple curves and surfaces. It will be sufficient to state the 
results, the notation being as in §13, the fourth form being of 
order m, with multiplicities u;, uz. In the case of V curves, and 
M surfaces, we have, if tT, =TaSataa: 

i My, Mz T3114 — =; [Mi (> mm, SOU; = 37;) = R;7;] 
i 

— > [Lm Myty Ue — ly DM SztyUe + (Bz + Ne’ + 3az) Tr] 
x 

— D> NpNy & Te8zty Uy, Formula XIX 
ey 

unmodified > denoting summation over the suffixes 1,... 4. In the 
case of two curves with o intersections we have three cases: 

Lo 12h; See Sw. 

i. S17, See a < 

LD 7,>7,, Sis esi, a Ua 

In the two first cases we have to add 

o [2 12Seteu, — 272], 
in the last case 

O {tyWy (728, +7189) +7) 81 (ty Ua t toWy) + Uy ty 728g — Ugty71 81 — 7, —T2}- 

Lastly, in the case of a curve and surface with o intersections, 
we have to add 

o {3 £,2,&,&, + > [&,&&, (20, =f f;) a Ens €s (&, a No) 5 E,E.nsns]}, 

defining the &, 7, € as before. 
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$15. Conclusion. There would be no difficulty in the extension 
of these formulae to any case other than those in which one or more 
pairs of surfaces have curve intersection. In this case the order 
of the curve is itself modified (by an amount determinable from §6), 
but the determination of a second characteristic requires more 
fundamental analysis than that which we have been using. We 
could, by our method, complete the formulae as soon as formulae 
are found for the intersection of forms passing simply through two 
surfaces with a curve intersection. This in turn introduces the 
question as to whether we can replace a surface in problems of 
intersection, etc., by a system of planes with line intersections 
(such that the lines of section have themselves point intersection), 
and, if so, how. These questions will also occur in the theory of 
space of higher dimension. 
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Hankel Transforms. By E. C. TircumarsH, Balliol College, 
Oxford. [Communicated by Mr G. H. Harpy.] 

[Read 5 February, 1923.] 

1. The notion of Fourier transforms arises from Fourier’s in- 

tegral formula, 

fla)== [ cosau du | cosat f(t) dt sdatober® (1) 

which gives the reciprocal relations 

ONS 
f(2)= (=) | cos 2u F'(w) du, | 

T 0 

JED = a he cos auf (uw) du, 

connecting two functions f(a) and F'(«#). Each of the two func- 
tions so related is said to be the Fourier transform of the other. 
The formula (1) is ordinarily proved under the hypothesis that 

| |f(t)| dt exists, and that f(t) is of bounded variation in the 
0 

neighbourhood of the point t=. When, however, we come 
to study the relations (2) directly, we find that the ordinary 
theory of the repeated integral is not enough; we cannot deduce 
from it any theorem of the form ‘if f(x) satisfies certain con- 
ditions, so does #’ (a), and the reciprocity holds.’ The only case in 
which a satisfactory theory has been established is that in which 

| { f (t)}? dt exists; even in this case the integrals in (2) do not 
0 

generally exist, and we have to express the reciprocal relations in 
the form 

Haye ee sin £u F(u) du, 

iio a “i ina fis 

which reduce to (2) when differentiation under the sign of integra- 
tion is permissible. There is then a theorem of the desired char acter, 

viz. that iff { f(x)}? dx emists, then | {F' (x)\? dx exists, and the 
0 0 

reciprocity holds. 
Plancherel* has proved this by showing that the reciprocal 

* M. Plancherel, Rendiconti di Palermo, xxx (1910), 289-335. 
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relation belongs to a general type of functional transformations, 
by which one function of integrable* square is transformed into 
another in the following way. We have two sequences of ortho- 
gonal functions 

cn (2), pr» (2), sicis3 bn (x), FOR) 

airs (2); a5 (2), == 5 Wine) eee 

We form the ‘ Fourier series, with respect to the first sequence, of 
a function of integrable square f(), 

Sf (2) ~ npr (@) + drb2(@) +. 
then the transform of f(#) in this system is cane function F(x) 
which has the same Fourier coefficients with respect to the second 
sequence, 

F(a) © ayy (£2) + ash. (v) +... 

Plancherel’s theory is of a very general character, but its applica- 
tion to the ordinary Fourier transforms is by no means immediate. 
It depends on the expression of cos zy in the formT 

ey he 
=), cos ees = sem (x) Way); 

where the ¢’s and w’s form salts of orthogonal functions in 
(0, ©); or at any rate, 1t is necessary that the result obtained by 
integrating term by term with respect to # and y should be true. 
The functions aie are 

ay ee o 2 pt d®” 

“n! da” 
(Cn a), 

2 n 2n+1)\ 
ass n+k 2k 

Yn) = Svar Bye) a 
The possibility of being expressed in this way is, from 

Plancherel’s point of view, the fundamental property of cos xy 
which gives rise to Fourier transforms. 

2. Reciprocal relations of a more general character than 
Fourier’s can be derived from Hankel’s integral formula, 

f(@) =) J, (ux) u du| J, (ut) t f(t) dt. 
0 0 

We have, in fact, writing #~* f(a) for f (a), 

[f@)= i (ua)? J, (ux) F (u) du, 
0 

F(«)= | : (wat)! J (ua) f Qu) du. 

* T use integrable as meaning ‘integrable in the sense of Lebesgue,’ unless 
Riemann integration is referred to explicitly. 

+ Loc. cit. § 20. 
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Two functions which are connected by relations of this nature 
we shall call Hankel transforms each of the other. No direct 
theory of this reciprocity appears to exist. To derive such a 
theory from Plancherel’s work, it would be necessary to discover 
for (cy)! J, (ay) an expression like that given above for cos ay. On 
the other hand, we may notice a certain similarity between the 
expressions for an arbitrary function by Hankel’s repeated integral 
and by a Fourier-Bessel series; and this suggests that a theory of 
Hankel transforms might be founded on quite a different property 
of Bessel functions, namely the orthogonal property which gives 
rise to the Fourier-Bessel series. It is the object of the present 
paper to develop this idea. Here the notion of a transform arises 
in the first place from the correspondence between a function of 
integrable square, and its Fourier coefficients with respect to a 
given orthogonal sequence 

(Zz); Gz), --., @ (nz)... 

This is developed by means of the theory of Riemann integration 
into a correspondence between two functions of integrable square. 
At this point expansions in series disappear from our theory alto- 
gether, and the transformation is expressed in terms of integrals 
alone. The theory does not aim at the generality of Plancherel’s, 
but its application to Fourier and Hankel transforms appears to be 
more immediate and natural. 

3. We are to consider a number of integrals of the form 

| e@s@ ae, 
where f(x) is merely an integrable function, but ¢(#) is bounded 
and integrable in Riemann’s sense, and indeed continuous in the 
applications. We can turn to account our knowledge of ¢ (x) while 
preserving the generality of f(#) by using the following lemma. 

Lemma. Let f(a) be an integrable function in the interval (a, b), 
and (x) a bounded function, integrable in Riemann’s sense, im 
the same interval. The interval is divided into n parts by the points 

@. = Ly, Diy Can eee ee oe — Oe 

When the number of these points is so increased that the greatest 
partial interval tends to zero, 

n—1 Vi+y ; b 

GF (a) | _ J ahaa ~| oe (x) f(a
) da. 

Since an integrable function is the difference between two posi- 
tive integrable functions, we may suppose without loss of generality 
that f(x) is positive. 
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Let M;, m;, be the upper and lower bounds of ¢ (a) in (a, Z;4,). 
Then 

n—-1 pXity n—-1 Vit4 n-1 ety 

= m:["f@)des'S $(a) | f@de= = M, | fen 
i=0 CG 1=0 Xs i=0 vy 

But also ; 

n—-1 i441 m2) n—1 Cit. 

ys m:| SI (2) dx =| g(a) f(x)dz= = ui; | f (a) dz. 
i=0 4p, a i=0 ay 

Hence it is sufficient to prove that 

m=-1 p@ity 

= (M,— m) | f (a) de >0. 
7=0 XG 

We define the function W (x) by the equalities 

(x) = M;—™;3 GS 0 <a, G=0, 1) -:., n—1). 

If o denotes the set of intervals (and also the measure of the set) 
in which 

y (x) 2 6, 
b 

then | ar (a) da = ao. 

On the other hand, since ¢(#) is integrable in Riemann’s sense 
we can make the greatest partial interval so small that 

[¥ (a) dz < a, 

w being any positive number; and then 

a < /6. 

b b 
Hence [yore da < 5 fe) dx +[ v@se@) da 

<3 | ‘ f(a) da +2M it Fie) de. 

if | d(x) | = M, so that w(x) 2M. By choosing first 6 and then 
@, we can make the right-hand side as small as we please, which 
proves the theorem. 

COROLLARY. Suppose that, in the lemma, $(«) ts replaced by 
p(x). Then 

n—-1 Vit. b 

Oe i f@)de— | (0x) f (a) da, 
i=0 oF a 

uniformly for0<0@,=£0£ 86. 
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It is evident, from the previous proof, that we have merely to 
prove that we can take a division of the interval (a, b), 

a=X, Ty +085 Tn—-1) lO 

rb 

such that Ww (az, 0)da<o 
Ja 

for all prescribed values of 0, (a, @) being the function corre- 
sponding to @(@) in the way that (x) corresponds to ¢ (). 

We can choose a number 7 such that 

he 1 (dE < 0b, 
if the interval (6,a, 6,b) is divided up into intervals each less 
than n. A fortiori 

[¥ © ae < 08. 
for every 0, with the same choice of 7. 

If we divide the interval (@a, 8b) by the points 

CO — On pntOs, 2.2 UO, 

we have vr (x, 0) =r (Az), 

for in (@x;, Ox;4,), (x) takes the same values as }(6x) does in 
(#;, £4). Hence 

[Hw 0de=[ (Ge) do=4 [4 (Ode <0, 
provided that Max {6 (a;,,—.2;)}< 7 for every 6, which is true if 

4, We may recall the following theorems in the theory of mean 
convergence*. We state them, as they will be used, with an infinite 
interval of integration. 

4-1. If F,(«) is of integrable square in (0,  ) for all values of 
the parameter a, and 

lim le {Fa (#2) — F, (x)}? dx = 0, 

when a> o,b—~ x, in any manner, then there exists a function 
F(«) of integrable square, defined uniquely almost everywhere, 
such that 

2) 

lim | (F(a) — F', (w)}? dx = 0, 
a>n / 0 

F,,(v) is said to converge in mean (en moyenne, im Mittel) to F (x). 

* For this theory see E. Fischer, Comptes Rendus, cxurv, 1022-1024; H. Weyl, 
Math. Annalen, uxvi (1909), 225-245; F. Riesz, Math. Annalen, ux1x (1910), 
449-497; W. H. and G. C. Young, Quarterly Journal, xutv (1913), 49-88; and 
Plancherel’s paper referred to above. 

VOL, XXI, PART V. 3t 
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4-2. If g(a) is also of integrable square in (0, © ), then 

lim [9 (x) {F (x) — F,(x)} dx=0. 

This is easily Beenie means of Schwarz’s inequality. In particular 

him “EO — F,(«)} dx = 0. 
arn 

4:3. We have also 

lim | {Fy (x)}? da =| {F'(a)}? da, 
0 0 a>n ) 

For, by 42, lim | F (a) {F (x) — F, (2)} dz = 0, 
a>~n 0 

and the result stated 1s equivalent to 

han | [{F (w) — F, («)}?— 2F (2) (F (e) — F,(#)}] de =0. 
aan J 0 

5. The existence of transforms. Let ¢ («) be a bounded function 
integrable in Riemann’s sense, in any finite interval, and let 

: 
Nn T e 

iP dh (mz) $ (nz) dx = : e t i 

(ma nx\ , 0 (m+n), 

win i, % ( r ) e ley ie xX (m=n). 

Let f(x) be a function of integrable square in (0, 2 ), and let 

nm+1 

fal FG) es 
x 

Then by Schwarz’s inequality, 

n+1 n+l n+l 
A r bop 2 

mes] * (fedex |” wede=¥ | * {f@jtae. 
fe 

Let ®,, => S hind (™*) ) (n = iB De ee aye 

m=1 

We define n and p as functions of X by the inequalities 

n n+l nt+p+1 nt+p+2 
<< < i eae 
Lat, Oi aaa Beem 

where a and b are any positive numbers, and a< 6. 

> 
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Then it follows from §3 that 
N+it+1 

é 
bm a (Paip—Pn)= him > g genet f : S(ujdu = (ux) f(u)du, 

ot=1 n+1 a 

TA 

uniformly for 0<a, Suva. Again 
n+p+l1 

A A 

[nr &,)do=r Stars [ ” [f@} de 
0 4=1 n+1 

a 
so that, a fortiori, 

[Grade s | {f@jeav 
if 0<4,<a#,<2. Making \ ~ 00, we have 

[Af curr pw auf ae = [1p ae. 

Making “> 0, X_— 0, We have 

ao b 
5 : 

i (ux) f (wu) du! daz =| { f (a)}? de. 

0 a 
s 

b 
But i { f (x)? dx +0 when a+oa, b+; hence, by the 

theorem referred to in § 41, i "o (ue) f(u) du converges in mean 
Jo 

when a>, to a function F(z) of integrable square in (0, © ). 
F(x) is said to be the transform of f («). 

5'1. To include the case of Bessel functions we have to make 
some slight modifications in the above proof. Instead of ¢ (na) we 
have Cn (jnv), Where Cn > C, Jn = An+B+0 (1), whenn—~o. We 
now take 

Wes 

, J (x) da, 

n-ta/ 
and we find bas = fo { f(x)? dx 

j 

where XK is an absolute constant. We also take 

n 
s m* 

®,, = 2 lun Cn (22 “), 
=1 

In < (pe Farts Jntp+e <as, Ve <d<C, 
r r r 

a—2 
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and we have 
Intity/» 

Jim (®nyy— ®n) = limn S detth Le ) | a f(u) du 
A>n i=1 jntil® 

=a, (ux) f (w) du, 

uniformly in 2, when 71> 0. 
This would follow at once from the Lemma if c,=c; but it is 

also true if c, >, since 

Pp —Insitald b : = (ue —eyg (mi) [? “Fwdu| = Max lene | Tf (u)|du. 
Inril® n+1<m<n+p a 

The proof that i $ (ux) f(u) du converges in mean to a function 
0 

of integrable square can now be completed as before. 
5:2. If we put 

b (x) = 2S, (x), Cn = (din)? Ivan Gn); 
where vy 2—4, and 7, is the nth positive zero of J,(#), then the 
conditions of the previous section are satisfied. Hence when a > © , 

a 

F(a) =| (ua)* J, (ux) f (u) du 
0 

converges in mean to a function F(z) of integrable square. 
F(z) is said to be the Hankel transform of f(z). 
Hankel transforms reduce to Fourier cosine transforms in the 

case vy =—4, and to Fourier sine transforms for y=. 

6. An explicit formula for F (a). 
We return to the general case of §5. Let X(#) be a function 

whose square is integrable over any finite interval, and let 
x 

be (a, wv) =| r (t) d (ut) dt. 
0 

Then it follows from § 4-2 that 

lim [> (t) F, (t)dt= [> (t) F(t) dt. 

But [ror (t) a= [ro dt |" (ut) f(w) du 

= |" n(x, u) fw) du 

lence i a thu) ida [oo (t) F(t) dt. 
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Hence we have almost everywhere 

F(a) = ae |, wef udu 
In the case $(«) = # J, (x), let X(2) =a” +2. Then 

ine) = ee J, (ut) dt =a? J, (uaz)/u. 
0 

Thus F(#2)=a2~’-2 = jen WAP ST cs (ux) f (u) du. 
0 ex 

7. We have now to prove a crude form of Hankel’s integral 
theorem, viz. that ¢f f(x) 7s integrable in (0, a), and a <a, then 

i ie +E f (dt =o | z Te uenae [a (ut) f(t) dt. 

The theorem is true if we can invert the order of integration on 
the right; for 

vie, (6 <2); 
I Jya5 (ux) J, (ut) du = Nese 

To justify the inversion, it is sufficient to prove that 
A 2) 

lim t? f (t) at | Jy4; (ux) J, (ut) du =0. 
N->» J 0 N 

Since lim | J,., (ux) J, (ut) du=0 
No / N 

for all values of ¢, it is sufficient to prove that the modulus of 

é| Ji. (ux) J, (ut) du 
N 

is less than an integrable function of ¢ independent of V*. Since 

#2 i satisfies this condition, we can consider instead 
0 

N tN 
a] J yi, (uc) J, (ut) du= i4/ o) En (=) J, (2) dz 

0 0 
k tN 

=1-#/ peace | , (tN>k) 
Jo Jk 

iN 
Ss fl : (tN < k), 

* C, de la Vallée-Poussin, Cours d’ Analyse, vol. 1 (ed. 3), p. 264, Theorem 2. 
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t 
k 

bounded for z< k and all values of t, | is bounded in the first case, 
0 

:) and z—’J,(z) are k being an absolute constant. Since J, (= 

tN 
and 1. in the second. We have still to consider ihe - here we can 

substitute the asymptotic expansions for the Bessel functions, and 
we get 

mee LE CN ac eal T oat 7 
fant : Jon (Z) Sele) de= Of sin ( — 5-7) cos (2-5 00-4) 

0a); 
for all values of V and t¢. 

8. The reciprocity. The formula of the preceding section may 
be written 

Ieee f(t) dt=a" i é n=O oa, (eSah 

Let .% (ax) be the transform of F'(”). Then, by § 6, 

i ¢ +8 X(t)dt=ar i k A aa a 

Subtracting, we have, if a>, 

[#8 HPO} dtm ore [uF Ty (ua) (F (w) — Fe (w)} du 
J 0 0 

But, by § 42, 
fee) 

lim | w7?dy4, (ua) {F' (wu) — Fa(u)} du =0. 
a> J 0 

Hence [en {.% (t) —f (t)} dt = 0 

for all values of x, so that we have almost everywhere 

K(x) =f (2). 

9. The relation between a of squares. 

Let Ee) =f) ae 

==) CPO. 
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Then F, () is the transform of f, (@), so that conversely f, (x) is the 
transform of F, (x), and we have 

b 
| (ux)? J, (ux) Fy, (u) du > f, (2) 

0 
in mean, when b> «. Hence, by § 42, 

lim So) Ale y= ux) ® J, (ux) Fy (uw) du dz=0. 
b—>a 

But [POA @ de=[ "(fp de, 
and 

['plepdee (uo) Aue) Paleo (wu Jdu=|_ "By en (ux)? J, (ux) f (a) da 

ea du. 

Hence [r@r dx =| {Fa (u)}? du, 
0 0 

and making a> 2% and using § 4°3, we have 

I { f (x)}? dx -{ ION ENG C/ aliettes Witenes (1) 

If also G (a) is the transform of g(x), then F'(x)+G (a) is the 
transform of f(#) + g(x), and we have as an immediate corollary 
ot (1) 

i % (x) g (x) dv = | Fo Gi (zy das BIA. (2) 
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On the Fifth Book of Euclid’s Elements (Addendum* to Fifth 

Paper). By M. J. M. Hii, Se.D., LL.D., F.R.S., Astor Professor 
of Mathematics in the University of London. 

[ Received 27 December, 1922; read 5 February, 1923.] 

Eue. V, 24, Corollary 1. 

If, AssB) ah (AC) 2 2)s and aints-¢) = (VY 22); then 
(A-—B:C)=(X-Y:2). 

Compare (A —B:C) with any rational fraction whatever, r/s. 
Then (see Art. 5, p. 89, of the Third Paper of this series in 

Volume xxit of the Transactions) it is sufficient to consider only 
the following alternatives. 

(i) If (A—B:C)>r/s, then 
s(A—B)>rC. Choose n so that 
n[s(A—B)—rC]>2C. ChooseuC 
the greatest multiple of C which 
is less than ns A. 

.ud<nsdA Z(ut+l1)é. 

Choose v@ the least multiple of 
C which is greater than nsBt. 

. v0 >nsB Zz (v—-1)C. 

Gai) If (A-B:C)<r/s, then 
s(A—B)<rC. Choose n so that 
n[rC—s(A—B)]>2C. Choose uC 
the least multiple of C which is 
greater than nsA. 

-.uC>nsA 2 (u—1)C. 

Choose v@ the greatest multiple 
of C which is less than nsB i. 

vi <nsB z= (v+1)C. 

(Then it is shown in the footnotes below that, of the integers wu, v 
determined as above, wu is in each case greater than v.) 

Now 0<nsdA —uCZ= C, 

and 0<70—nsB = C. 

wt. O<ns(A—B)—(u—2) 02 2C, 

but ns(A — B)—nrC > 2C. 

2. ar<(u—-v)C. 

2 Ut <u. 

*, Zt+nrZ <ul. 

nsA >uC, 

(ANC) =X 7): 

os SG Uae 

Now 

and 

Now 0<uC—nsdA =C, 

and O<nsB—v0 ZC. 

/. 0<(u—v)C—ns(A—B)2 20, 

but nrC-ns(A—B)>20C. 

ar >(u-v)C. 

25 OSE GOR > Uh 

* vZt+nrZ>uZ. 

nsA < uC, 

CAC) — OX, 7): 

-, nsX < uZ. 

Now 

and 

* This is intended to be read after p. 461 of Volume xxir of the Transactions. It 
contains proofs of the two corollaries to Euc. V, 24, on the same lines as the proof 
of the main proposition there given. 

+ In this case 

nsA —nsB—nrC>2C. 

.. nsA —-C>nsB+C, 

but nsA — C2uC 

and nsB+C2ZvC. 

WO SUG 

Fo, ULES 

{ In this case 

uC>nsdA >nsB>vC. 

 Uuc>ve. 

-. USUV.~. 
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Also nsB < v0, Also nsB >vC, 

and. 4 ioe C)—(Y'sZ ). and (BIO (Vaz). 

*, nse < vZ. . nsY >wvZ. 

*, nsX >uZ>vZ+nrZ. ow. nsX <uZ<vZ+nrZ. 

-, nsX >nsY +nrZ. vo. ns&X <ns¥+nrZ. 

aus V )>7Z, “, 8(X —Y)<rZ. 

oo. (X=YV:Z)> rs. we (X=Y¥ 32) <4fs. 

Hence r/s cannot lie between (A —B:C) and (X — Y:Z) but 
r/s represents any rational fraction whatever. Therefore no rational 
fraction whatever can lie between 

(A—B:C) and (X-Y:Z). 

“. (A—B:C)=(X —Y:Z). 

Kue. V, 24, Corollary 2. 

If (Lassi S(0 ea Gy neo (1), 
if (ilies IE) 10668 @ eee (2), 

if CE Gv igs en. 
then (A,+A,+...+Am:B)=(4.4+ X.+...+Xm: Y). 

The easiest way to do this is by successive applications of the 
main proposition. The following proof (including that of the main 
proposition) is on the same lines as the proof of the main proposition 
on pp. 460-1 of Vol. XxI. 

Compare (A,+ A,+...+Am:B) with any rational fraction what- 
ever, r/s. It is necessary to consider only the two alternatives. 

(i) If (4,4+ A.+...+ Am: B)>1/s, (ii) If (A, + A.+...+Am:B)<7/ 
then s(A,+ A,+... t+Am) >rB. then s(A,+ A.t+...+Am)<TrB. 

Choose n so large that Choose n so large that 
n[s(A,+A,+...+Am)—7rB] > mB. n[rB—s(A,+ A.+...+Am)]>m- 

Let 7, B, uw. B, ...,UmB be the greatest Let u,B, wB, ..., UnB be the lec 
multiples of B which are less than multiples of B which are greater th 
nsA,, nsAo, ..., NSA» respectively. nsA,, nsAg, ..., NSA» respectively. 

“. O<nsA,—uBz2 B, 0<uB—nsA,=B, 

0<nsA,—u.B = B, 0<u.B—nsA,= B, 

0 < nsAm—UmB = B. 0<u,,B—nsA m = B. 

0<7ns(A,+ dot... +Am)—(Uy + Ue + ...+U_) BEMB, 2.0 < (uy t+ Uy + ... + Up) B—ns (Ay + dot... + Am) 

but ns(A,+A.+...¢+A,p)—nrB>mB. but nrB-ns(A,+ A.+...+ Am) >m 

we (Uy + Ug +... + Um) B> nrB. oe (Uy, + Uy +... $Um) B< nr B, 

we (yt Ug +... Um) > 1”. we (Uy + Ug t ... + Um) < nr. 
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Now nsA,>u,B, Now nsA,<u,B, 

but (Aye Bh — (UNG es: but (Ami) —\( AG) 

*, mSk a>. a SAG <0, Y 

Similarly nsX, > wY, Similarly nsX,< u.Y, 

HSXG E> Us V, MEX gp, < Um Y 

. ns (Xy+Xo+...4+Xm) > (uy +Ugt...+U,) Ye ow. ns (Xy + Xot... + Xp_) < (uy +g + ... + Up)fY- 

“. ns(X,+X.+...+Xm)>nry. ns (X,+X_+...+ Xm) <nrY. 

(K+ Xe+... + Xm: VY) >r/s. we (Xy4+ Xo4+...+¢ Xm: VY) <2r]s. 

_ Therefore r/s cannot lie between 

(A,+A,+...+Am:B) and (X,+ Xo+...+Xm: Y). 

But r/s represents any rational fraction whatever. 
Therefore no rational fraction whatever can lie between 

(A, +A,+...+Am:B) and (X,+Xo+...+ Xm: Y). 
(A, + A+... PA, B) = Cat Ag A: 



Dr H. Lamb, The magnetic field of a helix 477 

The Magnetic Field of a Helix. By Dr H. Lamp. 

[Recewed 17 February, 1923.] 

The coils used in electromagnetic experiments are as a rule so 
closely wound that they may be regarded for most purposes as 
cylindrical conducting shells round which a uniform current flows. 
For instance the field in the interior of a long solenoid is sensibly 
uniform except near the windings. For this reason the following 
investigation can claim little more than mathematical interest; 
but the form of the results is remarkable, and lends itself if need 
be to numerical computation, by the methods of the theory of 
Bessel Functions, 

1. Itis required to find the magnetic field due to a unit current 
flowing in the helix whose equations are 

E=acos¢d, n=—asingd, 2=hd ......54.-. Gy: 

where 8 NW een Mpee eden ocnb bad 24)) 
if a be the slope. 

Let us first calculate the magnetic force at a point on the 
axis. Since it is indifferent what point is taken, we choose the 
origin. If we write 

Pa (Et) coe otasnscranecnenies (3), 
the longitudinal component is 

cu et a 
J (g? + heg?)? k 

Since the current per unit length of the axis is 1/27k, this 
agrees with the known result for a closely wound spiral. 

The transverse components are 

| ee 3 sap Ov. ut. 5), 
R co (a+ kp)? ( ) 

= | sag ae eet pg (i, 2 ee a (6). 
ae (a? + kh? g?)? 

By a partial integration we find 

pose.” (ee ee (F) casee(7) 
0 (a? + k?d2)? k? Jo (a? + keg) | aay mai , 

where K, is the Bessel Function of zero order, of pure imaginary 
argument, of the second kind*. Moreover 

ia cos pdd- pd uy K. (5) (8) 
eg a Ae ee eee O}e 

0 (a +k? f°)? ka 

* The notation of Watson, Theory of Bessel Functions, pp. 172, 185, is followed 
in this paper. 
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Since Ka. iG) = ai eee (9), 
by a standard formula of aaa we have finally 

By = = are (*) i ee (10). 

The magnetic force at any point O on the axis of the helix 
consists therefore of a longitudinal component (y)) and a transverse 
component (f,) at right angles to the line drawn from O to the 
nearest point of the helix. The ratio of the two components is 

SAN ye «GI C2) Retains <=? eee (in): 

where 2=a/k=cota. The magnitude of this ratio gives an indica- 
tion of the degree to which the field, in the neighbourhood of the axis, 
deviates from uniformity. A few numerical values are appended : 

alk —5, 10, 15%, 25. 

a=11° 19’, pedis 3° 49’, Dem 

wk/a= 628, 314, 209, gOAG 

— Bo yo=H 225x104, 196x104 157 *%10%, 8841s, 

The quantity 7k/a measures the ratio of the “step” of the helix 
to its diameter. 

2. We proceed to calculate the field at any point P not on the 
axis. The coordinates of P being 

EC OSIO 9 erty ie SUN ee 2) ers sere ee (12), 

we write R=/{(a—&P?+(y—ny+(e-f)} 

= /{a?— 2ar cos ($ — 0) + 7? + (2 —ko)*} ...... (13). 

The longitudinal force at P is then 

i os Ac ta nD cla — ar cos 

BR eee R 
It is obvious from geometrieal considerations that y must be a 

periodic function of 6 — z/k, of period 277. We may therefore assume 

y= hy+ S i cos n( 8 - ;) +S, sinn (4 -4)} e-CL 5): 
1 

where the coefficients are functions of 7, to be determined. 
Moreover, since y must satisfy the equation 

Oy loy 1 ey : = a 

=) ag..(14) 

ae ee (16), 
OR, Aron: 

we must have am ue z — oe hea ane Cm 

AR. . VOR ie ene et atom (St a) PS eee (18), 

* Watson, p. 79. 
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with a similar equation for S,. Since y must be finite for r =0, we 
have, for the internal field, 

2 Zz : zZ nr 
y=4,+2 |4nc0s n (@- z) + B,sinn (6-3) 1h, (=) ee us a 

a series of “ Kapteyn type.” 
In determining the coefficients A,, A,, B,, by comparison 

with(14), we may without loss of generality put z=0. We have, then, 
Qr 2 2 as = 

QnA, = [ | ss ee Oe gta (90), 
-0 J —# {qa?— 2ar cos ( — 0) + 7° + k? g?}? 

The order of integration may be inverted. If we integrate first 
with respect to @, writing 0=w+¢ we get 

eg) a(a—rcos@)da 

/-¢ (a@—2arcoso+r?+ ke)" 

where the limits of integration may be replaced by 0 and 27, since 
it is immaterial over what complete cycle of w the integral is 
taken. If we now go back to the original order, the integration 
with respect to ¢ gives 

" 2 | aie ao ane ee Oo (22), 
—o (p? + k? d*)? P 

where Pe =O 2G PCOS @ Fi a aisen. bos south (23). 
Thus (20) is equivalent to 

ee ie fic CSREES ORS 

k Jo @—2arcoso+r 

The definite integral is equal to 27/a or 0, according as r < a. 
Hence on the present hypothesis that 7 < a we have 

ei eae N eis oh eee ae (25) 
in agreement with (4). 

Again, ; 

TAy (=) = | "cos n0 J Eee CONE 8) _ dp dd...(26). 
0 ~* {a2 — 2ar cos (p — 0) +72 + k2g?}? 

Inverting the order and putting 6 = + @, as before, we obtain 

‘i 2" a (@ — 7 COS w) COS Nw 
| cos nd | : ( : ) . 

-20 0 (p> + kep?)? 

Reversing again, and integrating first with respect to ¢, we 
note that 

(a—rcos) Soe ee = 2s a 
J—@ (p? + hk? g?)? ay -2(p? + kp?) 

2k e np ah =-72 K, (“F) weeeee(28). 

dwd¢ ...... (27). 
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Now when 7 < a we have* 

Ke »(7P) = K, (=) f (=) + 23K, (=) Jf (F) cos sw...(29). 

Hence 7A,J, (|)= =e ae fig 7 ) cos nw dw 

Ey, der 7 K,/(F) a (=) 
= E)? 

ke 

4na ,, , (na on Ag=— a Ke (=) ae pee (30). 
It is not necessary to go through the corresponding process to 

find B,. It is evident from geometrical considerations that (when 
z=0) y must be an even function of 0, so that B, =0. 

The general value of y for internal points is therefore 
2, 2% - 

ey Me {1 7 = es (=) i, (=) cos n (6 _ ale (31). 

The corresponding expression for the magnetic potential is 

o= - {yale =— yy 2+ 205K) (=) Te (= *) sin n (0 ale (32). 
1 k k 

Hence at the origin we have 

=-(2), 20 an), Be) 
as already found in § 1. 

The investigation for the external field would follow a similar 
course. We should find 

1 242%, ,(na nr . Z 
Vin {0 = ae 2, (=) K,, (=) cos 2 (0 = Dt .. (34), 

where the cipher represents the value of the integral in (24) 
when 7 >a. 

The series in (31) and (34) are the Fourier expansions of a 
function of @ which, together with its derivatives, is evidently 
continuous whatever the value of r other than a. They are there- 
fore necessarily convergent. The known properties of J, and K,, 
indicate (as we should expect) that the convergence will be more 
rapid the greater the value of a/k, i.e. the smaller the angle a of 
the spiral; also that as regards internal points the convergence 
will be slower the greater the distance from the axis. These features 
are illustrated by the following table, which relates to the case of 
a rather open spiral, where a/k=5, or wk/a=~628, so that the 
“step” is about five-eighths of the diameter. The corresponding 
value of a is 11° 19’. The results are given for z=0. For other 
values of z the angle 6 must be replaced by (@ — z/k). 

* Watson, p. 361. 
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ria Yo 

“0 1 
2 1+ °0254 cos 8+ :0003 cos 26+... 
“4 1+ ‘0716 cos 6+ -0030 cos 26+ 0001 cos 36+... 
“6 1+°1779 cos @ + :0215 cos 20 + -0027 cos 36 + 0003 cos 40+... 
8 1+ °4392 cos 6 + :1504 cos 26 + -0531 cos 36 + :0180 cos 46+... 

ilo) — +3007 cos 6 —-1019 cos 24 — 0414 cos 36 -... 
1:4 — ‘1016 cos 6 — 0125 cos 26 — -0019 cos 36 — ... 
1:6 — *0348 cos 6 — -0016 cos 20 -... 
1:8 — ‘0120 cos 6 — :0002 cos 26 -... 
2-0 — °0042 cos 6 —... 

By way of contrast I have examined the case of a/k = 25, where 
a= 2°17’, and the step is about one-eighth of the diameter. I find 
for rja=°8 

YY OOMMCOS Ons. ncakee cea (35) 

the remaining terms being negligible, to the order of accuracy 
indicated by the number of decimal places. For r/a=-6, and for 
smaller values of r, the ratio y/y) is unity, to the same order. The 
field is sensibly uniform over about two-thirds of the diameter. 

For larger values of a/k, i.e. smaller values of a, the earlier 
terms of the series are obtained with considerable accuracy by 
means of the asymptotic formulae * 

ena) = Ger iON Bi er be (36). 

These give, for the coefficient of the general term in the 
series (31) for y/yo, 

2a , (na nr GN eer a2 — ay nK, (=) ie (z) — (<) e nu UE a\cecenvon (37 5 

whilst in the case of (34) we have 

2a na nr a\s 
= = Me tea Ke |S SS Vaeae—aik I nln (= ) K, ( =) (*) CO al be (38). 

The approximation requires that r/k, as well as a/k should be 
large. 

* Watson, p. 202. 
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On Errors of Observation. By Dr W. BurnSIDE. 

[| Recewed 27 February, 1923. ] 

An observer or experimenter who proposes to obtain the value 
of an astronomical or physical constant in general makes several 
separate determinations and obtains a number of discordant values. 

Denoting these values by 2, 4,...,@,, and writing 
nu n 

Lax; = S15 Lx? = 8, 
H 1 

the result is generally stated as follows :— 

The value of the physical constant is 8 and the probable 

error ¢€ of this value is 

= 6745 -———— 
n(n —1) 

the latter statement implying that the true value of the constant 
is equally likely to he within or without the range from 

1 il 
SoG to —S& +6. 

nv n 

This statement is made on the assumption that the n determin- 
ations are made by the same method, or by methods judged to be 
equally reliable. This assumption will be adhered to here. 

It is clear that, apart from the assumption of a law of error of 
the determinations, no definite statement could possibly be made 
about the probable error of the result. The above statement is, in 
fact, deduced from the assumption that the errors follow what 1s 
known as Gauss’s Law. This is that there is a constant h (precision- 
constant) such that when dy is small enough the probability of an 
error in one determination, lying between y and y + dy, is 

W lg 
a = é jy. 

On this assumption the probability that determinations give 
results lying between #, and a, + 6a, 7 and a+ 6x2,...,%, and 
Ln+ OL, 18 

nv 
v 

h\2 L565 «©; — Xo)” 
(=) e tk 0 OL, OX... OL, 
TT 

where h# is the unknown precision-constant and # the unknown 
true value. 
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The particular values of h and # which make this probability 
as great as possible are 

if n 
=—— 2 nl 

if 
& 2(=—— 31) 

nN 

It is apparently assumed that since these values of h and a, 
make the probability of what has been observed to happen as great 
as possible, they are the best values to take. The probable error of 
a single determination is given in terms of the precision-constant 

by the formula a The probable error of =e which is the 
U 

mean of n separate determinations is i= of the probable error 
n— 

of a single determination and this leads to the expression for e 
given above. 

It would be difficult to justify the assumption that, because a 
particular value of the precision-constant makes the probability of 
the observed event as great as possible, the precision-constant 
necessarily has that value. Moreover a further examination will 
shew that there is no need to make this particular assumption. 

Denote by 7%, Yo, ---, Yn the errors in n separate determinations, 
and suppose that y, — y; 1s found to lie between a;_, and a, + 6:4, 
where 6;_, is extremely small compared to a, (t= 2, 3,...,7). 
The probability that this may be the case is the integral of 

n ne 

(“ye ST ee adie di) a 
7 

over the range given by 

a SY — Yin <Gt6; @=1, 2,...,n—1). 

Taking new variables 

Y=, Yis=y7-—Yen G=1, 2, ..-,n—1); 

then Diy Aifa.<< Wy —N gO ee OY nas 

n 1 n—1 8 2 n—-1 i n—1 ae 2 

Sypa=n(Yo+5 5 Yi) + ¥i—-( > Vi) 
1 nm 41 1 n\ 1 

and the range for the new variables is 

—-nx< Vi<n, a < Vi<a,t+ 8. 

Hence the probability of the observed event is 
n—-1 

= (2) 7 ("F ae- 7 ("2 a) ) eee Sow 

VOL, XXI, PART V. = 
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Ibe Op — ay oe 

n—-1 
poets iL 

this is = (5) Z oben) ga TAO 
Vn \t/ . 

If pék were the & priort probability, z.e. the probability before 
the set of determinations had been made, that the precision-con- 
stant lay between A and h+ 6h, then the @ posteriori probability 
that this may be the case is proportional to 

n—-1 ( it ‘) 
sr da hi\s;— —=s)4 

1) ee Se aONE 

It will be equal to / times this expression if 

n—1 1 2 a Wh Ks 
==]. ph 2 e (2 ) ah 

. : Ee oe the 
When / is the precision-constant, the probability that - > Yi 

1 

lies between — y and ¥ is the integral of 

nN 
(8 ‘ =i} = Ye dy,dy. oe dy, 
T 

over the range Se = Yi<y 

Hence the @ posteriori Ase 7.e. the probability after the 
Les 

n determinations have been made, that nad y; should he between 

—vy and y is the co ae of 

n— 1, 

kph a a(S 1 an =) aan Ben 
n 

over the range O<h<o, 
il n 

—¥<-BywEy 
ny 

It is clear that this can only be evaluated if p is assumed to be 
a known function of h. Some assumption must be made and the 
simplest is that p is independent of h, 7.e. that @ prior? all values 
of the precision-constant are equally likely. With this assumption 

n+l 

1 a >) mei, 
kp n+1 ) Pagrin ol 

2 
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and the @ posteriort probability is the integral of 

n+1 

2 
oy ieee] Dye 

boas e (o+3 / ener aia, 

over the range stated above. Carrying out the integration with 
respect to h, the result is the integral of 

n+1 

a 2 T'(n + 4) 
1 

59 (n+l1 eae Es 
mas \ (o+2y!) 

a yi 1 

dy,dyz... dyn, 

u 

over the range —Y¥<-ZYi<y. 
M4 

If an orthogonal transformation is made from y’s to 2’s, where 

n 

> Yj; 
1 

4S 

‘vn’ 
the result is the integral of 

nid 
a = Tin+4) dz, dz,...dz, 

nr 

2 1 e N+o 
oT (" =] (2 +> zi] 

2 1 

where the limits with respect to 2, 23,...,2, are +0, and with 

respect to z, are tyWVn. The integrations with respect to 
2, 23,++.,2, present no difficulty, but the results for mn even or 
odd must be stated separately. It is found that the @ posteriori 

probability g that 2 y; Should le between — y and y is given by 
At 

n 

| eae eens pve dt 

tO Aye. (nu — 1) 6 7 ee n odd, 

(1+#)? 

ys 
2 ee Ne dt ve 

1 Ewen nl f pts 
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When y is infinite g¢ is unity, in either case, as it should be; so 
that the formula may be written 

n 
pre dt 

0 Ets 
Gia) 

: Romina: dt 
ii aL +1 

(1+ #)? 

From this it follows that g= 4 when y= @,, wes if 
n 

On dt - o dt 

eee iste ha Ss Ca: 

"a+?" ka "402 

Mr David Gibb, M.A., of Edinburgh, has had the great kindness 
to calculate 6, from this equation, for the lower integral values 
of n. His roots are given in the following table : 

n On 

2 “4416087 
3 3703468 
4 3249200 
5 *2929416 
6 "2686977 
7 "2497452 
8 *2342386 
9 *2212980 

10 °2103585 

The final conclusion is that if 2 1s the true value of the con- 

stant to be determined, then — 2 — Xp 18 en" likely to le within 

TE ee as’ ar 

or without the interval from — Pie peta ib to + 6, ae 

The ratio of the breadth of this rate to = breadth of the 

O,Vn — 
San = 

is less than unity for all values of m up to 10, and for the smaller 
values of is materially less than unity. 

The standard formula for the probable error is arrived at by 
assuming (i) that the errors follow Gauss’s law, (ii) that the 

This number interval given by the standard formula is 
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precision-constant has that particular value which makes the 
probability of the observed set of values as great as possible. 
The alternative formula here put forward, which gives a smaller 
value for the probable error, is arrived at by making the same 
first assumption and replacing the second by the assumption that 
@ priori all values of the precision-constant are equally likely. 

It is a matter of individual judgment which form of second 
assumption is the more reasonable. 



488 Dr Burnside, The solution of a partial difference equation 

The Solution of a certain Partial Difference Equation. By Dr 
W. BURNSIDE. 

| Read 5 March, 1923]. 

1. Denote by G a symbol operating on the first and second 
suffixes of w,,,, such that 

Gp, q = Alp, q — Upayg — Upta,g — Up, qa — Up, or 

It is proposed to determine wp,,, subject to the conditions 

(i)  Guyq=0 for all positive and negative integral 
values (including zero values) of p and 
gq, except that 

Guy, a, = 1, 

Guy, =— 1: 

(ii) Limit w%p,,=0 as |p| increases to infinity, and as lq| 
increases to infinity. 

2. Let a, b, 7 be positive integers, and put 

eG 2 GE 2a)! 
Yad qardter ri(a+r)i(b+r)i(ato+r)! 

It will be found, by using the known approximation for 7!, that, 
when r is large compared to a+ b, 

1 ar aul | 
Va,b,r = — + terms in —. 

Tr 7? 

From this it follows at once that 

2 (Va, 2, iam Va',d’, ) 

is a uniformly convergent series. 
Now, the symbol @ affecting only the first two suffixes of v,,;,,, 

ee ce 4&2 beer Dee (GP ae AP I) 
aaa 4(a+r+lj(atb+r4l) 4(b+74+1)(a+b4+r 41) 

_A(atry(at+b+r) 4+r)\a@+o+ | 

(a+ b+ 2r/ (a+b+4 2ry 

ie eae Gee eee arr) = Ua,b,7 at+b+2r 4(at+r4+1)(64+r4+])(
a+b64+r4+1) 

= Wa,b,r — Wa,b,r-+1> 
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where 
N. il (a+b+2r—1)!(a+b+2r—1)!(a+b+4 2r) 

Mbit garbrarn (r—l)!(a+r)i(b+r)(at+b+r)! ; 

and W,,p,, is zero. It is to be noticed that if either a or b is zero 
the expression Giug,»,) has no meaning: and that w,,,,, approaches 
zero as 7 increases. 

fo a) i) 
Now G2 (y0,7—Va',v,r) = = (Wa,o,r — Wa,d,r41 — Wa',o',r + Wa, v',r41)- 

0 0 

Hence ita > 1b Sige os 

i? 2) 

G > (Ue,0,r — Ua',v',r) = 0- 
0 

Ms ; (Y\p—vil, 1q—aal 7 — U 1p—pal lade.) 3. Put 4a, = 

Then, if no one of the four quantities p —p,, - hh, P— Pos I-& 
is zero, it follows from the last paragraph that 

Git, g = 0. 

Suppose that p=p,, while neither qg — q, nor q— q, is zero. Then 

AGU», ¢ = = ( AV,¢,7 —2%,¢,r —%,q—,7 —Yo,q's10 ) 
1,7 = 3 
x 0 = AV", Or r G Up", q"; Tr Ag Up", CPs r at Up", Gaal t. ar Up", Got r 

where g=|¢-a|, p’=|p—pl, g’ =l¢—-—e@l- 

It has been seen in the last paragraph that the part of this 
sum arising from the second line is zero. 

Now the first line under the sign of summation is 

Ly (q' +27)! (q'+2r)! [ ee Cee) ee eee se | 

da't2r piel (q’ +r)! (q' +7)! ZR (4 Pra (Gar) ee (gar) 

1 _(q’+2r)! (q+ 2r)! pees ise Seana Ete 8 
~ 402 pl rl g’tr)i (tn! lL @s2ar?  4(r+1) (+741)? 
Sf ge 2r—1)! (q’ + 2r -1)! (29' +37) L(g’ +2r+1)! (q’+2r+1)! (2q'+3r+3) 

= 4q/F2r=1 (r—1)!r! (qtr)! (7 +r)! 4 tort r!(r+1)! (qg’+r4+1)! (q'+7r4+1)! 

Hence the whole sum is zero, so that 

Guy, 7 = 0 if g + 4). 

In the same way it is shewn that 

Guy, q, =9 if p+p,, 

Gity, a, = 9 if p + Po, 

Guy, ¢=9 if g + q. 
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If p=p,, d=, then 
AG a4 

as = ( 4p, or =, 20, 0,7T =e 2U, 1r ) 

= a i 5) 

0 \— 409,04 + Un, e+ Ua’, 07 + Une’, 2 + Up, a/, 7 

where p' = |p, — pj, g = lq: r ql, 
a) 

= 4 ay, (Vo, 0,7 ae Do,1, 7) 
0 

5 (@ 2r!2r! 1 (2r4+1)!(2r41)! } 

4 elrigtr! 44H rirl(r+1)!(r+1)! . 

x Ie 2r!2r! me! (2r + 2)!(2r +2)! ) 

Nae etietinin! 4242 (rt 1)i(r41)i(r+1)!(r4+1)! 
= 4. 

In a similar way it is shewn that Gu,, ,, is — 1. 

4. When p is large enough, the leading term in v,,,,,, for all 
values of 7 is 

ie ee 
a (SSH EZ 
+q+2r 

The sum of the first [p?~*] terms of this series, where a is an 
arbitrary small (< 1) positive quantity, is obviously less than 

me e = apa 

and this approaches zero as p increases. 
When r is large compared to p+ q, the leading term 

Up,ar — Upta,at6,r IS —y; 

where A is a finite constant; and the sum of terms of this form 

from r=[p?-*] to infinity is a finite multiple of we. which also 

approaches zero as limit when p increases. It follows that 

Lt > (Up, a,r — Unta,a+B, r= 0. 
p=” 0 

Hence the solution 
ie 2) 

Ls aes 
Upqg=4 A (2 | p—nil,lo-ail, — U1 p— nals 1a-cel sr) 

satisfies both conditions (i) and (11). 

5. If this solution were not unique, and w’,, were a second aay: : 
solution, then vy, 4=Up,q— WU p,o 18 such that | 

Gv», ¢ =0, 

for all values of p and q without exception; while v,, approaches 
zero as limit both when |p| increases and when |q| increases. 



Dr Burnside, The solution of a partial difference equation 491 

Since Gv,,. = 9 without exception, one of the four quantities 
Up,a> Ynti,a> Yp,a-1) Vp.a+i Must be greater than vy. Ifitis vps1,¢, 
say, the same reasoning applies to this and it is possible to pass 
from one pair of values (p, q) to an adjacent one continually with 
increasing values of v,,,. This is clearly impossible in consideration 
of the second condition that Up, Satisfies. 

It follows that the above solution wu, , is unique. 

6. If neither q, nor q, is negative, and 

Onq= © (M1 p—rals tamale Y | p—nel, la—asl 7) 

foo) 

1 
+4 = V1 p—n1l, lotartil,r — YU p—vel, letaetil, 1)» 

then U,,,= U,-, for all values of p. 

Hence U,,, is the unique solution, when the conditions are 

GQ) GU,,= 9 for all values of p and all non-negative values 
of g, except 

COS) EN SCOR Aaa le 

(i) Uy .= Uy for all values of p; 

(1) Limit U,,, =0, when |p| tends to infinity, and when 

qd »> ” 

Similarly, if p,, G1, ps, qo are not negative, and 
io 2) 

257, 
Wou=t > (a) ea ie =O ipamsila wali) 

0 

aD 

ae = (| pt-o141|, la—arl,7 —Y | p+-90-+11,|a—aalr) 

= 

Ps = (Y | pay), latartil,r — Y | >—pil letao+il, 7) 

Le a) 

+ 1 = Guitars letartil,r — Ul nt+potil, latae2til, r) 

is the unique solution if the conditions are 

G) GW,,.=9, for all non-negative values of p and q, except 

Gn ls GW. a= 1. 

(i) W,.= W,,-, for all values of p. 

W...= W..,,, for all values of g. 

Gu) Limit W,,=0, where p tends to infinity, and when 

q ” »” 
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A chapter from Ramanujan’s note-book. By Mr G. H. Harpy. 

[Read 5 February, 1923.] 

1. I have in my possession a manuscript note-book which 
Ramanujan left with me when he returned to India in 1919. It 
contains some 300 pages of closely written formulae. The first 
132 pages, which are written in a peculiar green ink, and seem to 
contain the results of his early Indian work, are more systematic 
than the rest, the formulae being arranged in ‘chapters’, each of 
which is composed of a numbered sequence of theorems and 
‘examples’. It is only occasionally that there is any indication of 
a proof, and a systematic verification of the results would be a 
very heavy undertaking. 

One chapter which I have studied with considerable care is 
Chapter xu. This chapter contains 47 main theorems, many of 
them followed by a separate statement of a number of corollaries 
and particular cases. Thus formulae 40 is followed by ‘examples’ 
1-18. 

The subject of the chapter is the hypergeometric series* 

a» ga Sree ESS ay (a +1) ay (ag+1)a3(az+1) | 

81, Be 

and it contains in a condensed form practically everything that is 
known about the summation and transformation of this series. It 
was inevitable that most of it should have been anticipated by 
one writer or another; but the literature of the subject is very 
scattered and obscure, and the chapter has more than a merely 
historical interest. I propose to give here a short summary of its 
contents, with some references to later chapters of the note-book, 
and comments and additions of my own. I have not tried to pre- 
serve Ramanujan’s notation; without elaborate explanations, this 
would make the paper almost unintelligible. 

I am indebted to Prof. G. N. Watson and Mr F. J. W. Whipple 
for a number of references and suggestions; especially for the use 
of a manuscript prepared by Mr Whipple. 

3Fo(a, a2, 435 By, Bo3 1) =F( 

2. i write, for shortness, 

a™ =a(a+1)...(atn—1)= ray 

Bin) =a(a— ly) Ja (@— n+ Y= pee): 

* I follow the notation of Barnes. See E. W. Barnes, ‘The asymptotic 
expansion of integral functions defined by generalised hypergeometric series,’ 
Proc. London Math. Soc. (2), 5 (1906), 59-116. 

Af ea a 1.2.8) (8, +1) Bo
( 2 +1) Toeeey are ( 
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Then the fundamental formula is 

2) (7) r 4 +z ate 2 1)@ Lr (—1)"(s + 2n) §™ (29 +y+z+ut2s+1) pen) ee 
n=0 1%) (@+ty+z+uts)m xy2zu(etst1) 

us Ss V(ets+1)C(y+z4+utst+l1) 

P(st1)P(ew@+ytztutst lay en C(g+ut+s+1) 
noe (Oa wie. Kitab) 

The formula is true if any one of a, y, Z, u, or 

—“2—y—z—u—2%s—1 

is a positive integer (so that the series terminates). Ramanujan 
is not explicit about this, but observes that it is not true without 
restriction. It may be expressed as a relation between two termi- 

nating hypergeometric series of the type 

GWG (ag na ey Ops (or, -<appss cl). 

When u = — 4s, the series on the left of (271) reduces to 

F ( 8, —2,—-Y, —2,e4+y+2+3s4+1 ) 

"Neve +1, yt+st+l1, z+s41, -—2#-y—2-}s 

and we obtain the sum of this series when one of «, y, Z, or 

—x—y—z—3s—1 isa positive integer. 
Ramanujan had been anticipated in the discovery of this very 

remarkable identity by Dr J. Dougall}. There is no proof in the 
note-book, and it was with much difficulty that I found one; but 
no proof that I could find is equal, in elegance and simplicity, to 
Dougall’s. Let us suppose that the identity is true for 

Ui Ne es 5 et — A 

and endeavour to prove it for w=m. In this case the formula 
asserts (when we clear of fractions) the identity of two polynomials 
in #, of degree 2m. It follows from our assumption, and the sym- 
metry of the formula in z and wu, that it is true for 

C= Oe ee, Wy ne 

Further, the formula is symmetrical in the arguments 

“L,—-x“2—-y—z—u—2s —1; 

and it is therefore true for 

g2=—y—z—2s—m-—l1,..., —-y—z—2s — 2m. 

Thus the polynomials are equal for 2m values of #, and it is 
enough to verify their equality for one other value. We choose the 
value = — y—z—s—1, which isa pole of the last term only of 

* *R. xu. 1’ and so on refer to actual formulae in the note-book. 
+ J. Dougall, ‘On Vandermonde’s ‘theorem, and some more general expansions,’ 

Proc. Edinburgh Math. Soc., 25 (1907), 114-132. Ramanujan probably discovered 
the identity about 1911 or 1912. 
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the series (271); the verification in this case is immediate, and the 
proof is completed. 

3. Suppose that wu, in (271), is a positive integer, and make 
u—>a. If we take the limit term by term, we obtain 

sf) Lin) _ sf (e@+y+24+8+1) T («+s+1) 

1M, y, g(Z+s+1)™ Tr (s+1) any, cl yretetl) 

aeeass (3-1; R. xr. 5) 

This formula holds whenever the series is convergent, that is to 

say when 

(—1)"(s+2n) 
I ws i—) nN 

LM (AR a Glaeyeae tier IS Uk caegise (3:11) 
It is not particularly difficult to justify the passage to the limit 
directly*. There is another method, of a less elementary type, 
which deserves notice, since it avoids practically all calculation 
and is continually useful in problems of this kind. 

We use the following theorem of Carlson +:— 
Suppose that f(z) is an analytic function of the complex variable 

z which satisfies the following conditions: 
(i) f(z) ts regular throughout an angle A of magnitude greater 

than or equal to 7, with its vertex at a point z= € on the real axis, 
and symmetrical about the axis ; 

(1) | f(z) | < Ce4!?!, where A and C are constants, and A <7, 
throughout A; 

(i) f(z) =0 at each of the points 

z=Cf+n (GS 0h On Tee): 

Then f(z) is identically zero. 
The series derived from (3:1) by suppressing the factors involv- 

ing 2, Viz. 
$s 2 uy s(s+1) x(a—1 y(y—-1 
ery Fuge eee isEeeany ee 

is absolutely and uniformly convergent for real values of «, y, s 
greater than certain positive values & 7, o. Further, if z=u +1 
and u2 €>0, then 

ee ao =,/ (u—n)P? +0? bet 

z+stn+1| — (w+stn+1P?+v 

for n=0, 1, 2,.... Hence the left-hand side of (3:1) is absolutely 
and uniformly convergent throughout the angle A whose magni- 
tude is m and vertex ¢, and represents a function regular and 
bounded throughout A. The same is true of the right-hand side 

$s —(s+2) 

* See Dougall, loc. cit. : 
+ F. Carlson, ‘Sur une classe de séries de Taylor,’ Dissertation, Uppsala (1914), 

58. See also 8S. Wigert, ‘Sur un théoréme concernant les fonctions entiéres,’ Arkiv 
jor Matematik, 11 (1916), no. 22; G. H. Hardy, ‘On two theorems of F. Carlson 
and 8. Wigert’, Acta Math., 42 (1920), 327-339. 
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of the equation. Hence f(z), the difference of the two sides, 
satisfies conditions (i) and (11), with A =0. It also satisfies (111), 
since (3°1) is known to be true for positive integral z, and there- 
fore it is true identically in z. It follows by analytic continuation 
that (3:1) is true for all values of the variables which satisfy (3°11). 

In (3:1) put z=— 4s. We obtain 

Py ( —2, -Y, § = T($s+1)T (c@+s4+1)T(y+s+1)T(a+y+ $s4+1), 

o*\e+s4l, ytst1) P(s+)P(e+ds4 U0 (yt+hst 0 (wt+yts4l)’ 

a beautiful formula due to A. C. Dixon*. It sums the series ,F, 
when 

4+ Bi=%+8,=a,+1; 

and includes as a special case the sum of the cubes of the binomial 
expansion, first evaluated generally by F. Morley +. 

Other special cases of (3:1) noted by both Ramanujan and 
Dougall are? 

...(3°2; R. x1. 9) 

s+(s+2) (4) +644) pert aa 

s—(0+2)(7 y+ (s +4) yh + 

s+(0+2) (5 iy +(s+4) eeu + 

_sinsr T {¥(s+1)}T {4 (1—3s)} 

7 [T {2 (1-5) 
sin s7r 

2 
T 

_sin?se {T (s)}? 
~ 2eossr T (2s) © 

\ 
s 
Pp 

,--.(3°31; R. x1. 32) 

...(3°32; R. xi. 33) 

...(3°33; R. x1. 30) 

Ramanujan gives a multitude of further curious formulae. I 
note as typical 

z-1_ . («—1) («—2) 

es (FoI) (C=O ee ee Th (3°41; R. x11. 40-5) 

1-32 en) i=-( Iona iy cea he aa (3-42; R. x1. 40°8) 

143(Z5) +5 jean - =a (3°43; R. x11. 40-2) 

lean) ea enya Ht -.. ee Les (8-44; R. x11. 40-4) 

1-3(55) +5 feast Seatac ee (845; R. xt, 40-1) 

* A. C. Dixon, ‘Summation of a certain series,’ Proc. London Math. Soc. (1), 35 
(1902), 284-289. 

+ F. Morley, ‘On a series of cubes,’ Proc. London Math. Soc. (1), 4 (1902), 
397-402. See also A. C. Dixon, ‘On the sum of the cubes of the Sen in 
a certain expansion by the binomial theorem,’ Messenger of Math., 20 (1891), 79- 
ae H. W. Richmond, ‘ The sum of the cubes of the coefficients in (1 —x)2",’ ibid., 
1 (1892), 77-78; P. A. MacMahon, ‘The sums of the powers of the binomial 

soatians Quarterly ly Journal, 33 (1902), 274-288. In these papers the exponent 
is a positive integer. 

Another proof of Dixon’s formula has been given recently by Watson: see 
G. N. Watson, ‘Dixon’s Theorem on generalised hypergeometric functions’, 
Proc. London Math. Soc. ., Records, etc. for 26 April, 1923. 

{ I do not repeat the convergence conditions, which a reader can supply. 
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14e ! et ey” a (3:46; R. xm. 40°6) 

1 = ! eat a eae Ee ee (3-47; R. x11. 40-7) 

5 oats ea@ny a MGCEEETG eaves (3-48; R. x1. 40-11) 

1 (Zeta een a Be DE (0-40, Rxn. 408) 
But Dougall gives one particularly elegant formula which 

Ramanujan seems to have overlooked, viz. 

5 eye aoe au(a—1)y(y—-1)z(z-1) 7 

(w+1) (yt) (2+1) °° (@+1)(@+2) (y+ I) (y +2) (2 +1) @ +2) 
_T(@t)P(y+)P (+10 (e+y+24+)) 

~  Ty+z2+1)0 @+etl)T(et+yt+]) ~ 

This is obtained by dividing (3°1) by s and making s=0. 

4. When looking for a proof of the formula (3-1), I found that 
it has an interesting connection with the theory of Bessel’s func- 
tions. 
We start from the formula * 

[(s+n) D(p—s+1) 
=(4y)P-§ S 2 s+2 i sae fs J,(u)—=(44) a (s+2 sale Terps memed (Geel) I sen (tose oe eos) 

valid so long as p, s, and p—s are not negative integers. We 
write s+ for p, multiply by 

lee (u ) Ut yt. 

and integrate term by term from w=0 to w=. Using the 
formula t 

rit (l+a-B- PE anp= Seat Tar Leare .. (4°2) 

we find that the integral 

| Sis (W)iI gig (Uh) Us ee 
0 

e's) 

Ja(u)JB (uj uy du=2" 
J0 

is equal, on the one hand to 

T(@+tyt+z2+s4+1)P(—-2) 

D(iz+eat+st+ 1) Cetyt+st 1+)’ 

and on the other to 

Qa 7 ——2— 5 — 2 CU all 

P@y rte 2 Gees) : 
T(iyt+1)C(wt+s4+ 1) Cyts4 1) (¢4+s41)” 

* G. N. Watson, Theory of Bessel functions, 139. The formula was proved 
by Sonine under the restriction that p—s is a positive integer (when the series is 
finite). See N. Nielsen, Cylinderfunktionen, 275, formula (3). 

+ Watson, ibid., 403. 

J-x—-y—z-s—-1 
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where S is the series (3:1). Equating these values we obtain (3:1), 
which may therefore be deduced directly from (4:1). 

The justification of the term by term integration is rather 
troublesome, and, as my object is merely to show a formal con- 
nection, I omit the details of the analysis. It will be found that 
all the formulae employed have a meaning if 

R(«+y+2+s4+1)>0, R(yt+z2+s+1)>0, R(-—z)>0. 

We prove the result first on the assumption that the two last con- 
ditions are satisfied and that « is positive and sufficiently large, 
extending it afterwards, by analytic continuation, to its full region 
of validity. 

There are other elegant formulae, not wena in those given 
by Ramanujan or Dougall, which can be obtained in a similar 
manner. Thus from 

T(n-a)T(n-y)  _ Qa [ee in ie ks 

TetasTT enti) ~ameeT GFVFT | 9 Um Omtav Cur du, 
cos (2u sin 0) =J,(2w) + 2J,(2w) cos 26+ ..., 

we deduce 

(ee 1) oe 

Qay 2x («—1) y (y -1) _D(e+hr (y+1) Ses 
=e ae 9 a Zen = er eyes 29), 

GD e+) Geer MyADY  —C@ tt) oe 
Similarly 

2 ry ie a(x —1)y(y—1) oh D(x +2)0(y +2) . sheen -———~ sin 89+ ———__>_*______sin5@-...= *,-Y, %, Sin?6). sin@ ESEO TED) ate aS) ENTE TE ds Tet+y+2) sin OF (-x, -y, %, sin?) 

If we give @ the special values 0 or $7, the right-hand sides can 
be evaluated in finite form, and we obtain special cases of (3:1). 

5. Returning to the fundamental formula (2°1), we suppose 
that w, y, or z is a positive integer, divide by s, write m—=s for uw, 
and make s>2. We obtain the formula 

—s LT (m+1)T (ytz+m) 0 (z+r2+m) 0 (e+y+m) 

: ie aoe Sow | ~ D(a+m+1) T(ytm+l)0 (2+m4+ 1) (e+y+z2+m4+))’ 

oF eo (5°1; R. x11. 3) 

due to Saalschiitz*. It gives the value of ,F, when 

a, +a,+a,= 8,+8,—1, eeeeee (511) 

and one of the a's 1s a negative integer; and may be proved directly 
(as was pointed out to me by Prof. Watson), by equating coefficients 
in the identity 

F(a, B, % w) = dd = Ose (op a,y— [3 YY a). 

* L. Saalschiitz, ‘Hine Summationsformel,’ Zeitschrift fiir Math., 35 (1890), 
186-188, and a later paper ‘Uber einen Specialfall der hypergeometrischen Reihe 
dritter Ordnung,’ ibid., 36 (1891), 278-295, 321-327. Also, W. F. Sheppard, Proc. 
Lo id. Math. Soc, (2), 10 (1911), 469-478. 
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The formula is not true without the restriction on the a’s. 
Ramanujan does not say this explicitly; but he stated elsewhere 
a more general formula which includes that of Saalschiitz and 
replaces it when the a’s are arbitrary. This formula* is 

om (% a2, .) Za T’ (81) T (8, — a; — a2) F: ( 1, My, By —ag ) 

Bi, Be TP (8 — a4) T (8; — a9) * *~ \ay+a2—8,+1, Bo 

oe 1B (8) r (B.) r (a, +a — 8) T'(8;+ Be — ay wer F, ( — 4, By — ao, B1+ Bo — a, — a2 . 

D (a,) U (az) P (Bz — a3) P (8, + By — ay — a2 
and is valid if 

R (aaa — 6. 6,) <0 Ria ee De On (5 2) 

If (5:11) is satisfied, the first series on the right of (5:2) has two 
equal elements, and may be summed by the well known formula 
of Gauss. We thus obtain 

Bi — 4 —ag+1, B, + Py — a — ay 

3F, as Uy) Cae al) _ 1P(81) P.(8; = 4 = a) T (Bg) T (B82 — a1 — a9) 

u 
eS 

a4 +d2- Pi i 

+ ay + dg — By F' (ay) P (a) (Pi + Bo—0y — a9) ° ? 

Bis Bo ~ -T(6y — a4) 1 (6, — a2) T (82 — a1) T (8, — a) 

1 T’ (81) T (82) (sh Step sspeny Al Pf 

P(e) 1 (as) (B+ 
Bm =a) r

eas pari 2 
os (O 3) 

which reduces to the formula of Saalschiitz if a or a, is a negative 
integer. The formula (55) is given by Saalschiitz in his second 
paper referred to abovet. The more general formula (5:2) is one of 
a family of relations investigated systematically by Thomaet and 
later independently by Whipple. 

Prof. Watson has communicated to me the following very: 
simple proof of Ramanujan’s formula (5:2). We have, subject to 
convergence conditions which it is hardly necessary to repeat, 

ry 

oF, "8 ae - Sr(ayr Ve = ae ws} (1 — a)? *— 1 oF; (ay, 93 B15 &) dx. (5-4) 
1) P2 2 

* Quoted on p. 1 of my notice of Ramanujan in Proc. London Math. Soe. (2), 
19 (1920), formula (10). 

+ There is naturally a similar formula in which f; and f», are interchanged. 
Comparing the two we obtain the relation (A) 

: ( By — 4, By —a, 1 = 1 ( Bg-—a 1, Bg-ag,1 
—————— ie 

8, — a, —a,+1, 8, +B, — a3 — ag oy Z B2-—a,—-a,+1, By —By-a;—ag 

This formula was first given by Saalschiitz (loc. cit. supra), and is a special case 
of a more general formula due to Thomae and rediscovered by A. C. Dixon (see § 6). 
Later, M. J. M. Hill and F. J. W. Whipple (‘A reciprocal relation between 
generalised hypergeometric series,’ Quarterly Journal, 41 (1910), 128-135) redis- 
covered (A) and proved it algebraically, and E. W. Barnes (‘A transformation of 
generalised hypergeometric series,’ ibid., 136-140), proving (A) by complex integra- 
tion, rediscovered the generalisation of Thomae and Dixon. See also J. H. C. Searle, 
‘The summation of certain series,’ Messenger of Math., 38 (1909), 138-144. 

t J. Thomae, ‘ Ueber die Funktionen u. s. w.’ J. fiir Math., 87 (1879), 26-73. 

) 
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But* 
: 8 ya) ed EBs = 015) oF) (m, 423 Bi; a) =F (81 — 44) T’ (8, — ay) 
T (a + a2 — 4) I ; 2 * (81) _ »\P1- 91-42 7 be ths Pte) Peg es ( e 
Te ea x) 2F’, (By — a1, By— a; Bj -4,~a.+1; 1-2). ...(5°5) 

Substituting from (5°5) in (54), and integrating term by term, 
we obtain (5:2). 

6. The same process, of multiplication by #%71(1 — %)%-%—1 
and integration from 0 to 1, applied to the identity + 

of (a, %; Bi; L)= (a) ae alt (erie Chy /sr Copiers Ho). 

leads to the formula t 

20) ee cep at 
‘ 2( By, By ) LT’ (82 — a3) T (81 + Be - ay =a) B,, BitB2- 4, i 

This important theorem, which may be expressed by saying that 

of (a1, 423 a; +a9—8,+1; 1-2) 

.,-(6°1; R. xu. 12) 

(QO, Az, As) 

ae )/P@)PA)E A+B. sehgaenrnhetiss 

is a symmetric function of the five arguments 

lopplern Bi + Bz — G — a3, B, + By -— a3 — %, Pi + B.— — &, 

is due to Thomae§. It was afterwards found Rea ane by 
A.C. Dixon || and by Barnes1. 

A repetition of the transformation leads to 

3Fo ee Ay, =) _ I (8,) T (82) T (81+ Be— a4 — ag — a) F, es + By—a1—a,—a3, By—-a,, oe) 

¥ Bi, By T (ay) T (81 + Bg—a,—ag) T (8) + Bg—ay—a3)~ ~\ By +B,—a,— a2, 81+ Bo-a,-a3 

oP, ( 

(the formula given explicitly by Dixon); and the theorem is ex- 
pressed completely by (6:1), (62) and the obvious results of per- 
mutations of the a’s and the §’s. Conversely, we can deduce (6:1) 
from (6:2). 

Ramanujan gives an elementary proof of (6:2), which is in 
essentials the same as that given by Thomae**. We have, by 
Gauss’s formula 

D(@t+yt+s+q4tl) - 1 @ L, 4) 

Reha y+e+g+!) T(stq+1)* *\st+qt+1 
1 =T(w+1)P(y+1) & 

j (@+1)P (y+ )s op! P(a—p+l)P(y—pt+ 1) P(st+pt+q4+1) 
* See, for example, Whittaker and Nietg Modern Analysis, ed. 2, p. 285. 
ii Whittaker and Watson, loc. cit., p. 280. 
{ In all that follows I omit conv ae conditions, which can be immediately 

supplied. The interest lies in the formulae. 
§ Thomae, l.c. supra, 5-2. 
i A. C, Dixon, ‘On a certain double integral,’ Proc. London Math. Soc. (2), 

2 (1904), 8-15. 
7 Barnes, l.c. supra. 

* Mr Whipple’s manuscript (written with knowledge of Dixon’s, but in ignor- 
ance of ‘Thomae’s work) contains a substantially identical proof. 

VOL, XXI. PART V. 33 
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Hence 

T'(e«+y+s+1) (ee eal 

T (2+s+1)l (y+s+1)° = v+s+1,y+s+1 

ss ; T(et+y+s+q+1) 
ES ————————————————————— 

Cena )  ogil (@-44])T O-qtl)P@tstqti)l yts+qtl) 

T (© +1) (y+1)T (a+1)T (641) 
op! q!T (w-pt+1)T (y—p+1)T (a—q+1) 0 (b-q4+1)T (s+p+¢q+)) 

“o T(a+b+s+1) —X, —-Y, ee 

a (ase 0) (Seal) ee lee 

in virtue of the symmetry of the double series. This is (6:2). 
The argument requires that the double series shall be absolutely 
convergent; and this is certainly so if the real part of s is suffi- 
ciently large*. 

When a; is a negative integer, the formula (671) reduces to an 
identity between rational functions. In this case there is a still 
simpler inductive proof. Suppose a,=— NV, and consider both 
sides of (671) as functions of 8,. The only poles of either side are 
8,=—n, where 0Sn< WN. Expressing the condition that the 
residues of the two sides are the same, we are led to an identity 
of the same type, but in which WN is replaced bya smaller integer, 
and the result is thus established inductively. We have then to 
remove the restriction on a, and this we can do, as in § 3, by 
using Carlson’s theorem, though in this case the details are rather 
more troublesome. 

There is a similar proof of (51). Here one of a, y, or z is 
essentially integral, so that the inductive proof is particularly 
simple. I have also constructed, a proof on these lines of (5'2), 

but 1t is more elaborate. 

1.2) 

Ss 
“a 

Twa 

7. Our information about the series (1:1) is now as follows. 
There are two cases (§ 3 and § 5) in which it can be summed in 
finite terms, one (Dixon) in which the parameters are connected 
by two relations, and one (Saalschtitz) in which they obey one 
only, but there is a further arithmetic restriction. There is also 
the symmetry theorem of Thomae and Dixon (involving no restric- 
tion on the parameters), and by means of this we can find a number 
of other summable cases. There is, so far as I know, no other general 
relation between two functions ,/,, but there are a multitude of 
three-term relations, of which Ramanujan’s formula (5°2) is one. 

These relations have, as I stated in §5, been investigated 

* Suppose for example, that s is positive and greater than 2n, where n is an 
integer. Then 

T(s+p+q+i1)>V0 (n+p+1)T (n+¢q+1), 

and the series may be compared with the product of two absolutely convergent 
simple series. 
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systematically by Thomae and Whipple. One such relation may 
be found without difficulty by the calculus of residues, viz. 

a A a = 5 > 2 (71) 
ay, a2, a, 1 (1 — ay) 1 (8, — ay) I (8g — ay) 2 L4+a,—az, 1+a,—as 

This is a corollary of the four-term relation 

D(a) (ay) P (a3) ieee Vs > ettias ee 

T (8,) T (8.) eran B13 Be Qy, Oy, dg TL (8, —a,) P (8g—-a) ~ “\ l+a,—ay, l+aj—az 

(where either sign may be taken throughout), which follows 
immediately from a consideration of the integral* 

1 {pre peers ea aI are BE Cece 

rat ie P(A, +2)T (A +2) 
These relations can of course be transformed by the symmetry 
theorem, and there are many cases in which they simplify 
materially when one of the parameters is integral. 

It is improbable that Ramanujan made any use of complex 
integration, and there is no evidence that he had investigated the 
three-term relations systematically. It seems clear, however, that 
he was familiar with the substance of almost all the results that I 
have stated. 

d © 

8. I have not met with any relation connecting these functions 
which cannot be deduced from one or other of the preceding 
formula. For example, Dougall proves the relation 

OM —b, _) cd eae Tat 1)P(o+)(e+ UY (d+lr(a+bt+e+d+1) 
me \c+1,d+1 (a+1)(b+1)® *\a+2, 642) T(atet+ ll (at+dt+ il (b+e+l) 0 (b+d4+1) 

clasts (8-1) 

This may be deduced from (7:2) by supposing that a, = 1. 
Prof. Watson communicated to me recently the formula 

a, (—2)n nm! VT (A+4n) 0 (a+4n) 0 (2u) T (A+ p) 
3“ 9 eae g SELL eee NOW Cee NN ok OI) 

Qn, A-k (jn)! TA+e+an)T Qt TArm? 

in which n is an even integer (if m is an odd integer, the series 
vanishes). This may be deduced from (5:2) by taking 

G@—=—n, =A, &@=—=1l—A—p—N, B,=1—A—-N, P.=At+-pb. 

In this case the third term of (5°2) disappears, the second -is a 
multiple of Watson’s function, and the first may be summed by 
(3-2). 

* This is the method used in Mr Whipple’s manuscript. Thomae’s methods 
are elementary. 
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Another interesting formula of Watson’s* is 

= (Gaz 1, v+3, ore eee Ca uae eo 
ot Qv+2, +8 20 (v+m+1)Pw—pt+I1) 

Garam: dee 
cone (8°3) 

where y means [’/T’, The deduction of this is rather more intricate. 
I begin by proving (as a limiting case of (3°2)), that 

Gy, Vil a(a+1 1 a+b+1 b-a+l 

bat” ee ao eps si =v (at)-y b-a)-y (FI) ey (OS iF 
oe (8-4) 

Now assign to the parameters, in (5:2), the values they have in 
the function (8°3). The left-hand side is then Watson’s function ; 
the first function on the right has two equal parameters w +4, and 
is therefore expressible as a product of Gamma-functions, while 
the third reduces to a series of the type (84). After reduction, we 
obtain (8°3). 

9. I conclude by a few words concerning formulae given by 
Ramanujan but not directly concerned with.the series (1'1). These 
are contained in the next chapter (Ch. xur) of the note-book. They 
include a number of the formulae for the linear transformation of the 
ordinary hypergeometric function F(a, B, y, 2); those, roughly, 
which, like the formula 

LNG j ip 
F(a, B, y, £) = (—) Jai (a, y—B,; aa: ooo (O7 l= TRsexanineen) 

or the formula quoted at the beginning of § 6, involve two functions 
only; the three formulae 

, i 4, t 
(1+<2)2¢ F (2a, 2a+1-—y, y, 7) =F («. a+, y, a eee (Osalsek, xin. 18) 

dar (1+2)*F (a,a-B+4, B+4, m= F(a, 8, 28, ae ...(9°22; B. xi, 20-3) 

F (2a, 28,a+6+4, «)=F{a, B,a+6+h, 4e(1—<x)}, (9:23; R. x11. 29) 

of Gauss, and Gauss’s corollary 

T(a+@+4) _ 

(a+%) P(8+3) 
There is also Kummer’s formula 

f(a; 2a; 2a) =e F, (a+ $5 427); -..(93; R. xi. 19) 

F'(2a, 28, a+8+h, D=NT o.(9°24:;- Re sore) 

* G. N. Watson, ‘The integral formula for generalised Legendre functions,’ 
Proc. London Math. Soc. (2), 17 (1918), 241-246. 
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Clausen’s formula 

{F (a, 8B, a+ B+, z)}?=.F 2 (2a, a+ B, 28; a+B8+4, 2a+28; x); ...(9°4; R. xm. 30) 

and Schafli’s formula* 

Iu (2) Jy (x) =: P(u+1) 0 (y+) (d2)4t" oF; (Su tho th, dutdvtl; wth, vt, wtv4l; -2). 
) 

sane (9:5; R. xa. 21) 

The formula 

iF, (-m, n+1, x) iF) (—m, n+1, —2)=2F3(-—m, m+n+1; +1, 4n+4, 4n+1; — 42?) 

eres (9°6; R. x11. 24) 

I have not been able to find elsewhere. It may be proved as follows. 
When we perform the multiplication, the coefficient of #? is found 
to be (apart from sign) 

m(m—1)...(m—p +1) Fete ea i we “Hi 

pi(n+1)(n+2)...(n+p)° 2( m—p+l1,n+1/° 

The series here is of the type (3:2). Summing by means of (3:2)+, 
we obtain the result. 

Another formula of essentially the same kind, but more com- 
plicated, is 

oly (m+1, n+1; 2) ofa (m+1, n+1; —2) 

_-P ( 4(m+n+1), +(m+n+2), } (m+n+3) fae 

~ 8 8\4(m+n4+)), $(m+n+2), m+1, n+1, $(m+1), $(m+2), $(n+1), $ (n+2)’ eat ): 
7: . 

alk: —l)! 
The last series is sca) A a4, where 

GA ras. 
4 (m+n+2q+1)(m+n+2q+2) ... (m+n+39) 

“4 (m+1)... (m+q) (n+1) ... (n+ q) (m+)) ... (m+2q) (n+) ... (D+ 2q)’ 

so that its form is somewhat obscured when it is written in hyper- 
geometric form. The proof of (9°7) proceeds on the same lines as 
that of (9°6). In general, I imagine that Ramanujan regarded the 
formulae of this chapter as corollaries of those of Ch. xu. Thus 
Clausen’s formula (9°5) may be proved by comparing coefficients 
and using (2°1), and this was no doubt Ramanujan’s method. 

It is hardly necessary to add that all these formulae are accom- 
panied by a mass of corollaries and striking particular cases. I hope 
that it may be possible in the future to publish the note-book 
in full. These are the only two chapters which, up to the present, I 
have been able to subject to a really searching analysis. 

* See Watson, Bessel Functions, 145 et seq., where further formulae of this kind 
are given. 

+ As s is integral, we must replace I’ (1—4s)/['(1—s) by its limiting value, 
0 if p is odd, (—1)%2q!/q! if p=2q. 
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Capture and loss of electrons by « particles. By Professor Sir 
ERNEST RUTHERFORD, F.R.S. 

[Read 5 March, 1923.] 

In a recent paper, Mr Henderson* drew attention to some 
striking phenomena which attend the passage of @ particles through 
matter. A narrow pencil of @ rays, after passing through mica, 
was bent in a magnetic field in a high vacuum and fell on a Schu- 
mann photographic plate. In addition to the main deflected band, 
due to ordinary a particles carrying two positive charges, he found 
evidence of a ‘midway’ band which suffered only half the deflection 
of the main band. When the velocity of the issuing rays was 
reduced by additional thicknesses of mica, it was found that the 
midway band increased rapidly in intensity at the expense of the 
main band and ultimately at low velocities became predominant. 
At the same time a neutral band, which was not deflected by a 
magnetic field, made its appearance. 

Henderson interpreted these observations by supposing that 
the a particle in passing through matter occasionally captures an 
electron and the midway band is thus due to singly charged helium 
atoms. The neutral band which appears at low velocities of the 
a particles is ascribed to neutral helium atoms resulting from the 
capture of two electrons. 

It was very desirable to check these conclusions by means of 
the scintillation method where the energy of the a particles can 
be estimated by the brightness of the scintillations and their 
number determined by direct counting. As Mr Henderson was 
unable to complete this work in the Cavendish Laboratory before 
leaving for Canada, I undertook to verify his conclusions by the 
scintillation method and the present paper contains a preliminary 
account of some of the results so far obtained. 

The general method employed is shown in Fig. 1. The radio- 
active source consisted of a fine platinum wire W (-3 mms. in 
diameter) coated with radium B and C placed in an exhausted 
box B. The rays passed through a fine slit S and fell on a zine 
sulphide screen placed inside the box. The scintillations were 
viewed through a glass plate by a microscope in the usual way. 
The microscope was arranged to have a vertical motion so that 
any part of the screen could be brought into view. The slit was 
equidistant, viz. 8 ems. from the source and screen and a magnetic 
field of about 6000 gauss was ordinarily applied perpendicular to 

* G. H. Henderson, Proc. Roy. Soc. A, 1922, 102, p. 496. 
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the path of the rays. In order to prevent contamination of the 
sereen, the active wire was placed in a small chamber sealed with 
the requisite thickness of mica. During an experiment, this was 
exhausted by means of charcoal so all chance of contamination 
was avoided. The main box was initially exhausted by a Gaede 
pump and then by a Langmuir diffusion pump. The residual 
pressure of the gas in the box was measured by a Macleod gauge 
and two liquid air traps were in the circuit to prevent mercury 
vapour from the pump or gauge diffusing into the deflecting box. 
The field of view of the microscope (1-2 mms. wide) was more than 
sufficient to take in the whole width of the main band of homo- 

Puoto PLate 
OR 

ZNS SCREEN 

Fig. 1 

geneous rays. When a sheet of mica of about 6 cms. stopping power 
was placed over the source, the distribution of scintillations along 
the screen is shown diagrammatically in Fig. 2. The width of the 
deflected main band MM is much wider than with zero field 
(cp. dotted lines P) showing that the « rays after traversing the 
mica vary markedly in velocity. The midway band LL begins 
sharply at the midway point between O and P but extends with 
decreasing brightness of the scintillations to the main band where 
it can no longer be followed. A group of undeflected particles 
giving weak scintillations appears at O while between O and the 
midway band a small number of weak scintillations were counted. 
The origin of the latter was at first difficult to fix with certainty 
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but they were finally shown to be due to recoil atoms set in motion 
by collision with the « particles/in their passage through mica. 
For example, these distributed scintillations were not observed 
when the rays passed through gold instead of mica, although the 
number of scintillations in the neutral and midway bands were 
about the same as for mica. 

Incidentally it was noted that a@ particles of velocity -2Vo, 
where V, is the maximum velocity of the @ particles from radium C, 
could be readily counted, while @ particles of velocity -15V, gave 
visible scintillations but too weak to count with certainty. 

Special experiments were made to prove definitely that the 
midway band consisted of singly charged helium atoms. By means 
of two parallel plates 4 mms. apart placed in the path of the rays 
between the source and slit, an electric field was applied of 7500 volts 
per cm. The inside edge of the two pencils of « rays deflected by 
a magnetic field was viewed successively in the microscope and 
the alteration of the deflection noted when the electric field was 
added. This method proved very simple and accurate, and it was 
found that the edge of the midway band was deflected by the 
electric field to exactly half the extent as the edge of the main 
band at M. This result, coupled with the observed magnetic 
deflexions in the ratio of 1 to 2, shows conclusively that the midway 
band consists of particles of mass 4 carrying a single charge. 

Experiments were then made to examine quantitatively the 
ratio between the number of singly and doubly charged particles 
for different velocities of the @ rays. It will be seen that the 
@ particle in passing through matter occasionally captures an 
electron and this electron may be subsequently lost by collision 
with the molecules. We may suppose that for a definite velocity, 
the He... particle has a mean free path A, cms. in the material 
through which it passes before capturing an electron. Similarly 
the He. particle has a mean free path A, cms. before it loses the 
captured electron. From the magnitudes given later for A,, A,, it 
is clear that, using a large number of «@ particles, a temporary 
equilibrium must exist for any given velocity between the number 
N, of He... particles and the number N, of He, particles and that 
in traversing a distance dz, the number of captures is equal to 
the number of losses. Consequently 

eee 
Ay A,” 

or N5| NG ae 

If the ratio V,/N, is measured for particles over the same narrow 
range of velocity, then A,/A, is known. This relation will obviously 
apply not only to a definite beam of homogeneous rays but to 
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a particles of all velocities present in a heterogeneous pencil of 
@ rays such as is shown in Fig. 2. In this way, the ratio A,/A, 
could be determined over a range of velocities from a single dis- 
tribution curve of He, and He... particles. 

The mean free path A, for loss of an electron from He, can be 
directly measured in the following way. Suppose the microscope 
is placed in such a position as to include the particles on the inside 
edge L of the midway band (Fig. 2) and the number of scintillations 
counted in a high vacuum. When a gas at low pressure is introduced 
into the box, some of the He, particles lose an electron by a 
collision and are deflected away from the field of view of the 
microscope. For example, the loss of an electron at P (Fig. 1) 

CAPTURE OF ELECTRONS 
Y 

SWIFT @ PARTICLES 

1200+ Dous.es 

No. of particles 
4 
< 

E 
>) 
wi 
me 

0 3 6 9 12 15 18 21 24 27 

Deflexion in mms. by magnetic field 

Fig. 2 

will cause the particle to strike the screen at C instead of at B. 
It was found that the number of scintillations decreased nearly 
according to an exponential law with the pressure of the gas and 
ultimately became too small to count for a pressure of gas not 
sufficient to alter sensibly the velocity of the rays in traversing 
the gas*. Allowing for the finite width of the field of view of the 
microscope, the value of A, could be easily deduced and in the 
tables is expressed in terms of mms. of air at N.P.T. 

The removal of the electron from the He, particle is in some 
respects analogous to ionization and should obey similar laws. This 
was found to be the case for the value of A, was approximately 
proportional to the velocity of the « particles between velocities 

_ * Under the conditions of the experiment, the conversion of He,, into He, 
in passing through the gas did not appreciably influence the results. 
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°94V, and -47V,. Most of the experiments were carried out with 
dry air but several observations were made with purified hydrogen 
and helium. The mean free path in H, was between four and five 
times that observed for air and in He more than six times that in 
alr. 

It will be seen that the mean free path for loss is measured 
in air or other gas, while the ratio A,/A, is measured in mica or 
other solid material. It was, however, found experimentally that 
the ratio A,/A, observed with mica alone, for a velocity of rays of 
-47V, changed only slightly when a thin layer of celluloid, alu- 
minium, or silver was placed over the mica plate. The thickness 
of the layer—of the order of 1 mm. stopping power for @ rays 
was sufficient for a new equilibrium to be set up between He... 
and He, particles but not enough to alter markedly the velocity 
of the issuing rays. Since little change was observed for such a 
wide range of average atomic weight of absorber, we may conclude 
that the ratio A,/A,, if 1t could be measured entirely in air, would 
be nearly the same as that observed for mica in which oxygen is 
an important absorbing constituent. The validity of this relation 
for all velocities requires further experimental confirmation but it 
is probably not seriously in error. The approximate constancy of 
the ratio A,/A, for different elements is a matter of considerable 
interest but requires further verification by a more accurate method 
than that of counting scintillations. 

The values of A,/A, = N./N, for mica were directly measured 
for three ‘velocities, viz. -94, -76, -47V, in a high vacuum while 
the mean free path in air for conversion of He, into He,, was 
obtained for the same velocities. The results are given in the 
following table where the mean free path both for capture and 
loss is given in terms of mms. of air at N.P.T. 

Velocity in d,/A, for | Mean free path | Mean free path for | 
| terms of V, mica for loss in air capture in air | 

94. 1/200 ‘O11 mm. 2-2 mm. 
-76 1/67 -0078 0-52 
“47 Wipes “0050 037 

The velocity V, of the @ particles from radium C is 1-922 x 10° cms. 
per second. 

The midway bands for velocities -94 and -76V, were sharply 
defined and no neutral particles were observed in either case. For 
the velocity -47, the issuing @ rays were very heterogeneous and 
the distribution of scintillations is shown in Fig. 2. A well marked 
band due to neutral particles was also noted. By admitting gas 
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into the apparatus, this band decreased in intensity. The mean 
free path in air before the neutral particles were converted into 
He, particles was difficult to determine with accuracy, but was 
about 1-3/1000 mm. or about 1/4 of the mean free path for con- 
version of He, into He,, for a velocity -47V,. No doubt the 
neutral particles had an average velocity much lower than -47V,. 

Similar results were observed when the mica was replaced by 
a gold sheet of equivalent thickness and the ratios A,/A, were found 
to be of the same order of magnitude for all velocities examined. 

A number of measurements have been made for @ rays with 
velocities lying between -30 and -20V,. At the lower velocities, 
accurate counting becomes difficult on account of the weakness of 
the scintillations. No measurements have yet been made of the 
mean free path for the conversion of He, to He,, or He, to He, 
for these low velocities. Rough measurements indicate that the 
number of He, and He,, particles become equal for a velocity 
about -30V, and that the ratio of He, to He,, particles increases 
rapidly for velocities between -25 and -20V,. It is desirable that 
the distribution of He,, He, and He... particles for low velocities 
should be determined for the rays after passing through absorbers 
of different atomic weight to test how far the distribution is de- 
pendent on the nature of the absorber. 

Over the range of velocities examined, viz. -94 to -47V,, the 
ratio A,/A, varies roughly as V-> where V is the velocity of the 
a particle. Since the mean free path for conversion of He. into 
He,, varies approximately as V, it follows that the mean free 
path for capture varies as V°. These relations are only approximate; 
accurate values will require a large amount of careful counting of 
scintillations. 

It is clear however from these results that the average « particle 
captures and loses an electron several hundred times before ab- 
sorption. The process of capture and loss succeed each other rapidly 
for velocities below -4V,. For velocities below -2V,, the a particles, 
as Henderson showed, exist mainly in the state of singly charged 
or neutral helium atoms and no doubt there is a rapid process of 
interchange between these two types at such low velocities. 

The results we have so far given refer to statistical averages 
for a large number of @ particles. Certain observations have been 
made which seem to show that one @ particle may differ from 
another in its power of capturing or losing an electron. As an 
example, we shall consider the effects observed on the main band 
due to the introduction of gas in the path of the rays. The inside 
edge of the main band for velocity -47V, was fairly sharply defined 
in the observing microscope. When a pressure of air was added 
sufficient, from the data given in the Table, to cause on an average 
several captures and losses for each particle, but yet not enough 
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to lower the velocity of the « particle sensibly, no certain dis- 
placement of the edge of the band as a whole was observed although 
a number of additional particles appeared close to the left of the 
main band shown in. Fig. 2. Since the average charge on the 
a particle under these conditions was less than 2e, it was to be 
anticipated that the band as a whole would be less deflected than 
in a vacuum. The calculated shift should easily have been detected 
under the conditions of the experiment. This failure to detect any 
shift as a whole is an indication that a considerable fraction of 
the @ particles had either not captured an electron in their passage 
through the gas or, if they had done so, had lost it much more 
rapidly than the average. 

A large amount of careful experiment is necessary to make certain 
of these points and of their interpretation, but the general evidence 
indicates that @ particles of the same velocity may have somewhat 
different properties as regards ease of capture or loss or both. 
Mr Kapitza* has obtained more definite evidence of the individual 
differences between «@ particles of the same velocity by bending 
individual a particles of low velocity by a powerful magnetic field, 
and observing their track in a special Wilson expansion apparatus. 
He has suggested that the effects may be due to an asymmetry of 
the electric field round the helium nucleus. 

The observations made by Mr Henderson on the capture of 
electrons by flying @ particles has thus opened up a new and 
interesting field of enquiry. It is not easy to explain why an a par- 
ticle moving with a velocity corresponding to a 1000 volt electron 
can capture and hold an electron. Until further evidence is avail- 
able to show whether capture is dependent on the presence of 
tightly bound electrons in the atoms through which the @ particle 
pass, it is not desirable at this stage to enter on a discussion of this 
difficult question. Experiments on this subject will be continued 
and I hope in a later paper to discuss in more detail the many 
interesting experimental and theoretical points involved. 

Iam much indebted to Mr C. D. Ellis and Mr P. Blackett for their 
help in counting scintillations, and to Mr Crowe for his assistance. 

* P. Kapitza, Proc. Camb. Phil. Soc., following, 1923. 
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Some Observations on a-Particle Tracks in a Magnetic Field. By 
P. Kaprtza. (Communicated by Professor Sir E. RurHERrForD, 

EES.) (Plate V.) 

[Read 5 March, 1923.] 

The Wilson expansion chamber gives a powerful method of 
studying the properties of single a-particles. In the recent experi- 
ments of Blackett*, it was shown that by studying the forks and 
the kinks which occasionally occur on the @-tracks, it is possible to 
obtain the velocity of an a-particle at any point on the path. It is 
obvious that for a further study of the phenomena along the track 
it would be very convenient to observe some systematic changes 
in the tracks due to a known cause. One of the most obvious of 
such changes in a track will be produced by a magnetic field. Then 
the tracks will be no longer straight, but curved. The radius 7 of 
the curvature at each point of the track will be given by: 

vm 
eae e 

where e and m are the charge and the mass of the a-particle taken 
in suitable units, v is the velocity and H the applied magnetic field. 

So from this expression, if 7 is measured along the track 

and m and H are known, the ratio © can be deduced. The main 

difficulty in this experiment is to obtain a sufficiently strong 
magnetic field, which will bend the track of the a-particle appre- 
ciably. From the expression for 7 it is easily calculated that for a 
doubly charged a@-particle emitted from radium C, the radius of 
curvature in a field of 75,000 gauss will be 5-3 cm. To produce 
such a strong magnetic field special methods must be applied, 
since it would be quite impossible to obtain such a field over a 
suitable area with an ordinary electromagnet. 

To obtain a strong field in a solenoid a large amount of energy 
(several thousand kilowatts) is needed, also the current which is 
required to produce such a field would fuse any coil in a few 
seconds if it were maintained so longy. But this last difficulty can 
be avoided if the field is produced only during a few thousandths 
of a second, so as not to allow the current time to heat up the coil. 
For an a@-particle travelling with a speed of the order 10°-108 em. 
per second we may regard such a field as constant. So only the 
first difficulty, namely that of obtaining a store of energy of several 
thousand kilowatts, has to be overcome. 

* Proc. Roy. Soc. 1922, 294. 
+ See Fabry, Journal de Physique, 1910, 129. 
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It was found possible to obtaim such a sudden kind of electrical 
discharge by means of a specially built accumulator. This battery 
was constructed in such a way as to have a very small resistance 
and capacity. By its means currents of 8000 amp. for 0-002 of a 
second could be obtained. In these experiments the field which 
was produced in a bobbin surrounding a circular Wilson chamber 
of 2-2 cm. in diameter, reached 75,000 gauss*. 

It is not the subject of this paper to give a description of the 
apparatus used in these experiments. This will be done in another 
paper; here will be given only a short account of some phenomena 
observed on the photographs of curved a-ray tracks obtained in 
this magnetic field. 

In Figs. 1 and 2 (Pl. V) are given examples of these photographs. 
Both were obtained in a magnetic field of the same magnitude, 
namely 75,000 gauss. It is easily seen from these photographs 
that the curvature is different for each individual a-track. 

One immediately asks whether this difference in curvature is 
genuine or whether it is due to some stray effect. We shall shortly 
indicate the most probable sources of errors which were investi- 
gated. 
~ From measurements it appeared that the magnetic field in the 
expansion chamber was uniform to | per cent. By means of an 
oscillograph the field is measured with an accuracy of 2 per cent. 
A special shutter which let the a-particles into the expansion chamber 
only during 0-001 of a second is timed with the current in the coil. 
Actually two oscillographs are used, one to record, on a falling 
photographic plate, the current, and the other the times of opening 
and closing the shutter. In this way it is possible to estimate the 
variation of the magnetic field in the time during which the 
a-particles enter the apparatus. This variation was not greater than 
4 per cent. Up to now no stray effects due to the experimental 
arrangement have been found which could account for the differ- 
ence in the curvature. But the experiment is a difficult one and 
it may be that in the course of the work some new stray effects 
which may be due to the unusual magnitude of the magnetic field 
will be discovered. It is possible that the kinks which often occur 
on the tracks are capable of producing this difference of curvature. 

To observe a bend due to nuclear collisions on an a-ray track it 
is not sufficient to enlarge the photograph uniformly, because the 
angle remains always the same. But if the enlargement is done in 
the direction perpendicular to the track while there is no enlarge- 
ment along the length of the track then the angle of a bend becomes 
sharper and more easily distinguished. The tracks a and b of Fig. 1 

* By means of this battery, a field of 500,000 gauss was obtained with a coil of 
1 mm. inside diameter. In the near future an attempt will be made to measure 
magnetic susceptibilities in this field. 
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are enlarged 2-5 times in the vertical direction. It is easily seen 
that in the enlargement 5 there is a kink at the point indicated by 
the arrow. The upper track on the photograph has no kinks as is 
seen from the enlargement a. Considering only tracks without 
kinks, the extreme values of the radii of curvature of different 
tracks at equal distances from the ends are in the ratio of about 
1 to 5. To show this difference more obviously the diagram of 
Fig. 3 is drawn. The curvature at various points of the last 1 cm. 
of the range of eleven good tracks was measured. It is assumed 
that the speed of each a-particle decreases in the same way. (This 

O | 22 3 4 5 6 if 8mm. 

assumption is probably not right as will be seen later.) The value 
for the speed of the a-particle when it is describing the end part 
of its track is taken from the curve given by Blackett*. Thus the 
average charge carried by an a-particle in different parts of the 
track could be obtained. In Fig. 3 the charge so obtained is plotted 
against the remaining range for each a-particle. On this diagram 
it 1s easily seen how differently the a@’s behave at the end of the 
track. Henderson} has shown that the a-particle in the end part 
of its range is recombining with the electrons and becomes singly 
charged or neutral. Prof. Rutherford} has shown that the loss 

* Loc. cit. + Proc. Roy. Soc. 1922,496. + Proc. Camb. Phil. Soc., this number. 
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and capture of an electron by an a-particle occurs more than 100 
times along 1 mm. of the track in the end part of the range. So 
we could not expect to obtain whole numbers for the average 
charges in our experiments and in fact it is seen in Fig. 3 that we 
do not do so. From this diagram it could be seen that about 
8 mm. from the end of the range all behave in a similar way and 
have nearly the same average charge + 1-5e. 

Getting nearer the end the different @’s are not equally capable 
of carrying an electron. Some of them, so to speak, prefer to travel 
doubly charged, some singly charged, and some neutral. This differ- 
ence in behaviour on the part of the a’s cannot be explained by some 
probability variation in the capture and loss of electrons along the 
path of the @’s, because from the experiments of Prof. Rutherford the 
number of recombinations and ionisations of an a-particle is large. 
If there are no stray effects due to causes at present unknown we 
are led to the necessity of assuming that there are different kinds 
of a-particles. 

We shall now give an explanation of a type of difference in 
a-particles which may be taken as a working hypothesis for ex- 
plaining these facts. 

From Fig. 3 it is seen that the difference in behaviour of a’s 
is already large when the average charge is greater than unity. 
This means that some of the nuclei of the particles prefer to travel 
singly charged, others doubly charged. So we are led to the 
necessity of assuming that the difference in the a-particles is in 
the nucleus. Rutherford*, from experiments on scattering of 
hydrogen atoms by collision with a-particles, came to the con- 
clusion that the a-particle nucleus is an asymmetrical structure. 
Further experiments by Chadwick and Bieler} confirmed this point 
of view. The most probable shape of an «-nucleus is an oblate 
spheroid of semi-axes about 8 x 10- and 4 x 10-4 em. Now if 
we take the a-particle nucleus as a disc and assume that the plane 
of this disc may have different orientations with respect to the 
direction of the motion of the a-particle, and further that this 
orientation remains fixed along a considerable portion of the range, 
we shall have provided different kinds of @-particles. 

Before recombination, this difference in a@’s will not show itself. 
But it is probable that an e-particle, which has a different orienta- 
tion of the plane of the nuclear disc from another a-particle, has 
also a different capacity for losing and gaining electrons. Very little 
is known about the mechanism of recombination and ionisation, 
so speculation is difficult. But still it is possible to sketch a picture 
of the phenomenon. 

When an «-particle nucleus captures an electron the latter will 
describe an orbit round the nucleus. According to the quantum 

* Phil. Mag. xxxvii, 537 (1919). + Ibid. xlii, 923 (1921). 



in a magnetic field 515 

law the plane of the orbit of the electron in the non-uniform field 
of the nucleus must take up a definite orientation. 

We must expect that the only position for the plane of the 
orbit in which the electron rotates is in the plane of the nuclear 
disc. So we anticipate that the plane of the moving electron, like 
the nuclear disc itself, must remain in a definite position relative 
to the velocity of the e-particle. Further, we may expect that the 
probability of the loss of an electron by an a-particle depends on 
the orientation of the orbit. To get some idea of how this may 
happen, let us imagine that the a-particle is at rest and the sur- 
rounding molecules have a velocity equal to that initially carried 
by the particle; then the a-particle will be placed in a parallel 
stream of electrons. According to the theory of Bohr*, a swiftly 
moving electron has its least chance of ionising an atom if its 
velocity is perpendicular to the plane of vibration of the electron 
which moves in the atom. So the a@-particle, according to this 
picture, is least likely to lose an electron when the plane of the orbit 
is perpendicular to the stream of electrons. We see thus that an 
a-particle will have the best chance of travelling singly charged 
if the plane of the nuclear disc is perpendicular to the direction 
of motion. At least, these conclusions will be correct if we assume 
that the probability of the capture of an electron does not depend 
on the orientation of the nuclear disc. This picture is sketched 
only for the purpose of showing that it is possible to relate the fact 
that different a-particles have different powers of holding electrons 
with the asymmetrical structure of the @-particle nucleus found 
by Prof. Rutherford. More experiments are needed before we can 
regard this theoretical speculation as established. 

It is worth while pointing out the relation of the phenomenon 
just described to other phenomena previously observed. It is 
known that a-particles emitted from a radioactive source have not 
exactly equal ranges in spite of the fact that their initial velocities 
are appreciably the same. This phenomenon is called straggling. 
In the recent measurement made by Me Irene Curiet in which 
the range of as was measured by the length of the tracks in a 
Wilson chamber (probably one of the most exact methods of de- 
termining the range), it was found that the straggling of the ranges 
is about 3 mm. in air. The attempt to explain straggling on statis- 
tical grounds has failed}. From observations§ on a beam of «-rays 
deflected in a magnetic field it is known that the velocity is fairly 
uniform up to 1-5 cm. from the end of the range in air. This shows 
that the chief part of straggling occurs in the end of the range; 
it is here also that the phenomenon described in this paper appears. 

* Phil. Mag. xxv, 10 (1913). + Comptes Rendus, 1923, 434. 
{ Henderson, Phil. Mag. xliv, 42 (1922). 
§ Marsden and Taylor, Proc. Roy. Soc. 1913, 88. 443. 
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If we assume that a doubly charged a-particle has a different 
efficiency for ionising from a singly charged or neutral one, the 
speed of an a-particle which usually carries a double charge will 
diminish at a different rate from that of one which is for the most 
part singly charged. The different way in which the speed of different 
a-particles diminishes will provide an explanation of straggling. 
It is now clear that in drawing the Fig. 3 it was not legitimate to 
assume that all @’s have the same speed in the same part of the 
range. So we cannot attach much importance to the increase in 
charge of some of the a-particles indicated in diagram towatds 
the end of the range. 

We expect that the experiments, now in progress, will clear 
up all the points now discussed and place the problem on a firmer 
basis. 

This work was carried out with the continuous help of Mr EH. J. 
Laurmann to whom I wish to express my thanks. 

Iam also very grateful to Mr P. M.S. Blackett for his collabora- 
tion during the early stages of the work, and I was very sorry when 
he was compelled to discontinue his help. 

It is a special pleasure to me to thank Prof. Rutherford for his 
interest and valuable advice during the course of the work and 
for his generosity in purchasing the expensive apparatus required. 

CAVENDISH LABORATORY, 

CAMBRIDGE. 
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A Note on the Natural Curvature of a-Ray Tracks. By P. M.S. 
Buackett, B.A. (Communicated by Professor Sir E. RuTHERFORD, 
F.R.S.) 

(Plate VI.) 

[Read 5 March 1923. ] 

It has been mentioned by Shimizu* and also by the writery that 
towards the ends of the tracks of a-rays an appearance of general 
curvature is noticeable that cannot be resolved by eye into isolated 
sharp bends. Examples of this are shown in Plate VI, Nos. 1 
and 2. The question that immediately arises is whether this ap- 
parent curvature can be attributed to multiple scattering, that is, 
to the chance superposition of a number of small bends, or whether 
some additional mechanism must be postulated. An answer to this 
is made possible on account of an unexpected relation that has been 
observed between the direction of this apparent curvature, in the 
case of the tracks of those @-particles that have made certain types 
of nuclear collision, and the initial direction of the tracks before 
collision. 

On examining carefully all the air forks that have so far been 
photographed by the writer, a strong impression was formed that 
there was a tendency for the particles to curl, after collision, away 
from their initial direction of motion (Nos. 3, 4 and 5). This effect 
appeared most marked when the remain- 
ing range of the a-particles lay between 
0:4 and 2-0 mms. at N.T.p., and when the 
angles of deflection ¢ at the forks had 
values between 35° and 120°. 

In many cases also the spurs due to 
the air recoil atoms showed a similarly 
directed curvature (Nos. 3, 4 and 6), 
while, on the other hand, the spurs due 
to the recoil atoms of helium showed 
curvatures in both directions (Nos. 7 and 
8). In the latter case the plane of the 
curvature seemed to be inclined at an 
angle to the plane of the fork. How- 
ever, as the data in these cases is very 
meagre, our attention will be chiefly 
directed to the discussion of the curva- 
ture of the a-ray tracks themselves. In order to obtain a numerical 
test of this phenomenon the following procedure was adopted. 

* Shimizu, Proc. Roy. Soc. vol. 99, p. 425 (1921). 
+ Blackett, Proc. Roy. Soc. vol. 102, p. 294 (1922). 
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The angle % between the initial direction of the @-particle after 
collision and the final direction* of the end of its track was measured 
in all the forks for which the deflection ¢ and the remaining range 
Ry, lay between the limits mentioned. The positive direction of % 
is that of ¢ increasing. Eighteen forks were available for these 
measurements. The values of % were found to vary from — 20° to 
+ 60°, with a mean of 14°, while the mean deviation from this 
mean value was 16°. The average values of Ry and R,, were 
1-1 and 0-26 mms. respectively. These results can be expressed as 
follows. On the average all the tracks suffered a deflection of 14° 
away from their initial direction, while their average angular spread 
was 16°. 

Rough as these results are they afford evidence of some other 
phenomenon than that of normal scattering. This latter is com- 
petent to explain the order of magnitude of the spread of the 
tracks but cannot possibly explain the average deflection in one 
direction. It is convenient to consider this average deflection as 
equivalent to a constant curvature, of an amount that can easily 
be calculated to be expressed by a radius of curvature of 4 mms. 

It is difficult to calculate the average angle of scattering of such 
slow moving particles owing chiefly to the difficulty of estimating 
the effect of the electronic screening of the nuclei of the gas 
molecules, but by making some approximate assumptions and using 
the theory of scattering given by Thomson‘} and Rutherford {, it is 
possible to show that the average deflection of the a-particles in 
travelling the last millimetre of their range is of the order of 10° or 
20°. This agrees roughly with the measurements. 

In attempting an explanation of the average curvature away 
from the initial direction of the track it is necessary to distinguish 
two separate phenomena, the curvature itself, and the relation of 
the curvature to the previous collision. A few simple calculations 
show at once that the former effect cannot be due to any external 
electric or magnetic field. It is thus necessary to seek the mechanism 
of the curvature in an asymmetry of the @-particle itself. Now the 
work of Henderson has shown that at the velocities with which we 
are concerned, which are all less than 3 x 108 cms. per sec., the 
average charge of an a@-particle is less than one. In addition, some 
recent work of Sir Ernest Rutherford, which he kindly allows 
me to mention, has shown that at velocities slightly greater than 
this the ratio of the numbers of singly to the numbers of doubly 
charged a-particles is about ten to one. At still lower velocities 
the ratio may be many times greater. It is thus probable that the 

* The final direction is taken as the direction of the track at a distance of about 
0:2 mm. from its extreme end. 

+ Thomson, Proc. Camb. Phil. Soc. 15, p. 415 (1910). 
~ Rutherford, Phil. Mag. p. 669 (1911). 
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particles remain usually in a singly charged or neutral state and 
only rarely lose both electrons. Now an a-particle with a single 
electron, revolving presumably in a 1l-quantum orbit of radius 
2-7 « 10-* ems. with an orbital velocity of 4-4 x 108 cms. per sec., 
will possess a marked degree of asymmetry. If we suppose that 
the plane of the orbit is parallel to the direction of motion, the path 
of the electron in space will be a trochoid and there will be an 
asymmetry in the electric field due to the complex system. Confining 
ourselves to points in the orbital plane at distances from the particle 
which are not great compared with the radius of the orbit, it can 
be seen that, although the average amplitude of the electric inten- 
sity is the same on both sides of the track, its variation with the 
time is markedly different. On that side on which the electron is 
moving slowly the electric forces will vary more slowly with the 
time than on the fast side, and will, presumably, produce a 
greater disturbance of the electronic systems of the gas molecules. 
The singly charged a-particle can from this pot of view be con- 
sidered as moving faster on one side than on the other. Since the 
energy lost to the gas molecules on the slow side, will on this view 
be the greater, there is likely to be a resultant transverse component 
of momentum which will tend to deflect the particle towards the 
slow side, that is, the curvature of the g-ray track will be in the 
same direction as the rotation of the electron. 

It is hoped that it will prove possible to investigate precisely 
the loss of energy and momentum of such a system, on the lines of 
the theory of the decrease of velocity of charged particles given by 
Bohr*. Failing such an investigation it is of some interest to calcu- 
late the minimum radius of curvature that can be explained by 
postulating the maximum degree of asymmetry, that is the case 
when energy is only lost to molecules confined to one plane and to 
one side of the track. If we suppose that all the energy is spent in 
producing ions, and that in the formation of each ion there is a 
transference of momentum equal to that possessed by an electron 
of kinetic energy equal to the ionization energy W, then we can 
derive} the expression 

5 ay dey 
P*\Im) | dz 

for the radius of curvature of the track of the e-particle. In this 
equation m is the mass of an electron and dv/dz the rate of decrease 
of velocity of the @-particle. Taking W as 13:5 volts and dvu/dzt 
as 2 x 10® ems. per sec. per cm., we find a value for p of 0-5 mm. 
Comparing this with the observed value of 4:0 mms. it seems that 

* Bohr, Phil. Mag. 25, p. 10 (1913). 
+ It is necessary to assume that the total momentum transferred is considerably 

larger than the loss of forward momentum of the a-particle. 
+ Blackett, loc. cit. 
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it will be found unnecessary to attribute any great degree of 
asymmetry to the singly charged a-particle to explain the observed 
curvatures. 

It would be anticipated that the recoil atoms of air and other 
gases will also in general possess an asymmetrical arrangement of 
electrons, and so can be expected to travel in curved instead of 
straight paths. Thus this general type of explanation seems ade- 
quate to account for the marked curvature that is shown by the 
tracks of some air atoms. 

It may be considered an objection to the theory that it is neces- 
sary to suppose that the a-particle rarely if ever loses its second 
electron along the last two millimetres of its track, although still 
able to produce several thousand ions. It must, however, be remem- 
bered that the second ionization potential of helium is very high 
(54 volts) and that the maximum velocity with which we are 
concerned is not much greater than that minimum velocity 
(2-2 x 108 cms. per sec.) that must be possessed by an a-particle 
in order that it may be able to impart this amount of energy to a 
free electron. It thus seems very probable that at these low velocities 
complete interpenetration of such heavily bound orbits may take 
place without energy transference. 

The assumption that the plane of the orbit is parallel to the 
direction of motion was made expressly to give the maximum 
possible asymmetry. It may be, however, that this position is that 
of greatest stability. 

Concerning the relation of the curvature to the preceding fork, 
it seems legitimate to picture an immediate re-organization of the 
electronic systems of the two particles as their respective nuclei 
separate after the collision. It appears reasonable to suppose that 
the mutual influence of the electric fields of the two separating 
particles will affect the chance of the capture of electrons in definite 
orbits. It can in fact be seen in the case of such a fork as is shown 
in the figure, that the large value of the field due to the air atom 
nucleus, will tend, as the particles separate, to rob the neighbour- 
hood of the a-particle of those electrons whose positions and 
velocities are such that they are likely after capture to move in 
anticlockwise orbits (with reference to the figure). Thus there will 
be an increased chance that the electron actually captured will 
move in a clockwise orbit. The curvature produced by such an 
orbit will be in the direction of the observed curvature. 

In conclusion, emphasis must be laid on the hypothetical nature 
of this theory of the asymmetric ionization by complex particles, 
and also on the inadequacy of the data on which the theory is 
based. The excuse for the latter is the rarity of the forks. Those on 
which the measurements were made are all that were obtained 
amongst the photographs of over six thousand tracks. 
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Contributions to the Theory of the Motion of a-particles through 
matter. Part I, Ranges. By R. H. Fowuer, M.A. 

[Read 5 February, 1923.] 

§1. General introduction and summary. The following paper 
(two parts) is definitely limited in scope and attempts only to throw 
light on certain special points of some importance in the theory of 
the retardation of an a@-particle in passing through matter. The 
basis for the construction of a detailed theory of the whole pheno- 
menon—more especially of the end of the range phenomena such 
as capture and loss of electrons by the moving @-particle—is hardly 
yet clear. 

The theory of the retardation remains much as it was left by 
Bohr* in 1915, except for an interesting suggestion by Henderson7, 
that the whole effect of the a-particle in passing through matter 
might consist of ionization and transference, and be calculable at 
once when all the ionization and transference potentials are known. 
Henderson’s theory, which will be described in greater detail in 
§ 3 where it is critically discussed, is at first sight very attractive, 
and suggests that a general survey of the ranges of @-particles in 
various substances, based thereon, might be interesting and in- 
structive; for, in general terms, all the ionization and more 
important transference potentials of most atoms are now at least 
roughly known as a result of X-ray and optical systematic spectro- 
scopy. This survey occupies Part I of the paper, which is completed 
in Part IT by a discussion of the ionization caused by the «-particle. 
It will be found that it is not possible to discuss these two problems 
entirely apart. 

On a closer examination it is found that the simple form which 
Henderson gives to the theory cannot be fully accepted as an 
explanation of the stopping power of any atom for an a-particle. 
As we shall see in § 3, it accounts naturally only for about one-half 
of the observed stopping power of He and perhaps three-fifths that 
of Air. It is only by straining the facts concerning transference 
potentials quite unwarrantably that the theory can be made to 
agree with experiment for Air, which is the sole comparison made 
in the paper quoted. The failure of this theory to account for the 
full stopping power is itself a fact of some importance—either it 
drives us back on the theory of Bohr for at least the remainder of 
the stopping power, and shows that a considerable fraction of the 
energy lost by the a-particle must go in setting in vibration the 
electrons in their ordinary quantized orbits, without effecting 
transference from one orbit to another—or else we must suppose 

* Bohr, Phil. Mag. vols. 24, p. 10 (1913), 30, p. 581 (1915). 
+ Henderson, Phil. Mag. vol. 44, p. 680 (1922). 
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that energy can be spent in ionization and transference much more 
freely than the classical calculations allow. Further light is thrown 
on these alternatives by the study of ionization in Part II. 

Though we must admit the shortcomings of Henderson’s form 
of the theory, a general survey on this basis is still of some interest, 
for there is a close parallelism between the atomic stopping powers 
of this theory and those of experience. 

With regard to the ionization produced by an a-particle there 
do seem to be certain points at which Bohr’s discussion can be 
carried somewhat further. Bohr* himself has pointed out that these 
assumptions, on which Henderson has attempted to calculate the 
total loss of energy in the early part of the range, can probably be 
correctly used to calculate the zonization there produced by the 
a-particle. Bohr’s calculations are in need of revision in the light 
of more recent data, and are open to criticism on one theoretical 
point. Bohr assumes in calculating the secondary ionization that 
a slow electron moving in a gas of ionization potential A with an 
energy between sA and (s + 1) A will make exactly s ions. But this 
is equivalent to assuming that at each effective encounter it either 
transfers the whole of its energy or exactly A to the other electron, 
an assumption which seems hardly warranted by existing evidence. 
By introducing considerations from classical dynamics, admittedly 
inadequate in such cases for a full account of the exchange, simply 
_as a guide to the relative frequencies of various types of effective 
encounter a more satisfactory figure for the number of ions made 
can be obtained which roughly speaking is less than Bohr’s by a 
factor ?. The agreement between theory and experiment in Air 
and H, is considerably improved. This discussion occupies §§ 1-5 
of Part IT. 

The outstanding discrepancy of the ionization in He is lett 
untouched by these adjustments, or even rendered more acute. 
By comparing the ionization and the resulting stopping power it 
is found that the efficiency thus calculated of the @-particle as an 
ionizing agent in Air and H, is greater than that observed, but 
correct in the case of He. Thus while the extra stopping power of 
Air and H, can come from the vibrations set up in the atomic or 
molecular systems according to Bohr’s theory, and also from dis- 
sociation, in the case of He no such explanation is possible. The 
extra expenditure of energy must be spent with much the same 
efficiency on ionization, over and above the maximum ionization 
allowed by the classical calculations. The experiments of Millikany 
on the proportion of doubly charged ions left by an a-particle in 
He throw light on these points. That these experiments may be 

* Bohr, loc. cit. § 6, extending previous work by J. J. Thomson, Phil. Mag. 
vol. 23, p. 449 (1912). 

7+ Millikan, Phys. Review, vol. 18, p. 456 (1921). 
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properly interpreted, account must be taken of the secondary 
ionization. It then appears that at the point of maximum vonization 
at least three-fourths of the He atoms effectively hit by the a-particle 
must have both electrons removed, and over one-third at the higher 
velocity used by Millikan. Allowing for some selective recombina- 
tion, these facts suggest the tentative hypothesis that the anomalous 
ionization in He is largely due to a very large proportion of primary 
ions being doubles. The stopping power of, and ionization in, He 
are then satisfactorily accounted for, with very little surplus energy 
loss to be assigned to vibrations. The completed group of two 
1-quantum electrons in He (and the A-levels of other elements) is a 
unique electronic structure. The two electrons are closely inter- 
connected and appear to respond in a unique way to the passage of 
the e@-particle. Further experimental confirmation of the facts on 
which these deductions are based is highly desirable. This discussion 
occupies § 6. 

These calculations were just finished when a very interesting 
paper by Svein Rosseland* came to hand. This paper also discusses 
incidentally Millikan’s observations of doubles in He and relates 
them to the occurrence of non-diagram lines in X-ray spectra. No 
allowance is, however, made for secondary ionization, which, I still 
believe, is essential for the interpretation of Millikan’s results on 
a-particles and for applications to a-particle phenomena. This does 
not in any way affect the main part of Rosseland’s paper which is 
concerned with electron impacts. 

It is necessary before starting to marshal the existing evidence 
on ionization and transference potentials for the various levels in 
the atom, which must be done somewhat systematically if the exact 
position of Henderson’s theory is to be made properly clear. The 
necessary table is given in § 2, and is more extensive than is required 
for immediate use. But its contents may prove to be of use in any 
further discussion of ionization and stopping powers. 

§ 2. The assignment of ionization and transference potentials. An 
approximate knowledge of all the energy levels in the atom, that 
is, of all the ionization and transference potentials, is now for the 
first time becoming available. Existing information deduced from 
X-ray spectra has been systematized from this point of view in a 
recent paper by Bohr and Costert, which embodies and refers to 
all the available evidence. For the purpose in hand here this must be 
supplemented to some extent for light elements and valency elec- 
trons from other sources. Not only are the various energy levels 
known, but the number of electrons associated with each level is 
assigned with considerable certainty by Bohr’s theory of the strue- 
ture of the atom. The only remaining doubt concerns the exact 

* Rosseland, Phil. Mag. vol. 45, p. 65 (Jan. 1923). 
+ Bohr and Coster, Zeit. f. Physik, vol. 12, p. 342 (1923). 
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distribution of the electrons between the two sub-levels into which 
Bohr’s main levels, characterized by given values of the quantum 
numbers 7 and k, must be supposed to be split. Even here there is 
little room for uncertainty. For the latest exposition of Bohr and 
Coster, which exhibits a beautiful and complete formal analogy 
between X-ray and optical levels, seems certainly to require that 
it is in all cases the upper main levels which are split into doublets, 
the lowest level (k = 1) remaining undivided. As a working hypo- 
thesis, which is eminently reasonable, I have supposed that the sub- 
levels divide equally between themselves the electrons of the main 
level to which they belong. 

Ionization and transference potentials of the valency electrons 
are known for many gases and metallic vapours either from direct 
experiments with electron impacts such as those of Franck, Hertz, 
Horton and their collaborators, or from the optical spectrum. But 
further information is required in this region for Kr, Xe, N, and Oy. 

In the intermediate region of voltages (10-50), especially for 
light elements, the levels are still somewhat uncertain. The X-ray 
data can be supplemented to some extent from the work of Millikan 
in the extreme ultra-violet and McLennan on electron impacts, but 
the interpretation of their results has not yet reached satisfactory 
certainty. 

Reviewing the whole range of levels one may say that these can 
now be specified nearly enough to start on applications to theories 
of the ranges and ionization of the a-particle. For a preliminary 
survey in this connection we confine attention to 

H;,, He, Nz, 03, Ne, Al, Al Cu, Kr, Ag, Xe, Au. 

Table I contains this information, which is probably the best yet 
available. The sources of information used are giver in a footnote. 
The main entries are ionization potentials in volt , preceded by a 
number (__) giving the number of electrons in the group or group 
to which the potential refers. A number of levels may here be 
grouped together when their potentials are not seriously different. 
Entries in [ | at the end of each list are the first transference 
potentials for the valency electrons in the vapour state. The double 
vertical lines mark off the K, LZ, ... levels from one another. It 
must be assumed when necessary that the potentials for O and N 
are the same as those for O, and N, with half the electrons in each 
group. 

A word should be said as to the values assigned to He in the 
table, which are less by 0-7 than the usual values. They are those 
preferred by Hertz, loc. cit., on the basis of Lyman’s observation 
of the true principal series of singlets in the far ultra-violet. They 
are used by Hertz as reference points relative to which he deter- 
mines the potentials for Ne and A. The values for the L-levels and 
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valency electrons in O, and N, are unfortunately doubtful. It is 
not possible to fit together in a convincing way the somewhat 
inconsistent requirements of the diagrams of Bohr and Coster, 
McLennan’s voltages and Millikan’s “Z-spectra’’. It is not really 
certain @ priori that the assigned numbers of electrons are reliable 
in these two cases. 

TasLe I. Atomic and Molecular Energy Levels (Ionization and 
Transference Potentials) in (electron) Volts, with the corre- 
sponding numbers of electrons. 

1. H, (2) 11-5 || [(2) 9-07] 
2. He (2) 24-6 || [(2) 19-75] 
Zi . N, (4) 405 |! (8) 32, (2) 17 || [(2) 8] 
8. 0, (4) 540 || (8) 35, (4) 15-5 || [(4) 8] 
10. Ne (2) 880 || (4) 40, (4) 21-5 || [(4 pe 65] 
13. Al (2) 1550 | (4) 106, ) 69 || (2) 1 1 (1) 5-9 | 
18. A (2) 3190 |] (4) 325, (4) 250 || (4) 30, (4) 15-3 || [(4) 11-55] 
29. Cu (2) 8950 || (4) 1070, (4) 955 || (6) 122, (6) 73, (6) 11 || (1) 8 || 
36. Kr (2) 14200 |] (4) 1900, (4) 1700 || (6) 310, (6) 200, (6) 108 || (4) 30, (4) 13? || [(4) 10-57] 
47. Ag (2) 25400 || (4) 3780, (2) 3520, (2) 3350 || (6) 720, (3) 590, (3) 560, (3) 380, 

(3) 370 || (6) 100, (6) 55, (6) 10 |] (1) 7-5 || 
54. Xe (2) 34600 || (4) 5450, (2) 5090, (2) 4780 || (6) 1150, (3) 1050, (3) 940, (3) 690, 

(3) 675 | (6) 217, (3) 174, (3) 159, (6) 70 |j (4) 30, (4) 112 Ij [(4) 8°57] 
79. Au (2) 80400 || (4) 14350, (2) 13720, (2) 11880 | (6) 3420, (3) 3180, (3) 27405 

(3) 2290, (3) 2210 |] (8) 785, (4) 664, (4) 579, (4) 357, (4) 338, (8) 96 || (6) 107, 
(6) 76, (6) 11 || (1) 7-3 || 

X-ray Levels. Bohr and Coster, loc. cit. In certain cases the numerical values for 
upper levels in their tables are somewhat ragged (e.g. O-levels of Au) and I have 
then considered it best to take smoothed values from their diagrams, which provide 
a rational means of extrapolation and interpolation and have ‘been closely followed 
throughout. 

Ionization and Transference Potentials. Hertz, Proc. Sec. Sciences, Amsterdam, 
vol. 25, p. 179 (1922); Franck and Reiche, Zeit. fur. Phys. vol. 1, p. 154 (1920); 
Franck and Kipping, ibid. p. 320; Horton and Davies, Phil. Mag. vol. 39, p. 592 
(1920), ete.; Olmstead, Phys. Rev. vol. 20, p. 613 (192 2): Foote and Mohler, “The 
eet of Spectra,” Amer. Chem. Soc. (1922). This systematizes most of the preceding 
work. 
ee data. Fowler, “Report on Series in Line spectra,” Phys. Soc. Report 

(1922). 
Intermediate levels. Millikan, Proc. Nat. Acad. Sciences, vol. 7, p. 289 (1921): 

Hopfield, Phys. Rev. vol. 20, p. 573 (1922); McLennan and Clark, Proc. Roy. Soc. A, 
vol. 102, p. 389 (1922). 

§ 3. A critical examination of Henderson’s theory. It is assumed 
in this theory that when an «-particle encounters an electron bound 
in an atom or molecule, the electron is at the end of the encounter 
completely unaffected unless sufficient energy can be communicated 
to it to lift it right out of the atom—that is, to ionize the atom— 
or at least to transfer it to an orbit of higher quantum number, 
which in view of X-ray results must be assumed to be a previously 
vacant orbit. Unless this can be done the a@-particle loses no energy 
in the encounter. If enough energy can be supplied for transference, 
then precisely the required amount is exchanged; if enough or more 
than enough can be supplied for ionization, “jonization occurs and 
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the surplus energy is also transferred to the electron and carried 
off by it as its kinetic energy. One further assumption must be 
made, which is really equivalent to a law of probability for the 
various types of encounter that occur. Henderson assumes that the 
frequency of any type of effective encounter can be calculated on 
the basis of the ordinary laws of dynamics for an encounter between 
an a-particle and a free electron initially at rest—or, in other words, 
that ionization or transference will occur if the energy so calculated 
is sufficient. In general the transfer of energy so calculated will be 
an upper limit for the actual transfer, for any lack of response of 
the electron due to the forces binding it in the atom will usually 
though not always diminish the possible effect of and on the 
a-particle. 

These assumptions lead at once to the formula 
) F2 p2 

pet ae ee ee (1), 
mV? (p? + He?/m? V4) 

where q¢ is the energy transferred during an encounter between an 
a-particle (mass M, charge EH, velocity V) and an electron (mass m, 
charge e) initially at rest in an encounter in which the a-particle 
is aimed to pass at a distance p from the electron. Putting # = 2e 
we obtain 

‘ Sera i 
(i 72 | Thins | mV? \q 2mV? 

In passing through a thickness dx of matter containing NV atoms or 
molecules per c.c. each with n electrons of any one specified type 
the number of encounters in which p lies Ne pand p+ dp is 

2a Nn pdpdx = 7Nn ye nV? 7 of seed (3), 

and the loss of energy by the a-particle due to all encounters with 
such electrons is given by 

dV _ 87e*Nn [dq 
MV ie mal Gee ee (4). 

In equation (4) q is an energy, but since dq/q is a pure number the 
unit of energy is immaterial, and it is convenient for practical 
calculations to express all energies in “equivalent voltages’, that 
is, in the potential drop in volts necessary to generate the same 
velocity in an electron. Lf W is the voltage equivalent to V? and A 
is the ionization potential in volts, the limits of the integral in (4) 
are 4W, which is the maximum transfer of energy possible (p = 0) 
and A, and we have 

a uv _ Sie 4Nn 4W 
a nV? log Sy CL (5). 
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Formula (5) gives on Henderson’s theory the rate of loss of 
energy due to ionization from one particular level in the atom or 
molecule. We have also to take account of transference. In general, 
for most atoms and molecules, the transference potentials are 
probably distributed at fairly close intervals after the first one. 
Their combined effect can therefore be sufficiently accurately 
allowed for on this theory by substituting 7, the first transference 
potential, forA in (5). It is unnecessary to use the accurate summation 
of Henderson, which has the disadvantage of obscuring the physical 
meaning of the formula. In any case the use of this approximation 
will give an upper limit to the stopping power on Henderson’s 
theory, for we are assuming that once the first transference potential 
is reached the whole transferable energy is transferred, instead of 
for a time only a portion of it. We have, therefore, for the rate of 
loss of energy, due to a single atomic level, 

dV 8ietN n 4W 
— MV FECA. log ay er (6), 

dV  87e4N AW a 
and in general — MV LAE 7, log ertah ease WG): 

In Henderson’s form of (7) log 7, is replaced by 

loo ls i: 25 (Ts)rt1) . 

which is easily seen to be equivalent when the (c,), are close 
together. 

Henderson obtains his agreement with experiment for air by 
taking two levels in the “air molecule” one with 4 electrons at 
200 volts and one with 10-4 electrons at 15 volts. It is clear from 
Table I that this underestimates the ionization potentials and 
therefore over-estimates the stopping power. But even then he 
assumes in addition that for each level &, (1 — (7,),1)/(z,),) = 2, 
which is practically equivalent to assuming that 

T, = A,/e? = d,/7-4. 

This is completely at variance with all the known facts about 
transference potentials. 

The matter can be made clearer by direct calculations with the 
data of Table I and formula (7). It is better for this purpose to 
avoid the use of the function 47 (x), and use approximate numerical 
integrations, which are of ample accuracy. We have from (7) 

Vot— V4 327etN 4W 
———~— = M,log— aaa 

x rs Mea ee TS 

where X is the range in cm. and W isa suitable mean value of W for 
the velocity drop Vo, V. If we take V = 1-922 x 10° cm./sec. 
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(RaC), V = (0-9) Vo, then W = 940 approximately, and X = 1-90 cm. 
in air at 760mm. Hg and 15°C. From Table I the value of Xs 
can easily be calculated for N, and O, and the properly weighted 
mean taken for Air. To do this we use ionization potentials for all 
levels except the highest and for that the transference potential, 
for since the electron must go to a vacant orbit the first transfer- 
ence potential for an X-ray level will in general not differ much 
from the ionization potential. We find 

Dn, log a Gl aM d im tee (9). 

Using known values for the atomic constants in (8) we find that 
to give the observed range we ought to have 

Sp low tH _. (1:922)# 1098 0-344. 81.4. 1840 . 10-288 
oe STS 1-90 . 397. (4-774)4 10-9 2-7. 10, 273 

— lit O: 

To give the correct range we must not use the genuine ’s and 7’s, 
but must assume, as Henderson does, that the transference poten- 
tials for each level start at, say, A/a or t/a where 

14-4 log a = 110 — 61:5, a = 29. 
This agrees nearly enough with Henderson’s figure 7-4 allowing 
for the different ionization potentials we have used. It is impossible 
to believe that these innumerable transference potentials can exist 
in view of the overwhelming negative evidence of all direct lines of 
attack. What is, or may be, of value however in Henderson’s dis- 
cussion is the fact that ionization and transference calculated 
according to modern ideas of atomic structure accounts at most 
for 61-5 parts out of 110 in stopping power, or 56 per cent. Hither 
the rest of the stopping power must arise out of disturbances of the 
atomic system by the passing a-particle which do not result in a 
change of orbit on the lines of Bohr’s theory; or else ionization and 
transference can take place much more freely than these calculations 
by classical dynamics can allow, although they have taken approxi- 
mately the most favourable case. 

A still clearer example is provided by He, for in this case we 
have only one energy level and we know with some certainty that 
the first transference potential is 19-75 volts and the ionization 
potential 24-6 volts. For the same velocity drop the range* in He 
is about 4-71 times the range in air. To give the observed range we 
must have 

2 log 4W/r = 23-4, 
while the actual calculated value is 

2 log 4W/r = 10-5. 
* Taylor, Phil. Mag. Sept. 1913, p. 402. 



a-particles through matter. Part I, Ranges 529 

Then Henderson’s theory gives less than half the stopping power 
or more than twice the range. No possible appeal can be made to. 
errors in the potentials used, for to give the required result we must 
take + = 0-03 instead of 19-75, a quite impossible value. A similar 
discrepancy is exhibited by Hg. 

It can, I think, still be maintained that calculations of the 
partial stopping power which can be regarded as due to ionization 
and transference are not entirely without importance, and a short 
table of these values compared to observation is not without 
interest. We take in all cases the velocity drop from 1-0 to 0-9 of 
the velocity of the a-particle from RaC; the observed atomic or 
molecular stopping power is defined as the coefficient S in the 
equation 

Voi— V+  327et*N 
<i, SP oe lex sta ae 

the stopping power calculated as due to ionization and transference 
is of course 

&,n, log 4W/r,. 

TasLe II. Observed atomic stopping powers compared to the 
stopping powers due to ionization and transference on the 
simple theory, for the velocity drop 1-0 to 0-9 of 

1-922 x 10° cm./sec. 

een Atom | S observed |S calculated | Difference Observer 

79 Au 233 167-1 66 M. and R.* 
54 Xe — 131-2 — — 

47 Ag 177 124-4. 53 M. and R. 
36 Kr — 102-7 — — 

29 Cu 146 94-2 52 M. and T.+ 
18 A — 63-4. — _- 

13 Al 77, 86 50-2 27, 36 M. and R.; M. and T. 
10 Ne — 42:8 —— — 

40, 61-5 35:0 26-5 he 
[7-2] | Air 55:0 30:8 24-2 of by 
7 tN, — 29:7 — — 
2, He 23-4 10-5 12:9 1h 
1 4H, 12-3 6-05 6-2 Te 

The observed and calculated values run closely parallel, with the 
biggest abnormalities for Al and Cu which are probably the least 
reliable observations. An interesting feature is the small differences 

* Marsden and Richardson, Phil. Mag. Jan. 1913, p. 184. 
+ Marsden and Taylor, Proc. Roy. Soc. A, vol. 88, p. 443 (1913). 
t Taylor, loc. cit. 
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in S for Xe and Ag and for Kr and Cu compared with their differ- 
ences in atomic number. These small differences result from the 
large groups of loosely bound electrons present on Bohr’s theory 
in the noble metals. It would on any theory be directly con- 
firmatory of the theoretical numbers in the groups if the smallness 
of these differences could be substantiated by experiment. Another 
feature of interest is the reproduction by the theory of the sur- 
prisingly large difference in S between O, and Air. This almost 
amounts to a proof that the extra electrons in O, compared to N, 
are added in the most lightly bound orbits, as was assumed in 
Table I. 

It is hardly legitimate to press these correspondences any 
further, but they may serve to raise interest in a more systematic 
experimental study of stopping powers. 

I take this opportunity of expressmg my indebtedness to Sir 
E. Rutherford for his help and encouragement, without which 
these notes would not have been written. 
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Contributions to the Theory of the Motion of a-particles through 
matter. Part II, Ionizations. By R. H. Fowxer, M.A. 

[Read 5 February, 1923. ] 

§1. The ionization produced by the passage of an a-particle 
through a gas. Introductory. We have commented on stopping 
powers in Part I. We now turn to the ionization produced by an 
a-particle, and here, as Bohr* and J. J. Thomson* have pointed 
out, the basis of calculation which is inadequate for stopping powers 
should be adequate to calculate the primary ionization. In the very 
intense encounters which give rise to primary ionization—that is, 
the ionization caused directly by the a-particle itseli—it is reason- 
able to suppose that the forces binding the electron to the atom 
can as a first approximation be neglected during the encounter. As 
was first pointed out by Bohr, this is only a fraction of the total 
ionization produced, for these primary encounters give rise to some 
electrons with sufficient speed to cause secondary ionization. To 
calculate this Bohr assumes that in a gas with a single ionization 
potential A an electron with energy between sA and (s+1)A will 
form s secondary pairs of ions. This ignores the possibility that a 
secondary ion may carry off with it some kinetic energy 2A say, 
after absorbing originally (1 + 7) A. It assumes in fact that the 
secondary either absorbs the whole of the primary’s energy or 
exactly A. It is more natural and probably more in accordance 
with experiments on electron impacts to assume that the secondary 
can absorb any possible amount of energy according to some 
definite distribution law, and this introduces a non-negligible 
correction into the calculated ionization. 

Bohr points out that the number of ions produced by these slow 
electrons is not properly calculable if we neglect the binding forces 
during an encounter—the condition for this, on Bohr’s theory, is 
that the energy of the electron should be large compared to the 
ionization potential. This is undeniable. But it is in entire accord 
with all the very fundamental work on the ionization and trans- 
ference potentials of gaseous atoms and molecules by slow electron 
impacts to assume that the electron never loses energy perceptibly 
in an atomic encounter except by causing ionization or transference. 
To calculate accurately the average ionization due to a slow electron 
all that we require to know further is a distribution law for the 
velocities of the ejected electrons after collision and the relative 
frequency of the different types of ionization and transference. It 
seems to me, though Bohr originally discarded such a course, that 
calculations on the basis of classical dynamics ignoring binding 
forces can probably be safely used to calculate the required dis- 

* Loc. cit. in Part I. 

VOL, XXI. PART V. 5 35 



532 Mr Fowler, Contributions to the theory of the motion of 

tribution law. It is to be remarked that only relative frequencies 
of the different types of collision are required—absolute frequencies 
will be found to be irrelevant. The point at which this method is 
most likely to be in error is in the relative frequency which it pre- 
dicts for ionization and transference at velocities of the electron for 
which either is possible. Its results on this point should be used 
with great caution. Though the problem has been formally solved 
on these lines for the general case of any number of ionization and 
transference potentials, it has only as yet been reduced to exact 
numerical results in the sumplest case of a single ionization potential 
—this case, however, is far the most important. 

§ 2. The average ionization produced by a single slow electron in 
agas with a single onization potential. The actual ionization produced 
by a single slow electron of given initial energy will vary greatly 
from electron to electron. We are only concerned, however, with 
the average ionization, for in applications to a-particles we have 
always to deal with a large number of primary electrons in any 
given energy range. 

Applying the classical calculation to the encounter of a primary 
electron with another electron initially at rest we have 

: ‘lg aeeL 1 
tan $¢ = z ; ( = PS Z ) ; 

je mm m 

The energy lost by the primary can at once be written down if we 
remember that the tracks of the electrons after the encounter must 
on the present basis be at right angles. If V’ and v’ are the respective 
velocities after the encounter 

v = V sinid, Vo — V Coston sae (at): 

If A is the ionization potential nothing happens unless 
imV? sin? 44s eA, but when this is satisfied ionization occurs and 
a new free electron goes off, the square of whose velocity is 
V2 sin? 46 — 2eA/m. 

This quantity v? we can express in terms of p; we find 
4e4/m? V? 2er 

pet 4e4/m?2V4* =m 

4e4 Ue | 
= = Fat Ne 2). 

P meV4 E + 2eA/m | ic) 
This is the relation which must be satisfied by p when, after the 
encounter, the primary electron (V2) has given rise to two in all 
with squared velocities v2 and V2 — v? — 2eA/m. 

In a long track of length Z each primary would, if not slowed 
up, make 27NnLpdp encounters in which p lies between p and 

2 
v= 
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p+dp. Hence the first effective encounter will have a chance 
proportional to pdp of lying in this region, and therefore on the 
average for many primaries the number of such first encounters will 
be kpdp. To determine k we must integrate over all possible values 
of p which give an effective encounter; the limits are 0 and the 
value obtained by putting v?=0 in (12). If we write V? =z, 
v2 =q, and 2eA/m =p so that z, q and p represent squares of 
electron velocities and determine k, the chance that the first en- 
counter of a primary with V? = z leaves electrons with z — q — p 
and q can be put in the form 

m* 20 
ie 20 DN mae te cemens eesesee (13), 

or in terms of q instead of p 

ak sis yet Baas Pua Ne (14). 
—p(g + py 

In (14) units are obviously irrelevant and everything may again 
be expressed in volts. 

Suppose now that g (z) is the average total number of electrons 
set free by one primary, with V?=z, the primary itself being 
counted as one. It is then obvious that 

Gi (Zi — A (OS ap) Oe (15) 

For any greater value of z we can obtain an integral equation for 
g (2) by the use of (14). For the average total number of electrons 
set free by the two after the first encounter must be 

9(q) + 9(%— q—P) 
and g (z) itself must be pean by integrating 

= 5 Geely +9(e—4-p p)| 

over all ey ie of q, that is, from 0 to z—p. We find, 
therefore, that 

dq 
(q + p)° 

Be ane 1 1 | 
— ta —, | 49, (z>p), (16), 

90) |aipp gage ere 
Gi?) — koa (Orci )iege ta Re (16)’. 

It is important to observe that on any theory whatever g (2) 
must be given by vie Auer 

lag) gle —qi—"a)), 

“L(G 0) dag (4 )+9(2-G—p)] 
g (2) =" “= 

i ACE p) dq 
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the assumptions we have made simply determine f (q, p) and it is 
hard to suppose that any application of classical arguments will 
give an f (q, p) of essentially different form. 

§ 3. Numerical study of g (z). It is apparent from equation (16) 
that when g (z) is known for all values from 0 to z — p it can be 
determined at once by simple integration for all values from z — p 
to z. Since g (z) = 1 when 0 <z <p, it follows at once that g (2) 
can thus be determined uniquely step by step for all values of z. 
We have at once when p < z < 2p 

superego | ca | ne! 1 | 
j(2) == — —_, + —_— d 97 ple Later earl! 

TN (ole car SOs) ee) 8 eee (17), 

in agreement with the self-evident fact that in this range of velocity 
every primary makes just one secondary and no more. Further, 
when 2p < z < 3p 

de att -| 2{* ar i! wed | d 

if » Sater” @—pe |! 
= oe ’ Es a (Qe <aapye) VPS (18), 

and so on step by step. In practice it is, however, desirable to 
have a more powerful method of obtaining g (z) for large z, which 
can be obtained as follows. 

We observe first that g(z) = A (z+ A) satisfies (16) for all 
values of A. This is easily verified. Further, since the factor 
multiplying g (q¢) in the integrand is always positive, if 

g(2)<A(z+p), (0<2<y—p), 
then by integration of (16) 

g(z)<A(z+p), Y—p<2<¥y); 
and therefore, step by step, for all values of z. The same facts hold 
for the other inequality g (z) >A’ (z + p). These facts take us a 
certain distance, but the inequalities are needlessly strict. It is 
only necessary to assume: 

(i) that for all values of z > y +p 
: 1 1 1 . Mies | if — 5 |¢ [9@ Festa ae ig<[AG+e) | 55 a : 

and (u) that when y§<z<y+p, 

g (2) << A(z +p) 
in order to be able to infer that 

g(2)<Az+p), @>y). 
A similar result holds for the other inequality g (z) A’ (z+ p). 
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By taking y = 3p we can obtain a very satisfactory approxima- 
tion for the general form of g (z) without undue labour. We have 
therefore to determine values of A for which the inequalities 

aia} eee |ars4 [a+ o)) Pegi et |@ Pe Gp, C—O again | Geeta 
are satisfied for all values of z 49. The form of g(q) is given by 
equations (16)’, (17) and (18). A careful numerical study shows 
that to satisfy condition (i) the value of A required for an upper 
limit may be taken to be 0-758/p and for a lower limit 0-754/p. 
Similarly when 3p < z < 4p g (z) lies between 0-758 (z + p)/p and 
0-744 (z + p)/p. It follows, therefore, that for all values of z greater 
than 3p 

0-744 (z + p)/p <g (2) < 0-758 (z + p)/p, (z > 3p). 
As a working approximation it is clear that 

_ 32+ p au 6 
CAs b Say) ay (20) 

will be sufficiently near the truth. Little serious error will result 
in most calculations if this approximation is used for z*s 2p, or 
even for all values of z. 

§ 4. Extensions to include more than one ionization potential and 
transference potentials. To extend the foregoing arguments which 
determine equation (16) satisfied by g (z), to the case in which there 
are more than one ionization potential and transference potentials 
is fairly simple, though it is not so easy to discuss the equation 
numerically, and it is convenient to insert this extension here. If 
7 is the squared velocity which corresponds to the first transference 
potential for the electrons of the group whose ionization is at p, we 
have in addition to the condition (12) for ionization with emergent 
q which is 

4 

Tr Sick ( aS 1) Ries (12 bis), 
m2 \F + p 

the further condition 
5 4e* /z 1 a 

PD mee (| ). Cu) 

under which transference occurs. The greatest effective value of p? 
for these electrons is 

4e* /z fot | 2a en (21), 
m2 (: ; 41) 

If there are then a number of groups of removable electrons to be 
considered, the total possible area per atom or molecule for a first 
effective encounter is 

a (2 P,? + NgPp? + ...) 



536 Mr Fowler, Contributions to the theory of the motion of 

and each element of this is equally likely to contribute the first 
effective encounter, if we assume that all the electrons are equally 
accessible. So the chance that the first effective encounter shall be 
with an electron of the first group with p between p, and p, + dp, is 

Ny 2p dp 
1 Pee Nah a eee tal) 

The fraction (22) gives the chance that the first effective encounter 
leaves two electrons with g and z — q — p, and this chance leads to 
an average production of g (q) + 9 (2 — 4 — p,) free electrons. It 
also, for the larger values of p,, gives the chance that the first 
effective encounter shall leave only one electron free with z — q 
(+, < ¢ <0), and this leads to an average production g (z — q) of 
free electrons. 

Taking into account all groups, expressing everything in terms 
of z and q and integrating we find 

Cicely eo en cdlae|pe a a| elo =2.n.|[ soerept | 90g 9 

Everything can again be supposed expressed in volts. In (23) 
each integral only enters with the corresponding term on the left 
when its upper limit is positive, and by definition g (z) = 1 when z 
is less than 7,, the least of the transference potentials. We verity 
at once that g (z) = 1 so long as z < p, the least ionization potential. 
The proper numerical discussion of (23) cannot be entered into in 
this paper. 

§5. Application to a-particles. We are now in a position to 
revise Bohr’s calculations of the ionization produced by an a- 
particle. On the present theory (which is also Bohr’s) the distribu- 
tion of velocity among the primary electrons can be obtained at 
once from (3) (Part I). The number of encounters in a length of 
track dx which result in a total transfer of energy between q, and 
do + dq is there shown to be 

8e4 d aNndx —<, re 

and therefore the number which give rise to primaries with energies 
after escape between g and q + dq is 

Sep dae 
mV? (q+ py 

Each of these when secondaries are included gives rise to g (q) free 

aNndz 
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electrons, or pairs of ions, in all. The total amount of primary 
ionization in a length dz of track is therefore 

2nV2—ps 

aN. dr 7 5 Ns | : Wl 
=P? 0 (q =F Ps)= 

nea: (24) Primary Ionization, 
and the total ionization is 

* r2mV2—ps 

aNdx soe Dies | p+ 9 (q) dg 

my “0 (q aly Ps)” 

ae (25) Total Ionization. 

The corresponding loss of energy by the @-particle has already been 
shown to be 

2mV2—ps dq 

Wee a iS Ne I. TEES 

Suen (26) Energy loss. 

These integrals can be at once evaluated, including (25) if g (q) 1s 
given by (20). 

We have determined g(q) in the simplest case of a single 
ionization potential. A preliminary investigation of (23) in the case 
of a single ionization together with a transference potential shows 
that for reasonably small values of (p — 7)/p the values of g (q) are 
not much affected. In the general case one can see that Bohr’s 
suggestion to regard all the secondary ionization as made from 
electrons of the least ionization potential must be fairly near the 
truth, especially if the electrons in the highest levels are all grouped 
together, and a mean taken for their ionization potentials. We can 
in this way evaluate (25) with sufficient exactness for a first dis- 
cussion, without an elaborate investigation of (23), which might be 
needed later. 

If we approximate to (25) in this way we put g (7) = 2? (¢ + p)/p 
and obtain on integration 

a 3 2mV? 1 i Wine 

wie or mV? 4p 215Ms flee oon age ae ae av) pour 
The table on p. 538 gives the numerical results of these equations 

for velocities of the a-particle equivalent to 1000, 800, 600 and 400 
volts, at distances from the end of the range in air of about 7-0, 
5-0, 3:25 and 1-8 ems., and compares them with the observed values. 

In view of the uncertainties in the precise ionization potentials 
which should be used for H, and Air in these calculations the 
agreement between theory and observation for these gases 1s 
satisfactory. [It is well recognised that no theory of this type 
gives the proper variation with velocity.]| There would be distinct 
disagreement for H,, for which there is the least uncertainty if the 
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TABLE III. Showing 7 the total ionization per cm. track of the 
a-particle at normal temperature and pressure both calculated 
and observed (after Geiger* and Taylor*), and 7/P the calcu- 
lated ratio of the total to primary ionization. 

Gagi|) > Genntiale 1000 =| ~~ 800 600 400 | 
volts | 

T x 108 Cale. 5-28 6-35 8-04 11-13 
Fh Obs. 4-6 4-8 5-6 8-3 

| T/P 4-4 AF i, CD 3-7 

T x10? Cale. 215 2-56 3-22 4-40 
He Obs. 4-6 4-8 5-6 8-3 

T/P 3-8 3-6 3-4 3-1 

| Tx 104 Cale. 1-6 1-9 23 3-0 
| Air | Obs. 2-2 2-3 2-7 3-95 | 

T/P 5-8 5-4 4-9 4-4 | 

factor #?, troduced by the present theory but omitted by Bohr, 
is neglected. Further experiments for the heavier monatomic gases 
are highly desirable. 

A more direct and still more satisfactory verification or refuta- 
tion of the present theory and the factor ? to which it leads would 
be obtained from measurements of the total ionization g (q) — 1 
produced by slow electrons. The results of Kossel} and Glassont to 
which Bohr refers, do not seem to provide any such absolute total 
values. It is not possible to make comparisons on a basis of ions 
per cm. for these electrons, for this introduces the absolute fre- 
quency of the various types of encounter in which no confidence 
can or need be placed. The theory demands rather more than 
double the ionization in H, to the ionization in He due to a slow 
electron, and Kossel’s observations confirm this. 

There is a total disagreement between observation and calcula- 
tion for a-particles in He, which we discuss in the following section. 

§9. The passage of a-particles through He. Table IL (Part 1) 
shows that the stopping power of He resulting from ionization 
(and transference, but the effect of this is slight) is, like the ioniza- 
tion, considerably less than one-half of the observed value. Now it 
is a well-known fact that the average energy spent per pair of ions 
made is about 34 volts in all three gases, H,, He and Air. The 

* Geiger, Proc. Roy. Soc. A, vol. 82, p. 486, 1909; Taylor, loc. cit. No attempt 
has been made to discriminate between the ionization produced at given total range 
in the three gases. 

* Kossel, Ams. der Physik, vol. 37, p. 393 (1912). 
7 Glasson, Phil. Mag. vol. 22, p. 647 (1911). 
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precise values are* 33 volts for H, and Air and 31-5 for He. If we 
compare, on the basis of the present theory, the ionization made 
with the energy spent in making it we see at once that it is about 
4p in every case. More precisely it is for H, 15-35 volts, for Air 
25 volts and for He 33 volts. The values for Air and H, come at 
once to approximately 33 volts when we compare the computed 
ionization with the total (observed) loss of energy per em., but the 
figure for He is then about 73 volts per ion. 

These figures show clearly that while a loss of energy other than 
that involved in ionization (and transference) may (and in fact 
must) be supposed to occur in Air and Hy, it cannot occur in He 
provided that the actual total ionization in He really is approxi- 
mately the same as that in the other gases. This point is of the 
utmost importance and the experiments of Taylor should certainly 
be repeated for confirmation. We have calculated the ionization 
in roughly the most favourable way using classical dynamics on 
the assumption that the two electrons can be considered inde- 
pendently, and arrived at a result which gives the right expenditure 
of energy per ion made, but less than half the proper totals of each. 
The rest of the energy must therefore also be spent on ionization 
with much the same efficiency. 

We can approach this question from another direction, that of 
Millikan’s} experiments on the doubly charged ions left by a- 
particles in He. Millikan finds that of the positive ions left by an 
a-particle from Polonium at the end of its track where the ionization 
is a maximum 1 in 6 is doubly charged. Millikan concludes that 
the «-particle removes both electrons from the He atom once in 
every 6 effective hits. This is a beautiful result of the utmost im- 
portance for atomic theory, but the true conclusion is, I believe, 
even more striking, for Millikan has omitted to take into con- 
sideration the difference between primary and total ionization. 
Let a fraction « of primaries result in double ionization. Suppose, 
as is most probably correct in view of Kossel’s results, that no 
secondaries are double, and further that the velocities of the 
secondaries from a double are distributed on the average in much 
the same way as those from a single. Then the total number of 
pairs of ions made by the a-particle is increased in the ratio « + | 
to 1 and the ratio of doubly charged to singly charged positives 
is x/(x + 1) y where y is the ratio of total to primary ionization 
as calculated above. It is this fraction which Millikan observes so 
that ; 

(x + 1) y = 62, 

and at this point (200 volts) calculations analogous to Table II 
show that y = 2-6 approximately. Therefore x = 0-76, or prac- 

* Geiger, loc. cit.; Taylor, loc. cit., corrected to e=4-774 x LO". 
+ Millikan, Phys. Review, vol. 18, p. 456 (1921). 
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tically three-fourths of the primaries must be doubles. In the 
middle of the polonium a-ray range (400 volts) Millikan gives the 
fraction as ;5, so here y = 3-15, x = 0-36, or more than one-third 
of the primaries are doubles. Perhaps these figures for « should 
even be increased slightly if there is any selective recombination. 
Perhaps there is nothing inconsistent with Millikan’s results in 
supposing that near the maximum ionization practically all the 
primaries are doubles. If this is true it is a very important fact, for 
it shows that the two electrons in He are so closely interconnected 
that the passage of an a-ray near enough to remove one of them is 
bound at the same time also to remove the other. 

These results have an obvious application to the range and 
ionization of the @-particle in He, but it is to be emphasized that 
the application here made is highly speculative. If we tentatively 
suppose that every encounter of an a-particle with He results in 
double ionization with the usual distribution of velocity among the 
secondaries, the ionization produced in He will be just double that 
given in Table III in good agreement with experiment. Moreover, 
the expenditure of energy will be slightly more than double for 
about 80 volts instead of 49-2 must be spent on the double extrac- 
tion. The extra 30 volts is distributed on the average between 
about 6-8 ions, so that the expenditure of energy per ion made 
would now be about 37 volts. The actual rate of loss of energy due 
to ionization is now increased in the ratio 2 (37/33) to 1 so that 
the atomic stopping power of Table IT becomes (ignoring all trans- 
ferences) 22-7 instead of 10-5, in close agreement with the experi- 
mental value 23-4. 

The ionization in He by slow electrons may thus remain at one- 
half that of H,, consistently with a-particle phenomena. Nor is it 
inconsistent with these ideas that the usual type of ionization in 
H, and other gases by an a-particle is single and not double. We 
may have to suppose that the a-particle, when 1t removes a K- 
electron from O, or N, usually removes both, but this will not 
result in any appreciable percentage of doubles in the total. The 
2-electron K-level is a unique structure and it is not impossible to 
suppose that it reacts differently to the a-particle to any other 
electron or group of electrons. 

It is again emphasized that this view of the matter is highly 
speculative, but it may serve to show the fundamental importance 
of further and more accurate investigations of the ionization in 
He both in absolute magnitude and relative to H, and Air, of the 
percentage of primary doubles and of the total ionization due to a 
slow electron. It will then have served its purpose. 
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Chemical Constants of Diatomic Molecules. By R.R.S.Cox, B.A., 

Christ’s College. (Communicated by Mr R. H. Fowler.) 

(Received 23 March. Read 7 May, 1923.) 

§ 1. Introduction. The statistical theory of the chemical con- 

stants of monatomic substances originated by Stern and Tetrode 

leads to the expression 

Qarm)? ke 
r= log a 

for the chemical constant. This value has been compared with the 

values calculated from experimental data for a variety of substances, 

and very good agreement is found: in the monatomic case, the 

theory is well supported. 
In the case of diatomic substances the rotations of the molecule 

have to be taken into account; but in many instances the rotations 

reach their equi-partition value at such low temperatures that in 

any temperature region in which experimental measurements are 

available, they may be regarded as “ fully-excited.” The assumption 

in these instances that the rotations have been fully excited from 

absolute zero upwards leads to a different value of the chemical 

constant, the theoretical expression for which has been given by 

Ehrenfest and Trkal* and Fowler}, namely: 

[ (diatomic) = log eee LE eee (1:2) 

where J is the moment of inertia of the molecule, and oa its “sym- 

metry number,” that is, the number of orientations in space in 

which it is statistically equivalent. T (diatomic) as thus defined is 
the same as the “chemische Konstant im normalen Zustande” of 
Langen {, and its constancy depends on the constancy of 

log T — log B(T), 

where B (7) is the partition function for the rotations as defined by 
Darwin and Fowler§. ; 

The present paper is an attempt to calculate the values of 
I’ (diatomic) for those diatomic gases for which suitable data are 
available, with the object of testing the theoretical expression (1-2). 
The substances discussed are the halogens: Iodine, Bromine, and 
Chlorine; and Nitrogen. It is found that, except in the case of 
Nitrogen, the values obtained by different methods are discordant 

* Ehrenfest and Trkal, Proc. Amst. Acad. vol. 23, p. 162. 
+ Fowler, Phil. Mag. 45, p. 32 (1923). 
t Zeits. f. Hlektrochem. 25, p. 28 (1919). 
§ Phil. Mag. 44, p. 450 (1922). See also Fowler, loc. cit. 



542 Myr Cox, Chemical constants of diatomic molecules 

with each other and with the theoretical values, and that the dis- 
cordance is probably due to the insufficiency of the experimental 
data at present available. Since the work was commenced some 
valuable measurements of the vapour pressures of solid Bromine 
and Chlorine by Henglein, Rosenberg, and Muchlinski* have been 
published: and Henglein ¢ has also calculated the chemical constants. 
We have used these experimental results, but have introduced some 
modifications into the calculation which materially alter the values 
of I’ deduced, for we do not think Henglein’s procedure entirely 
justifiable. 

§ 2. The equations. The followin units will be used throughout 
the paper: pressures in atmospheres, quantities of heat in calories, 
and temperature in degrees absolute; atomic and molecular heats 
are all at constant pressure, and logarithms are taken to the base 10. 

The chemical constant can be determined: (a) from the values 
of the dissociation constant, and (6) from the vapour pressure. 

(a) For the dissociation X =X: 

dlog Kk, id i) ae Q (21) 

dT =~ 9303R E> EE ee Na 
oi 

Q=a+/ [COED =ZECY\ EP, + ees. (2:19) 
/ (0) 

where the C’s are molecular and atomic heats. Since we are to 
assume that the rotations of the molecule are always fully excited, 
we have: 

C(X.)=$R+ Cup, 
where C,,,, is an addition due to internal vibrations to be discussed 
below. Also C (X) = 8 and is constant. Thence: 

: c ily Pcie PPS : : 
log K,= = ae 1-5log T- A571 | , a I, Gan aT +21 (X) -T (Xo). ...(2°12) 

(6) For the vapour pressure: 

Glog po RM Gi Sk ae ee eee: (2:2) 
dT AG ee 

T 
Nee! i (Grete OcrmraelEE boy -r (2-21) 

ea te: 1 
log p= ~ge7ipt 2? log T+ tar 

In these equations, K, and pare known from experiment, 
Gore. sd in the case of a solid is known in a Debye form, while 

» and A, have almost inevitably to be regarded as adjustable 
constants. The remaining quantity, C,;,, requires further con- 
sideration. 

TG Tae 

< T2 i [Crib - C condensed] @T +T'. ..-(2°22) 
- ( 

* Zeits. f. Physik, 11,1, p. 1 (1922). | + Ibid. 12, v, p. 245 (1922). 
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§ 3. The molecular heat of the vapour. If the rotations are con- 
sidered to be fully excited at all temperatures, then the molecular 
heat of constant pressure at the absolute zero is $f. It is known, 
however, to rise above this value to $F at high temperatures, an 
increase which has either been ignored or accounted for empirically 
in most previous calculations of the chemical constant. The increase 
is presumably due to the vibrations of the atoms along the axis of 
the molecules, the vibrations of the electrons being relatively 
unexcited at the temperatures considered. We shall assume, as a 
sufficient approximation, that the vibrations are independent of 
the rotations, and that the molecules behave as simple Planck 
oscillators with frequency v), where vy should correspond to the 
difference between the centres of successive bands of the same 
family in the band spectrum. The molecular heat due to vibration 
is then given by a Planck term: 

hy, 2 e hve (kT 

Orv= B (Fm) » a echoleD 
If vy) cannot be deduced from the band spectrum, it must be 

determined by analysis of the curve of specific heats. To form an 
estimate of its values for the halogens, we take Strecker’s* values 
of the molecular heat, and adjust v) to correspond to them. 

T° (abs.) Crin/ER hyolk 

Iodine 570 1-924 400 
Bromine 470 1-856 446 

Chlorine 450 1-25 1093 

These values are necessarily very rough, especially in the case of 
Iodine and Bromine, because at the given temperatures the vibra- 
tions are nearly fully excited, and we are on the “flat” part of the 
molecular heat curve, where a small error in C,;, would make a 
considerable difference to hv)/k. This consideration does not apply 
to Chlorine, since in this case the temperature 450° corresponds to 
the steepest part of the curve. A test is possible in the case of 
Iodine, whose resonance spectrum has been measured by R. W. 
Wood} and calculated by Lenz. Lenz gives for Iodine hv)/k = 306, 
with which, considering the possibility of error, the value above is 

* Wied. Ann. 13, p. 41 (1881). The values are mean values over a considerable 
temperature range; we have taken the temperature at the middle of the range. 

+ Researches in Physical Optics, Part Il, Adams Fund Publication, No. 8, Part 2. 
{ Physikal. Zeits. 21, p. 691 (1920). Lenz calculates Cyiy from his value of vy and 

finds agreement with Strecker’s measurement; but it is to be noted that in this part 
of the curve, almost any value of v) would give a good agreement. The test in the 
opposite direction, of finding vy from C\,, is, for this very reason, far more sensitive. 
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in very fair agreement. The succession of values for the three 
halogens agrees with what might be expected; v, being larger for 
the lighter, more tightly bound molecules. A similar succession of 
values for bv in the Debye expression for the solid has been noted 
by Henglei*, who discusses also other such relations between the 
halogens. In the following we shall take hy,/k to be 306, 446, 1093 
for Iodine, Bromine, and Chlorine respectively. 

§ 4. Dissociation. Substituting Cy, = $R + Cy, in (2-11) and 
(2:12), we obtain: 

hug eahvol/ kT 

Q=Q +> Bh. 7a — 8, noOdoG (4:1) 

Ces ee hyp ikT) OT X , log — aS717 + 9 log 7'+ log (1 —e7*o*?) + 27 X)—-T(X,). ...(4°2) 

(a) Iodine. Bodenstein} gives experimental values for K,, and 
also calculates Q for various temperatures from the approximate 
equation: 

_ 4571 (log K, — log K,) T,T, 
0 SSS SS eee 43 ¢ Ts ee) 

Using his values for Q, we have from (4:1): 

306R 
d aie 2306/7 — | ~ Qo 

1123 35670 1939 34240 
1223 37000 2136 35467 
1323 37840 2332 36243 
1423 36940 2534 35205 

The mean value of Q) is — 35290: substituting this, and the 
values for XK, in (4:2), we obtain: 

EE log Ky log (1 — e~ 306/77) | 21(I) —T (1g) 

1073 — 1-945 —-605 1-308 
1173 — 1-325 — -639 1-292 
1273 — 0-782 —-670 1-295 
1373 — 0-309 —-700 1-306 
1473 +0-091 —-727 1-306 

The mean value of 2T (1) — I (L) is 1-302. 
(6) Bromine. Bodensteint has also measured the dissociation 

of Bromine, taking a large number of readings, and constructing 

=eocs cit. + Zeits. f. Hlektrochem. 16, p. 966 (1910). 
i Ibid. 22, p. 327 (1916), 
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an empirical formula which fits them very closely. From his for- 
mulae: 

Q =46160 + 3°57 — 0018697? + 4319 x 107 T°, 

10100 
log K, =—- Rai + 1°75 log T— 0004097 + 4726 x 10-8 7? + 0°548, 

we calculate the following, using (4-1) and (4-2): 

| ea aa | 
1 = Q es6/T | as Qo 

1000 48223 1572 46790 
1200 48414 1967 46780 
1305 48506 2175 46770 
1430 48607 2418 46740 
1520 48680 2596 46720 

Thus Q, = — 46760: and thence 

ft log Ky, log (1 — e- 46/7) 21 (Br) —T (Bro) 

4 | 

1200 — 2-902 — -508 1-512 
1300 — 2-224 — -537 1-513 
1400 — 1-640 — -564 ols 
1500 — 1-134 — -589 1-512 

We take 21 (Br) — [' (Br,) = 1-513. 
(c) Chlorine. Measurements of the dissociation of Chlorine have 

been made by Trautz and Stiickel*, and Hengleiny; the former at 
approximately atmospheric pressure, the latter at much lower 
pressures. The use of lower pressures enabled Henglein to measure 
K,, at considerably lower temperatures: but the two sets of measure- 
ments are not in agreement, and it may easily be seen by plotting 
them roughly on a graph that it is impossible to represent them 
both by one formula: we take the former values, as giving a more 
probable result for the chemical constants. Trautz and Stickel also 
give several different determinations of @), and conclude that 
Q = — 71000 is the most probable value. Using this, and also their 
measurements of K,,, we have: 

2 | 
T log Ky log (1 — e-1093/T) | 2 (Cl) - TF (Cla) | 

ji kip ee aia ela 
1473 ~ 3-88 | _ -28 | 2-19 

| 1513 ~ 3-38 —.29 2-4] 
| 1553 ~3-05 +30 | 2-46 
| | | 

* Zeits. f. Anorg. Chem. 122, p. 112 (1922). ft bid. 123, p. 137 (1922 
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Henglein’s results, using the same value of Q, give 

21 (Cl) —  (Cl,) = 5 approximately, 

which is almost certainly too high. A further investigation of this 
discordance might be of some interest. We take 

21 (Cl) — I (Cl) = 2°35. 

$5. Vapour Pressure. The vapour pressure equation is: 

log p=— , ssid LBTIP tO? 98 T —log (1 — eo kT) 

(TdT 

de = |
 Ccoaaonved a7 +

T. 

(a) Iodine. Vapour esi measurements by Ramsay and 
Youngy, Baxter, Hickey, and Holmes t, and Haber and Kerschbaum§ 
are available, and also specific heat measurements of the solid by 
Giinther§. The molecular heat can be fitted to a Debye function 
with fy = 106, with a correction term for the difference between 

ne ane Ce: G condensed as C, (Debye) ah 2. 10-7". 

Thence we find A) = 16100 gives the best constancy for T, and 
calculate the following table: 

iD: —log p — log (1 — e—306/T) I (I,) 

224-8 7-12 (H. and K.) -129 3-50 
226-8 6-96 % “131 300" 
240-°8 6-13 3 -143 3-48 
244-3 5-94 3 -146 3:49 
252°2 5:48 $5 -153 3-49 

273-0 4-40 (B., H. and H.) “172 3-56 
288-0 3°76 a “184 3°57 
298-0 3-40 . -193 3°55 
313-0 2-87 55 -205 3°D5 
323-0 2-55 33 -213 3°52 

331 2-19 (R. and Y.) -220 3:63* 
337-5 2-10 eS 225 3:02" 
339-3 2-08 -226 3°49 
348-2 1-82 i 233 3-50 
359-0 1-55 3 241 3°49 
364-9 1-4] -246 3°47 
375:7 1-18 A; 254 3°45 
386-8 0-94 a -262 3°44 

+ Journ. Chem. Soc. 49, p. 453 (1886). 
~ Journ. Amer. Chem. Soc. p. 134 (1907). 
§ Zeits. f. Elektrochem. 20, p. 296 (1914). 
§] Ann. der Physik. 51, p. 828 (1916). 
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The three values marked with an asterisk are probably discordant 

because of experimental error, since on plotting the vapour pressures 

we find the corresponding points considerably off the smooth curve. 
The results from Baxter, Hickey, and Holmes’ measurements are 
slightly discordant with the others, as has already been noted by 
Henglein*; but it should be observed that by the introduction of 

the vibration term, and a change in Ay, we have practically removed 
this discordance. We take [ (I,) = 3-49. 

(b) Bromine. Taking the results of Henglein, Rosenberg and 

Muchlinskit for solid Bromine, and Henglein’s{ values of the 
integral of Ceoncenseas We find the best constancy for I given by 
A, = 10930, and obtain the table: 

T log p — log (1 — e~446/7) T (Bry) 

177-6 ~ 5-539 -037 1-82 
210-0 — 3-483 ‘055 1-85 
222-8 — 2-860 -063 1-84 
227-0 ~2-619 -066 1:87 
241-0 -2:077 | O74 1-83 

We take the mean value I (Br,) = 1-84. 
(c) Chlorine. In this case, where hv,/k = 1093, the value of the 

vibration term at the temperatures considered is negligible, and it 
will be ignored. A, may be found from the value of A at the melting 
point given by Henglein§, namely 6960. Then: 

T7Oae 
6960 = No +| [gh ae Ccondensedll aT, 

0 

whence A, = 6970. Using the same values for the double integral 
as Henglein, we obtain from his vapour-pressure results: 

A log p TP (Cly) 

120 — 5-677 0-48 
140 —3°881 0-41 
160 — 2-506 0-40 
170 — 1-932 0-38 

The value of Ay taken gives about as good constancy for TI (Cl,) as 
can be obtained, and is not very different from the mean of 5 
determinations given by Trautz and Stickel §. Wetake I’ (Cl,)—0-42. 

* Loc. cit. p. 250. + Loc. cit. t Loe. cit. 
§ Henglein, Rosenberg and Muchlinski, loc. cit. | Loc. cit. 

VOL. XXI, PART V. 36 
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(d) Nitrogen. The excellent low temperature measurements 
made at the laboratory at Leiden are available for vapour pressure* 
and atomic heatst, and there are also atomic heat measurements 
by Euckent. From the latter’s results a table of 

T -T -T 

| O,4F and | a | car 
0 /0 aa 

has been calculated by Frl. Miething§: the Leiden measurements 
are slightly different from those of EKucken, but the discrepancy is 
smal] enough to be ignored for our purpose. From the two readings 
of the vapour pressure of solid nitrogen: 

ie 57-89 59-95 

Dp 03792 06178 

we calculate A from the approximate equation, analogous to (4:3), 

7 4:57 1 (log p, — log p,) TT, 

fie aa fle ; 

Thence ) exo WSS 

58-92 

= No ar (6°95 a Oe acnsed)) dT, 

neglecting the efiect of atomic vibrations, which is certainly in- 
appreciable. The integral of C.,,aensea 18 found from Miething’s tables 
to be 431-6. Thus: 

Ay = 1655. 

We can now construct the following table: 

Pe shal Ia ie bene : 
1 log p 1571 if mat C,daT (Miething) T' (No) 

59-95 — 1-2091 1-227 — 0-165 Solid 
63-1 — 0-9064 1-313 — 0-155 Liquid 
70-0 —0-4153 1-552 —0-149 5 
77-4 0 1-785 -0-148 ,, 

Thence, the mean value of I (N,) = — 0-154. 
(e) Oxygen. An attempt was made to calculate I’ (O,) from the 

Leiden measurements of the vapour pressures {J (of the liquid only 
in this case), and Miething’s tables of the atomic heats which are 
based on Eucken’s measurements. But the value of A, calculated 
from the empirical equation for log p by equation (2-21) showed 

* Communications from the Physical Laboratory at Leiden, No. 152. 
+ Ibid. No. 149. t Verh. d. D. Physikal. Ges. 18, p. 4 (1916). 
§ Tabellen zur Berechnung des gesamten und freien Warme-inhalts fester Korper. 
*| Comm. Phys. Lab. Leiden, No. 152. 
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such a considerable increase with the temperature taken, that no 
certain result could be obtained. The discrepancy probably arises 
in connection with the specific heat of the solid. 

§ 6. Consideration of results. The values of I’ (diatomic) are 
collected together in the table; those from the dissociation being 
obtained by substituting the theoretical value of I (X) in 
20 (Xx) = 1 ¢X,). 

ih T (XQ) T (Xg) (Vapour T (Xo) 
(monatomic) || (Dissociation) Pressure) (Theoretical) 

Iodine 1-57 | 1-84 3°49 2-42 
Bromine 1-26 1-01 1-84 [1-8] 
Chlorine 0-72 —0-91 0-42 [0-9] 
Nitrogen — — -0-15 — 0-16 

The theoretical value for Iodine is calculated from (1-2), using 
J = 2 x 10-8, which is given by Lenz* from the resonance spectrum ; 
that for Nitrogen from Heurlinger’s band spectrum data, which 
give J = 14-2 x 10-*°. Unfortunately, the band spectra of Bromine 
and Chlorine have not yet been measured, but we have made a 
rough estimate of their moments of inertia in comparison with that 
of Iodine, by assuming the distance between the atoms to be pro- 

portional to the molecular diameters as given by Rankiney, or 
Braggt. The resulting values of [ (which are approximately the 
same, whether calculated from Rankine’s or Bragg’s data) are 
bracketed to indicate that they are only rough estimates. 

Thus, except in the case of Nitrogen, in which there is very good 
agreement, the values of I’ obtained from dissociation, vapour 
pressure, and theory are in considerable discordance with each 
other; those from the vapour pressure being systematically much 
higher than those from the dissociation. In particular, it is impos- 
sible to draw any conclusion with regard to one point of interest 
which it was hoped to test, namely, the validity of the introduction 
of o, the symmetry number into the formula for the chemical con- 
stant except again in the case of Nitrogen, where the omission of o 
would quite destroy the agreement. The possible causes of disagree- 
ment are: 

(i) Uncertainty as to the values of hy/k. As stated in § 3, the 
values used are necessarily very rough, and a certain amount of 
error is probably introduced. It cannot be very great, however, 
because the value of the vibration term, log (1 — e~’”/*"), in all 
the above calculations is never greater than 0-7, and a variation in 
vy results in a relatively small change in I’. The possible error from 

* Loc. cit. + Phil. Mag. 29, p. 552 (1915). 
t Ibid. 40, p. 169 (1920). 

36—2 
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this source is insufficient to account for the discordance we are 
considering. 

(u) Uncertainty as to the values of Q and Ay. This is in reality 
the main difficulty in the calculation, and the most fruitful source 
of error. The terms containing @, and A, are almost always the largest 
terms in the equations (4-1) and (4-2), and at the same time they are 
the most difficult to estimate accurately. The values of A, for Chlorine, 
for example, given by Trautz and Stickel from various vapour 
pressure measurements vary from 6600 to 7628; and the chemical 
constant deduced correspondingly varies from — 0-17 to 1:44. It 
is to be noted that the method of obtaining Q, and A, by adjusting 
them so as to give the best constancy for I’ in (2-12) and (2-22) is 
really equivalent to finding Q or A from experimental values and 

' equations (2-1) or (2-2), and then using (2°11) or (2-21) to find Q, or 
A). Thus, the accuracy with which Q and A, can be determined 
depends on the accuracy with which dp/dT and dK,/dT are known; 
and it seems, therefore, that more numerous and accurate experi- 
mental values of p and K, are necessary before the chemical con- 
stants can be found with any certainty. 

This point is illustrated by the discordance between our results 
and those of Henglein*. Henglein does obtain good agreement 
between the values of I’ deduced from dissociation and vapour 
pressure, and it is unfortunate that this agreement is not supported 
by our calculations. In the case of dissociation, the introduction of - 
the vibration term in equation (2-12) tends to decrease I’ directly, 
and also indirectly by decreasing Q, (see (2°11)). Further, Henglein 
takes the empirical formulae of Bodenstein for K,, which apply at 
temperatures above 1000° abs., and uses them to find I’ at tem- 
peratures below 273°}, and also to find Q,, while we have used them 
only in the experimental range to which they apply. 

In the vapour pressure calculations the vibration term is small, 
and the difference here arises chiefly from different values of Ao, 
which we have taken to give the best constancy for I’; the value 
so obtained does not, in the case of Chlorine, for example, differ 
from other determinations more than these differ among them- 
selves. We may note, however, that, for Iodine, the inclusion of 
the vibration term allows of a much better agreement between the 
two sets of measurements above and below T = 273 than can be 
obtained otherwise f. 

(iii) Uncertainty as to transformation points in the solid at low 
temperatures. This is a source of error which may have a consider- 
able effect on the results: we proceed to estimate the effect due to 
an ignored transformation point at a low temperature. Let the 

OCs Cit. 
+ Henglein (p. 252) notes an “increase of the chemical constant” with increasing 

temperature. { Henglein (p. 250). 
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heat of transformation be q, and the temperature 7,. We suppose 
that the Debye function used is fitted to the specific heats at higher 
temperatures, and assume that it does represent the specific heats 
sufficiently accurately both above and below the transformation 
point. This latter assumption is found to be justified when q is not 
too great*. On calculating A, from (2-21), the omission of the trans- 
formation point will evidently give A, — q¢ instead of the true value 
A). The true vapour pressure equation will be: 

log p= — a 4 ae | = [fears ia = 1/ "Cal + i} | + (unaltered terms) +T; 
*e 0 a 0 Ty J 9 

while the equation actually used is: 
tf T qT) pv 

logp=— “5 a q ae |, an ca | +(unaltered terms) +I”. 

me 1 q Ck 1 
Thence | Nee — 4571 + q (7 = 7) | 

eke, 
Ae Smal 

The value of I found will thus be too low by a constant quantity ; 
and the constancy of [ as determined at higher temperatures will 
be unaffected by the existence of the unknown transformation 
point. It is easily seen also that any error in the specific heats makes 
a constant difference to I’, provided T is calculated at temperatures 
above that at which the error occurs. The magnitude of the error 
may be seen in the case of Nitrogen which has a transformation at 
T, = 35:5, whose molecular heat is 200. The error due to ignoring 
this would be: 

ee eed. 
There is very probably a transformation point for Iodine at a 

low temperaturet, which Eucken was unable to measure on account 
of the slowness of the change. This would indicate that the value 
I (1,) = 3-49 obtained above from the vapour pressure is too low. 

§ 7. Conclusion. It appears finally, therefore, that no certain 
conclusion as to the chemical constants of diatomic molecules can 
at present be drawn. It seems quite possible that the discordance 
we have found may be a genuine one having a theoretical basis; 
but this cannot be definitely asserted until further experimental 
data are available. Accurate and numerous measurements of p and 
K,,; further information as to the specific heats of the vapour and 
of the solid at low temperatures, and measurements of the band 
Spectra are necessary before much further progress can be made. 

I would like to take this opportunity of thanking Mr R. H. Fowler 
for his suggestion and advice throughout the work. 

* See Comm. Phys. Lab. Leiden, No. 152, in the case of Nitrogen: also Eucken, 
loc. cit. + Eucken, loc. cit. 
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A Note on the Electromagnetic Mass of the Electron. By E. C. 
Stoner, B.A., Emmanuel College. 

| Received 5 March 1923.] 

The object of this note is to direct attention to a curious 
apparent discrepancy existing between the value obtained for the 
mass of the electron by the ordinary methods, and that obtained 
by making use of the relativity relation between energy and mass. 
A tentative resolution of the difficulty is given. 

Consider the Lorentz electron with a surface charge of uniform 
density. Let e) be the total charge, a the radius. Then the electro- 
static energy Wy in the field of such an electron is given by 

Wa a Co! ) 2ar ane 
8i7rt 

2 
_1e eee ee eR a es. (1). 

aa 

In the well-known method for finding the electromagnetic mass, 
the total magnetic energy in the medium due to the electron 
moving with a velocity v is equated to }m)v? with the result 

(for le small) 
c 2 2" 

y= Gs cas\ 61S sali | |e ee (2) 

We 
or Mo = 3 mi semeie (2a). 

A similar result is obtained from considerations based on the 
conception of electromagnetic momentum in the medium. [If m, 
is the longitudinal, m, the transverse mass, the result may be put 
in the form 

Vea 
where k= (1 oul Fe 

v : 
For . small both of these expressions reduce to 

i — : a aeavet (3), 

as in (2). 
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Now, on the basis of the relativity theory, the kinetic energy 
of a material point, moving with a velocity »v, is given by 

ee me 
5 + C= mk + C. 

v ye 
C is an arbitrary constant which it is convenient to take as 

zero. Then, expanding, for ~ small, this is equal to 

me* + $mv?. 

If energy E is absorbed, from radiation or otherwise, the velocity 
remaining, constant, the energy becomes 

E 
(m af = e7 + Lmp?. i 2 

This illustrates the generalisation, that the laws of conservation 
of mass and of energy become one. To secure complete conservation 

we must suppose that all forms of energy possess mass —,; or S a 

conversely that a mass m possesses intrinsic energy of amount mc. 
On this basis, for the electron, if W is the energy of the electron 

at rest 
W 

Lic la (4). 

If W = We, this is in conflict with the values given by (2) 
and (3). 

This would suggest that the electron has energy other than the 
electrostatic energy of the external field. 

Consider the work done in the fictitious process of building up 
an electron by the gradual accretion of charge. If the radius 
remains constant, the work done during the accretion is 

[oe EG: 
— e = 0 

J9 @ Za 

in agreement with (1). If, however, we suppose the surface density 
of charge to remain constant, the radius depending on the charge 
so that 

Cee 
= 9 det ae! 

the work done is given by 
"oe ‘a re e 

- de = —" Qr 9 dy 
Gus 0 ar a~ 

2" 

So RSE 
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If this expression could be used in the relativity formula for W, 
the discrepancy between (2) and (4) would be removed. The electro- 

static energy of the field, though, is still — and the reason for 

the larger value obtained in (6) is that, although the electrostatic 
forces tend to expand the electron, we have supposed that no work 
is gained by mere expansion. This will only be true if the electro- 
static forces are balanced by a system of tensions. 

The force due to the tensions will then have to be equal to 
27ro? per unit area, o being the surface density of charge. The total 

2 
work done in building up the electron will still be 3 

this— + —appears as external electrostatic energy; while the 
2a 

internal potential energy of the electron, due to expansion against 
the tensions, will be 

e 2 

© ; part of 
a 

‘a 

We Ager? x Oe ar 
0 

if Aarr? x 2, fia l = [: ila OS 7A (g 2) ar 

Veneta: a Sa >= 5 Wap > OS Oe (7) 

Thus We se Wy NES ON, eae (8), 

and using the values of (1) and (7), and substituting in (4), (2) 
and (4) are reconciled. 

The tensions supposed, of course, are precisely those which are 
required to maintain the electron in equilibrium. The fact that 
consistent relations are obtained by assuming these tensions is very 
striking, and seems to provide some evidence for their existence. 

The question has here been considered from a very simple stand- 
point. I have since noticed that Jeans* considers what is essentially 
the same problem, though rather differently and in a more general 
manner. The argument adopted here, however, is so obvious and 
direct, that it seems worth while to give it, if only to serve as an 
introduction to more general treatment. 

To summarize.—lf Wy is the electrostatic energy of the electron, 
the ordinary methods give for the mass 

1 Ws, No = 3.5 * 

* Jeans, Electricity and Magnetism, p. 590 (1920). 
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The relativity theory, on the other hand, gives 

Mo — C 3 

where W is the total energy of the electron. This suggests that the 
electron possesses energy other than the external electrostatic 
energy of amount 4Wz. It is shown that if the electron is held 
in equilibrium by a system of tensions producing a force 270? per 
unit area, it would possess internal potential energy of precisely 
this amount. 
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Infra-red spectra: (1) infra-red emission spectra of various sub- 
stances, and (2) infra-red absorption spectra of benzene and some of 
us compounds. By J. KE. Purvis, M.A. 

[Received 12 February 1923.| 

Coblentz in his treatise, Investigations of infra- -red spectra, 
Part I. Infra-red absorption spectra, published by the Carnegie 
Institution of Washington in 1905, describes a series of investiga- 
tions on the infra-red absorption of a number of liquid organic 
substances. It is well known that the absorption bands in the 
ultra-violet regions of many organic liquids, or solutions of these 
liquids, break up into a series of narrow well defined lines when 
they are in the vaporous condition. For example, benzene, chloro- 
benzene and bromobenzene as liquids or in solution show a number 
of wide diffuse bands, whereas, as vapours, each of these bands 
breaks up into a series of narrow fine lines*. On the other hand 
iodobenzene shows no similar selective absorption either as a liquid, 
or in solution, or as a vapourt. 

The absorption spectra of the vapours of these substances in 
parts of the infra-red regions have been investigated by the author. 
The absorption spectra of liquid iodobenzene has also been studied. 
This substance was not investigated by Coblentz. 

APPARATUS. 

The spectrometer, supplied by Messrs Bellingham and Stanley, 
London, was arranged so that all the optical parts were entirely 
enclosed in an air- tight metal case, Fig. 1. The optical train consists 
of a concave mirror, a plane mirror, and a 30° prism of clear rock 
salt. The rays from ‘the entrance slit, Fig. 2, are rendered parallel 
by the concave mirror and reflected back over their original path by 
the “silvered” back surface of the prism. This gives a dispersion 
equal to that of a 60° prism while maintaining the conditions for 
minimum deviation. The damp atmosphere of the laboratory was 
a serious drawback to the use of a rock salt prism. After two or 
three months’ work the surfaces had to be repolished. The table 
on which the prism rests can be rotated by a micrometer screw 
on which is mounted the wave-length indicator. The latter is a 
flat disc on which is cut the spiral slot guiding the index arm; and 
the spiral slot is divided and figured to indicate wave-lengths 
directly. The entrance and exit slits have jaws of platinoid with 
divisions for setting. The focus of the reflecting mirror is 598-5 mm., 

* Pauer, Wied. Ann. 1897, 61. 363; Hartley, Phil. Trans. A, 1907, 208. 475; 
Purvis, Trans. Chem. Soc. 1911, 99. 811. 

7 Purvis, Trans. Chem. Soc. 1911, 99. 2318. 
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and the reflecting surface of the prism is 2?” x 23”. The latter is 
made of a glass plate silvered and polished on the front surface. 

The thermopile has a receiving surface of ten separate rect- 
angles of thin silver foil, to which bismuth and silver wires are 
soldered. The cover of the receiving surface is 20 mm. x 2 mm. 
The radiant energy was focussed on the slit of the spectrometer 
by the arrangement shown in Fig. 3. The concave metallic disc M, 
was adjusted so that it was exactly in line with the slit tube of the 
spectrometer. The mirror 1, was in the same plane as the slit 
and adjusted so that M, was evenly illuminated. 

A “Broca” galvanometer, supplied by the Cambridge Scientific 
instrument Co., Ltd., was levelled on a brick column with a slate 
top. The foundations of this column were laid 5 feet deep in the 
earth, and were 43 feet above the ground, and 14 feet square. The 
galvanometer was covered, and surrounded, by five soft iron 
cylinders with covers of similar metal. The working distance of 
the mirror was one metre from the scale. 

RESULTS. 

Various sources of radiation were investigated, and the Figs. 4 
to 8 give their emission curves. The ordinates represent the de- 
flection of the galvanometer in mms. and the abscissae the wave- 
lengths. Fig. 4 shows the curves for a Nernst “heater” and a 
Nernst “filament” requiring 108 volts. These two sources of radia- 
tion were used in the earlier experiments. Fig. 5 shows the curve 
of a Nernst “filament” (also requiring 108 volts) used in later 
experiments. Infra-red emission spectra of a Nernst “ glower”’ have 
been studied by Coblentz*. He shows that the energy curves undergo 
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* Supplementary Investigations of Infra-red spectra, Pt vu, 1908, 
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great variations in appearance with rise in temperature. The emission 
curves of various other sources have been drawn (Figs. 6 to 8). Those 
appertaining to a Welsbach light (Fig. 6), a “fish-tail’’ burner, and 
a large Bunsen burner (Fig. 7) and an acetylene jet (Fig. 8, upper 
curve) are very similar. Fig. 8 (lower curve) is the emission curve 
of a small jet of burning carbon monoxide. The radiation of a 
Welsbach light was used from time to time in the earlier work on 
these absorption spectra. 

Iodobenzene (liquid). The absorption cell was made of two 
polished rock salt plates 0-165 mm. apart. This was fixed on a 
stand which could be worked by a lever upwards and downwards 
in front of the slit of the spectrometer. A single rock salt plate of 
the same thickness was fixed on the stand just below the cell. 
Two readings of the galvanometer movements were taken—one 

fal aoe aD Gmina. Oy a 10. tt a 12, TS a tA 

C,H, I—continuous line. C,H, Br—dot and dash line. C,, H,—dotted line. 

Fig. 9. Transmission through liquid C,H;I compared with the transmission 
through C,H, and C,H. Br (Coblentz); cells 0°165 mm. thick for C,H,I; cells 
0-160 mm. thick for C,H, and C,H, Br. 

when the cell was in front of the slit and the other when the plate 
took its place. The percentage amount of the transmission was 
calculated from these readings. The slit of the spectrometer was 
1 mm. wide for the readings between 1-9-2; 1-5 mm. wide for 
the observation between ,.9-2-9-6, and 2 mm. wide between 
#.9:6-w11-3. Fig. 9 shows the infra-red absorption of this iodo- 
benzene to just beyond «11. Coblentz curves for benzene, and 
bromobenzene are also reproduced for comparison. The general 
forms of the three curves are fairly comparable, but there are 
some differences. The bands of iodobenzene show some signs of 
a rhythm, e.g. the two bands between .5-u7 may be compared 
with those between 8-110. These may be compared with the 
two bands of benzene and bromobenzene—between «5-47 and 
8-10 respectively. In iodobenzene the “shift”? of the bands is 
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distinctly in the direction of the visible regions of the spectrum. 
The bands of iodobenzene between w2-3, w5-6, p6-wT, w8—-w9, 
9-10 are fairly comparable with those of benzene and bromo- 
benzene between p3-yu4, w5-~6, w6-~7, w8-~9, and benzene 
29-10, but bromobenzene gives two bands between w9-5—-p 10-3. 
Again the position of the bands do not show that those of the 
heavier molecule are always shifted towards the region of greater 
wave-lengths. This is noticeable on examining the curves of benzene 
and bromobenzene between w3—w4, w8-~9, and 9-10, and it is 
better marked in the curve of iodobenzene. These differences may 
be explained by considering the absence of absorption bands in 
the ultra-violet region of iodobenzene (loc. cit.). Some portion of 
the radiant energy would be more available and this would tend 
to speed up the vibrations and the bands would be in the direction 
of the regions of the shorter wave length. Similarly, there are 
fewer solution and vapour bands in bromobenzene than in benzene, 
and a similar explanation may be suggested. 

Vapours of benzene and some of uts compounds. The tube, with 
entrance and exit side-tubes, containing the vapour was 120 mm. 
long, and the ends were covered with polished rock-salt plates. 
This tube was used for exploring the vapours beyond p2-8. The 
ends of a similar tube were covered with plates of polished quartz. 
This tube was used for exploring the regions between p1l—2°8. 
Beyond this, quartz stops all radiations in the infra-red regions. 
The tubes were placed in a copper vessel with open ends and 
embedded in asbestos wool to keep the temperature constant. The 
tube was filled with the vapour of each substance, and attached 
to a mercury pump by one of the side tubes, so that varying 
volumes of vapour could be examined at varying pressures. 

In order to compare the vapour curves with the liquid curve 
of benzene, Fig. 10 gives the absorption 
between pl-—2-8 described by Coblentz 
(loc. cit.) through a quartz cell 0-2 mm. 
thick. The liquid benzene curve shows 
three well-marked bands at 1-7, 42-08, 
and 2-49, and these bands show signs of 
division when the radiations pass through 
the vapour (Fig. 11, left-hand curve). The 
curves of chlorobenzene (Fig. 11, mght- 
hand curve), bromobenzene and iodoben- fy.0 15 20 25 3-0 
zene (Fig. 12) also show signs of division. Fig. ee eetaamr anna tse 
The liquid band at y1-7 was investigated jhe, (Copioate). ee 
in greater detail. A considerable number 
of readings between yz 1-5-1-9 were taken and the curve plotted 
(Fig. 13). It will be seen that this liquid band shows signs of being 
divided when the substance is a vapour. 
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Fig. 14 is a comparison of a liquid band of benzene between 
p.d—p4 (Coblentz, loc. cit.) and the absorption of a small quantity 
of the vapour of the same substance in the same region. The 
division of the liquid bands into a series of separate vapour bands 
is suggested by comparing the curves. In the liquid condition the 
bands are crushed together to form one large band. In the vaporous 
condition there is more freedom and a widening out so that separate 
bands are fairly well indicated. 

It is obvious, however, that a strict comparison of these phe- 
nomena with those in the ultra-violet regions is not possible under 
the conditions of the experiments. In the first place, a photographic 
plate is more sensitive, and more exact in its records, than a gal- 
vanometer. A greater dispersion would also be required to separate 
bands in the infra-red regions. The separation of a liquid band 
extending over 3-4, for example, would require a much greater 
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Transmission through liquid C,H,. Cell Transmission through C,H, vapour. Tube 
0:16mm. thick, between 3u—4, (Coblentz) 120 mm. long. ¢=19-6°C. 

Fig. 14 

dispersion than that produced by a single prism. In the ultra- 
violet regions there are 84 vapour bands of benzene extending 
over a region between 10-2277—0-2745*. 

It has been suggested that the atomic vibrations are responsible 
for the absorption bands in the less refrangible regions, and that 
the bands in the ultra-violet regions owe their origin to electronic 
oscillations. It has been proved (loc. cit.) that iodobenzene, as a 
liquid or a gas, or in solution, has no bands in the ultra-violet 
regions. Again, aniline vapour has a considerable number of bands 
in the ultra-violet regions, whereas monomethylaniline has nonef. 
It might have been expected that iodobenzene would show similar 
absorption bands to those of bromobenzene; and it is not clear 
why the introduction of a CH,-group into aniline should eliminate 
all the ultra-violet vapour bands of the latter. The discovery of 

* Hartley, loc. cit. 
} Purvis, Trans. Chem. Soc. 1910, 97. 1546. 
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isotopes brings in another factor: but the slow movements of these 
comparatively large masses would produce wide and diffuse bands. 
Their vibrations would not be comparable with the rapid oscilla- 
tions which produce the narrow bands in the ultra-violet regions. 

I desire to thank the Government Grant Committee of the 
Royal Society who, some years ago, assisted in the purchase of 
the apparatus used in this research. 
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The absorption of the ultra-olet rays by phosphorus and some 
of its compounds. By J. E. Purvis, M.A. 

[Received 12 February 1923.] 

The absorption spectra of phosphorus and of the hydride of 
phosphorus (PH,) in the ultra-violet regions do not appear to have 
been investigated. The absorption of the chloride of phosphorus 
(PCl,;) has been studied by Martens*. He found no bands, but 
the rays were transmitted to about A 2630. 

The absorption of triphenyl phosphine [P(C,H;)3| has been in- 
vestigated by the author}. This substance showed a weak wide 
band in very dilute solutions, and also great general absorption. 
The centre of the band was about A 2630. The vapour at 140° C. 
and 740 mm. showed a very weak band between about A 2500 
and A 2300. 

The author has studied the absorption capacity of the vapours 
of phosphorus, the hydride of phosphorus (PH;), and the tri- 
chloride of phosphorus. To hold the vapours two brass tubes of 
100 mm. length and 200 mm. length respectively were employed. 
The internal diameter of each tube was 20 mm. Both tubes could 
be unscrewed for the introduction of solids, and each had an inlet 
tube and an exit tube for gases. Polished quartz plates were fitted 
to the ends. For temperatures above 100° C. the tubes were com- 
pletely buried in sand, except for a few mm. at the ends. The 
ends were well within the walls of the sand holder and the tem- 
perature was not much lower than that of the body of the tube. 
Thermometers were placed in contact with the tubes, so that the 
temperature just outside could be easily read. The source of 
radiation was a condensed cadmium spark, and exposures of three 
and five minutes were given. The followimg notes describe the 
phenomena on the photographic plates: 

Phosphorus. The m.p. of this substance is 44-5°C., and the 
B.P. 290°C. A small portion of phosphorus was introduced in 
the 100 mm. tube, the latter was filled with nitrogen, and the 
entrance and exit tubes closed. The tube was placed in the sand 
bed and heated. The phosphorus melted when the thermometers 
registered 95°. There were no absorption bands, and the following 
numbers give the position of general absorption at various tem- 
peratures: 

150° C. general absorption began at about A 2500 
160° y 3 55 2580 

* Verh. Phys. Ges. Berlin, 1902, 4, 138. 
+ Trans. Chem. Soc. 1914, 105, 1372. 
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170° C. general absorption began at about A 2690 
180° A ; 2750 
190° ‘ Z bp 2820 
200° “ ie is 2850 
210° a 3 f 2900 
220° 2960 

In another series of experiments the phosphorus was introduced 
in the 100 mm. tube and heated in an atmosphere of nitrogen. 
There were no absorption bands. The rays were transmitted at 
120° to A 2100, at 160° to A 2500, and at 200° to about A 2740. 

In a third series of experiments the 200 mm. tube was immersed 
and heated in a water bath. The phosphorus melted at 50°. At 70° 
the rays were transmitted to about A 2130; at 100° to about A 2420, 
but the strong Cd lines 2321 and 2313 were just visible. 

Phosphorus hydride (PH). The gas was made from sodium 
hydroxide and phosphonium iodide. The absorbing tube was 
exhausted to 30mm. pressure and then filled with the gas. In 
the 100 mm. tube at temperatures ranging between 30° and 100° 
the rays were transmitted to about A 2230. In the 200 mm. tube, 
between 30° and 100°, the rays were transmitted to about A 2240. 
No absorption bands appeared. 

Phosphorus trichloride (PCl,). In the 200mm. tube, and at 
temperatures ranging between 16° and 100°, no bands were seen; 
at 16° the rays were transmitted to A 2480, and at 100° to A 2590. 
This confirms Martens’ observation (loc. cit.). In the 100 mm. tube 
at 30° the rays were transmitted to A 2130 and at 100° to A 2230. 

The observations prove, therefore, that neither phosphorus nor 
any of these compounds of phosphorus, exhibit any absorption 
bands in the ultra-violet regions. The oscillations or vibrations of 
electrons are supposed to be the origin of specific absorption in 
these regions; but,in the molecule of phosphorus, the four atoms and 
their electrons have not sufficient freedom to produce any specific 
effect. Nor does the introduction of hydrogen or chlorine relax 
this rigidity. In triphenyl phosphine, the seven solution bands and 
the large number of vapour bands of benzene, are fused into one 
weak and wide band. In this substance the atomic energy of phos- 
phorus appears to be partly spent on the benzene residues producing 
considerable changes in, but not completely destroying, the vibra- 
tions of the constituent atoms of benzene. 
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The dissipation of energy in the universe has long been recog- 
nised: an attempt to explain how the reverse process, namely, its 
recuperation, comes about, is developed in this essay. 

The key to the theory herein advanced lies in the difference 
between the two recognised types of energy, namely (1) the trans- 
lational, and (2) the vibrational. The former is well illustrated in 
a bullet discharged from a rifle. It carries its energy with it from 
the rifle to the object struck, or, if you please, its energy carries it: 
at all events, they are translated together, including the energy 
of the spin in which every particle of the bullet traverses a different 
path. Besides these movements there is that which is called its 
heat-energy, and, on the kinetic theory of gases (liquids and solids), 
belongs to every material object. On this theory every material 
substance is made up of a multitude of molecules which are 
separate from each other in the mass, and have some freedom of 
movement, and, by reason of their heat- energy, are in continual 
motion among ‘themselves. They repeatedly collide and, being 
perfectly elastic, forthwith rebound. Their energies are redistributed 
between them during their collision, but no energy is lost. The 
average kinetic energy of all its molecules constitutes the measure 
of the temperature of the mass. The continual movement of the 
molecules brings about an equalisation of temperature throughout 
the mass; and if that be a solid in air of a different temperature, 
the molecules of the one will collide with those of the other and 
their temperatures be equalised. The energies are still translational. 
There is, however, another way in which a material object may lose 
its heat- -energy ; oa that leads to the second form of energy. 

Light is the typical case of energy of this form, which is often 
called radiant energy: a name w hich will include light of a kind to 
which our eyes are not sensitive. 

If you take an ordinary small electric lamp with a wire of some 
very refractory metal in a glass globe from which all gas has been 
removed as completely as possible, and pass an electric current 
through it, gradually increasing the strength of the current, the 
wire Renamed hot, soon red- hot, then yellow and then white-hot. Re 

The energy of the electric current at first takes the form of the heat- 
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agitation of the molecules of the wire, then of light successively red, 
yellow, and white, as the temperature rises. To bring out the 
difference between these different energies, we must consider the, 
now generally accepted, undulatory theory of light. That theory 
presupposed the existence of a special substance named the ether; 
this substance completely fills the universe, and has no crack or 
void place in it, and does not consist of separate, or separable, 
parts, but is uniform throughout: identical at all points, everywhere, 
and in every direction. Having no parts it is incapable of heat 
motion: it can never be hot or cold. Having no internal energy of 
its own it has no weight, and can offer no resistance to the passage 
of material objects through it. The only energy which it can have 
consists in strains (which may be reckoned as potential energy) 
started by extraneous energy moving in it. It is not unreasonable 
to suppose that, in the collision of two molecules, the ether adjoining 
them, about the point of collision, may be strained for a short 
distance thereabout, and the strained ether, being perfectly elastic, 
in reacting will strain the next thin layer of ether in form of a hollow 
sphere around it, and so on. The wave will thus always be in form 
of a hollow sphere growing in diameter about a fixed centre, and 
dwindling in intensity as the energy becomes distributed in a 
volume which increases as the square of the diameter. Molecules 
which collide probably recover their normal state after a series of 
vibrations which succeed one another at uniform rate, so that a 
serves of strains will be produced in the ether after each collision, 
and will succeed one another at equal intervals of time. And since 
the rate at which light travels in the ether is independent of its 
intensity, the distance between the heads of the successive waves 
produced by one collision will all be at the same distance one from 
another throughout their course. This distance is the wave-length, 
and is longer for red than for yellow light, and for yellow longer 
than for blue and for blue than for violet. Plenty of ight evolved 
from the collisions of hot molecules is longer in wave-length than 
red light, and still more is shorter in wave-length than violet; but 
our eyes are not sensitive to them. The longer waves have little 
chance of penetrating far into a dense mass of molecules. The 
molecules take the energy and relieve the strain in the ether. The 
added energy partly increases the rate of movement of the mole- 
cules and so becomes heat and is no longer vibratory but trans- 
lational energy. The waves of shorter length have a better chance 
of penetrating a mass of molecules. 

To speak of the “penetrating power” of radiant energy, and 
of “hard” and “soft” rays, as if these qualities of the rays held 
good in regard to molecular masses in general, is apt to mislead. 
Really a transparent material is one of which the molecules cannot 
easily be set vibrating at the same rate as the light passing through 
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the mass vibrates, and therefore does not relieve the ether of the 
strain. Opaque material stops the passage of light by vibrating in 
concord with the light passing through it, and converting it into 
translational forms of energy. This puts the light out: it ceases to 
be light. It might be said that diamond transmits light because 
itis so hard that it is difficult to set its molecules vibrating, and that 
black lead absorbs light because it is so soft that its molecules are 
easily set vibrating to any pitch. However, there is other radiant 
energy besides light: for example, the rays given off by radium pass 
through a considerable thickness of lead. It is well ascertained that 
the vibrations of light are always at right angles to the direction 
in which the light is passing, and it is conceivable that there may 
be radiant energy for which the vibration is in other directions: 
but light has been much the most completely studied, and most 
certainly pervades the whole universe and it would be distracting 
to discuss the characters of any other sort here. 

It is a well-established law of nature that a molecular mass 
which readily emits light of a particular wave-length, will also 
readily absorb light, of the same wave-length, passed through it 
from another source. Consider the light of the sun. The tempera- 
ture of the sun is extremely high; iron, titanium, and other re- 
fractory substances, are in the state of vapour in its atmosphere, 
and it emits light of all sorts of wave-lengths and of great intensity. 
There is a limit to the shortness of the wave-length of the light to 
which ordinary photographic plates are sensitive, nevertheless there 
is no indication that any limit of the wave-length of the light has 
been reached, but only a limit of the absorbent power of the 
chemicals. There is, however, for every substance which emits 
radiant energy when heated, one substance which will absorb that 
energy. It is the same substance at a somewhat lower temperature. 
For example, the intense yellow light emitted by the flame of an 
oil lamp, in which some common salt is held, is much less intense 
after it has passed through the colder flame of a spirit lamp with 
salt in it. The flame has absorbed some of the energy, and has so 
become hotter; and this will go on so long as the temperatures of 
the two flames are unequal. 

Attempts to estimate the heat equivalent of the sunshine at the 
surface of the earth by absorbent actinometers are fallacious in that 
they do not take into account the very short wave-length light, 
which makes its way through all ordinary materials and penetrates 
the interior of the earth. 

Stars. 

There is good reason for supposing that the sun is one of the 
stars, and not one of the larger, or hotter, of them. All that we know 
about them is derived from the light they send to us. They are 

38—2 
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all emitting radiant energy incessantly; and though their spectra 
show that some are hotter than the sun, and that their atmospheres 
are not all alike, yet in general characters they closely resemble it. 

We believe that they have been pouring forth their energies 
in radiation in enormous quantities for untold ages, because the 
changes in the configuration of the heavens, during the time in 
which these have been recorded, are so small that we may say that 
the configuration is steady. 

Whence is all this inexhaustible energy drawn, and whither does 
it go? 

Every spherical wave of light, once started, will go on expanding 
in the ether until it meets with some molecular mass which will 
relieve the strain and take the energy. Even such a mass (unless 
it be as big as the whole wave) will only make a hole in it, and then 
every point in the edge of the hole will become the centre of a new 
wave. It has been calculated that only one hundredth of a millionth 
(joooo0) Of the radiance of the sun is taken up by the planets, 
meteorites and other molecular substances within the solar system; 
all the rest is dispersed in stellar space. This is probably far too large 
an estimate of the absorption, because no account is taken of the 
radiance of very short wave-length, which cannot be caught by 
the actinometers used to measure the amount of the solar radiation. 

Some think that the question of the limitation of our universe 
need be determined before we can give any reply about the supply 
and disposal of all this energy. It may be as well to review the 
alternatives. Suppose 

1. That the universe is an immense mass of ether bounded by 
vacuum. This will not preclude the existence of other similar 
universes bounded in the same way: we should never find out their 
existence, they could take no energy from us, nor give us any. 
The boundary of our ether would bound the expansion of every 
wave of light in it, but could destroy no energy. Every point of 
the wave on reaching the boundary of the ether would become 
the origin of a new wave which would expand in the ether in the 
only way open to it, and add its SeeEngu to the store of our 
universe. 

2. The only alternative is to suppose our ether to be un- 
bounded. In that case we must suppose that there are dark stars 
beyond our universe, or some means of returning the energy which 
leaves it. It cannot be accepted that our universe should be always 
losing energy and getting none back. The life of the world is always 
a circuit of changes. “All the rivers run into the sea, yet the sea 
is not full” (Eccles. i. 7). 

Considering the number of the stars, their wide distribution in 
all directions and distances, and the rapidity with which their 
radiance is dispersed owing to the character of its movement in 
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ever growing spherical waves propagated with enormous velocity, 
and further considering the ages during which this has been going 
on, with hardly any permanent change, we cannot easily avoid the 
conclusion that the accumulation of this sort of energy in our 
universe must be enormous. It comes from every quarter of the 
heavens, the waves crossing and re-crossing one another in every 
direction without interference, so that they still form sharp images 
of the stars from which they come. 

The sun and stars have remained for ages, and since this radiant 
energy has proceeded from them we feel sure that their molecules 
are concordant with it, and will become heated by absorbing it. 
The ether cannot be either hot or cold; but the hotter the mole- 
cules are the more intense will be the radiance which they generate, 
so that they compensate by the intensity of what they emit for 
the dissipated state of that which they absorb. If the star is more 
cooled by the emission than it is heated by the absorption, the 
emitted rays will become less intense: while, on the other hand, 
if it is more heated by the absorbed rays, those emitted will be 
more intense. The universal radiance is so vast, and is diffused with 
such rapidity, that the supply must be very steady. To this steady 
supply the general temperature of each star must adjust itself. That 
is to say, if the mass of the star is steady, the star will adjust its 
temperature so that the radiant energy it emits B equivalent to 
that which it absorbs. 

If there should be an accession of mass to the star by the falling 
into it of some extraneous matter, the star would absorb so much 
more energy from the universal supply, and its temperature would 
rise until the intensity of its emitted radiance balanced the amount 
absorbed. 

Another adjustment remains to be considered, namely, that 
of volume. No doubt the outer part, at least, of the sun and stars 
is in the gaseous state, so that their volume will easily respond to 
pressure. The only pressure, so far as we know, to which they are 
regularly subject is that of the universal radiance, together with 
the reaction of the radiance of the star itself, w hich is a steady 
uniform compression of the whole mass*; and the volume of the 
star will expand and contract under this pressure as the temperature 
rises and falls, and be steady as long as that temperature is steady. 

The general result may be stated, that the larger the mass of 
the star, the hotter will it be, and the more intense the radiant 
energy that it emits. 

* This is on the supposition that the star has no’ proper motion. If it have 
such motion, the pressure on that side of the star which goes to meet the universal 

radiance will be slightly greater than it is on the other side which moves in the same 
direction as the radiance. The difference will be very minute because the star’s 
velocity cannot be comparable with that of light. Nevertheless it may have a 
cumulative effect, and may apply to planetary motions as well as to those of stars. 
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The earth, so small in comparison with the sun, is not cooler 
than might be expected. Probably all the universal radiance of 
wave-length long enough to be photographed which falls on the 
earth is taken up by a very thin layer at the surface and soon 
radiated away again; while the greater part, being of shorter wave- 
length, penetrates the interior, and is only gradually absorbed as it 
meets with material which can vibrate in concord with it, and so 
carries its energy into the interior, compressing and heating it. 

Mars, still smaller than the earth, is seen to have much larger 
accumulations of snow at its poles, during their respective winters, 
than the earth has: and is probably colder. 

Jupiter, with a mass 300 times as great as the earth, and a 
density only one-quarter of that of the earth, is believed to be 
nearly, or quite, red-hot: and has been called a semi-sun. This is 
quite in agreement with the theory here maintained. 

So far no mention has been made of gravitation except in 
relation to the orbits of double stars which follow the law of 
gravitation. There was no need to mention it. Newton never 
believed in mechanical action at a distance, and only used this 
metaphysical theory of gravitation for convenience of calculation, 
in the same way as the mathematicians of our day, for the in- 
vestigation of the kinetic theory of gases, used metaphysical 
molecules, hard, impenetrable, perfectly elastic, spheres, for this 
purpose of calculation. Natural philosophers are fast coming to 
the belief that gravitation must have its seat in the field rather 
than in the sun and stars, and that means that it must be radiant 
energy, because no other known form of energy of sufficient in- 
tensity can exist in stellar space or where there are next to no mole- 
cules to carry it. 

Perhaps some may object that it is not likely that radiant 
energy should be intense enough to do the work ascribed to gravita- 
tion; but no reason can be given for this. We have not found any 
method of measuring the intensity of the universal radiance which 
is distinct from that employed to measure the intensity of gravita- 
tion. But there is one distinction between the two: we are quite 
sure that the universe is filled with the visible hight from the stars, 
but have no suggestion of any other source of gravitation. When 
gravitation is put into the field its sign must be changed, it 
becomes repulsive instead of attractive, and universal radiance can 
do all that gravitation can. 

It may be well now to turn to the surface of the earth and see 
what confirmation of the theory of universal radiation can be found 
in the course of nature as we see it at close quarters and within 
reach of experiments. Fortunately, there is one branch of physics 
which has been explored by the ablest mathematicians and ex- 
perimenters: it is capillarity, the rise and fall of liquids in narrow 
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tubes, the curvature of their surfaces, and other connected appear- 
ances. 

Laplace devised a theory to account for the observed facts, 
in which he postulated an attractive force between every two mole- 
cules of the liquid, proportional to their masses, and varying with 
the distance between them in some undefined way but quite in- 
dependent of any mutual attraction between them arising from 
gravitation. An important feature of this attraction was that it 
was sensible when the molecules were at infinitesimal distances 
apart and became zero when the distance became finite. The 
results deduced on this theory were found to agree closely with the 
observed facts. Subsequently Gauss, working by general principles, 
was able to deduce results in agreement with experiment without 
reference to any gravitational attraction between the molecules. 
Of course it is not meant that the weight of the liquid or other 
effects usually ascribed to gravitation were neglected, but that 
gravitation does not interfere with capillarity. 

If now we substitute the universal radiance for gravitation 
what difference will it make? The radiation comes from every 
side in all directions: most of it will fall at some inclination to the 
normal on the surface of the liquid. It is a character of radiation 
that the pressure which it exerts on a mass of material is always 
in the direction in which the wave is moving; hence only the 
resolved part of the pressure which is in the direction of the normal 
compresses the mass. The other part of the full pressure will act 
tangentially on a very thin layer of material at the place of in- 
cidence. This tangential pressure will come from all sides, and the 
united effect will be to push closer together the molecules in a very 
thin layer of the exterior of the mass. That is to say they will 
produce a surface tension all over the surface. The normal pressure 
will ensure the cohesion of the liquid (or solid), and the tangential 
pressure will make the surface tension, in a far more satisfactory 
way than the old theory of gravitative attraction can provide. 
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Sur la représentation analytique des congruences de coniques, Par 
L. Gopraux, professeur a [Ecole Militaire (Bruxelles). (Com- 
municated by Professor H. F. Baker.) 

| Recewed 25 May 1923.] 

Dans un article trés intéressant publié sous le méme titre dans 
les Proceedings of the Cambridge Philosophical Society (Vol. xxi, 
Part 3, 1922), M. James applique les méthodes de M. Stuyvaert 
pour Pétude des congruences linéaires de vaniétés algébriques au 
cas ou ces variétés sont des coniques de espace*. M. James utilise 
les représentations analytiques suivantes de la conique dans 
Vespace: 

aeede. Arlen 0 

Viet 78 
| A, DO, Cy | _ 0. 

@,, wb: 

I] étudie ensuite en détail les congruences linéaires obtenues en 
supposant les éléments d’une ligne ou de deux colonnes fonctions 
linéaires de deux parametres. Dans deux courtes notes publiées en 
19087, nous avions, a la suite de l’étude des travaux de M. Stuyvaert, 
fait les mémes recherches que M. James, en utilisant les mémes 
représentations analytiques de la conique, mais en nous bornant 
a la détermination de la configuration des lignes singuliéres des 
congruences rencontrées. 

Quwil nous soit également permis de compléter la bibliographie 
des congruences linéaires de coniques donnée par M. James au début 
de son travail. Toutes ces congruences ont été déterminées en 1895 
par M. Montesano au moyen d’une méthode géométriquet. Nous 
avons plus tard cherché a déterminer ces congruences par une autre 
méthode, mais celle-ci n’est applicable qu’aux cas ott le nombre des 
lignes singuliéres est peu élevé; nous nous sommes précisément 
borné aux cas ot ce nombre est un ou deuxs. 

* Dans ses travaux, M. Stuyvaert s'est particulicrement attaché aux congruences 
linéaires de cubiques gauches; ses premiéres recherches sur ce sujet forment le 
chap. ut de sa dissertation: Etude de quelques surfaces algébriques engendrées par 
des courbes du second et du troisiéme ordre (Gand, 1902). Voir ensuite: C. R. 1905; 

“Cing études de Géométrie analytique” (Mém. de la Soc. Roy. des Sciences de Liége, 
1907); “Algébre & deux dimensions” (Gand, 1920); “Congruences de cubiques 
gauches”’ (Mém. in-8° del Acad. Roy. de Belgique, 1920), et d’autres travaux que lon 
trouvera cités dans ces deux derniers Mémoires. 

+ “Sur la représentation analytique de la conique dans lespace” (Bull. Acad. 
Roy. Belgique, 1908); “Sur quelques congruences linéaires de coniques” (Archiv der 
Math. und Phys., 1908). 

t “Su le congruenze lineari di coniche nello spazio” (Rend. Ist. Lomb. 1893); 
“Su i varii tipi di congruenze lineari di coniche dello spazio” (Rend. Accad. Napoli, 
1895). 

§ “Recherches sur les systémes de coniques de espace” (Mém. Soc. Roy. Sc. 
Liége, 1911). 
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The motion of a neutral ionised stream in the earth’s magnetic 
field. By S. Cuapman, M.A., Trinity College. 

| Received 8 July 1923.] 

Introduction. 

(1) The object of this paper is, mainly, the examination of the 
mode of incidence upon the earth of a neutral ionised stream of 
matter from the sun. The question arises in connection with the 
theory of magnetic storms and aurorae, in view of a recent suggestion 
by Prof. Lindemann* that the solar agent which produces terrestrial 
magnetic storms consists of such a stream. In various other recent 
theories on the subject the solar stream has been supposed to 
contain electric corpuscles mainly of one sign of charge, but all 
such theories hitherto have encountered the objection that the 
mutual repulsion of the particles would disperse the streams 
laterally, while on their way from the sun, so much as to preclude 
the incidence upon the earth of an adequate amount of charge. This 
criticism was directed by Sir A. Schuster against the theory of 
(amongst others) the late Prof. Birkeland, and by Prof. Lindemann 
against a theory (similar only in the respect mentioned) proposed 
by the writer}. In a rejoindert I assented to Prof. Lindemann’s 
criticism, though, as he suggested, the detailed figures from my 
papers, on which he based his criticism, were very tentative. I also 
proposed an alternative to his suggestion concerning the solar 
agent, as to which I am now doubtful. Prof. Lindemann’s proposal 
was to modify my theory, while retaining its distinctive feature 
of the radial motion of charge within the earth’s atmosphere, 
by supposing that the solar stream is neutral but ionised, the 
two sets of charges becoming separated in the earth’s atmo- 
sphere on account of their difierent powers of penetration, and 
afterwards approaching and combining with one another by a 
motion mainly radial. He developed this view in detail as regards 
the emission, propagation, energy and mass of the stream, but 
without considering the mode of incidence of the stream upon the 
earth, or how (in detail) the magnetic storm would then be pro- 
duced. In this paper I show that aurorae cannot be explained by 
a neutral stream. Prof. Lindemann’s suggestion seems, therefore, 
to fail, while my theory of magnetic storms must be modified so 
as to be consistent with a less heavily charged stream than at 
first appeared necessary. 

(2) The close connection between aurorae and magnetic storms 
makes it almost certain that both are associated with the same solar 

* F. A. Lindemann, Phil. Mag., Dec. 1919. 
t+ S. Chapman, Proc. Roy. Soc. A, 95 (1918). t Id., Phil. Mag., Nov. 1920. 
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agent. If it were established that magnetic storms are caused 
by neutral ionised streams, the mathematical theory of aurorae 
would then have to deal with the motion of such streams in the 
earth’s magnetic field. At present the principal theory of aurorae 
discusses the motion of a stream of corpuscles of like sign, the 
element considered by Prof. St6rmer* in his valuable researches 
being, for the most part, a single electric corpuscle. Even in this 
case the apparently simple equations of motion cannot be integrated 
completely, but they indicate that a charged stream would impinge 
upon the earth only in two limited zones, one around each magnetic 
pole, like the observed auroral zones. By laborious numerical 
quadratures Prof. Stérmer has worked out many possible paths of 
the single corpuscle; these paths are of very. varied types, some of 
them being extremely complicated. In the problem of the motion 
of a neutral ionised stream, considered in this paper, the equations 
are still more complex, and numerical calculation has to be resorted 
to at an early stage; the actual stream-lines, however, are much less 
intricate in form than some of the possible paths of a single charged 
corpuscle. 

The motion of a single charged particle. 

(5) In order to facilitate some comparison between the two 
problems, a few of the chief features of Prof. St6rmer’s theory will 
be briefly indicated. Let MW be the magnetic moment of the earth, 
regarded as a uniformly magnetised sphere, and let H be the 
magnetic intensity at the point (r, 6, 6), so that H = (M/r°) f (A). 
Let the mass, charge (in E.M. units) and velocity of the corpuscles 
be m, e, V respectively. The force on the particle due to the magnetic 
field is [eV, H], using the ordinary right-handed vector-product 
notation. This being normal to V, the velocity varies in direction 
only, and is constant in magnitude. The curvature 1/p is in the plane 
of V and [eV, H], and is given in magnitude by the equation 
V?/o = V, where mV = [eV, H]. Introducing the constant scalar 
(linear) magnitude /} defined by 7? = Me/mV, the equation of motion 
may be written 

oN Me IN ee 
py mVP Ly ae r 7 n\tO 

Here the quotients V/ V, V/V, H/H are unit vectors which 
merely determine the direction of the vectors on the two sides. 
Equating the scalar magnitudes of the vectors, we see that 

r/p = (P/1?) f (0) sin (V, A). 
The constants of the particle enter into these last two equations 
only through /. Clearly, for two particles of like sign but with 

* A résumé of Prof. Stérmer’s theory, with references, is given in Terrestrial 
Magnetism, vol. xxu, p. 101. 

+ Lis the same as Prof. Stdérmer’s constant c. 
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different values of /, there is a complete correspondence between 
all possible paths in the two cases, except for a scale difference of 
which / is the parameter. For oppositely charged particles with 
equal constants J, the two families of paths are mirror images of 
one another in meridian planes of the sphere. 

From a certain first integral of the equations of motion Prof. 
Stormer has drawn conclusions concerning the regions of space 
within which all paths reaching the centre must lie; thisisimportant 
because only those corpuscles with trajectories in the vicinity of 
the said paths can reach the earth*—the other paths return into 
space. It appears, in fact, that particles from the sun cannot reach 
the earth except within two narrow zones, one centred at each 
magnetic pole. Particles may fall on the dark as well as on the 
sunlit portion of these zones. The angular radius of the zones depends 
on /, which in the case of a-particles, 8-particles, and cathode-rays, 
has the respective values (roughly) of 

25a, 250a, and 1000a, 

a being the earth’s radius; the corresponding values of the angular 
radius of the zones are roughly 

LST Deco 

These zones are naturally identified, on this auroral theory, with 
the zones of maximum auroral frequency; the latter, however, are 
generally supposed to have an angular radius of about 23°, while, 
moreover, aurorae are visible at much greater distances from the 
poles at times of magnetic disturbance. One of the chief difficulties 
of the theory is this necessity of accounting for the precipitation of 
corpuscles in regions beyond the theoretically-calculated zones of 
precipitation: and the difficulty may be even greater than auroral 
observations indicate, because the study of magnetic storms 
suggests that corpuscles may enter the atmosphere even in the 
tropical zones and over the equator, though less intensely than in 
the zones where aurorae and magnetic disturbances are most 
frequent. The theory seems directly at variance with this possibility, 
as it indicates that the paths from infinity cannot approach the 
equator in the equatorial plane within a distance of many diameters 
of the earthy. 

In considering these difficulties, the simplified nature of the 
theory must, of course, be remembered, and, in particular, that the 
mutual influence of the corpuscles on each other’s paths is neglected. 
Prof. Stérmer has pointed out that the theory predicts a streaming 
of corpuscles round the earth on one or other side of the axis (on 
the post meridiem side, if the corpuscles are negative, and on the 

* Terrestrial Magnetism, vol. xxt, p. 101. 
_ + Cf. the diagram on p. 100, vol. xxu, Terrestrial Magnetism: the paths from 
infinity are those for which y> — 1. 
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opposite side, if they are positive), and has suggested that the 
magnetic field of this stream might greatly modify the position 
of the auroral belts. By discussing the analogous but more tract- 
able problem of the effect of a closed ring of corpuscles circulating 
round the equator, he has found that such a ring could draw the 
belts of precipitation down from their theoretical position (even 
for cathode-rays) to the belt of maximum auroral frequency, 
without exercising greater magnetic effect on the earth than about 
0-00030 c.a.s. (30y). The magnetic effect of a ring which could draw 
the zone down to 45° would be 1200y. But the arguments which 
seem to preclude solar streams of corpuscles of one sign from being 
regarded as the direct cause of magnetic storms apply also to this 
part of Prof. Stormer’s auroral theory. 

The path of a neutral vonised siream. 

(4) In considering the motion of an ionised neutral stream in 
a magnetic field, the corpuscles will be supposed (merely for mathe- 
matical convenience) to have no random motion additional to their 
streaming motion. The magnetic field will deflect the oppositely- 
charged corpuscles in opposite directions, a tendency which will 
be counteracted by the electric field set up by the relative displace- 
ment of the two sets of charges: a kind of polarisation will thus 
result. It will be supposed that this equilibrium state has been 
attained, and that it is constant in time in any given region of 
space specified relative to the axis of the earth and the line joining 
the centres of the earth and sun. The tendency to displacement forthe 
particles of the two kinds will vary, at any point, inversely as their 
masses, and also inversely as the total charge density of either sign. 

In an isolated stream the surface electrifications resulting from 
the polarisation would tend to leak away, the leakage being more 
rapid on the side of the charges of smaller mass, until the stream 
acquired an opposite charge sufficient to neutralise this differential 
effect. This leakage will in the first instance be neglected. 

In the case of a uniform stream moving with velocity V through | 
a uniform magnetic field of intensity H, the polarisation P would 
be uniform and equal to (3/47c) [V, H], c being the velocity of light. 
When the magnetic field is ae uniform the polarisation will stall 
be equated to (3/47c) [V, H], though this is now only an approxi- 
mation and no longer strictly true. 

The electromagnetic force on any volume-element of the stream 
can be analysed as follows: 

(a) The polarisation will result in a non-uniform distribution of 
charge, of amount — div P per unit volume, together with a surface 
distribution of amount P, per unit area, where P,, denotes the 
component of P normal to ‘the surface. The motion of these charge 
distributions, with the velocity V appropriate to each point, 1s 
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equivalent to a non-uniform set of electric currents i, which will 
be acted on by the magnetic field with the force [i HI. Thus this 
part of aa force on the element is 

: aie div P) [V, H] dv + - ~ | [Pa Lv, H]ds: 

when the latter integral is ma he Tes to a volume integral it 
becomes 

sll se tP=v. BD + 5 PV, HD+ 5 IP. LV. ud de dy d: 

=~ ||ftaiveyty, H] dv + {2 apt Pup + Pix oY (Iv. H| dxdy dz. 

The first term cancels out ne the force on the volume-charge 
current, so that this part of the force reduces to the second term of 
the last expression; this may be written: 

- | | (P, grad) [V, H] dv. 

(6) The polarisation is supposed constant at any point, but, as 
an element of the stream moves along, it traverses regions of 
different polarisation, and there must therefore be cross-currents 
in the element, sufficient to produce this change of polarisation. In 
time dt the element suffers the displacement ds = V dt, and if dP 
is the corresponding change of polarisation, the cross-current per 
unit volume is in the direction dP and of amount dP/c dé or 
V (dP/e ds), the differentiation being performed in the direction of 
V. Thus the current is 

1 0 0 @ 1 
: (ux Reo epat ws )P==(V, grad) P 

The force on this current is consequently 

; i i | [(V, grad) P, H] 
dv 

for the whole element. 
Hence the total force on an element of the stream at any point 

is proportional to the volume, and is of amount 

ee : {(P, grad) [V, H] + [(V, grad) P, H]} 

per unit volume. Since P = (3/47c)[V, H], the force F is pro- 
portional to V?, in the sense that if the velocity everywhere were 
increased in a certain ratio k, the force F would be changed only 
by the numerical factor 4?; and similarly it is proportional to H?. 

(5) The equation of motion of an element, at a point where the 
density of the stream is p, is 

p¥ =F, 
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and since the time-dimension of the left-hand side is of degree — 2, 
it is clear that for a given magnetic field, a change in the velocity 
of the stream at infinity will simply result in a proportional change 
of velocity at every point of the field, without altering the geometry 
of the stream-lines or the distribution of density throughout the 
field. Hence a knowledge of the geometry of the paths (e.g. the 
radius of the auroral zone, should such a zone exist also in the 
present case) could give no indication of the velocity of the stream; 
the geometry of the paths is determined solely by the charge- 
density of the stream; on the ordinary auroral theory, as has been 
seen, the scale of the paths depends on V~2, and the auroral zone 
varies in radius with V. 

(6) Another important difference from the force on a charged 
particle or stream is that the latter force depends on H, and there- 
fore diminishes outwards (ceteris paribus) as the inverse third powet 
of the radial distance 7; in the case of the neutral stream, the force 
depends on the space derivative of H?, which varies as the inverse 
seventh power of r. Hence the deflection of the neutral ionised 
stream is confined much more closely within the immediate neigh- 
bourhood of the earth than in the case of the charged stream. 

Motion in the equatorial plane. 

(7) Since the force F per unit volume of the stream depends on 
the space derivatives of the velocity as well as on the magnetic 
field, it seems impracticable to obtain a general solution of the 
equations of motion. The problem is somewhat simpler when 
consideration is restricted to the two possible cases of plane motion, 
viz. in the equatorial plane and in the meridian plane containing 
the sun. These fortunately suffice to indicate the character of the 
paths in the more general case. 

The components of F along any three rectangular axes Oz, Oy, 
Oz are given by the following and two similar expressions: 

UY oer) 0 O\ 7 
Geet a Pe (Vee) 
CG \\ 

/ 0 7) 0’ 7) ass a) +H,(Va se +V eget V ea \Pa Hal Vorae Vag Vs oe| Pat 
ee (i); 

where 

Pry= 4 (V,H.— V.Hy); Py gag (V He Vall.)| (2) 

S wee lade 

P= 7, Vally — Vy iz) 

First consider the motion in the equatorial plane, and take the 
z axis parallel to the earth’s axis of rotation, so that H,, H, and 
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their derivatives are zero at all points in the plane, as also are P, 
and its derivatives. In this case the z component of F vanishes, 
showing that a stream initially projected in the equatorial plane 
would continue to move in the plane. The x and y components of 
F reduce to 

3) 

Sire 

se 3 2 2 2)) 0 2H 2 he oa E {12 (V,?—Vi2)} + = (2H, Helio 

It is convenient to take the x axis along the direction of the stream 
at the point considered, and the y axis normal to it, in the direction 
[z, x]; then V, = V, V, = 0. This choice is better remembered if s 
and » are used in place of x and y; this notation will be adopted, 
and also the suffix z in H, will be dropped, as unnecessary in the 
present instance. The components /, and F,, of F now become 

E H2(V 2-Va}+ 5 2HA7V,)|,) 
ao, Wee. 

3 [a 2) 4 OH? Oe Gatien. OE OVn 
- aa | (Hey 2)- 2H°V a MEV) ae 2H°V ~~" 

eae (4). 
Hence the equation of motion along the stream is 

oV? 3 (0 OVn LD 277% 2 2P Se os (AY) eV An “| suse (5). 

The last term on the right depends on the convergence or diver- 
gence of the stream-line in the equatorial plane, and is negative if, 
as will appear, the stream converges in the plane. The convergence 
seems to be so small, however, that this term can safely be neglected ; 
if it were taken into account, the estimated bending and conver- 
gence of the stream would be slightly reduced. 

Even when this term is omitted, however, no simple exact 
integral of the resulting equation is obtainable, because p is an 
unknown function of position in the field. Since, however, the 
equation may be written in the form 

it is clear that so long as the stream is approaching the earth, and 
therefore (in the equatorial plane) entering into a stronger magnetic 
field, the velocity along it is decreasing. The diminution of kinetic 
energy supplies the gain of energy of electric polarisation. 

The equation of continuity may be written in the form 

Bip). La arone ee 
ee a pa" 5 =) 
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taking the axes as already described and omitting the term ¢ép/ot, 
since the state of motion is supposed steady. The last two terms 
represent the effect of convergence of the stream in and normal to 
the equatorial plane. The convergence in the plane seems to be 
outweighed by a greater divergence normal to the plane, so that 
the right- hand side is negative as a whole, i.e. pV decreases along 
the stream; but the change of section is so small that it is sufficient 
for our purpose to neglect it, and to take pV as constant and equal 
to its initial value pyVy. Using the equation 

DV a oe sear roe (8), 

the equation of motion can now be integrated, with the result 

V=V5 aoe Tupi Garten Dee (9). 

The retardation thus depends on the quantity 3H?/27cp,, the 
maximum value of which is attained when the stream reaches the 

earth, where 

| [ited o FEES OG YS HCO OS) NOE aa hie (10) 

approximately. It is convenient, for later work, to introduce the 
symbol 

The following table gives the value of the retardation V/Vo, 
on reaching the earth, for various values of py) and A. The value of 
3H,7/4ac*, which equals p)/XA, is approximately 3-2.10-*8; the table 
shows that if p) much exceeds this, i.e. if A much exceeds unity, the 
retardation will be very slight. 

322 102*4 | py | 3:2.10-% | 3:2.10-* | 6-4. 10-* 
uN 100 10 I | 

V/V,| 0-132 0:358 Wie 0732 | 

| p, | 64.10-% | 3-2.10-2 | 3-2. 10-2 
r 2 10 100 

V/V 0°828 0:955 0-995 Hie 5d 5 al 

Since the mass ofa hydrogen atom is 1-66. 10-4 gm., the density 
3-2. 10-8 corresponds to a neutral stream in which the mass per c.c. 
is equivalent to that of about 20 hydrogen atoms. 

It may be noted that the density of the stream considered in 



in the earth’s magnetic field 585 

Prof. Lindemann’s paper* is approximately 8.10-*4 on nearing the 
earth, corresponding in mass to about 5 hydrogen atoms per ¢.c.; 
such a stream would suffer a retardation of about one-half its 
speed. Since V/V, varies as H?, the retardation, and corresponding 
increase of density of the stream, affects the stream only in the near 
neighbourhood of the earth. 

Consider next the deflection of the stream, and let R denote the 
radius of curvature in the plane of motion. The equation of trans- 
verse acceleration may be written 

Mp Oe ape Oe ee lon (H2V 2) — 2H rae i) (12). 

Since 0V,,/0t = V (0V,,/0s), we have 

OV 3H?) BANG 
yee § i= cell (Eee Mea ee (FTO 2 ‘ J As p+ icin Gaetan (HEV) yeas (13) ; 

and, since 0V ,,/0s = V/R, this gives 

i oH? 3H?)-10 log HV —— tp + a ee (14). 

The term in F,, depending on the space-variation of the normal 
velocity V,, has not been neglected here, as in the former case, 
since it is of the same type as the term p (0V,,/0t), and more im- 
portant than the latter when p is small. 

The values of p and V already obtained in terms of H are now 
inserted in the last equation; using the symbol A already defined, 
and remembering that H/H, = (a/r)%, after a little reduction it 
appears that 

R — ; 2 a e an ainisin‘njele;e\einielv al elm (15), 

A rs 

0 log H 3 Or 3 sin & d Siemens S12 See ee an om ae Pe (16), 

where # is the angle between the direction of motion of the stream 
at a point P and the radius OP from the earth’s centre. Moreover 

1 sng 4. d sin x 
R r dp es (Ee); 

* The mass striking the earth in a storm of 20 hours’ duration is given as 6. 10? 
grammes; assuming a nearly parallel beam, the volume occupied by this mass, 
taking the velocity of the stream as 8.107 em./sec., as assumed by Prof. Lindemann, 
is 7 (6-4. 108)? 20.60.60.8.107 ¢.c., 6-4.108 em. being the earth’s radius. This leads 
to the above estimate of the density. 

VOL. XXI. PART VI. 39 
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Using these formulae, the last equation reduces to 

2 a6\2 

d sin yp [3 rae an 
ee Cee. (18), 

sin & ee 2 a’ r 

| A 78 

which has the integral 

ten See ee ee (19 p= 2Po i ( BY =) eevceccencce 5 

where py is a constant of integration. Clearly p, is the value of 
r sin % at infinity. In place of rsin% we may write p, which, of 
course, denotes the distance from O of the tangent to the path at P. 

As foretold on general grounds (§ 5), this equation of the path 
of the stream does not depend upon the initial velocity of the 
stream, but only on p (through Q). 

As r diminishes, p also steadily diminishes, but always remains 
greater than $9). Hence no part of the stream not initially directed 
towards O can ever reach O, but must always remain beyond half 
the original perpendicular distance of its path from O. Again, as 
r diminishes, sin % increases, i.e. the path becomes more and more 
inclined to the radius OP; it is easily seen that sin % increases from 
zero at infinity to its maximum value unity, which corresponds to 
the minimum value of 7 and p (when, in fact, 7 and p are equal). 
Beyond this apse-point the stream recedes from the earth along 
a path symmetrical with respect to the apsidal radius. This 
minimum value of r and p will be denoted by 7,, or p,», and is 
obtained by writing sin = 1 in the last formula. Thus 

i 2 aS\~2 a 1+(1+5,55) De (20), 

giving 7,, in terms of py, and vice versa. It is easily proved that py 
steadily increases as 7, Increases, and conversely. 

Impact upon the earth. 

(8) Ifa path intersects the earth, that part of the stream will, 
of course, be absorbed and conclude its path in the atmosphere. 
The semi-breadth p, of the part of the stream thus absorbed is 
obtained by writing 7,, = a in the equation for po, so that 

9\ ~#)-1 
py = 2011+ (145) } ‘ 

Just aS Y) 1S a monotonic function of 7r,, 80 Py 18 &@ monotonic 
function of A. The following table shows how p,'/a varies with A 
and py. 
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x 0 oe ail i iN 
100 10 4 2 

pp | 0 | 3:2.10-%5 | 3-2.10-* | 8.10-4 | 1-6. 10-23 
pila | 2 1:87 1-64 1:50 138 
Xp,’/a | 0 0-019 0-164 0-375 0-69 

r 1 2 10 o | 
pp | 32. 10-23 | 6-4.10-% | 3-2.10-2 | 

p,’ Ja 127 117 1-04 1-00 
Xp,’ a 1:27 2-34 10-4 e5 | 

The amount of matter impinging on the earth in the various 
cases is proportional to Ap,)’/a, which is tabulated in the last row. 
It diminishes considerably with A, though not quite in the same 
ratio as A itself. 

Bending of the stream round the earth. 

(9) It is of interest to determine how far the limiting path 
(corresponding to p, ) bends round the earth, and this may be done 
as follows: let r, @ be the coordinates of a point on the limiting 
stream-line, 6 being measured from the direction of this stream-line 
at infinity, so that the initial value is 0. Then 

db _ dr sin 
r.7 = tang or d0= a aeeCnLE 

Let x = a/r, so that for the limiting path z varies from 0 to 1, while 

2 a\~3 Se: 
| RACE oe) 1+ (14524) 
Sl a 

eee eae ah +(1+}) +(1+3) 
Then the value of 6 when r = a or = 1, Le. the angular distance, 
on either side of the central meridian of the earth, within which 
the neutral stream will impinge on the earth, is given by 

a Tere 
2-| 1+ (1+ 52) | Ne 1+ (1+ 52") | 

Kae(eD TL tee) 
= ¢ (A). 

The limiting value of this integral when A> 0 and also when 
A + © is 7/2, so that for very dense and also for very rare streams 
the matter impinges only on the front half of the earth; this is 
obviously the case for very dense streams, which are scarcely 

dx 

39—2 
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deflected by the earth’s magnetic field; for very rarefied streams, 
again, as our formula for 1/r indicates, the curvature is proportional 

to A2, ie. to p?, and is consequently very small. 
The values of 6 have been calculated from the above integral 

for a number of values of A, and are as follows: 

r 0 apt an 1 1 H 
100 10 6 4 2 

p O: AS:27 10-2 is s2 Ost 5:3 Ons eS O10 al Gel Ome 
A | 90° 132° 158° 165° 172° 166° 

: 8 a0 
p | s2216-25 ("6-42 10-2) Aes O27 2 G6 Ose 0 

Gy 148° 126° 110° 101° 90° 

It is of interest to observe that with the density considered by 
Prof. Lindemann (8.10-**) the stream would impinge on the earth 
almost all round the equator; and that the same is true for a con- 
siderable range of density on either side of this value. 

The utmost bending, it will be noticed, does not extend to a 
turning through a right angle. This is markedly different from the 
case of the corpuscular paths discussed by Prof. Stérmer, which can 
twist to an unlimited extent. 

Paths other than the limiting paths can easily be calculated by 
an extension of the same method. A drawing of several of the paths, 
including the limiting one, has been made for the case of A = 1/4, 
Py = 8.10-*4, which is approximately the case of maximum bending 

Fig. 1. Stream-lines in a neutral ionised stream (of density 
8. 10-4), lying in the earth’s equatorial plane. The stream- 
lines beyond the uppermost here drawn do not impinge 
upon the earth. Only half the earth’s equatorial section 
is shown. 

round the earth. It appears that while the path which has grazing 
incidence gets nearly to the midnight meridian, the fraction of the 
stream which gets to the back of the earth is only a small one, 
about 1/8 of that which impinges on the front of the earth. The 
obliqueness of incidence increases with increasing angular distance 



in the earth’s magnetic field 589 

from the midday meridian, though, of course, far less rapidly* 
than in the case of a beam of light. But the incidence of the 
stream on the dark half of the earth is sufficiently oblique to 
impair the penetrative power of the stream, and near the mid- 
night meridian the stream must always remain high up in the 
atmosphere. 

As regards the radius of curvature R for the streams, from the 
equation (7-17) it is easy to see that for paths outside the earth, 
R is a minimum when ¢% = 90° and r=a, while the value of d 
which then makes R a minimum is 2/3. The value thus found for 
R is 4a/3, so that the curvature of the stream in the equatorial 
plane is always less than that of the equatorial circle. 

The paths in a meridian plane. 

(10) The only other family of plane paths is that of the streams 
moving in a meridian plane. Take any point P on such a path, 
and a right-handed set of axes, P, along the path, P,, normal to 
the path and in the meridian plane, and P,, normal to the meridian 
plane. Then V,, H,, are both zero, so that the polarisation is entirely 
along the direction of P,. From the general expressions (7-1) for 
the components of force per unit volume on the stream, it readily 
appears that #, = 0, i.e. there is no force tending to divert the path 
from the meridian plane; and that 

3 es me : aie) far (Vo Ve 3 5 (HaV + HaHVo 3h 

}VsHn HVox—V.Hn Heat HV : (V H alia =V5 H, ae b. 

F, = 

= Amc” *0s 

These expressions are much more complicated than those for 
the equatorial case, because in a meridian plane the magnetic force 
varies in direction at different points in the plane. The paths in the 
meridian plane are consequently more complicated than those 
hitherto discussed; in low latitudes they diverge from the equator, 
in higher latitudes they converge towards it; their geometrical form 
is still fairly simple, however, though the analytical expressions 
representing the paths are unw orkably complex. It therefore 
seemed best to determine the paths by a combination of analysis, 
calculation and drawing. The equatorial case had indicated that, 
though a considerable degree of bending might occur near the limit 

* The angle of impact on reaching the earth, for an element of the stream with 
Po as its initial value of p, is obt ained by writing r=a in the formula for r sin y in 
§7. We thus have sin Y= /p’, so that as py increases from 0 to po’, Y increases 
from 0 (corresponding to direct incidence) to 90° (grazing incidence). Since sin 
increases very slowly as ¥ approaches 90°, the obliquity of incidence for the element 
which meets the earth on the twilight circle (@=90°) may be 10° or 20° short of 
grazing incidence. 
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of that part of a stream which impinges on the earth, the actual 
convergence or change of section of any element of the stream is 
small. While taking the longitudinal retardation and the curvature 
of the stream into account, therefore, the convergence was neglected, 
as before. 

The equation of motion along the stream thus becomes 

pV = — ga (HAV) 
or, using the relation pV, = py Vo, 

dlogp .  OlogV, 1 est 0 log H,, 
Os Os Hee CSG 

which has the integral 
2\ 3) 22 z= Boalt ($8) af (ot 

The equation of normal motion likewise becomes 
2 ( 3H.) 0 3 (yw Mey 7. (1 Otte oa \ 

4nc?} Os Anc? | Pads ° Os 

Substituting for ae from the former equation, we get, after a 

little reduction, 

de chen i [ 

Rim Vese >, Ampc? - 

where FR is the radius of curva- 
ture in the meridian plane. 

Now at a point P distant r 
from the earth’s centre O, and 
in latitude 6, 

H.= — ge sin 6, 
r 

while if the directions of the 
stream and of the magnetic force 
at the point make angles B, € (as O 
shown in Fig. 2) with OP, Fig. 2 

H, = 443 sin (@— B) + sin (8+ £)} H,/7%, 

n= 43 cos (8 — B) — cos (0+ f)} Hy/r°, 

He = 3 {5 cos (0 — 28) — cos (0 + 28)} H,/414, 
0 

tan €= i cot 0. 
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Substituting these values, after some reduction we obtain the 
following formula, from which R was actually calculated: 

2) —1 (5 

F _ysin @. tan(§+8)+ 41+) ea 1° cos (9-28) ~}eos (0 +28)} 

= jie A," Po HT,” \4 4 

EL 3 sin (4 —8)+sin (@+ 8) 

When the expression on the right is positive, the paths are 
convex to the equatorial plane; when negative, they are concave. 
It may be seen from the above formula that the curvature is zero 
when either H,, or H, is zero, i.e. when the stream becomes either 
normal to, or along, the lines of force. The above formula was used 
in the following way. 

A stream initially moving parallel to the equatorial plane was 
considered, and its path was regarded as straight up to a certain 
distance from the earth. Its radius of curvature at this distance 
was calculated by the above formula, the values of H,,, H, and p/po 
being first calculated from the previous formulae. The path was 
then continued with this curvature for a small distance, the new 
values of 0, €, 8 being either computed or found graphically, and 
R was again calculated, enabling a further extension of the path to 
be made. This procedure, being rather laborious, was carried only 
so far as would make it clear whether or not the amount of bending 
in the polar regions was sufficiently in excess of, and different from, 
that in the equatorial plane, to be likely to aid in explaining the 
main features of auroral incidence. The important parts of three 
paths were worked out, for one value of X or of the initial density 
Po; this value of A was 1/4, being the one for which most bending 
was found to occur in the equatorial plane, and also corresponding 
to the value 8.10-*4 for py, which was considered by Prof. Linde- 
mann. The results indicate rather less convergence of the stream 
in the meridian plane than in the equatorial plane, and there is no 
indication of any tendency for the streams to enter along any special 
“auroral” zone. 

The first path considered was the one which, if undeflected, 
would reach the earth’s pole; the curvature of this path is very 
slight; at a distance 1-5a from the earth, the value of R is 57-5a 
approximately; the values of R at the radial distances 1-4, 1-3, 1-2, 
1-1 and 1-0 times the earth’s radius are approximately 20a, 8-4a, 
4-la, 2-5a and 1-6a. The total deflection is 12°, and the path meets 
the earth in latitude 72° approximately. The equatorial path at 
the same initial distance from the earth’s centre is deflected through 
17° and meets the earth at 59° from the central meridian. 

The second path considered was one at an initial perpendicular 
distance 1-2a from the equatorial plane. This is more curved than 
the former one, the values calculated for R at the radial distances 
1-4a, 1:3a, 1-:2a, 1-la, being 6-0a, 3-8a, 2-3a, 1-:3a, diminishing 



592 Mr Chapman, The motion of a neutral conised stream 

approximately to a on reaching the earth. The total deflection of 
the path is roughly 37°, and it reaches the earth at a distance of 
116° from the centre of the meridian, 1.e. at 26° beyond the pole; 
it falls short of grazing incidence by only about 12°, and it is very 
likely that this path is not far from the hmiting path. It may 
be compared with the equatorial path which, though starting at the 
rather greater initial distance of 1-25a from the earth’s centre, is 
deflected through 27° and reaches the earth at a longitude 83° from 
the central meridian. 

The third path considered was the one at initial distance 1-5a 
from the equatorial plane. It was found that this path does not 
reach the earth, and, in fact, seems not to approach it within a 
distance 1-45a, though it is deflected by a few degrees out of its 
original line. The corresponding equatorial path reaches the earth 
after a deflection through 82°, in longitude 172°. 

General conclusions as to the motion of a neutral conised stream. 

(11) Slightly different results might be got for other values of 
A or of the initial density py of the stream, but the above seem 
sufficient to show that the deflection of a strictly neutral ionised 
stream within the earth’s magnetic field is not such as can parallel 
the observed facts about the incidence of aurorae. The part of the 
stream which gets round to the back of the earth is only a small 
fraction of the whole (this fraction being smaller near the poles than 
near the equator), and it impinges at a very oblique angle of in- 
cidence. Auroral streamers, on the contrary, seem to lie nearly 
along the earth’s magnetic lines of force, which, in the polar regions, — 
are not far from being normal to the earth. Moreover, it seems 
doubtful whether a neutral ionised stream could reach the earth, 
along the continuation of the central meridian round the back of 
the earth as viewed from the sun, at such great polar distances as 
are observed during great magnetic storms. There seems also to be 
no likelihood that the paths which are neither in the equatorial 
nor in the central meridian plane would show any markedly 
different characteristics, though their double curvature would make 
them far more difficult to calculate. 

Thus, whether or not a strictly neutral ionised stream from the 
sun can explain the magnetic phenomena, it is unable to account 
for the auroral phenomena associated with magnetic storms. The 
facts about aurorae seem explicable only on the assumption that 
the stream from the sun has a resultant charge, though it may be 
ionised and contain charges of both signs. 
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The residual charge on the stream. 

(12) So far it has been assumed that the solar stream would 
remain strictly neutral during its journey from the sun, but as 
Prof. Lindemann has indicated, there would be a slight loss of the 
more mobile negative charges (electrons) from the stream, until 
sufficient residual positive charge accumulated to prevent further 
escape of electrons. The order of magnitude of this charge, per 
unit of mass, was estimated by Prof. Lindemann at 2-5.10° E.s.u. 
The corresponding charge per unit of volume, taking p= 8.10™, 
is 2.10-° (= E, say). It is of interest to compare the additional 
force on the stream, due to this residual charge, with the polarisa- 
tion forces which have alone been considered in this paper up to 
the present point. 

Taking the most favourable case, when the directions of V and 
H are mutually perpendicular, the additional force per unit volume, 
in the equatorial plane, is HVH/c. The order of magnitude of the 
polarisation force in the equatorial plane is (3/47c?) V2H? (6/r), 
the last factor arising on differentiating H? with respect to r. The 
ratio of the former to the latter force is 27 Een/9VH, which in the 
present case, when r=a, is approximately 10-8; this estimate 
might, however, be increased to 10- ~7, on account of the increase in 
E/V as the stream approaches the earth, when V decreases and, 
on account of the increase in p, £ is increased. 

The ratio varies with distance in the ratio (r/a)®, if the change 
in #/V is ignored. Thus, even when r = 50a, the additional force 
is still less than the polarisation force. Since the latter is itself 
negligible except within about 1-5 radii from the earth, it is clear 
that the neglect of the additional force, in the preceding investiga- 
tion, is justifiable. 

(13) It has been seen in § 3 that the geometry of the motion of 
a corpuscle on Prof. Stérmer’s theory depends on the value of 
e/mV, since the magnetic moment (/) of the earth is a definite 
constant (83.10% c.a.s.). This parameter is independent of the 
number of corpuscles per unit volume; the intensity of aurorae must 
depend on this number, but the theory described in § 3 does not 
deal with this point. The difficulties confronting theories of aurorae 
and magnetic storms have arisen mainly through the excessive 
number of particles required to account for the energy and pro- 
duction of magnetic storms; it seems imperative for the success 
of any such theory that it should demand less in the way of 
charge density than past theories have done. At the same time 
there is at least some reason for thinking that the auroral theory of 
§3 would be simplified if e/mV had a smaller value than those 
appropriate to cathode-rays, B particles or @ particles. Prof. 
Lindemann’s theory, though itself not tenable as it was propounded, 
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perhaps indicates the direction in which there is hope of success- 
fully modifying the theories which depend upon a charged stream. 
By supposing the stream to be composed to some extent of neutral 
ionised gas the ratio of the residual charge to the total mass (e/m) 
is diminished. If, as Prof. Lindemann suggests, a neutral ionised 
stream can produce the same magnetic effects as in my theory are 
attributed to a charged stream, the reconciliation of the theories 
of magnetic storms and of aurorae with each other, and with the 
facts, might thus be brought nearer. The discussion of magnetic 
storms is, however, beyond the scope of the present paper. 

Summary. 

(14) The motion of a neutral ionised stream directed towards 
the earth is investigated, in connection with Prof. Lindemann’s 
hypothesis that such a stream from the sun, of suitable dimensions, 
speed, and density, could produce terrestrial magnetic storms and 
aurorae. The stream would become polarised in the earth’s mag- 
netic field, and the slight redistribution of charge would cause the 
resultant electromagnetic forces on the two sets of positive and 
negative charges to differ slightly; the stream as a whole would be 
subject to a force having components both along and normal to 
the stream. The force varies approximately as the inverse seventh 
power of the distance from the earth’s centre, and becomes appreci- 
able only within a distance from the earth comparable with the 
earth’s radius. The analysis of the motion is complicated, and 
resort to numerical computation has to be made, even after in- 
troducing simplifying assumptions. There are two families of plane 
paths, in the equatorial plane, and in the meridian plane through 
the sun. In both cases part of the stream is bent towards the earth 
and may impinge, nearly at grazing incidence, on the dark half of 
the earth. The bending is greatest when the density has a value of 
the same order as that considered by Prof. Lindemann; the speed 
of the stream does not affect the geometry of its motion. The 
bending, however, is not of such a character as suffices to account 
for auroral phenomena. Hence if the stream is to produce both 
aurorae and magnetic storms it cannot be neutral, and the resultant 
charge must exceed that which would arise in an originally 
neutral stream by mere leaking away of negative electrons. 
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Dougall’s Theorem on Hypergeometric Functions. By C. T. 
PREECE. (Communicated by Dr G. N. Watson.) 

[ Received 25 May 1923.] 

The theorem which is the subject of this paper may be ex- 
pressed, in a form free from Gamma-Functions, by means of the 
equation 

EMT (y+z+t)™ | (¢+1)u(2+u-+ 2t—1) Ile 

(J+) 9M (@+)mM ut) C+ust-)Uet+d) 

tu (> +u+ 26-1)? Tay 

2!(w+t)? (Y+u+t—-1)._ W(#+t)? 

tu (Y+ut 2¢—1)® ax 

3! (u+t)®?(l+u+t—1) 4 U(w+t)” 

+(¢+3) 

—(¢+5) 

in which a =x(a+1)(a@+2)...(e+r—1), 

: Ly =x (x—1)(e—2)...(e@—r+1), 

Ha = 2% y%2%, Lam = 2m yYn 2, 
L=a+yt+z, 

and w is any positive integer. 
Dougall’s proof* is an ingenious spalfeetion of the algebraical 

theorem that if a polynomial of degree n vanishes for more than 
n different values of the variable it vanishes identically. No proof 
could be more rigorous, but a theorem like Dougall’s will probably 
stir in most mathematicians who encounter it some desire for a 
direct proof which builds up the series from the factorial product, 
and such a direct proof is given in this paper. 

The identity 

t(y+z+t)(e+a4+t)(w+y+t) 

=(2@+y+2+t)(e@+t) (yt+t) (2+) —(@+y +24 2t) xyz 

establishes Dougall’s Theorem for the case in which w is equal to 1. 
If we replace a, y, z by +a, y+, 2+4a,and a+ t byc, we obtain 
the identity 

(c—a) I (y+z+c+a) 

=(e+y+2+c+4+2a) I (@+c)-(@+y+24+2c+a) I (w+a), 

* Proc. Edinburgh Math. Soc., vol. xxv (1907), pp. 114-132. 



596 Mr Preece, Dougall’s theorem on hypergeometric functions 

From this follow the special cases 

fl (y+2+t)=(5 +4) I (@+t)—(2 Y 2) Ie, ............ (1) 

(t+ 2) I (y+24+t)=(S+t—1) 0 (w+t+1)—(2 4 2t4+ 1) 0 (2-1), 
es (2) 

(¢+1) 0 (y+2+t+1)=(24+t4+1)0 (@+t4+1)—(24 2t+2) Me. ...(1)Y 
To evaluate II (y+2+¢)® multiply the first term on the right of 
(1) by the expression on the right of (1) and the second term on 
the right of (1)’ by the expression on the right of (2). We obtain 

t(¢+1) V(y+z2+#)? 

=([4+t41)0(4+t+) (2+) 0 w+) —-(S +4 2d a] 

—(242¢+ 2)Me[(2+¢—1) M1 (e+t4+1)—(24 2¢+ 1) 0 (@—1)]t/(¢+ 2). 

Hence 

C2 wy +2+0)9 
(> +t)? I (@+ t)? 

Ila 
=] “(S4H)NC+D E + 2t+ 

iH t(% + 2t+1) Ure 

(¢+2)(2+¢4+]))q (w+) 
— @4+1)2 (2+ 2t+1) Me at ¢({ + 2641) ae) 
(¢+2)(24+¢4+1) MN (e4+t) (¢4+2)(24+t4+ Ve I (w+t)”’ 

and the theorem is proved when wu = 2. 
To establish the theorem generally assume that it is true for 

u—1, so that 

CAA ea Gaga el) ae 

(SHEt+ Le I (@+t+ 1) 

a (¢+2)(w—1)(2+ we 2b) Ie 
~ L(u+t)(2+u4+t—-—1) 0 (#+t4+1) 

(¢+1)(w—1)o (2 +u+ 2t)? Nae A 

2!(ut+t)? (Z+utt—1)o W(@+t+1)9 ~~ | 

neon EFDO U—Din(Stut 24) ay | 
ace 20) a (>+ TES Il (a#+¢#+1)” “ 

sone (B) 

For II (y+ 2+) we use expressions given in the following set 
of equations : . 

My +2+)—C+jM@e)-@eendia, eee (1)) 
(t+ VM (y+2+t)=(S+t- DM (@+t+1)—@ +241) 1 (@-I),...(2)) 

4 
; 

S| 
(¢+2)(2+t+1) 

+(t+4) 

4 

) 

7 
| 
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(¢+ 2r —2) I (y+z+1) 

=([+t—r41)U (w+t+r—1)—(24 2t+r—-1) UW (w@—-r4),...(r) 

(¢+ 2r) I (y+z+t) 

=(S+t-—r)U(@+t+r)-—(24+ 2t+7r) 0 (er), «0... (r+1) 

all special cases of (A). 
tT] (y Shy tk ty 

(24+ MIL (a +t) 
cessive terms of the haa (B) by the successive expressions 

tll (y+2z+t) 
by (1), 2 ys 

given y ( »( ieee aie): " (+00 @+ 

of (—)” Ilz,,) in the Heatne expansion 1s 

t(u—1)m (2+t—7) MN (w@ttt+r) E41) Bt+ut 26) 
(+4) WN(et+t)r! (ut (S4+utt—-1), U(e+t+1)” 

t(w—1)¢—y (4 + 26+7r—1) (+1) (24+ ut 2) 

(S40) I (+t) (r—D)! (ut ty" (S+u+t—Dy» M(ett+ ly 
i Hue? (Che sD) EN Coed 1y rs an el 

—rl(utt)” (24+t)(S+utt—-1), (e+ 

(t+r—1)(w—r)(2+t—r)(P+u4 2+r—1) 
+r(X+2t+r—1)(u+t+r—-1)(2+u+t—-r) 

The term in square brackets reduces to 

(24H? + (244) (ut t—-1)] u(t+ 2r- 1). 

Hence the term of the expansion we are seeking which contains 
a) is 

To obtain an expression for multiply suc- 

The coefficient 

- 

(—)" @ + 2r —1)t? um (Y + ut 2t—1)” aq, 

ri(ut+t)” (S+utt—1)m (e+ : 

and the theorem is proved. 
If, instead of using equations (1), (2), ..., (7), ..., we use 

(c—a) 1 (y+z24+t)=({+ce+4 2a) Ul (w#@+ce)—(2+2c+a) (w+ a), 

(c—a+2)I(y+2+?%) 

=(S+c+2a-—1)N (@+e4+1)—(24+ 2c+a+4+1) I («+a-—1), 

ete, where c+a=t, we obtain for Il (y+z2+¢)™ an expansion 
whose successive terms contain II (#+ a), II («@+a)”, ete., in place 
of Ilw, lw, ete., but the extension of the theorem obtained in 
this way is only the trivial one which is more easily obtained by 
replacing a, y, z by x+a,yt+a,ztaandtby — 2a. 



598 Mr Preece, Dougall’s theorem on hypergeometric functions 

A new expansion is obtained when we use the following 
equations : 

(> +t) Tl (e@+t)—(> 4+ 2t) Te 
Il (y+2+t)= ; ) 

Y+t4+1)T ¢+1)-— (24+ 2¢4+ 2) 11 
Tyee eee ean, wht slat yl 

+1 

_(24+¢4+ 2) I (@ +4) — (2+ 241)  (@ +1) 
a t—1 

Y4+¢4+2) U0 (2+t4 2)—(2£4 24+ 4) 
MG eae ey syste a ( je 

— (24+t4+3) Tl (@+t4+1)—(= 4 2¢4+ 3) I (x +1) 
x t 

(2 4+t4+ 4) I (@ +0 — (24 2+ 2) I (w@+ 2) 

> pe 
etc. 
ié. The first and second terms in the expression for II (y + z + ?) 
are multiplied by the first and second expressions for Il (y+z+t+1) 
respectively, and a series is obtained for II (y+z+t)® with terms 
containing 1, IIx, Ilz*. These three terms are multiplied respec- 
tively by the three expressions for II (y+2+¢+2) to give a series 
equal to the product Il (y+ 2+t)®. The general result, established 
without difficulty by induction, is 

tM W(y+2+t) (t+u—2)u(2+u+ 2t—1) Ue 
(> +49 Tl (e#+H)% (¢—1) (%4+24) Il(@+u+t-1) 

(¢+ 2) um (> +u+ 2—1)~ Te? 

(t{—1)q 2!(24+ 4)% I (w+ut+t—1)q 

(€+ 2) Us (2+ u + 2t— 1) Ia 
(¢— 2), 3!(2 +409 I (e#+ut+t—1)y 

+(t+u—A) 

—(t+u-—6) 

+ ete. 
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On a Quintic Locus defined by five points in a plane. By WILLIAM 
L. Marr, M.A., D.Sc. (Aberdeen). (Communicated by Mr W. P. 
Mine, Clare College.) 

[ Received 24 May 1923.] 

Consider the linear system of cubic curves, passing through the 
five given points A, B, C, D, E ina plane, viz.: 

S =),S8, + AS, + AZS3 + AS, +A;S,;=0  ...... (1). 

The locus of a point moving so that the tangents at A, B, C, D, EF 
to the cubic S meet in a point P is a quintic curve [. For, if 
P=(z',y’, 2’), and we express the conditions that the polar conic 
of P with respect to the cubic curve S is a given conic, we obtain 
six conditions linear in both a’, y’, 2’ and A,, Ag, Ag, Ay, A; Separately. 

Hence eliminating the A’s, we obtain a determinant of the sixth 
order, one of whose rows (or columns) does not contain 2’, y’, 2’. 
The curve I is therefore of the fifth degree. . 

Plainly the curve [’ passes through the 15 points of inter- 
section of the joins of any two pairs of the given points. Let, for 
example, L be the point of intersection of ABand CD. Then LAB, 
LCD, LE may be considered a cubic curve of the system (1), whose 
tangents at A, B, C, D, E are concurrent. Hence Z lies on I’. Also 
I touches the conic through the five given points at the five given 
points themselves. For, isolating A, we can draw a unique cubic 
through A so as to touch AB, AC, AD, AE at B, C, D, E te- 
spectively. Plainly the tangent at A to this cubic passes through A. 
Hence A lies on [and similarly with regard to the other four given 
points. 

Let now P be the point on [adjacent to A. It is evident from 
the fundamental property of I‘ that a cubic curve touches PA at A 
as well as PB, PC, PD, PE at B, C, D, E respectively. 

Proceeding to the limit, when P moves up to coincidence with 4, 
we see that this cubic curve touches [at A. But the conic ABCDE 
is the polar conic of A with respect to this cubic curve and hence 
touches this cubic at A. Thus [ touches the conic ABCDE at A, 
and similarly at B, C, D, E. 

We have thus the following result: Given five points in a plane, 
the locus of a point P moving so that the tangents at the five points to 
@ cubic curve passing through them meet in P is a quintic curve 
touching the conic through the five points at these points, and passing 
through the intersections of the lines joining the given points in pairs. 
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On the Possible Mechanics of the Hydrogen Atom. By Mr W. M. H. 
GREAVES, St John’s College. 

[ Recevved 11 June 1923.] 

In the quantum theory of the hydrogen atom as developed by 
Bohr, it is assumed that there are certain orbits in which the 
electron may move without emitting radiation. Such orbits are 
called “stationary states.” It is further assumed that the electron 
may undergo a transition from any stationary state to any other, 
and that the total energy lost in such a transition will be emitted 
in the form of monochromatic radiation, the frequency being given 
by Planck’s formula 6£ = hv. 

In the present paper it will be assumed that the electron, both 
in its motion in the stationary states and in its passage from one 
such state to another, behaves in accordance with the ordinary 
principles of classical dynamics. More precisely we shall assume 
that in addition to the electrostatic force e?/r? towards the nucleus, 
the electron is subjected to radial and transverse forces S and T 
which for the moment may be regarded as arising from its inter- 
action with a medium, and we shall seek to determine S and T 
so as to account for the phenomena postulated by the quantum 
theory. 

It must be emphasised that these assumptions are made purely 
for the sake of investigating their consequences. We shall find that | 
the analytical expressions obtained for S and T are rather com- _ 
plicated, and if the existence of such forces be regarded as physically ] 

unplausible, then it will follow that the assumptions must be re- — 
jected. 

Denoting as usual the nuclear charge by e, the mass of the 
electron by m (the mass of the nucleus is large in comparison with 
m) and the distance between the electron and the nucleus by r, 
the electrostatic force on the electron is e?/r? towards the nucleus 
and this gives rise to a central acceleration e?/mr?. 

We are supposing that in addition to the electrostatic force 
e*/r? which gives rise to this acceleration, the electron is subjected — 
to the action of a radial force S tending to increase r and a force | 
T perpendicular to the radius vector in the plane of the instanta- 
neous orbit and acting in the direction of increasing azimuth. 

At any time / let a, «, and p be the respective values of the semi- _ 
major-axis, the eccentricity and the semi-latus-rectum of the 
instantaneous ellipse, and let w, w, u, and ¢ be the respective values — 
of the mean angular motion, the true anomaly, the eccentric © 
anomaly, and the mean anomaly in the instantaneous ellipse. 

SS 
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e 

: 
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Then we have* 

da 2 wa? p 
Chime 520, | Sesin w+ r2| | " 

fe aia Ssin w+ T (cos u + cos w) 
dig € 

We also have the relations, 

(lI i Zal | | Roe REO Ne ROE Ener (2), 

i — Ca (Mie) ioe ete ere eee eo (3), 

=a— hee! (4). and r=a(l—ecosu) Tse oe (4) 

We then get from (1) after an easy reduction, 

dv’p = fa wa? rT | 
dt e @ 

ava = a is es sin w+ ne | 
dt CEN GEE r 

Now write x= V ema 6) 
ee ee : 

and we get on using (2), 

ae. ele [eS sin w + re] 
dt hase r 5 
dy Se eee ee : 

dt = rT | 

We shall assume that the disturbing forces S and T are small 
compared with the electrostatic force e?/r?. Then the general nature 
of the motion will be obtained by retaining only the non-periodic 
parts of the right-hand sides of equations (7), as in the astronomical 
theory of the secular perturbations of the major planets. 

In order to proceed further it is necessary to make some more 
assumptions as regards S and 7. 

Let us write i ie 

and S = 28, sin ¢ 

¢ being the mean anomaly in the instantaneous ellipse. 
We shall assume that 7 is a function of y only and that S, is 

function of z only. 

* See Tisserand, Mécanique Céleste, vol. 1, ch. XXvVII, p. 433. 

VOL, XXI, PART VI. 40 
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9 y a? : é base 
Now T f = fl E a? and when we expand in Fourier series in a2 Fe 

sines and cosines of multiples of ¢ the non-periodic part of this is 

p veut 

ty Ay eee 
Again we havef, 

———, *=” dJ; (ve) sin 2 
snw=2V1—2 & eels) nay 

de a 

J; denoting as usual a Bessel function of order 7. And so the non- 

periodic part of S sin w is 2V1 — e J,’ (e) S). 
Hence neglecting periodic terms the equations (7) become, 

dt 
iy Ore (9). 

Fp 
Now according to the quantum theory the stationary states of 

the system are given by x= nh/27 and y= kh/27 where h is 
Planck’s constant and v and k are any two positive integers subject 
to the condition that n > k. 

[In the simple theory of the hydrogen atom it is not usual to 
quantise y, as the energy of an electron in an orbit is a function of 
x only, and we should not be able to recognise the quantisation of 
y {rom the spectral lines. There seems however to be no very serious 
objection to the quantisation of y, if necessary, and we shall see 
that although it is not observable directly it will play an important 
part in our analysis. | 

The assumptions of the present paper demand that in the 
stationary orbits the disturbing forces S and T (and therefore S, 
and 7) should vanish. The simplest trial solution thus suggested 
would be to take: 

se ie a ysiie' 1) 

S; = Af (2) 

and T; a Lf (Y)> 

where A and y» are constants and f(z) is a function of z with zeros 
at the points z= h/27, z = 2h/27, 2 = 3h/2z, etc. 

This simple assumption would certainly satisfy the condition 
that the disturbing forces should vanish in the stationary states, 
but when we come to consider the question of transfers between | 
stationary states it becomes untenable. For it would mean that 
some of the states are stable and others unstable, and in order to 

* Tisserand, Mécanique Céleste, vol. 1, p. 242. t Ibid. p. 225. 
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produce a transition from a stable state to any other state, a 
definite external force would be necessary. Such an assumption 
seems to be foreign to the ideas of the quantum theory and in what 
follows we shall assume that a transition is started by an in- 
finitesimal displacement of the electron from a stationary state. 
Again the ideas of the quantum theory demand that in such a 
transition the quantity x is diminished and this leads us to suppose 
that when the electron is not moving in one of its stationary orbits 

ay is negative. Further, it is necessary to postulate that one 
dt 
stationary state is stable, namely the state defined by n= k= 1 
in which the electron is finally bound. 

The simplest trial solution which satisfies these conditions is to 
take 

S,= Af (2) ) 

T= pf(y)) 
where A and p are positive constants and f (z) is a function of 2 with 
a simple zero at z = h/27 and double zeros at the points z = 2h/2z, 

: : 2a 
z= 3h/2n, z= 4h/27, etc., f (z) being also negative when ee 1 

: ne 27 
and is not an integer and positive when aia 1. We shall assume, 

moreover, that f (z) is a bounded function of z. 
Adopting these assumptions let us proceed to discuss the 

possibilities of transitions between the stationary states. We are 
assuming such transitions to be started by an infinitesimal displace- 
ment of the electron from a stationary orbit. , 

We shall first of all examine the general behaviour of y. Suppose 
that initially «> y > where @ and B are any two consecutive 
double zeros of f (y). 

We may write 

Li = (a — yy — B)" 9 &); 
where ¢ (y) does not vanish for values of y between @ and f and is 
everywhere positive in that interval. 

The equation - = T, may be replaced* by the equations 
d 

/ 
T= ~ (@— yy —B) 

DOT er) Oy Ree Av air 
eee 

and t= | Sty) 

* Cf. Charlier, Mechanik des Himmels, Bd 1, p. 89; or the original source, 
Weierstrass, Ges. Werke, Bd 11, p. L. 

40—2 
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The first of these equations gives 

CS ea Sl ES ae ga 
where e¢ is an arbitrary constant. 

We then see that asy >+ 2,y +f. And ¢ (y) being bounded 
and positive the second of equations (11) shows that ast ++ 0, 
x > + and conversely. It then follows thatast ++ 0,y >f. 
It can be easily verified in the same way that this result also holds 
when a = 2h/27, and B = h/2z. 

We thus see that if we start in a stationary orbit for which 

y = kh/27, and if, owing to a slight disturbance y becomes = + 3, 

then as ¢ increases indefinitely, y will tend to kh/2z or (k — 1) h/2a7 
according as 6’ is positive or negative. 

Now suppose that we start in the stationary orbit given by 
a= nh/27 and y= kh/27, and that owing to a slight disturbance 

we have initially «= nh +6, y= at + 8’, where 6 and 6’ are 
2ar 

a kh : 
positive. We have seen that y > = ast + 0; we proceed to enquire 

a7T 

what happens to a. 
: ' nh\* Write Dae de! (eG ae (« * a) | 

| 
E kh 2! q, =-K(y->) | 

Then as long.as x and y remain in the neighbourhood of the 
values x= nh/27, y= kh/2a7, H and K will be approximately 
constant (and positive), and the motion is given approximately by 
the equations 

dz nh? kh\? 
BT eae) ee 
dy i kh\? 
coma (y ) 

where H and K are to be regarded as positive constants. 
[This approximation could be avoided by considering the upper _ 

and lower bounds of H and K in small intervals including the values _ 
z= nh/27, y = kh/27, thus obtaining bounds to the motion. Such — 
a procedure would only complicate the analysis and would lead 
to the same results as those obtained by the method actually 
adopted. | 

The initial conditions are x= ith +6, y= il +6’ fort=0. 
2ar 2ar 
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The second of equations (13) gives 

kh 1 
Se oe Ke AIS: 

and we then get from the first of equations (13), writing z, for 

L— a: 
2a 

dz, A K 

Writing Kt + 1/5’=7 this becomes 

CL INS & (Dre ne 

Pea AeS cag pe te 
and then putting z, = v/7 we get 

dv Ee, 
irre Fae —v+1=0, 

: . dv 
which gives at log ATH 0 oe (14), 

# v—v+i) 
K 

where A is an arbitrary constant of integration. 

K Wee Jee. Write Dre 

K*—4HK 
and — naan = q’. 

We shall assume that K > 44H so that q is real. This condition 
can always be satisfied by adjusting the constants A and yp suitably. 
We shall take the positive value of q. 

(14) then gives 
/ dv, on H 

Joe—q K 

We now have to consider three cases: 

Case (a): 

Suppose v, > q initially. 
(14’) then gives on integration 

log Ag = 0) <)f3.secaascees (14’). 

igs Viet wee 24 log STG Te log Ar, 

= 2qH|K 
and therefore i a (z) eg gene) (15a). 

Vy + qd At 
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Case (b): 

Suppose that initially —q¢<v, <4. 

a los ari | H 

2q Seay S Aken 
We then get © 

q—% (1 \4HIK 
and so a oe ee ciik een ase mere (15 b) 

Case (c): 

Suppose that initially v,<— q. 
In this case we have 

U Dies Or Ue, 
39 log = aL ea log Ar, 

pe Gq—% fl jie 
giving Sear (= scetiose Sauces meee (15¢). 

The constant A is to be determined by the initial conditions. 
Now we have initially ¢= 0 and so r= 1/6’ and is positive. It 
follows that in each of the three cases A is positive. 

In case (a) we have initially 47 > 1 and as 7 increases in- 
definitely v, decreases steadily to the limit q. 

In case (6) as 7 increases indefinitely v, increases steadily to the 
limit q. 

In each of these cases x, tends to zero as ¢ increases to infinity. 
But in case (c) we have initially dz <1, and as 7 increases to 

the value 1/A, v, decreases to — 2. 
The above formulae then indicate that z,, and therefore 2, 

decreases to — « as 7 increases to the value 1/A. But this does 
not mean that 2 really becomes infinite, as the analysis is only 
applicable to the neighbourhood of «= nh/27. We have proved, 
however, that x passes through the value nh/27, and it will then 
go on decreasing. 

We thus see that x settles down into the state x= nh/27 or 
passes through this state according as v, 2 — q initially. 

Now initially we have 7= 1/9’, 

and 6 e 

so that initially v,=v— K/2H = 8/8’ — K/2H, 

and the above condition becomes: 

My ec ip ee arari 
ee) | meme 

We now see that if 5/8’ be sufficiently large a will settle down 
to the value nh/27, but that if 5/8’ be sufficiently small z passes 
through this value and goes on decreasing. 
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In the latter case after a certain interval of time, z will have 
arrived in the neighbourhood of the value «= (n — 1) h/2z. 
Suppose that after a time ¢, the values of xz and y are 

Ginn Oe and y= eae 

Then the above analysis shows that x will settle down to the value 
(n — 1) h/27 or pass through that value according as e/e’ is suffi- 
ciently large or sufficiently small. But clearly as x approaches the 
value (n — 1) h/27, the ratio ¢/e’ begins by being very large. So 
that in this case (at any rate if 6’ is sufficiently small) x will settle 
down to the value (n — 1) h/2z. 

For the sake of brevity we shall denote the stationary state 
2 = nh/27, y = kh/27 by an “n, orbit.” We have now proved that 
when 6 and 6’ are both positive and are both sufficiently small the 
electron will return to the n, orbit after its small initial disturbance 
if 6/8’ is sufficiently large and will settle down into an (n — 1); orbit 
if 6/0’ is sufficiently small. In the latter case a transition has taken 
place from the original 7; orbit to an (n — 1); orbit. 

When 6 and 6’ are not both positive the problem is more com- 
plicated, but it is possible to see from general considerations what 
kind of phenomena are to be expected. 

Suppose for instance that 6 and 6’ are both negative. Then 
from the previous work we see that as ¢ increases without limit, 
will tend to the value (k — 1) h/2z7, and that in the meanwhile z 
is steadily decreasing. Suppose that after a time t, we have 

ce as +yand y= eee = L + y’, where y and y’ are both very 

small. Then from the foregoing we see that the electron will settle 
down into an n’(;,4) orbit or an (n’ — 1), orbit according as the 
ratio y/y’ is sufficiently large or sufficiently small. It is also clear 
since the geometrical conditions demand that we must always have 
z>y, that in a transition of this kind the principal quantum 
number » cannot diminish by any number of units, but that the 
minimum value to which it can attain is & — 1. 

Of course a general argument of this kind does not prove that 
a transition may occur in which the principal quantum number n 
decreases by any assigned number of units consistent with the 
geometrical conditions. So far the only kind of transition which 
we have definitely proved to be possible is a transition from an 
n,, orbit to an (n — 1), orbit. To prove or disprove the more general 
result would be difficult, and we shall confine ourselves to proving 
the possibility of transitions in which the second quantum number 
k diminishes by one unit and the principal quantum number n 
diminishes by at least two units. 

To prove this we first of all observe that during any transition 
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dz dy . , = and dU at both negative and that 

dy 
dt 
of x is greater than the total diminution of y. a 

Now consider the case in which 6 and 6’ are both negative. We 
can obviously choose 8’ so small that after some time ¢, we have 

(n—1)h t= kh 
pace Fag +eand y= 5 

During the subsequent motion y will tend to the limit (& — 1) h/2z 
and as the total diminution of x exceeds the total diminution of y 
in any finite interval of time, it follows at once that z will pass 
through the value (n — 1) h/2z, so that in this transition the prin- 
cipal quantum number n diminishes by more than unity. 

We have obtained 

S = 28, sin € = 20 f (zx) sin € 

dx 

dt 

. It follows that.in any finite interval of time the total diminution 

is numerically greater than 

— ¢’, where ec and e€ are both small. 

and T= T,/r=" f(y), 
where f (z) is any function of z satisfying the conditions set forth 
above. The simplest form of f (z) satisfying these conditions would 
be to take 

: 27? 
= sin? (= :) 

Sarge seater WN Chae 
f@Q= z—h/2r 

and we should then have 
2 ta 

— 2X sin? & e Vma | sin € 

eVma — h/2a 

eV mp — h/2r 

In these formulae for the radial and transverse disturbing forces 
Sand 7,4 and p are positive constants, e is the electrostatic charge 
of the electron and m its mass, 7 is the distance between the electron 
and the nucleus, A is Planck’s constant, a and p are the semi- 
major-axis and semi-latus-rectum of the instantaneous elliptic 
orbit, and ¢ is the mean anomaly of the electron in the instantaneous 
ellipse. 

We have been concerned only with the behaviour of the electron 
and we have not attempted to develop any mechanical explanation 
of the assumption made in the quantum theory that the emitted 
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radiation is monochromatic, its frequency being given by the well- 
known formula 6# = hv. If we assume that the disturbing forces 
S and 7 arise from the interaction of the electron with a medium, 
then the energy lost in a transition will be transmitted to the 
medium, and its subsequent behaviour will depend on the mechanics 
of the medium, a question which is beyond the scope of this paper. 

An alternative hypothesis would be to suppose that the forces 
S and T arise from the interaction between the electron and the 
nucleus, in which case the energy lost in a transition would be 
transmitted to the nucleus in the first place and we should then be 
compelled to postulate some mechanism in the nucleus which would 
radiate the energy in the required way. 

We have seen that in the above analysis the second quantum 
number k cannot change by more than unity in any transition. The 
same would have been true for the principal quantum number n 
if the term 7’, had been absent from the nght-hand side of the 

equation (9) for i . In fact it is the variation of the eccentricity 
dt 

€ which is capable of, so to speak, carrying the major axis through 
one of its stationary values. 

The expressions (17) for the radial and transverse disturbing 
forces are very complicated, and to many it will probably appear 
almost inconceivable that they should havea real physical existence. 
If we deny their existence it seems as if we shall have to deny the 
original assumption that the motion of the electron in the stationary 
states and in its transitions between these states is in accordance 
with the ordinary principles of Dynamics. It is true that the 
determination of S and 7 has not been unique, but the various 
assumptions introduced have been of such a nature throughout as 
to render it very probable that the solution (17) is one of the 
simplest possible solutions. It may be noted in this connection 
that the results obtained above would not be invalidated if the 
expressions (17) for the radial and transverse disturbing forces S 
and 7 were multiplied by any bounded functions of a@ and e, which 
have no zeros and are always positive when 0 <e< 1, 
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On Complexes of Cubic Curves in Ordinary Space. By C. G. F. 
James, Trinity College. 

[Read 27 November 1922.] 

Up to the present, to the best of our knowledge, no detailed 
discussion has been given of any case of a complex, or system ~ , 
of space curves. In the present paper we consider a few cases of 
complexes of space cubics, which appear to be worth notice. 

$1. For the present we do not restrict ourselves to curves of any 
particular type. A curve of the system will not in general pass 
through two arbitrary points, but there are «0° pairs of points so 
connected. Let g be the number of curves which pass through such 
a pair in general. This number will be the most fundamental 
characteristic the complex possesses, but will be unity in most cases 
which naturally present themselves, and in particular with all 
systems with which we shall deal. It is, however, possible to devise 
classes of complexes in which this is not so. In future, then, we 
assume that two points, connected by a curve of the system, are 
in general connected by that one alone. 

The curves through an arbitrary point of space P fill a surface 
Tp, on which the curves form a linear system, or pencil. P is in 
general a singular point on the surface. The character of this surface 
appears to determine the general nature of the complex. We 
therefore propose to define as the order of the complex the order of 
multiplicity of P on the surface; and as the class, the order of the 
surface itself. Thus the class equals the order of the congruence of 
curves meeting a line*, while the difference between the class and 
the order determines the order of multiplicity of a line on the 
surface of those curves, which have it as chord}. Twice this number 
gives the number of curves which touch a line in general position. If 
no curve passes through an arbitrary point, the order is taken to 
be zero. 

Those points through which «2 curves pass are said to be 
singular. Unless all the curves of the complex lie on a fixed surface 
there is at most a curve of such points. They are divided into two 
types, according as the curves in question do not lie, or lie on a 
surface, the former being the general case. We may also have 
fundamental points, through which all the curves pass. These are 
at most finite in number. 

* Or the number of curves of the congruence through a point. In general it 
equals this order divided by g. 

7 In general equal to this number divided by q. 
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Singular points of a different type are given by points, at which 
the associated surface of curves throughsuch has a higher singularity 
than in general. Thus, if the order is two we shall have a surface of 
points P for which Tp has a binode at P. This surface corresponds 
in a sense to the singular surface of a line complex*, but is not of 
the same importance. In the same way we may have singular 
chords of the complex, or lines which ~ ? of the curves have as chord, 
or fundamental chords, which are chord to every curve of the system. 

There are other systems of lines having special properties. Thus, 
in general, we have a complex formed by the quadrisecants of the 
curves; and similarly, in general, an arbitrary line will be trisecant 
to a finite number of curves, which will be triple curves on the 
surface, generated by those curves having the line as chord. These 
can, however, be set aside, as not arising in the case of cubic curves. 

§ 2. We shall now confine our attention to systems of space 
cubics. We shall denote by a,” an homogeneous polynomial in 
(x, ... Z,) of order n, a,! being replaced by a,. We shall employ 
the symbolic notation for polar forms, etc. Then the matrix 
equation 

Teen 
epee ct | 

represents such a cubic curve. If we allow the elements to be 
simultaneously homogeneous functions of a, ...@, we thereby 
determine such a complex. We restrict ourselves to the case when 
the @ enter linearly; and more particularly to the cases when the 
complex contains «2 linear congruences of the Stuyvaert Groupy. 
This is the group of those congruences in which the elements are 
linear functions of three parameters, and which are themselves 
linear. We get the complexes in question by adding a to one or 
more of the terms in which the @ occur for such a congruence. The 
index g is at most equal to three, and attains this limit in those 
cases when any linear relation in (@) gives such a congruence. This 
occurs for the first two Stuyvaert types; and, in general, for these 
only t. 

There is a similar group of complexes associated with the three 
row matrix for a cubic 

a b Cc d 

* Jessop, A Treatise on the Line Complex, Cambridge, 1903, p. 89. 
+ Stuyvaert, “Sur les congruences de triangles, cubiques gauches...,”” Crelle, 

vol. 132, 1907, p. 216; and for ‘later developments Congruences de cubiques Goueken 
Ghent, 1920. 

1 Stuyvaert, loc. cit. These two types are explained in §§ 7, 21 respectively. The 
remaining cases will not be used. 
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but, for this to be advantageous, it is necessary that the constants 
a, ...,d shall all involve the parameters a, ... a4. 

§ 3. We may alternatively regard the matrix of our complex 
as representing a curve in (a), with the x as parameters. This gives 
in a space S,q) a complex of curves*, such that the points of any 
one curve represent the curves of the original complex through a 
point (x). There will be similarly systems of curves representing the 
cubics having as chord the single lines of S;,), ete. We shall suppose 
this representation of the complex on S,) to be birational, since 
this is the case in all the systems we discuss. A large number of 
enumerative results may be obtained from this representation. 
Some of these are given by a consideration of the above complex 
in S(4), and of these we give a few examples in parallel column. 

(a)-space (a)-space 

(a) Equation of the surface of Condition that two curves (a), (8) 
curves through a fixed point (). may have a point in common. 

(6) Congruence of curves (x) meet- Points (x) through which pass 
ing a line g. curves of the series «1! given by 

assigning two linear relations in (a). 

(c) Its order m. Number of curves of this «1, 
meeting a fixed curve of the complex. 

(d) Its class n. Number of curves of this o}, 
through which pass two curves of a 
second o ! of like nature. 

(e) Number of curves meeting Points on curves of three such 
three lines. series. 

These results may be interpreted arithmetically. They may also 
be duplicated by interchanging the spaces, and in this form the 
last four cases are presented in a more useful form. 

§4. The first complex we shall consider is given by 

(Go) he b, Cr Ce || 0 et a (1), 

Gx be on we 

Oy Qs as Qq || 

the last row being essentially a row of arbitrary linear forms. It 
contains © 3 linear congruences with a fundamental chord, and the 
same four fundamental points 

| az ie Ce ih, |) ==); 

| Oy b, Cx dy 

which are fundamental points of the complex. If the linear relation 
giving the congruence is uy. = 0, then the fundamental chord in 
question 1s 

[1 a eee a pad, = [yy -- eee — Viplibes —— 0 woccee (2). 

* Cf. Stuyvaert, loc. cit. § 3. 
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AR Gs Taking the four fundamental points as the vertices A,, 
the tetrahedron of reference the matrix is reducible to 

| v; K,;cL; a; | = Ue t= is cee 

and the complex of fundamental chords is the tetrahedral complex, 7, 

oe (29 1 

given by 

X Py2Psa (Ki — Ks) (Ky — Ky) (Kz — Kg) (Kg — Ky) = 0 

associated with the cross-ratio J = {x,K,«3k,}. We can show 
(1) that the entire system of chords of the complex is itself a 

complex, namely 7, 
(2) that the cubics through a point (y) lie on the complex cone of 

---5 Ag. Thus G28 of (y) for 7, and form a pencil on it, base points A,, 

eo): 

order two, and class two. 
They generate, in fact, the surface 7,,”, 

| Le KX, Yi KiYi | = LL, 22Y3 Ya (ky — Ke) (kg — Ky) = O 

4, ale 

From this the first result follows. 
(3) that G, and z are transformed into one another by the trans- 

formation 
o, = 1/2; > 

In fact G, becomes 

1 K; 

Incidentally we have deduced an alternative generation of the 
complex G,, as the intersection of projective systems of quadrinodal 

K;2; || = 0, i Dy ee. 

cubic surfaces 
4 4 
> a pecs | 
1; 1 

From (3) we deduce 
(4) that the cast of (A, ... Ay) on a cubic of Gy is constant. 
Thus the main interest of G, lies in its connection with z. This 

complex is thus a complex of singular chords of G,, and has the 
maximum dimensionality such a system can have. 

§5. A metrically special case of Gy is given by 
oe 

2 

Rte See Bont ak 
| x/a* y/b* z/c 

namely the system of cubics which pass through the feet of the 
normals from the various points (2’, y’, 2’) of space to the quadric 
x x*/a2 = 1. The corresponding z is Reye’s complex of axes*. 

§ 6. Degenerate curves of the complex. Projecting, from a point 
(z) on a generator h, of T,?, the system of curves through y, we 
obtain on a general plane a pencil of cubic curves having A as 

* Jessop, Treatise on the Line Complex, Cambridge, 1903, p. 125. 
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double base point, with one fixed tangent, and four simple base 
points, projection of A, ... d,. Using this we see that: 

The lines of degenerate conics form the four stars (A,) ... (A4); 
the associated conics four nets defined respectively by A,, Az, Az; ete. 
With A,y is associated the conic T,,? (x) = x, = 0, etc. In a com- 
plex of cubics there are, in general, 0 1 composed of three lines, of 
which one (the cross line) meets the other two, the wing lines. In 
our case there are six growps of such doubly degenerate cubics, the 
cross line is formed by a line 4;4;, the wing lines pass through the 
remaining fundamental points, and the nodes N,,, N; are such that 

{4, 4; N,N} A {kj KeKy- 

Each set of three concurrent edges of the tetrahedron A, ... A, 
forms such a cubic. 

The congruence of cubics of Gy meeting a line 1 is of the second 
order and class* zero. Its focal surface is the envelope of the T,,? 
for points on the line, and is therefore the Pliicker Surfacey of | 
for 7. The congruence is linear for a line through a point such as 
A,, the condition of meeting with / outside A, being a double one, 
since the cones for points of such a line have a common tangent 
plane along 1. 

For a line of z the congruence becomes the congruence of cubics 
having the line as chord. 

§7. We pass on to the complex we shall consider in greatest 
detail, namely 

| 21 A; Ai A; 05x 21 A; Cin 
| 1 1 1 

, 

Ay bz Cy 

containing co * Stuyvaert congruences of Type It. These are given 
by assigning a relation pz. = 0, the typical singular ¢,? being 

ew Disp a Caos He Oe ko lee eee (9). 
Oy, b.. Cx 0 

The common fundamental point of the congruences 
/ / ’ Cee 

is a fundamental point F of the complex. 
The cubics through a fixed point (y) lie on a cubic surface 7,3 

with a node at (y). The equation of 7,3 and the tangent cone at 
(y) can be written down, but this will not be necessary for our 
purpose. We can similarly write down the cubic through (y) and (2), 
when such a cubic exists. 

* Number of cubics having a line as chord. + Jessop, loc. cit. p. 105. 
t Stuyvaert, “Une congruence linéaire de cubiques gauches,” Bull. Acad. Roy. 

de Belge, 1907, p. 470. 

Re ee 
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Thus G, is of the second order, and third class. Two cubics touch 
a given line, and the cubics having a line as chord cut on it an 
ordinary involution. 

$8. The associated complex in the (a)-space (§ 3) is a quartic 
complex of lines, each of which represents the cubics through some 
point of S,,). Thus the cubics which meet one of their number (f) 
are represented by points of a quartic cone, the complex cone of 

Pm Se: ON ; | Hei 
The representation is indeterminate for points which satisfy 

Ill Cee enh Centre Mier get? Fre oNd||(¢—= 1 kent (10) 

giving 10 singular points QY; through which pass » 2 cubics, repre- 
sented by points of a plane of the (a)-space. We shall refrain 
throughout from stating explicitly the enumerative results de- 
ducible from these and other representative constructs. 

§ 9. It is important to observe that the tangent cone to 7,3 
at (y) passes, in general, neither through F nor through the Q,. 
As an equation in (y) it gives the surface locus of points of contact 
of tangents from (x) to curves of the complex, R,* = (x), Q;, F*. 
Its tangent cone at (x) is the tangent cone of 7,3. Further, if in 
the same original equation we write y= a-+ kg, determine the 
envelope with respect to &, and then regard (2) as fixed, the result 
can be expressed in terms of the line coordinates p,; of (#8), and 
gives the line equation of #1, of order 12 as it should be. 

Corollary. One cubic of G, issues in every direction from a 
point Q;. 

$10. There is a surface R® = Q,°, F? of points for which 7,3 has 
a binode at (y). On it there lies a curve of points, for which the 
binode has its edge contained in the cubic surface, and a finite 
number of points for which the edge is osculart. These loci have 
special properties in connection with the distribution of cubics of 
G, but they are not apparently of great importance (cf. the suc- 
ceeding paragraphs). 

§ 11. On the degenerate cubics of G,. We may represent the 7,3 
of an arbitrary point birationally on a planet by projection from 
its node (y). We have six base points H,, H,, H;, G,, G., Gs lying 
on a conic, to which correspond lines h,, ..., g; on T,, through (y). 
Our system of cubic curves on 7,3 is represented by a family of 
conics, base points Fy, G,, G:., G3, where Fy is the projection of F. 

* In this paper R”, etc. denote surfaces of order n, etc. The notation = implies 
that the surface passes through (x) etc. with the multiplicity of the index. 

+ See Salmon, Geometry of Three Dimensions, 5th Edn., 1915, vol. m1, § 522, p. 167, 
for the character of these singular binodes. 

{ Clebsch, “Die Geometrie auf den Flachen dritter Ordnung,” Crelle’s Journal, 
LXv, 1866. 



616 Mr James, On complexes of cubic curves in ordinary space 

So also the lines H,;H,, G,G;, G,H, are images of as many lines which 
we shall call h,;, g;; and g,;’ respectively. These various groups of 
lines play essentially distinct roles. In fact we may divide the 
whole 21 lines into the following sets: 

(a) The three lines h; form part of degenerate cubics in which the 
line passes through (y). The residual conics are represented by conics 
a? = Fo, Gy, Ge, Gs, H;. 

(6) The three lines g,; form part of degenerate cubics in which the 
conic, represented by G,,/,, passes through (y). 

Hence the lines (a) and (b) describe the same congruence of the 
third order formed by lines of degenerate cubics of G,. 

(c) The lines g; are lines which meet every cubic through (y) 
again. They describe a complex, since, on each, (y) is a selected 
point. 

(d) The nine lines g,;' are lines which meet every cubic through 
(y) once, and the three lines h,; are chord to all cubics through (y), 
and each set describes a certain complex. This division breaks down 
in special cases, giving sets of lines common to the various complexes. 

§ 12. We thus see that the congruence of lines, and that of conics, 
of degenerate cubics are both of the third order. The poimts Q are 
singular for each; while F is fundamental for the congruence of 
conics, since it lies, in general, on no line of 7',3. In fact the conics 
associated with a line h;, or g;;,, are the residual sections by the 
planes Fh;,, Fg; respectively. 

F is indeed the vertex of a quartic cone of lines of degenerate 
cubics, but these are cross lines of doubly degenerate cubics, and 
do not all belong to the congruence. If we express that the line 
joining (x) (7) lies integrally on the quadrics given by two deter- 
minants from (8), and eliminate the (a) from the resulting equations 
we obtain the equation of the cone in question, (7) being taken as F. 
This equation is 

Di || Oise Cig, Ge, Oe — 0G 0, Cn — C.na> a Olea (lol 
a,b,c 

This cone contains the lines FQ;, and exhausts the cross lines | 
of the cubics in question. The wing lines describe a scroll which | 
I have not determined. There exist, in each case in finite number, 

(a) curves whose wing lines coincide, and 
(6) curves for which the two intersections coincide, and thus 

formed by three concurrent lines. 
In exactly the same way we can show that the points Q; are 

vertices of quartic cones of lines of the congruence of lines of 
degenerate cubics. These cones pass through Q,F respectively, but 
not through the lines Q,Q,. 

We may consider these double degenerations from the point — 
of view of the specialities which occur on the 7,3. If h, be a line for — 

an 
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which the corresponding conic degenerates, then # must be either 
on a line gj,’ (say g,,) or a line g,; (Say g.3). In the latter case, from 
the plane representation every cubic on the surface degenerates 
into a line through F (g,;) and a conic in a plane through F. This 
case occurs for at most a finite number of lines, which certainly 
includes the lines of the congruence through F. To all such lines 
then are associated «1 conics to form cubics of G,. 

Taking, secondly, a line such as gy 3, if the associated conic 
degenerates we must have either g,Ff passing through g,, with B 
either on g2 Or 9», or g,/ passing through h,, with F on jy OL Ga 
Examining these in turn we find that a line of the quartic cone of 
cross lines is always a line g for points on it, and a line g,;’ for such 
other cubic surfaces as it lies on. These cases correspond in the 
plane representation to the falling of Fy into a point G, or on to a 
line G, H;. 

It is possible to find the surface locus of double points on the 
sumply degenerate cubics by expressing that two of the quadrics 
in (8) touch at (€), but the calculation is troublesome, and hardly 
appears worth recording. We will close this discussion by remarking 
that for a point on the singular surface (§ 10) and for the singular 
points of higher type, the pencil of cubics through it, and, in par- 
ticular, the degenerate cubics, acquire specialities corresponding 
to specializations of the plane representation. The same is true for 
the 16 points for which 7,3 acquires a node at F. It would be 
tedious to enumerate these in detail. 

§ 13. We pass on to consider some loci connected with the lines 
of space, and leading up to the consideration of singular lines in 
association with G,. 

In the first place there are « ! lines which meet a pair of arbitrary 
lines. Now the cubics through a point are represented by points 
of a line (in the a@-space, § 8), and three such meet /. We see, then, 
that the cubics meeting / are represented by points of a cubic 
surface, which as locus of the lines representing the cubics through 
its single points must be ruled. Jts double directrix must therefore 
represent the cubics having l as chord (we shall verify, in fact, that 
itis a line), and the simple directrix gives a sub-system of «1 cubies 
which have a set of six other associated lines as chords (ef. § 15). 
The two singular generators correspond to the two cubics which 
touch 1. 

So also the cubics meeting two skew lines are represented by points 
on a 9-tic curve, of genus 18, and 27 cubics meet three lines* in ar- 
bitrary position. The surface of cubics meeting two lines is therefore 
an R= = he [13, 

If the two lines meet, the representative curve is an 8-tic of 

* It is seen that the cubic surfaces in (d) have no common curves. 

VOL. XXI. PART VI. 41 
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genus 14, and the curves fill an R®4. Remembering that a curve of 
order and rank R may degenerate into a set of lines with $R inter- 
sections we see that the order of the surface filled by cubics bisecant 
to such a curve is* 

M = 27 (5) — §R + 3n, 
while they are represented by points on a curve of order 

The surface has ¢, as a (3n — 2)-fold curve; while, if c, be 
rational, 2 (3n — 2) curves meet it in coincident points. 

§ 14. Consider the involution cut on J by cubics having it as 
chord. Its two united points give the cubics touching J. If these 
points coincide, we have, from the theory of degenerate involu- 
tions, a line for which all the cubics in question have one point in 
common. In fact we have a line of the complex (g), and this point 
as the selected point on vt (§ 11). The equation of the complex is found 
by taking the line as joming (X) (Y) and expressing that (Y) les 
on the tangent cone of T° at (€) = (X + AY). This gives the points 
where a cubic touches the line, and the condition that its roots may 
coincide gives the sextic equation of the complex, when expressed 
in terms of p,; = X,Y; — X;Y;. 

{ 

§ 15. We pass on to determine the surface filled by cubics, which 
have a line | as chord, and to associated questions. A chord of the 
cubic (a) is given by 

x Qa; (Lat ig mb,» a NC) = 0 (12) 

ba,’ 2 mb,! -n6, =O. - ; 

Tf this line is the same as lL, = 1,’ = 0 we must have 

L, + Aly’ = Da; (lay; + mbj, + NCj;) «ss (13); 
j 

GLE Gal — Wa mb eee ee ee (14), 

fora =1,...,4. Solving (14) we have, to a factor 

P— |b, ¢, 1,1; [45 a lena Ul al ease lal, aio) 

Substituting back in (13), A 

UL; + Al,’ = Le; | ay; by, 5; SE ae AG AL eas (16) 

: kaa matey ihe Ue 

a 2 A;' a;, 
J 

where A,’= 2 p,.4 > a;; (0; Cs — 0n.6, hee St ela 
r, 8 a,b,c 

* Assuming provisionally that the cubics having a line as chord fill a cubic 
surface (§ 15). 
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Here the p,, denote the Pliicker Coordinates 1,1,’ — 1,1,’ of I. 
Solving this system 

a=|1,+A, A,*- A;* Aj? | = K+ Any’, ete. ...(18). 

Hence the cubics having / as chord are represented by a line in 
the (a)-space, as we have already seen. This line may be any line. 
If, however, it belongs to the quartic complex of lines representing 
systems of cubics through the single points of space, then / les on 
the 7,3 of the corresponding (y). Now the representative line in 
(a) has its coordinates cubic functions of those of / (Eqn. 18). From 
this we might conclude that the sum of the orders of the complexes 
of lines g; and h,; is 12, but actually this is redundant. We shall 
see that inversely a line of the (a)-space determines six lines in the 
x-space. 

To obtain finally the equation of our surface we substitute from 
(18) in 

Disa Wea — 0) MA en Beer (8 a), 

and eliminate w and A. We obtain a cubic surface 

es Ge Scape O70 

The surfaces pass through /, F, and Q, the last conclusion being 
given by the fact that the cubics through such a point are repre- 
sented by points of a plane. This cubic surface is, in general, of 
general type. 

Deductions from the plane representation*. It is known that the 
cubic surface may be represented on a plane with six fundamental 
points A, ... Ag, not on the same conic, which represent as many 
lines of a Double-Six, the conjugate set being given by conics 
A, ... Ag, etc., and the remaining 15 lines by lines 4,A;. Let us 
take the conic wo, = A, ... A; to represent J. If Fy is the image of 
F, then our cubic curves are represented either by the pencil of 
lines (F'9) or by that of quintics Fy) A,”... Ag”, and it is easily seen 
that the latter is not possible. 

The section of the cubic surface by LF consists of | and a conic, 
which can only form part of a degenerate cubic, for no cubic can 
meet it outside / and F. Hence the congruence of conics of degenerate 
cubics is of class unity. This conic is represented by A,f,, and the 
completing line by A,, so that it is opposite to / in the double-six. 
The remaining lines are distributed with respect to / as follows. 

(a) A,... A; representing lines forming part of degenerate 
cubics, of which the line and conic both meet /. The line a,, of 
image A,, is completed by the conic, represented by 4,/,, residual 
section by the plane /,F, 1, being the line represented by (A, ... Ag). 
This exhausts the degenerate cubics of G, on L,3. 

* Clebsch, loc. cit. §§ 1, 2, ete. 

4I—2 
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(6) The lines J, 1;, forming half a double-six, form a group of 
six associated lines, chord to the same group of «1 cubics. There 
are oo 4 such sets of six lines. 

(c) The lines represented by (4,A;) meet every cubic in question 
once. 

§ 16. Singular chords of G,. We pass on to consider under what 
conditions the methods of the last section are indeterminate. In 
the first place, if 

| t 1 a, b, & | =9, 

then 1, m, n are not determined by (15). This equation expresses 
that F lies on J, so that all lines through F are chord to ©? cubics, 
as can be seen @ priort. 

Secondly the (a) are infinite, but with definite ratios for lines 
of the quartic complex 7 given by | A,’ | = 0; so that, for a value 
of A, and a line J, for which 

| 46+ NAG A A Ae || = 9, 

we have « ! solutions for the (a). Thus for each line | of 7* we have 
a value A associated with «1 cubies. 

Thirdly, the lines for which 

[Neeser tA el 09 || nO eee (20) 

are chord to «? cubics of G,, «01 for each value of A. Using the 
representation of the lines of S, on the quadric form in S, we can 
show that these lines form a scroll of order 40. 

We can identify 7* with the complex of lines h,; which are chord 
to «1 cubics through some point outside themselves. To see this, 
consider the (1, 1) correspondence between the cubics having / as 
chord, and the planes of the pencil (l), which is expressed by (16) 
and (17). The plane in question is the first plane in (12)*, and meets. 
the cubic expressed by 

z 

9 , —_— 2 @; Ajg + WA, = 0, etc., 
J 

in the point w = 0 or 
4 4 4 

a= | 2 a5 Oye Ps BEG | Co-lo eres! ssa(2)) 

ig 
4 4 

=|) Diy Cijg 1 Orie (3 
1 1 

This point describes a fixed cubic ow, = F (I)?, its points being | 
in projective correspondence with these cubicst, each of which it 
meets once. The above identification is now immediate. 

* The second being /F. 
{ In the representative plane we have a range (g) perspective to the pencil (fF). 
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§ 17. By aslightly different procedure we may obtain a simpler 
form for the equation of Z,3, but one which is not so useful in other 
connections. Returning to the equations (12) let (y) (z) be points 
on this line, (z) a point on the cubic. Solving 

Gs DS ies 

Oz! b,’ Gx 

l:m:in= 

Substituting in the two equations, which arise by expressing that 
(y) (z) lie on the first plane in (12), we may eliminate (a) and w 
between these and (8 a) of § 15, obtaining finally* 

a7 4| 03, 4, 2.) | a| 0,0, 1a))||— 0; a eee (2 

a 0 0 

This equation may be expressed in terms of p,;. The solution 
is indeterminate for lines through F, and lines satisfying 

0) =a oe (23), 
| 

giving the scroll of singular chords again. 

| Diy ay’ a, 

| @z Gy ay 

§ 18. The congruence 1, of cubies of G, meeting a line lis of the 
third order and class. / is a singular line of the third order, the 
cubics through any point of it filling a cubic surface. The point F 
is fundamental, and the 10 points Q; singular. It acquires another 
singular point if / belongs to 7*. The congruence is represented, as 
we have seen, by a cubic scroll in the a-space, and its simple 
directrix gives a set of six associated singular chords of I’, all chord 
to the same «1 curves. / is included in a second set of six such 
lines. To obtain the focal surface we substitute y = a + k6 in the 
equation of 7,3, thus obtaining the envelope of all these 7,3 for 
points on /. We find an R12 = F*@); (l)*, touched seven times by the 
curves of [’,. 

§ 19. The cubics which touch a plane @ are represented by points 
on the focal surface of the congruence of lines, representing the 
cubics through the single points of a. It must be met in six points 
by a line, this being the number of coincidences} of the linear series 
gst cut on the section of 7,3 and @ by cubics through (y), or the 
number of cubics through (y) which touch w. Hence the surface is 
of the sixth order. This may be verified directly. Many enumerative 
results follow. Thus the congruence of cubics touching a is of the 
sixth order and class, and six pass through two singular points 
Q;Q,, ete. 

* The remaining rows of the inner determinants are given by writing 6 and c fora. 
+ Severi, Lezione di Geometria Algebrica, § 68, p. 234. 
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Two cubics touch @ at a given point on it, two cubics through a 
point P on it touch it elsewhere. These facts are shown by a corre- 
spondence argument on the section of o by T°. 

§ 20. A special case of G, deserves mention on account of special features 
in the distribution of the singular points. It is given by 

|] a, @,+a,ay° ayb,+a,b," azé,+a,¢, |[=0  ...... (24). 

| Ay, UES. Cx | 

The surface 7',? is given by 

| Ga, — GO, O, @,- ay a, |—0> 

and the singular points fall into the following sets: 

(1) A single point Qp: tc —Os 

(2) Three pairs Q,,, Qi, etc.: a, =b, =a,'b," —b,'a," =O, ete. 

(3) Three single points Q,, ete.: 4, —G, —G,, —0, ete: 

(4) Three triads Q4y’, Qo, Qis, ete. @y=|| ay Bt,’ 
| 

|=Q, ete. 
| Cin b,” Cu | 

Of these the first ten correspond to the singular points in the general case, 
and they only lie on the 7,3 of an arbitrary point (y). The remaining nine are 
of the second type (§ 1). Thus the cubics through each point Q,,’ lie on 

Brey a Ontos =r 

The cubic curve 
(biel 6. Cre 

a, b,” C. 

also plays a special part. It lies in fact on the 7’,? of each of its points. Hence 
a cubic of the system passes through any pair of its points, so that it is bisecant 
to « * curves. 

§ 21. The last complex we shall consider is that represented by 
1 1 | 

(G2) | Ladi, ULa;bj. A, ||=0 »0»---(26), 
1 1 | 

A,’ | 
| 4 4 
| 

| DORs maa 
Hal 1 

containing « ° Stuyvaert congruences* of Type II, with a common 
fundamental chord /, or 

AeA: 

which is a fundamental chord of the complex. The cubics of G, 
are given by the intersection of projective systems  * of quadrics, 
having a common base line: 

4 4 

XG; (Giz Ay Ness Are) =0, La; (024, oz Dix’ A) = 0 (27). 
1 1 

The surface of cubics through a point (y) is a quartic surface 

* “TDeuxiéme Congruence linéaire de cubiques gauches,” Rend. Circ. Mat. 
Palermo, t. xxv1, 1907. 
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T, = (y), ?, 16Q;, so that the complex is of the second order and 
fourth class. The 16 singular points* Q, are: 

Ain A, = On A, = 0, a = 1 eee 4, 

Dix Ae ad Dixy” vale 

through each such point, as through every point of 1, «2 cubics 
of G, pass. The complex is represented on a space S,.) without 
singularities. Those cubics through a point are represented by 
points of a line, and those through a singular point @ by points of 
a plane. To obtain the representative surface for those through a 
point (7) of l, we have to express that the surfaces (27) touch at (7). 
This gives the quadric surface, 

D> a; ir > a; Oa = 0 eeeees (28). 

DOO pln Oe 

§ 22. The quartic surface 7,4 can be represented on a planey, 
in such a way that the plane sections are represented by quartic 
curves w, = A?BB'C, ... Cz, where B’ is a point consecutive to B 
along a straight line. The nodal line has as image a curve 

pee METEOR OR: 
and the node y the base point B. Our family of cubics, passing 
through (y), and meeting / twice, can only be represented by the 
system of cubicst of base A?BC,C,C,C,. We can again apply 
this to the study of the degenerate cubics. Two lines pass through 
y, represented respectively by BA, and B’. Both form part of 
degenerate cubics, the residual conics being represented by a conic 
w, = AC,C,C;C,, and a cubic w, = A?BB’C,C,C,C,. The lines 
represented by C;, Cz, and by AC; (2 = 1, ... 4), also form part of 
degenerate conics, but for these the conic passes through (y). The 
latter are represented by cubics A?BC,C,C,C,C;, A?BC,C,C,C,C,, 
and conics ABC,C,C,, ABC,C;C,4, etc., respectively. 

Hence the congruence of lines of degenerate cubics is of the second 
order and sixth class. The class is deduced from the fact that each 
point of J is the vertex of a sextic cone C® = (/)*, Q; of lines of the 
congruence. Its equation is obtained, as for (11), by taking («) on J, 
and expressing that the line (a) (x) lies on the surfaces (27), after- 
wards eliminating the (a). Writing @ = € + ky in this equation, and 
taking its envelope with respect to & (in which it is quadratic) we 
obtain the focal surface of the congruence, a surface FY? = (1)!, 16Q,*. 

Thus the lines in the planes through | envelope conics. The points 
Q are vertices of pencils of lines of the congruence, and must lie by 

* Their number is determined by formulae in my paper “On the intersection of 
Constructs...,”” Proc. Cambridge Phil. Soc. vol. xx1, 1923. 

+ Jessop, Quartic Surfaces, Cambridge, 1916, chap. v, p. 119. 
t Jessop, op. cit. Type V, p. 124. 
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pairs in planes through 1. The congruence may be considered 
completely known. 

The congruence of conics of degenerate cubics is of the sixth order. 

§ 23. The cubics of G, which have a line g as chord are represented 
by points of a cubic curve in the (a)-space, as we proceed to show. 
If we express that € + ky lies integrally on the surfaces in (27), we 
get equations which solved for (a) give them as cubic functions of k. 
If now g, or (€) (y), does not meet / this gives the cubics of G in 
question. For g lies on a quadric through such a cubic and /, and 
must belong to the same regulus as l. 

Hence also these cubies fill a surface x!” = (1)3, (g)?, 16Q;. If 
g meets 1 one of the equations obtained is evanescent, when (€) is 
chosen to be on/. The cubics meeting such a line are represented by 
points on a quadric. 

§ 24. The congruence of cubics of G, through a point (7) of 1 is 
of order 2 and class 3. Its focal surface is given by the condition 
that (27), regarded as a line in S,,), touches the quadric (28), and 
is therefore an R8 = (1)*, 16Q,?. 

The cubics of G, meeting a line g are represented by points of a 
quartic surface, which must be ruled, having as double curve the 
cubic of § 23. The congruence of curves in question is of the fourth 
order, and twelfth class. Its focal surface, given by the envelope of 
TA, as y describes g, is an R*4 = (1)?”, (g)®, 16Q,?. 

The congruence of cubics which touch a plane is, exactly as for 
G,, of order 8 and class 24, its curves being represented by points of 
the focal surface of the congruence of lines, representing the systems 
of curves through the various points of the plane. 

A large number of other results are deducible from the repre- 
sentation in S,,), but we shall not enumerate them in detail. 

§ 25. Conclusion. The complexes Go, G,, Gz are all of the second 
order, and respectively of class 2, 3, 4. They are, if we confine 
ourselves to the case of matrices whose elements are general (of 
their order) in the @, the only cases in which the cubics through a 
point are represented by a line in the @-space. It will be observed 
that the cubics which meet a line are represented by points on the 
three simplest ruled surfaces with a single nodal curve at most, 
namely, a quadric, a ruled cubic, and a ruled quartic with a nodal 
space cubic, respectively. In other words they are the only cases 
of such complexes in which the representation on the (a)-space 
has no singular elements. The next simplest case is that in which 
we have a singular line, to each point of which correspond 1 curves, 

and cases of which are constructed without difficulty. 
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On Some Approximate Numerical Applications of Bohr’s Theory 
of Spectra. By D. R. HartREE. 

[Read 21 May 1923.] 

$1. Introduction. 

In the past two years a theory of spectra and atomic constitution 
has been developed in considerable detail by Bohr* in a more or 
less qualitative form. This theory is accepted completely in the 
present paper, which deals with an attempt to make a more quanti- 
tative application of it to the investigation of the spectra and 
structure of certain atoms. The general idea of this attempt is the 
determination of an electric field such that the orbits specified by 
the application of the quantum conditions to the motion of an 
electron in this field shall have the energies assigned to the different 
terms in the optical and X-ray spectra. The dimensions of the 
orbits and variation of time along them can then be calculated. 

For various reasons a type of field is assumed much simpler 
than the actual atomic field must be, and exact agreement between 
all calculated and observed terms is not to be expected and cannot 
in fact be obtained, but good enough agreement is obtained to make 
the quantitative results interesting; and both for the dimensions 
of the orbits and for the field they probably form a fairly good first 
approximation. The orbits of the electrons normally present in the 
atom having been calculated, the field due to them could be deter- 
mined and compared with the field deduced from the spectral terms. 
This final stage of the work depends on the orientation of the orbits 
and possibly on the relative phases of the electrons in them, and 
in the present paper is only considered very briefly. 

From the calculated dimensions of and variation of time along 
the orbits, the X-ray scattering by an atom can be calculated on 
certain assumptions, and the results compared with Bragg’s ex- 
perimental work} on the subject. Some results for sodium are 
quoted here; more detailed consideration is deferred for the present. 

Work somewhat similar to that described in the present paper 
has been published by Fues in three recent paperst. The work here 
considered was undertaken independently; it is in some ways more 
general and has led to several further points of interest. 

* N. Bohr, Zeit. fiir Phys. 9, p. 1 (1922); The Theory of Spectra and Atomic Con- 
stitution (Camb. Univ. Press, 1922). See also N. Bohr and D. Coster, Zeit. fiir Phys. 
12, p. 342 (1923). 

7 W. L. Bragg, R. W. James and C. H. Bosanquet, Phil. Mag. 41, p. 309; 
42, p. 1 (1921); 43, p. 439 (1922). 

ft E. Fues, Zezt. fiir Phys. 11, p. 369; 12, p. 1 (1922); 13, p. 211 (1923). It is 
possible that similar calculations have been made by Bohr himself, but if so they 
have not to my knowledge been published. 
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§ 2. General Theory. 

We will consider at present only atoms which in the normal state 
have one electron only in the most lightly bound type of orbit 
present, such as neutral atoms of the first group of the periodic table 
and singly ionised atoms of the second group. The optical spectra 
of such atoms are conveniently called one-electron spectra. 

It will be convenient to speak of this electron as the ‘outer’ or 
‘valency’ electron, and the others present in more closely bound 
orbits as the ‘inner’ or ‘X-ray’ electrons; also the inner electrons 
and the nucleus together are conveniently referred to as the ‘kernel’ 
and the surface and radius of the smallest sphere enclosing all the 
inner orbits are taken as the ‘boundary’ and ‘radius’ of the atom 
(strictly of the ion). 

The possible orbits of the outer and inner electrons, determined 
by the application of the quantum conditions to their motion in the 
atomic field, correspond to the different terms of the optical and 
X-ray spectra respectively. If the field of force is given and the 
equations of motion are such that we know how to apply the 
quantum conditions, the terms can be calculated; in this paper a 
solution of the opposite problem is attempted, namely, the deter- 
mination of the field of force from the observed term values. 

For a neutral atom the field may be thought of as a perturbing 
field superposed on the field of an H nucleus, and it is convenient 
to speak of this superposed field as the ‘added field,’ but 1t obviously 
cannot be assumed that the added field is small compared to the 
original field, even for the valency electron, as on Bohr’s theory this 
electron does not stay outside the kernel the whole time, but may 
penetrate right into it. It is assumed in this paper that at a given 
point the field is the same for an X-ray electron and a valency 
electron; consideration of this is deferred till § 4. 

For a singly ionised atom the field may be considered similarly 
as that of a He nucleus with an ‘added field’ superposed. 

Both for simplicity and in view of the lack of detailed knowledge 
of the arrangement of the electrons in the atom, the potential of 
the field is assumed to be a function of the distance 7 from the 
nucleus only. That is to say, the field is assumed to be radial, and 
each orbit is then plane. 

Taking polar coordinates 7,@ in the plane of the orbit, the 
variables in the Hamilton-Jacobi equation separate, and the 
solution is 

S = a0 + J[— 2mo, + 2me2V — a,2r-2}k dr ...(2-0), 
where 

— @& = negative energy of the orbit; 

a, = angular momentum about an axis perpendicular to plane 
of orbit (@ is constant in a radial field); 
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eV = potential of the field, a function of 7 only; 

m, € = mass and charge of the electron. 

The variables being separable, there is no doubt of the form in 
which to apply the quantum conditions, and they give 

eth a 2 eee (2-1), 

6 [— 2ma, + 2me2V — a2r-2]2 dr = n’'h = (n — ky h...(2-2), 

where n’, k, and n are integers, usually called the radial, angular, 
and total or principal quantum numbers. The orbit for which n 
and k have specified values is usually referred to as the n, orbit 
(for circular orbits n = k). 

The field at any distance 7, being radial, can be thought of as 
due to a charge of + Ze at the nucleus; this quantity Z is intro- 
duced for various reasons mentioned later (§ 6), it will be called 
the effective nuclear charge*. If Ke is the net charge on the kernel 
(K is one greater than the degree of ionisation of the atom), then Z 
obviously tends to K for large 7, and to the atomic number N for 
small vr. It is convenient to speak of Z—K as the added charge, as 
it is the charge to which the added field is due. 

Z is connected to V by the relations 

vz 1 é aoa Vo [ Sa= | 2a(2) Mee (23). 

On substituting (2-1) in (2-2) and dividing through by h we 
obtain the expression 

: 2m 2me? k2 2 c 
(n—k)= r= ? | 72 Onis Gee V — isa dr (2-4). 

From this formula, if V is given, the energy of the orbit of given 
n and k can be found, and the wave number of the corresponding 
series term is then given by the usual relation 

v = @/he endian (22a) 

A significant as well as more convenient form for the integral 
is obtained if we use the new variable 

P71. “a Re ie be tan Se (2-6), 

where a is the radius of the 1, hydrogen orbit and has the value 

a = h?/4a*me? = 0-532 x 10 em. 

Then, using (2-5) and the value for the Rydberg number, 

R = 2n*me*/ch® = 109737 cm.-, 

* See § 4, p. 630, footnote *. 
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the expression (2-4) for the radial quantum integral can be reduced 
to* 

ie il ke3 
n—k=n'=5-$(—5+20-<| Opi eaniees (2:7), 

where, corresponding to (2:3), 

i ie “e pe [, za) ae (2:8). 

The interest of formulae (2-7), (2-8) is that all electronic con- 
stants e, m, h have disappeared, and if Z is given as a function of p, 
i.e. the structure of the atom given on the scale of the hydrogen 
atom, the spectrum is determined on the scale of the hydrogen 
spectrum. 

It should be emphasised that formula (2-7) holds whatever the 
degree of ionisation of the atom considered; for a singly ionised 
atom the first term is still — v/R, not — v/4R. 

The problem is then the determination of Z as a function of p 
such that for given n and k the values of v/R calculated from (2-7) 
and (2-8) become as nearly as possible those of the terms of the 
optical and X-ray spectra; or such that when the actual values of 
v/R are inserted in (2-7) with the appropriate values of k, the values 
of n obtained by evaluation of the integral shall be as nearly as 
possible the whole numbers assigned to the terms by Bohr’s theory. 

If Z is left as an empirical function of p specified by a graph or 
table, the integration has to be carried out numerically; this is not 
difficult if the work is suitably arranged, and it gives valuable extra 
freedom compared to Fues’ method} which consists essentially in 
dividing up the range of integration into sections, and making V 
quadratic in 7! in each range, in which special case the integral 
can be evaluated in terms of known functions. 

When the change of mass with velocity is taken into account, 
the radial quantum integral becomes 

1 ie 23 
n—k= 5 $|— 5420-5 +b(20-3) | % (2-9), 

1 (2zre?\? 1 
where = = {= ) = > 

® 4 ( ch ) 75180 

In this form the relativity correction is exact and quite easy to take 
into account; it has been applied where appreciable. 

The actual form of the orbit and course of time along it can be 
obtained in the usual way from the solution (2-0) of the Hamilton- 

* The finite mass of the nucleus has been neglected. To take it into account, R 
should presumably have its appropriate value for each element, but except for H, 
He and possibly Li the difference is not appreciable. 

+ E. Fues, loc. cit. (second and third papers). 
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Jacobi equation. In terms of p and without the relativity correction 
the relations are 

= Vane Ke) -3 pay pee (le a oe ea 
With the very simple ae of field assumed, complete agreement 

with all actual values of v/F is not of course to ‘be expected, and the 
calculated orbits will be only approximations to the real orbits, but 
the results are sufficiently good to be interesting. 

$3. Circular Orbits. 

The integral (2-7) or (2-9) has to be taken round a cycle, that is 
from one root of the quantity inside the square bracket to the other 
and back (there are usually if not always only two real roots). For 
a circular orbit the roots must coincide, hence, omitting the rela- 
tivity correction, we must have 

v 2 

a ees 0 syevalatere (3:1), 

d v ie ee Sy 3.2). dp | pa | On ope eteres: (3-2) 

On differentiating and using (2-8), (3-2) gives 
Lip) Cs ae a aE (3:3). 

Hence, if Z is plotted as a function of p, the radii of the circular 
orbits are given by the points where the (Z, p) curve is cut by the 
hyperbolae Zp = k?, and the values of v/R are then given by (3-1). 

Equations similar to (3-1), (3-3) can be obtained retaining the 
relativity correction, but are not of much interest. 

§4. Term Values and Assignment of Quantum Numbers. 

For the optical terms the determination of the values of v/R 
presents little difficulty, nor does there seem much doubt that these 
values really represent very nearly the orbital energies of the 
valency electron. The values of vy are taken in general from Fowler’s 
tables*, values otherwise obtained are specially noted. The values 
to be taken for doublet terms are considered later (see §5). The 
assignment of quantum numbers to the different terms is taken 
from Bohr’s theory. 

For the X-ray terms the values of v/R are taken from Bohr and 
Coster’s recent paper}, except for Na for which they are not given 
(see § 7-3), and the quantum numbers there assigned have been 
used. 

* A. Fowler, “Report on Series in Line etal (Phy a Soc. Lond. 1922 
7 N. Bohr and D. Coster, Zeit. fiir Phys. 12, p. 342 (1923). 
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It seems doubtful whether the values of v/R for the X-ray terms 
really represent the energies of the electrons in the corresponding 
orbits, on account of the alteration of the orbits of the outer X-ray 
electrons when an electron is removed from an inner orbit; and it 
also seems doubtful whether the field can reasonably be taken to 
be the same for an X-ray electron and for the valency electron at 
the same point. On consideration it appears that the errors in- 
volved in neglecting these difficulties are in opposite directions, and 
that further compensation probably occurs also, so that the use 
of the same field for X-ray and optical orbits, and of the term values 
as representing orbital energies of the X-ray electrons, is not so 
violent an approximation as it appears at first sight. 

It is interesting to see that formula (3-1) for circular orbits can 
be reduced approximately to Moseley’s form for X-ray orbits. 

If there is a circular orbit radius py, and Zp, vp are the values of 
Z and v at this radius, we have 

v/R = Quy — (k2/pp2) «..... (B21); Zopp = i? ee nee (3:3). 

r Po 

Put pie po | Td ip ac eee (4-1), 
p=oa 

where — ia (Za—"Z,)id (5) Oa en weeecees (4-2), 
J p=a 

and represents roughly the effect of the screening of the outer 
electrons in diminishing the potential inside the atom. 

Then substituting (4:1) in (3-1) and eliminating py by (3-3), 
we get 

p[R = [2Zy (Zp — 8) — Zy2 In? = (Zp? — 2sZolfn?, 
since n = k for a circular orbit. Now s must be smaller than Z and 
actually is usually a good deal smaller, so this can be written 
approximately in Moseley’s form* 

Pdi Lge) a] 00a yee Pecehe (4:3). 

It appears that N—Z, corresponds roughly to the ‘inner 
screening number’ of Bohr and Coster’s papery, and s to the ‘outer 
screening number.’ 

For various reasons (fine structure of absorption edge, effect of 
chemical combination on X-ray levels, etc.) there is an uncertainty 
in the value of v/R for the X-ray levels, probably of the same order 

* The quantity (Z, —s) appearing in this formula has sometimes been called the 
‘effective nuclear charge’ for the X-ray orbit: in the present paper the name is 
applied to Z only. Z, is the nuclear charge which gives the same field at radius po, 

Z, —s is the nuclear charge which gives the same potential there, while n (v/R)? is 
nearly Z, —s, as shown here, but not exactly. In some early work on the calculation 
of X-ray levels from assumed atomic structures these quantities seem to have been 
rather confused. 

{ N. Bohr and D. Coster, loc. cit. p. 359. 
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of magnitude as the value of v/R for the greatest optical term, 1.e. 
about 0:4; this is unimportant for the deeper X-ray levels but it is 
serious in the case of the most lightly bound ones. On account of 
the importance of the circular orbits in the course of the work, it 
is not really satisfactory if there is a lightly bound circular X-ray 
orbit present. For example, the analysis for Na is not so satis- 
factory as that for K, the lowest values of v/R for circular X-ray 
orbits being about 2-4 and 21 respectively. 

A small further point which might be noted here is that in the 
case of elements of small atomic number, the LZ spectrum has not 
been observed, and the values of v/R for the X-ray levels for which 
k = | (other than the K level) are not available, since in conformity 
with the combination rules transitions from these levels to the K 
level do not occur. 

$5. Divided Levels. 

Both in X-ray and optical spectra we meet the phenomenon of 
divided levels, or levels for the specification of which a third 
quantum number appears to be necessary. For X-ray and one- 
electron optical spectra the division appears to be into a doublet, 
except for the & = 1| levels, which are always single (the k, of Bohr 
and Coster’s paper* is here identified with the angular quantum 
number k, as implied by the curves shown in that paper). Bohr 
and Coster* class the levels for which /, = /, in their notation as 
‘normal’ levels, and these are the levels for which the values of 
v/R have been taken here. 

Similarly for optical levels where the doublet separation is 
appreciable the value of v which has been taken is that for the level 
for which k = k’, where k’ is Sommerfeld’s third quantum number 
(k’ is equal to & for the level of the pair concerned in the strongest 
lines). For both X-ray and optical terms it is the level of the 
doublet with the smaller wave number which is taken. 

The selection may appear arbitrary, but if the third quantum 
number specifies the angular momentum about the axis of sym- 
metry of the atom, the orbits for which it is equal to that specifying 
the angular momentum of the individual electron are those lying 
in the equatorial plane of the atom, and the assumption of a radial 
field is likely to be least in error for them. 

§6. Sketch of Practical Work. 

It is not proposed to give here an account of the details of 
the numerical work, but a few general remarks may be made. 

* N. Bohr and D. Coster, loc. cit. See particularly pp. 348, 365. 
t I am indebted to Prof. Ehrenfest for this justification of a procedure I had 

decided to adopt for less convincing reasons, 
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The work depends on the two integrals 

p=2 

[The relativity correction is very easily taken into account where 
necessary, see formula (2-9).] The integral (2-7) is replaced by 

dR (eal yp kei 
n—k=—| [e-F—5| dpi)! sakes (6-1), 

~ Po 

where pp, p; are the two roots of the quantity in the square bracket, 
and are the extreme radii of the orbit. In most cases the complete 
integration can be avoided for most orbits by various artifices, and 
of several different forms of the integral which have been tried, 
this has been found the most satisfactory. 

It has been possible to arrange the computational part of the 
work in such a way that no apparatus is required beyond a 10-inch 
slide rule and a table of squares. 

The circular orbits are very important steps in the analysis, 
depending as they do on one value of v only and not on an integral 
containing values of v over a range of p. The orbits with the same 
value of k are conveniently grouped together; the (n + 1), orbit 
penetrates some way inside the circular s-quantum orbit, and the 
others slightly further, but the minimum radius for an orbit of 
given k tends to a limit very rapidly with increasing »; this hmit 
is roughly half the radius of the /-quantum circular orbit in most 
cases. 

The work proceeds from the outside of the atom inwards, the 
(Z, p) curve being successively extrapolated and adjusted to fit (as 
nearly as possible) first the circular orbit with some given value 
of k, then the other orbits of the same /, then the circular orbit with 
next smaller value of k, and so on. [This sketch of the procedure is 
very rough, actually the calculations for the different values of 
cannot be kept so independent as suggested here. | 

It might seem that in using the quantity Z rather than v as the 
basis of the work, an extra integration is introduced unnecessarily. 
But the practical advantages of using Z are very appreciable and 
quite outweigh the trouble of the extra integration, which is any- 
how very simple. 

To start with Z is an easier quantity to think about than 2», it 
is easier to consider how it should or should not behave. This is 
important in the adjustments of the field which are necessary unless 
a very fortunate first estimate has been made. Experience has 
shown that it is difficult to adjust v satisfactorily, but using Z the 
adjustments are simple. 



applications of Bohr’s theory of spectra 633 

Also v varies over a range of 0 to 2 while Z varies from K to N 
only, and this makes Z easier to work with, especially for both very 
large and very small values of p. This is really connected to the 
previous objection to v; to put it very crudely, v varies faster than 
Z, and hence it is easier to detect deviations from smoothness in Z 
than in v; for the same reason Z is an easier quantity to extrapolate 
satisfactorily. 

The following restrictions are placed on Z: 
(1) (a) It shall tend to K for large values of p (K = net charge 

on kernel). 
(b) It shall tend to N for small values of p (NV = atomic 

number). 

(2) The (Z, p) curve shall be continuous and have no discon- 
tinuity in gradient. 

(3) Z shall be monotonic considered as a function of p. 
With a perfectly arbitrary function Z it would probably be 

possible to obtain complete agreement with the observed optical 
and X-ray terms; it might even be possible to do so if only con- 
ditions (1) and (2) were imposed, but the results would have no 
physical significance. The third restriction is really very severe, 
but it seems almost necessary as well as the other two in order to 
give significance to the result, and it has been applied strictly*. 

§ 7. Results. 

For the purpose of comparing the calculated with the actual 
term values it is convenient to introduce for the optical terms the 
quantity g defined by the relation 

ag eee (aby 

where K is the net kernel charge and » the total quantum number 
assigned to the term. This quantity q which has been called the 
‘quantum defect’ is a suitable measure of the deviation of the orbit 
from the orbit of the same quantum number in the field of a point 
charge K. If qg, is the value of ¢ calculated in order to give n and k 
integral for the given field, then the smallness of ¢, — g compared to 
q seems the fairest test of the accuracy with which this deviation 
has been reproduced by the added field specified by the added 
charge Z—K. 

The value of g,— q is very nearly equal to another quantity 
which is more easily calculated. The value n, of n calculated from 
the observed value of v/R by means of the radial quantum integral 

* Fues (loc. cit.) appears to take a formula for V which makes Z have a maximum 
and then tend to — as p tends to zero. By this means he gets better agreement 
for the k=1 orbits than I have been able to do, but the significance of this result 
appears doubtful. 

VOL. XXI. PART VI. 42 
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will not generally be exactly equal to the value of n assigned to the 
orbit. It can be shown that 

Ne 1 — Yo 9 

very nearly. Now n, can be calculated directly, while an interpola- 
tion is necessary to obtain q,, so a more convenient and sufficiently 
accurate test of the work is furnished by a comparison of 6 = n, — ” 
with g. For the X-ray orbits a similar test is probably best given 
by the smallness of 6 compared to unity. 

The results for each atom considered are given in the form of a 
graph of Z as a function of p to specify the field, and a table com- 
paring calculated and observed term values in the manner just 
indicated. Each table gives for a number of orbits the values of 

v/R (observed)*, ¢ = n — (v/K?R) ~2 for the optical orbits only, and 
=n,—n. In the calculation of n,, k has been assumed correct 

and n’ calculated from the observed v/R using the integral (2-9), 
except for the circular orbits for which n’ has been assumed zero 
and & calculated from the relativity modification of (3-1). The 
results are given to three places of decimals when the accuracy of 
the observed values of v/R justifies it; the third may be in error by 
two or three units. The maximum and minimum radu of the orbits 
are also given in the table. 

In the case of levels for which reliable values of v/R were not 
available, the value of 6 has been estimatedy and the values of v/R 
and the extreme radii calculated. Values for such levels are 
entered in italics. 

The (Z, p) curves are all given on the same diagram for com- 
parison, the hyperbolae Zp = k? are also shown; the intersections 
of these with the (Z, p) curve give the positions of the circular orbits. 
Greatest and least radii of certain other orbits are also shown. 

§ 7-1. Potassium (N = 19, K = 1). 

This element seemed the most suitable to begin work on; the 
doublet separation is small and it is unimportant what way of 
treating it is used; for higher elements it cannot be dismissed so 
easily, on the other hand for lower elements in the periodic table 
there are fewer inner electrons and so, perhaps, more chance of 
their net effect not averaging out so closely to a radial field. Also, 
the values of v/R for all the circular orbits are well determined for 
potassium; the 3, orbit is still an optical orbit, the 2, orbit has a 

* The values of v/R are given in the table to 3 significant figures; for optical 
orbits they are known more accurately, and it is sometimes necessary to make use 
of the fourth and even the fifth significant figure in the numerical work. 

+ These values are at present pure guesses. It is possible that later more satis- 
factory means of making the estimates may be available. It seemed more satisfactory 
to guess what value of 6 the actual value of v/R would give than to guess »/R 
directly. 

42—2 
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value of v/R of about 21 and the uncertainty already mentioned 
(§ 4) 1s unimportant. 

Also, the comparison of K and Ca* promised to show very 
strikingly the process of transition of the 3, orbit from the optical 
to the X-ray region in conformity with Bohr’s theory of atomic 
structure, and is hence of greater interest than the comparison of 
Na and Mgt, and further it seemed that it might be possible to 
extrapolate from K and Ca to Cl, and connect up with Bragg’s 
results on X-ray reflection for Cl as well as Na. 

Since only the K X-ray spectrum has been observed, no values 
of v/R are available for the 2, or 3, orbits; that for the 3, orbit is 
seriously affected by the uncertainty already mentioned. 

TABLE I. Results for Potassium. 

: a5 E3 
Orbit v/R q=n-(v/R)2| d=n,-n Saeeen 

1, 265 — — 0-040 0-055 

21 25°5 — 0:07 0:03, 0-5 
25 21-3 — 0-002 0-3 

31 2-4 — 0-15 0-03, 1-8 
39 1-5 — 0-07 0-17, 1:75 
33 123 "146 0-000 6 

4, 319 2-230 0-246 0-03, 6 
4, -200 1-765 0-078 0-16, 8 
4, 0693 0-202 0-006 3-1, 23 
4, 0627 0-006 0-000 16 

dy 127 2-199 Ossi 0-03, 15 
5g 0938 1-734 0-003 0-16, 19 
dg -0439 0-229 — 0-002 2-9, 40 
o4 “0401 0-008 0-001 10, 40 

6, “0688 2-189 0-156 0-03, 283 
65 0547 1-724 — 0-009 0-16, 34 
65 0302 0-240 — 0-005 Toe (ah 
64 0279 0-008 0-003 9, 63 

§ 7-2. Lonised Calcvum (N = 20, K = 2). 

Not many terms of any of the optical series are observed, so the 
series limits are not very well determined, all the values of v/R may 
therefore be slightly in error by the same amount. 

Of the principal series only the first line is observed. 
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TABLE II. Results for Ionised Calcium. 

Orbit y/R 

1 | 297 

25 25:6 

3, 4-0 
35 2-9 

35 0-748 
4, 0-872 
4, 0-641 
4, 0:354 

4, 0-252 

oy 0-397 

De i 

Bs 0-210 
Ba 0-161 
6, 0-228 
65 = 

ae 0-139 
6, 0-112 

TaBLeE III. 

Orbit v/R 

ih 79-0 
2, 40 
2, 2-45 
3, 0-378 
3, 0-223 
35 0-112 
4, 0-143 
ae 0-102 
4, 0-0629 
45 0-0625 

Bp 0-0584 
By 0-0402 
Bs 0-0400 

Results for Sodium. 

1-373 
0-881 
0-010 

1-357 
0-867 
0-012 
0-0004 

1-353 
0-863 
0-013 
0-0005 

— 0-045 

0-12 
0-022 

0-212 
0-007 
0-000 

0-144 
— 0-024 
— 0-001 
0-000 

0-139 
— 0-029 
0-001 
0-001 

Extreme 
values of p 

0-03, 17 

0:7, 26 
45 ok 

Extreme radii 

0:09 
0-06, 1:2 

0-75 
0:05, 5 
0-4, 6 

8-9 
0-05, 133 
0-4, 17 
53, 26 

16 
0-05, 26 
0-4, 32 
4-9, 45 
10, 40 

637 
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Sica. Odum (N= 1K — a) 

The work for sodium is not entirely satisfactory on account of 
the small value of v/R for the 2-quantum circular orbit, and the 
consequent large effect of the uncertainty already mentioned (§ 4). 
Also no X-ray levels have been directly observed, so values have 
to be extrapolated from higher elements or obtained indirectly, 
which adds to the uncertainty. 

The chief interest of the results for sodium is in the application 
to X-ray reflection. This will be considered more fully in a later 
paper, but a preliminary statement will be made here. 

If the electron distribution is averaged out into a spherically ° 
symmetrical distribution of charge which is supposed to scatter 
according to classical electromagnetic laws, then the quantity F of 
Bragg’s papers*, which may roughly be called the scattering power 
of a single atom, is given byt 

| ae re ee (7-2), 

where df is the fraction of a radial period which an electron spends 
between radii 7 and + + dr, and 

dir sin 8 ee a (7-3), 

where @ is the angle of reflection and A the wave-length of the X-rays 
used, and the summation is over all orbits. 

Table IV gives the values of F 
(a) Observed by Brage*. 
(b) Calculated from atom model, with dimensions of orbits 

evaluated from the field deduced by analysis of optical and X-ray 
spectral terms. 

(c) Calculated from atom model, with dimensions of orbits 
estimated by Bragg. 

TABLE IV. X-ray scattering. 

siny=01| 0-2 0-3 0-4 0-5 

((@) 8-32 5-40 3:37 2-02 0-76 
FJ (b) 8-87 6-18 3-41 1-66 1-18 

l(c) 8-73 6-04 3-76 2-53 1-80 
I 

* W. L. Bragg, R. W. James and C. H. Bosanquet, loc. cit. 
+ This formula is a simple extension of Bragg’s (Phil. Mag. vol. 43, p. 440, 

formula (4)). 
{ In Bragg’s paper this value is given as 5-04. This is presumably a misprint, it 

has been recalculated. 
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The values (c) are entered for comparison. For both (6) and (ce) 
the electron arrangement is supposed to be: 2 electrons in 1, orbits, 
4 each in 2, and 2, orbits. 

The agreement seems satisfactory in view of the difficulties and 
uncertainties in both the theoretical and the experimental side. 

$8. Discussion of Results. 

It must be emphasised first: that no details of atomic structure 
are postulated; on the single assumption of a radial field, the same 
for all orbits, the strength of the field at different distances is 
determined by the analysis of the experimental data on the energy 
levels in the atom. The field so deduced should be compared after- 
wards with those due to various arrangements of the X-ray 
electrons; the latter field, however, will not in general be radial 
and a satisfactory comparison is difficult to make (see end of this 
section). 

It will be noticed on examining the (Z, p) curves that the added 
field becomes appreciable quite a long way outside the boundary of 
the atom. This alone precludes the assumption of central symmetry, 
for if Laplace’s equation is to hold outside the boundary of a 
spherically symmetrical atom, it is easy to see that the added field 
must be zero at all points outside. 

Another general characteristic of the results, as far as they go, 
is that it seems impossible to obtain good agreement for the orbits 
for which k = 1, if the restrictions on Z specified at the end of § 6 
are adhered to. This is scarcely surprising, as the optical orbits for 
which k = 1 penetrate right inside the K ring, where the absolute 
magnitude of the deviation from a radial field is probably much the 
greatest*. Also the interaction of the two K electrons themselves 
is probably very close, and the assumption of the same field for the 
X-ray and the valency electrons is probably most in error when 
applied to them. Using a field which tends to N in a similar way 
for all elements as p tends to zero, the values of n, — n for the K 
level have very similar values, and those for the optical orbits for 
which k = 1 have roughly similar values and behave in the same 
sort of way with increasing n. 

The valuest of 6 are rarely greater than 10 per cent. of q (or 
of 1 for X-ray orbits), even for the k = 1 terms, and are in many 
cases much less; the agreement is probably as good as could 
reasonably be expected so long as the field is assumed radial. 

An interesting result is the very considerable difference between 

* Since there are only two electrons in the K group and at least four in any other 
group, the deviation from radial symmetry may be expected to be most pronounced 
in the region of the K ring. 

+ For small values of g, it must be remembered that 5 may be in error by 3 in 
ceed decimal place due to errors in the approximate integration formulae 
used, etc. 
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the added field for K and Ca* at distances of the order of 5 times 
the atomic radius, that for Ca+ being very much smaller. (This is 
independent of the type of added field used and can be illustrated 
from the observed values of v/R alone; the same appears to be true 
for Na and Mgt.) The whole scale of the added field must shrink 
slightly with the contraction of the kernel under the attraction of 
the increased nuclear charge, but this effect does not appear to be 
large enough to account for more than a half, at most, of the 
observed difference. Attention may also be called to the very 
similar values of the added charge Z—K at the boundary of the 
atom; they are approximately 3-7 for Na, 3-8 for K, 3-9 for Cat. 

The most interesting phenomenon shown by these results is 
the first stage of the process of the transition of the 3, orbit from 
an optical to an X-ray orbit. 

It will be remembered that the position of the 3, orbit is given 
by the point where the (Z, p) curve cuts the hyperbola Zp = 3?. 
For potassium the intersection is at a very small angle, and the 
(Z, p) curve remains near the hyperbola for a long way further in. 
On going to Ca*, the added field shrinks slightly, and superposed 
on this Z is increased by 1 for allp. The shrinkage does not counter- 
act more than half the uniform increase of Z, and the point of 
intersection is shifted a long way in, actually inside the boundary 
of the atom. By extrapolating roughly from the curves for K 
and Cat, it is evident that on going to the succeeding elements of 
the periodic table the 3, orbit is going to continue its progress in- 
wards, though not so rapidly (as far as its radius 1s concerned, 
though its v/R may increase considerably as it is within the atom 
boundary). 

Another phenomenon also connected with this is the large 
variation of q between the different diffuse (k = 3) terms of the 
optical spectrum of potassium. The value of @ in the Hicks’ 
formula for the sequence term 

v/R = K?/[m + a + (a/m)? 

is exceptionally large for the d sequence of potassium, and no ex- 
planation of this is apparent till we come to Bohr’s theory of atomic 
structure and then only when we consider numerical dimensions 
in some detail. This phenomenon then appears as a consequence 
of the fact that the 3, orbit is situated just where the added field 
is beginning to increase rapidly, so that the inner parts of the 
‘elliptic’ orbits with & = 3 go into very appreciably stronger added 
fields than that in which the circular orbit lies; moreover, this 
effect is cumulative, as in the stronger field the electron gets pulled 
in further, into yet stronger fields. Now Bohr has shown that if the 
inner parts of orbits of the same / are very nearly the same, then 
a very small value of a is to be expected; a peculiarly large value of 
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@ may in a similar way be expected when the inner parts are more 
than usually different, as is the case here. 

So far, the comparison of the (Z, p) curve determined from the 
analysis of spectral terms with that to be expected from various 
arrangements of the X-ray electrons has hardly been considered 
other than in a rough qualitative way. The contribution to Z by 
m electrons averaged out into a uniform spherical shell, and m units 
of positive electricity at the nucleus, is given by curve A in Fig. 2. 
With an actual arrangement of point electrons the field will not 
in general be radial, but neglecting the deviations from radial 
symmetry the contribution to Z may be expected to be something 
like curve A with the corners smoothed off, say curve B. The whole 
(Z, p) curve may be considered as compounded of a series of such 
curves, one for each electron group in the atom. 

The little quantitative work which has, so far, been done on 
these lines is not sufficient to lead to any definite results. 

In conclusion I wish to express my thanks to Mr R. H. Fowler 
for his interest in this work, and for his advice in connection with it. 

Zi 
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The Partitions of Infinity with some Arithmetic and Algebraic 
consequences. By Major P. A. MacMaAnHon. 

[Received 29 March 1923.] 

1, The representation of numbers by means of a systematic 
scale of notation depends upon the well-known theorem : 

Let: 9549's, Tas. o-93 Uns Masaya) Genote am iniimite, series .om 
integers, restricted in no way except that each is to be greater 
than 1; then any integer V may be expressed fn the finite form 

N = po+ Pili Potala Pslilats + --< + DnTiT2--sTn, 

where ps< 7s4;. When 7, 72, 73, ... are given, this can be done in 
one way only.” 

The place of this theorem in the theory of the Partition of 
Numbers has not, I believe, hitherto been explicitly stated. 

In the year 1886* I discussed certain special partitions of 
numbers which I provisionally termed “ Perfect Partitions” with 
the definition : 

“A perfect partition of a number is one which contains one, 
and only one, partition of every lower number.” 

I recurred again to the subject} in “The Theory of the 
Perfect Partitions of Numbers and the Compositions of Multi- 
partite Numbers” and subsequently} I made applications to various 
branches of Combinatory Analysis. The theory was an important 
auxiliary in the final solution of Euler’s problem of the “ Latin 
Square ” and of its wide generalisation. 

2. In the paper of 1890 (l.c.), p. 119, foot-note, I gave what is 
virtually the most general expression of the perfect partition of an 
infinite number. 

This was 

ne E So) 10 eae a) }8 {(1 +) (1+ a) (1 +45)}**... ad inf, 

where (i) a, @, 3, 4, ... are positive integers. 

(11) @&, @,..., when used as exponents, denote repetitions of 
the numbers which they affect, so that the expression denotes an 
infinite succession of integers in such wise that 

1™ denotes a succession of a, units, 

(1 + a,)* denotes a succession of a, integers each equal to 1+, 

etc. 

Quarterly Journal of Pure and Applied Mathematics, No. 84. 
The Messenger of Mathematics, New Series, No. 235, Noy. 1890. 
Combinatory Analysis, vols. 1, 1, Camb, Univ. Press, 1915-16. t+ & 
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(iii) a), %, as,... may each be given any one of the values 

1, 2, 3, ... subject to 

(iv) one number a, may be an infinite integer and this im- 
plies that a with a suffix, >, is zero. 

Every number, from 1 to «©, may be composed in one way (and 
one only) by means of integers selected from the infinite series 
whatever values be assigned to m, @&, 4, ... IN agreement with the 
specified conditions. 

This perfect partition of infinity is derived from the general 
theorem given at the commencement of the paper by writing 

Ds =z, Te— 1+ G5. 

It is important to notice that the partition expression, which 
is in accord with the universally recognised notation, involves a 
single system of integers 

Case Bplle hy aanor 

because the notation causes the system 

Po» Pry Pos «++ 

to disappear automatically. 

_ 3. The most interesting particular cases in the partition nota- 
tion are: 

I. a=, a,(s >1)=0, an infinite succession of units 

(Ug ae 

Il. a,=7r—1 for all values of s 

seem) (a mec 

involving the scale of numeration for radix 7; 

III. a,=s for all values of s 

(IQR SPs ye 

IV. a, a, a, ... In succession are, each of them, one less than 
the uneven primes 3, 5, 7, ... 

(12.3*. (3.5)®. (3.5.7). (3.5.7. 11)"...}. 
Every partition of infinity corresponds to a scale of numeration, 

and has an algebraic formula connected with it. 
Thus I above give 

1 ; 
inert -O+G +O +... 

IT with r = 2, 

Tag = tlt ¥) (14+ g*) (149°)... ad ing. 
rR 
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II in general, 

papa +a+ eetg? 4) (tg £9" fe tga) (Lge pgm Gm aie artis 

III, 

= (L+g')(l+@'+¢") (Lt q+ @%'+@")...ad inf. 
ete. 

Application to the Generating Function which enumerates 
the Partitions of Numbers. 

ce 2) 

4. The function is H (1 — q@)7, 
1 

if the partitions be unrestricted. 
In the first place transform each factor by application of the 

binary scale formula 

al +9) (1+ 4’) (1+ 9/) (1 +4")... 

: = (1+q)(1+42)°(1-+9°) (1+9)*...(1+97)"..., @=nd egy ot DR eee 

where n,= 1+, and vy is the highest power of 2 which is a factor 
of n. 

Otherwise, and preferably, we may define n, to be 
“The number of representations of n in the form—a power of 2 

multiplied by any number.” 
Observe that the phrase “any number” occurs in the definition 

because the exponents of qg in the denominator of the function, 
which we are transforming, involve the whole of the integers 
eens seks 

If we had been transforming the function 

i (1 = Ga) 

0 

the exponent of (1 + qg”) would have been unity because any number 
has only one representation in the form 

“a power of 2 multiphed by an uneven number.” 

We now consider the factor 

(1 + q°)*, of the transformed function, 

d sq Sgr) d find = ee ae and fin Ty ae + q°) eae 1" 
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— 72 

: : Sg 
The general term in the expansion of s, = 18 

889° (2k-+1) s 

indicating that the coefficient of g” in 
at has 

ere 
is > d,d, 

where d is a divisor of n whose conjugate is uneven. 

I write ded — One) 

Similarly the coefficient of g” in 
oO SO 28 

> Sp 1 ae 

1s Sdd, 

where d ranges over the divisors of n which have even conjugates, 

I write Sd,d = D” (ng, n). 

Hence 

g = log H (l+q')*= : {A (n,n) — D® (ng, n)} g” 

= tas (Ce NGA 

Moreover, after Euler, 

d 1 3) nv Ly USN = oa (n) g”, 

where o (n) is the sum of the divisors of n. 
Thus we have the arithmetical identity 

GOs, 10) = a7 (70) s 

As a verification for n = 20: 

Divisors Ta te hie 5, AO? 20; 

d, lp ars aa 3 |e 2 ES 

Conjugates 20, 10, 5, 4, 2, 1; 

A® (ng, n) = 3.44 3.20 =72, 

D® (ng, n) = 1.14 2.24+1.54+1.20=30, 
6 (ny, n) = 72 —30 = 42 =14244454104 20 =c (20). 

* Glaisher denotes by A’ (x) the sum of the divisors whose conjugates are uneven. 
” Dp’ (n) ” ” ” even, 

+ Glaisher denotes A’ (n) — D’ (n) by ¢’ (n). 
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5. I next apply the ternary scale formula 

1 ; k k er (+q+q@(1+@+q) (l+q+4*)...(l +9" +97")... 

and find that it (1 _ Gils = rot (1 + q+ q°*)%, 

1 1 

where s, is the number of representations of s in the form 

“a power of 3 multiphed by any number.” 

We have 

d 28) 5 8 s 28 § lr log (1+q°+ q*)*= 1--e (sq’ + sq — 2sq°). 

The coefficient of g” in 

Sues 
» 1 a (sq as sq”) 

is Dae) 

where d ranges over those divisors of n whose conjugates are not 
of the form 0 mod 3. 

I write +d,d = A® (ng, 2). 

And the coefficient of g” in 

1S Xd; d, 

where d ranges over those divisors of n whose conjugates are of the 
form 0 mod 3. 

I write 2d,d = D® (ns, n), 

and thence €®% (ns, n) = A® (ns, n) —2D® (ns, n) =o (n). 

6. In the general case of order + 
ili 2) 

—. =H(l+q@+q%+...4¢7 2), 
1 (= 90=)= ae 

where s, is the number of representations of s in the form 

“a power of 7 multiplied by any number.” 

We have 

14,60 nO ge tae Gia ®) 

= = (sq° a sq’ Se a tte (r =e 1) sq”). 
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The coefficient of g” in 

ses = (8g? + sq +... +508) 
1 2 =] 

is d,d, 

where d ranges over the divisors of x whose conjugates are not of 
the form 0 mod. ; 

I write SO — Ne (i) 

and the coefficient of g” in 
re) rs 
) S7 SY 

1 1 == ge 

is >d,d, 

where d ranges over the divisors whose conjugates are of the form 
0 mod7,. 

I write Lda =D (n,n); 

and thence 

co) (n,, n) = AT™ (n,, n) — (r —1) D&— (n,, n) =o (n). 

The verification for r= 5, n= 20 is 

Divisors mcs 4.905 210: » 20) 

d; De Ln Ct ae 

Conjugates 20, 10, 5, 4, 2 1; 

A (ns, n) =2.5+2.10+ 2.20 =70, 

DO (na, ny H=11 41.2 +-1.4=7, 

€ (ns, n) = 70 — 4.7 = 42 = o (20). 

The arithmetical functions 

a) (n,, 7), DD? (n,, 2), © (a, n)=A")(n,, n) —(r—1) D’—) (n,., n), 

which present themselves, appear to be new to the subject. 

7. Other forms of arithmetical functions appear when other 
generating functions connected with the enumeration of partitions 
are considered. To give a general idea of their nature I will con- 
sider a generating function which, in consequence of the researches 
of Rogers and Ramanujan, has been much in evidence within the 
last few years. It is 

el = bie) = = = = : 

a,  O-Hd— dag gas 
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Applying the formula for the r*¥ scale of enumeration, we 
find 

4 8 (dl ai gs at q fo tse gs) F(8), 

i 

where f (s) denotes the number of representations of sin the form 
we 

“a power of r multiphed by a number of the form + 1 mod 5. 

; 1 : 
When we operate with q 7, 108 we meet with two numerical 

functions 
(i) 2f@). d= (), 

where d ranges over the divisors of n whose conjugates are not of 
the form 0 mod 7, and 

(u) =f(d).d=f,(n), 
where the range is over those divisors whose conjugates are of the 
form O mod r; 

faln) — (r— 1) fan) =g (n), 
where g (n) is the number of partitions of n into parts of the form 
5m + 1. 

8. The numerical function n, is such that 

Sere 

C++... pa | att art... ar 3 Cae eae 
l-—a" 1—2” a ei 

the general term being 
meet gers} Sy, Ett oe 

ie eee 
and it can be seen at once that 

eat+e7t+...4+271 

1—a" : 
Spe — 2>n,a" ie Sn ur” = 

9. I pass on to the factorial scale of notation for which 

1 =(1+¢@) (1+ ¢@'+¢?) (1+ @'+q@'+ @*)..., 

and remark that, when application is made to 

eo) a 

it becomes Hu — 
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If we denote by f, the number of representations of n in the 
form 

“a factorial multiplied by any number,” 
— nl 

this may be written Hl a = ae 

Operating as usual with q i log we merely obtain the trivial 

result 
Xdfa— Xd (fa—1) ==d =a (n). 

The numerical function Sdfz ranges over all of the divisors of n, 

and I write 
Lata 3G (1). 

; al! C 3! 

We have Sin = pm tpt poet 

tog fi = ae fap, Bf fe 
= 7! <= nr in = Zz 

Bag oe Ct q”) mipaania pt) eee 

= Se (n) q”, 
1 

and by integration 
ie 6) 

TH (1 — q”)-™ = exp. Se e (n) q” 
1 1” 

Application to the Reciprocal of a Polynomial. 

10. Consider 
be wa I 

(1—a,q)(1—a2q?)(1 — 59°)... ing”) L-a q+ aog?+...+(—)™ amg’ 

and apply the formula 

ee +9) (1+ ¢)(L+q) (1+) --. 
1 

to each factor. We obtain 

i (l+aiq")(+ayq")... +a"). 
We on the symmetric functions of a, a, @3, ..., &m In the 

partition notation and find 

{1+(1)¢ +(%) + (1%) @ +...+0”) g™ 

x {1 +(2) gq? + (2?) gt + (2%) q® +... +(2™) g} 
x {1 fe (4) q' ae (4°) q fe (4°) qe ae (4) qi} 

x {1 + (8) g + (8°) ge + (8°) G+... +(8™) ge} 

<2. 00 inf, 

VOL, XXI. PART VI. 43 
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This infinite product is equal to 

lthqth¢gth¢t ... ad inf, 

where hh, is the homogeneous product sum of degree s of the 
quantities 

O), Az, As, -.-, An- 

Equating coefficients, 

h, = (1), 

h, = (1?) + (2), 

hs = (1*) + (1) (2), 
hy = (14) + (1) (2) + (2?) + (4), 
hs = (1°) + (1°) (2) + 1) (2%) + (1) 4), 
he = (1°) + (1) (2) + (1*) (2?) + (1?) (4) + (2°) + (2) (4), 
h, = (17) + (1°) (2) + (1°) (2?) + 14) (4) + 2) (2) + 1) (2) (4), 
hy = (1%) + (1°) (2) + 14) (2%) + (14) (4) + 2%) (2°) + 1) (2) (4) 

+ (2*) + (2?) (4) + (4) + (8), 
ete. 

h, is expressible as a sum of products of symmetric functions, 
where each symmetric function involves one of the numbers 1, 2, 2”, 
2°, ... and no other number. This is an algebraic analogue of the 
unique expression of all integers by means of the addition of 
powers of 2. 

The number of terms in the expression of h, is equal to the 
number of solutions in integers of the equation 

Gy 420, + 22054 ne + 220, 4-5 SN 

The fact is that every perfect partition has an algebraic analogue 
of this character. 

If we take the perfect partition corresponding to 

Cl igt@ tet tea ge 4-0 tachi) 
we find that we reach a result 

hn eee: 

where P is a symmetric function whose partition expression con- 
tains no number greater than & —1; and @ is one whose partition 
expression involves only numbers which are multiples of k. The 
expression of /, in this form is unique. 
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The Prime Numbers of measurement on a scale. By Major P. A. 
MacManon. 

[Recewed 7 April 1923.] 

If we take a straight line of finite length J and divide it into n 
equal segments we obtain a scale or measuring rod which enables 
the measurement of any number of segments s where 0 <s <l. 
If such measurements be the object in view it is clear that the rod 
is redundantly divided. There are more scale divisions than are 
necessary. Certain of the scale divisions may be obliterated. Thus 
a yard rod divided into three feet may have one scale division 
wiped out without interference with the measurements of one, two 
and three feet. 

The problem which is here presented, in the case of a scale of 
finite length, has been discussed chiefly in connection with mathe- 
matical puzzles without leading to much of mathematical interest 
connected with the classical theory of numbers. The questions which 
arise are difficult but can be to some extent elucidated by tentative 
processes. 

The maximum number of scale divisions that may be erased 
and the specification of the resulting scale of segments have not 
been determined as yet and it is clear that other questions quickly 
present themselves for solution. 

The recent History of the Theory of Numbers* in two volumes 
does not supply any references to scientific papers upon the 
subject. 

The present communication deals with a scale of infinite length. 
This is, from one point of view, a simplification of the problem 
because we are practically freed from a boundary condition. In the 
scale of finite length if we take one end as origin, the other end 
presents a boundary condition which leads to difficulties im- 
mediately. In the case of the infinite rod these initial troubles 
are absent so that progress can be made up to a certain point, and 
it will be found, by a perusal of what follows, that an interesting 
system of numbers, of infinite extent, presents itself which appears 
to exhibit a certain analogy with the infinite series of prime 
numbers, 

It is essential to specify precisely the problem of the infinite 
measuring rod. Beginning from the finite end, our zero point, we 

; a L. E. Dickson of Chicago, published by the Carnegie Institute of Washington, 

43—2 
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are going to insert certain dividing lines, in correspondence with 
a segment of unit length, so as to enable the measurement on the 
rod of a length of any integral number of segments where such 
number may be any integer 1, 2, 3, ... «0. 

This measurement is to be made by one operation with two 
dividing lines of the rod. If we do not specify this condition, but 
allow a number of different measurements to be made and added 
together we are in face of a question which has already been com- 
pletely solved. We have, for instance, only to take dividing lines 
which exhibit successive segments of lengths: 

1,2; 22, 25, 5.) ad-anf: 

to be enabled, by one or more measurements, to measure any length 
which is equal to any integral number of segments. 

In fact the above written succession of numbers constitutes a 
“perfect”? partition of the number infinity in that every number 
can be composed by selecting members of the series, once only, in 
only one way. 

This is the simplest solution of a particular case of the general 
theorem which states that if 

Oy 5, Ca Can hic’ 

be any integers at pleasure, each >1, a “perfect” partition of 
infinity is 

a, numbers each equal to unity 
Os 29 29 1 = ay 

as 29 oe) (1 = @) (1 a5 ta) 

Oy 9 29 (1 sls @) (1 ar Gy) (1 17 ts) 

etc.* 

The simplest solution is obtained by putting 

QQ = A, = Az = << il 

In regard to the problem now before us we are to measure any 
integral number of units of length by a single operation: 

In order to arrive at a minimum number of dividing lines we 
further specify that, starting from the origin O, the lengths of the 
successive segments are to increase in length. The lengths are to 
be in ascending order of magnitude, but no two such lengths are to 
be equal. 

Under these conditions it is clear that we require scale divisions 

* Combinatory Analysis, Camb. Univ. Press, 1915, vol. 1, p. 220. 
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at the points 1 and 3 in order to obtain segments of lengths 1, 2. 
We can now measure three units of length between the origin and 
the division at the point 3. We next require a division at the point 
7 in order to measure a segment of length 4. 

Proceeding in this way we obtain segments of successive lengths 

12, 45: 3.010) 14 ee 

with divisions at the points 

0} 19330,.123 20:30;44 ee. 

the segmental and divisional series of numbers respectively. 
Observe that every number can be obtained 
(1) by adding successive numbers of the segmental series; 
(ii) by taking the difference of two properly selected numbers 

of the divisional series. 
The first 347 numbers of the segmental series are now given*. 

This is the complete number < 1000. The corresponding divisional 
numbers are also given. 

In the segmental series the longest sequence that appears is 
one of five from 629 to 633; the longest sequence that is absent 
is one of ten from 448 to 457. In the first hundred 42 numbers 
appear; in the tenth hundred there are 31. The density of the num- 
bers appears to diminish very slowly from the results for the ten 
hundreds: 

1 2 5) 4 5 6 th 8 9 10 
42 33 32 39 37 33 515) 32 33 dl 

Every integer is the result of the addition of a consecutive set 
of numbers of the series, but the formation is not in every case 
unique. The earliest example occurs in regard to the number 29 
which appears as 

2+44+54+8+10 andas 14+ 15. 

In the classical theory of numbers we have on the one hand the 
set of primes which serve to express every integer uniquely, and on 
the other the set of square numbers with the theorem that every 
integer is expressible, but not uniquely, as the sum of four or 
fewer numbers of the set. The system of numbers before us seems 
to present analogies with both of these theories. Since we have 
already in the system of numbers 1, 2, 2, 2°, ... what may be termed 
the prime numbers of addition which involve the unique con- 
struction by addition of every integer, it is not to be expected that 
in the present question there will be the same unique character. 
What is required is some method of dealing with the series of 
numbers analytically. The divisional numbers are also available. 

* This number has been reduced to 42 on account of the cost of printing. 
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It would be interesting to determine how either set of numbers 
behaves at great distances from the origin of measurement. 

Prime Numbers of Measurement. 

Scale numbers. 

Ordinal | Segmental} Divisional Ordinal |Segmental| Divisional 
number number number number number number 

1 1 1 22 46 501 
2 2 3 23 48 549 
3 4 7 24 49 598 
4 5 12 25 50 648 
5 8 20 26 53 701 
6 10 30 27 57 758 
7 14 dt 28 60 818 
8 15 59 29 62 880 
9 16 75 30 64 944 

10 21 96 31 65 1009 
11 22 118 32 70 1079 
12 25 143 33 77 1156 
13 26 169 34 80 1236 
14 28 197 35 81 1317 
15 33 230 36 83 1400 
16 34 264 37 85 1485 
17 35 299 38 86 1571 
18 36 335 39 90 1661 
19 38 373 40 91 1752 
20 40 413 41 92 1844 
21 42 455 42 100 1944 
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Note on Dr Burnside’s recent paper on errors of observation. By 
Mr R. A. Fisuer, Fellow of Gonville and Caius College. 

[Received 16 July 1923.] 

That branch of applied mathematics which is now known as 
Statistics has been gradually built up to meet very different needs 
among different classes of workers. Widely different notations have 
been employed to represent the same relations, and still more 
widely different methods of treatment have been designed for 
essentially the same statistical problem. It is therefore not sur- 
prising that Dr Burnside* writing on errors of observation in 1923 
should have overlooked the brilliant work of “Student” in 19087, 
which largely anticipates his conclusion. 

Student’s work is so fundamental from the theoretical stand- 
point, and has so direct a bearing on the practical conclusions to 
be drawn from small samples, that it deserves to be far more 
widely known than it is at present. 
A set of n observations is regarded as a random sample from 

an indefinitely large population of possible observations, which 
population obeys the normal, or Gaussian, law of error, and is 
therefore characterised by two parameters, m, the mean, and o, 
the standard deviation. The latter is related to the “precision 
constant,” h, by the equation 

1 

b= GP 
and it is a matter of indifference, provided we steer clear of all 
assumptions as to a priort probability, which parameter is used. 
The frequency of observations in the range dz is given by 

1 _(x&—m/)* 

Cf = — Cae 
f a V 20 

It is essential to remember that both m and o are necessarily 
unknown; all that is known is the set of observations 7,, 7, ... Z,. 
From these certain statistics may be calculated, which may be 
regarded as estimates of the unknowns, but are not to be confused 

* W. Burnside (1923), “On errors of observation,” Proceedings of the Cambridge 
Philosophical Society, 21, pp. 482-7. 

+ Student (1908), “The probable error of a mean,” Biometrika, 6, pp. 1-25. 



656 Mr Fisher, Note on Dr Burnside’s recent paper 

with, or substituted for, them. For the normal distribution we 
have the two familiar statistics 

b= =~ 8 (0), 
t= S(0— a). 

For each sample of 7 observations we shall obtain generally a 
different pair of values of % and s. In order to draw correct con- 
clusions from any observed pair of values, it is necessary to know 
how these values are distributed in different samples from a single 
population. 

If we regard the observations 71, Z, ... £, aS coordinates. in n- 
dimensional space, any set of observations will be represented by 
a single point, and the frequency element, in any volume element 
dx, dx. ...d£,_, will be 

1 

(o V 2x)” 

This may be expressed in terms of the statistics 7 and s by re- 
cognising the geometrical meaning of these two quantities, for if 
P be the point (x, %, ... ,), and PM be drawn perpendicular to 
the line . 

S(x- m)* 
1 

e 20 da; daisies One, 

SiS Se 

then PM will lie in the “plane” space, determined by 2, 

S Bo aE 

and M will be the point (2, Ca): 
Hence we see that 7 is conetait in plane regions perpendicular 

to a fixed straight line, and the distance of M from the origin 
is Z/n; also that the distance PM is s4/n, so that, for given 
values of @ and s, P lies on a sphere in » — 1 dimensions, of radius 
proportional to s; therefore the volume corresponding to dids 
will be proportional to 

s"-2 ds dz, 

and will be a region of constant density, proportional to 

The frequency with which @ and s fall into assigned elementary 
ranges dz, ds is therefore proportional to 

2 

Eee ai Uh n—2 ~ a2 e dx&.s"—%e 20° ds, 
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from which it appears that the distribution of the two quantities 
is wholly independent, that of Z being 

LC p= 
n =tevengl (SC 970) = gee 

pT sete e tt ie Se a a SI ee RL I), 
oV 20 ©) 

nt (n-1) gn—2 7st 
and thatofs df= CAUSE, eto te (II) 

FC) ee 

It will be observed that the distributions both of % — m and of 
s depend upon o, and, if o is unknown, are not of direct service; 
but in statistical practice, including the practices ordinarily applied 
to errors of observation, it is the ratio of these two quantities 
which is of importance. If now 

s 

we may substitute sz for % — m, and sdz for dx, so that the simul- 
taneous distribution of s and z is 

nin srt BS 1424) Of =$ sd, 
Ba I afte 

_and integrating with respect to s from 0 to ©, we have for the 
distribution of z 

n — 2, 

Sas dz df = eae ea (IIT) 

2 

The distributions of s, (II), and of z, (III), were given by Student 
in 1908. 

The traditional treatment of the probable error of the mean 
depends upon the distribution of 7, (I). The mean varies about its 
population value, m, in a normal distribution, with standard de- 
viation o/\/n. If, therefore, a were known, we could accurately 
assign to % the probable error, -67450/\/n, and test whether the 
observed value, 7, were in accord with any hypothetical value, m, 
by means of the probability integral of the normal curve 

P= ie ae Od, 2 = (iu) vey 
Ja V2r o 

But if, in fact, o is not known, and we only have an estimate of a, 
such as s, then the above reasoning collapses, for the distribution of 

x—m 

Ss 

— 
=— # 
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is not a normal distribution; the “probable error,” whether calcu- 
lated as the quartile distance, or as a conventional multiple of 
the standard deviation, ceases to supply a test of the significance 
of the departure of % from its hypothetical value, m. Such a test is 
supplied by the probability integral of the Type VII curve, which 
gives the actual distribution of z, that is by 

dt 
5 (1 a {?)in* 

Tables of this integral, for different values of z and n, have been 
given by Student* in 1917. Fuller tables are now in course of 
preparation. The slight difference between the above formula and 
that given by Dr Burnside is traceable to Dr Burnside’s assumption 
of an a priori probability for the precision constant, whereas 
Student’s formula gives the actual distribution of z in random 
samples. 

* Student (1917), “Tables for estimating the probability that the mean of a 
unique sample of observations lies between -—o and any given distance of the 
mean of the population from which the sample is drawn,” Biometrika, 11, pp. 414-17. 
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The fundamental theorem of Denjoy integration. By J. C. 
BurkKILL, Trinity College. 

[Recewed 21 August 1923. ] 

The object of this note is to give a simple proof that the 
Denjoy integral has almost everywhere the integrand as derivative. 
The argument depends on a lemma first stated—in a slightly 
different form—by Vitali. 

ViraLt’s LEMMA. Let E be a linear set of finite outer measure. 
Suppose that with each point p of E is associated one or more 

closed intervals containing p as an intervor or end point. 
Then, given «, we can choose a set & of a finite number of the 

associated intervals, non-overlapping, such that 

mé > km*E — e. 

Let /, be the upper bound of the lengths of intervals associated 
with points of #. If l, >4m*H, we can choose a single interval 
to satisfy the required inequality. If 1,< 4m*E, choose an asso- 
ciated interval J, of length greater than 1, — fe. 

Then the set G, of points of # with which are associated in- 
tervals having points common with J, is included in an interval 
of length at most 31,. 

Let J, be the upper bound of the lengths of intervals associated 
with points of H — G,. Choose an interval J, of length greater 
than 1, — te. 

Then the set G, of points of E — G, with which are associated 
intervals having points common with J, is included in an interval 
of length at most 31,. 

Repeat this process. If, for some value of n, the set Gy. 
contains no points, then 

n 

EE Gy. 
1 

n 

and so m*H <32l,. 
1 

n n 

Therefore mal ,> Xl; —« >4m*E —e. 
1 1 

If no G,, is null, we have two cases: 

(i) Xl; diverges, 

(ii) Xl; converges. 

+ Vitali, “Sui gruppi di punti...,” Atti di Torino, 43, p. 229 (1908), Also Cara- 
théodory, Vorlesungen iiber reelle Funktionen, p. 299. 
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n 

In case (i), choose n to make XI;>4m*E and we have the 
1 

result. 
In case (ii), oa 0: 

Therefore EC a 

‘ie ihere hen HOI 33. 

Hence El, > 2 —te >im*E — fe. 

Choose a finite set & of the J, such that 

mé > 4m*E (Zh 

and the lemma is proved. 

Corollary 1. Suppose that with each point of # is associated 
a sequence of closed intervals whose lengths tend to zero. 

If O is any open set containing Z, then we can choose & such 
that 

6 CO. 

If, further, O is chosen so that 

mO < m*E +e, 

then Ms (€ — GE) <e. 

Corollary 2. The lemma is true in g dimensions if we work 
with q-dimensional cubes or spheres instead of intervals and re- 
place the fraction 4 by 1/32. 

We shall use the following notation: 

P is a perfect set contained in (a, B). 
(a,,, 0,) or U, are the black intervals of P. 

In each w,, is defined a function y, (w) such that 

Yn (an) = 0, 

Un = Yn (G,,), 

w, = the oscillation of y,, (v) in u,. 

We define F (z) in (a, 5): 
If x is a point of P, F (x) = dy, (b,) summed for values of n 

for which b,, <<. 
Tf ¢ is a point of (a,600,,), f tr) — P'(G,)4- 7, (2) 

THEOREM 1. If Xw,, converges, then F’ (x) = 0 at almost every 
point of P. 

Let E be the set of points of P at which it is not true that 
O(c) 0: 
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For each positive integer k, let H;, be the set of points of P 
at which any derivate of F (x) is numerically greater than 1/k. 

Then E, Cc Busy and E == lim E,. 

k>n 

To prove that mE = 0, we have to prove that for each k 

mE, = 0. 

Suppose that there is a value of k for which m*E£,, > 0. Givene, 

choose N such that =X w, <e. 
N+1 

Remove from £;, any end-points of the intervals w, ... uy; 
the outer measure is unchanged. 

Then with each remaining point x of E;, is associated a sequence 
of intervals (xz), x), arbitrarily small, for which 

(1) | F (2) — F (m)|> Z| 2-20, 

(2) (xz), z) has no point common with any u, forn <N. 

Choose according to Vitali’s lemma a finite set (¢;, d;) (= 1, ... r) 
of the associated intervals, non-overlapping, lying within (a, b) 
and of total measure greater than 

im*E, Ge 

From (1), 

B | F(a) — F (6) |> 72 | aq — | > 7 (m*B, — e). 

But from (2), | F(d,)—F(e¢)| < S Wn < €. 
N+1 

Therefore m*H, <3(k+ je. 

Since ¢ is arbitrary we must have m*E,, = 0. 
This is the main theorem in the proof that if F(x) is the 

integral | f («) dx according to the original definition of Denjoy f, 

then F” (x) = f (x) almost everywhere. 
Denjoy’s proof of Theorem 1 is based on the properties of a 

system of intervals of which no three intervals have common 
points f. 

Khintchine§ observed that the definition of F (x) has a meaning 
under the wider condition of the convergence of & | v, | and stated 
a necessary and sufficient condition that the conclusion of Theorem 1 
should be true, namely 

+ Comptes Rendus, 154, pp. 859, 1075 (1912). 
{ Jour. de math., ser. 7, tome 1, p. 138 (1915). The argument is reproduced by 

Hobson, Theory of Functions, 2nd edition, 1, p. 636. 
§ Comptes Rendus, 162, p. 287 (1916). 
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THEorEM 2. Jf (1) & |v, | converges, then the necessary and 
sufficient condition that F’ (x) = 0 at almost every point of P ws that 

at almost every point p of P, (2) lim - = 0, where d,, is the distance 
non 

of p from Uy. 
The proof that the condition is necessary is immediate. 
In order to prove it sufficient, as in Theorem 1, we have only 

to shew that if #; is the set of points of P at which any derivate 
of F (x) is numerically greater than 1/k, then mH; = 0. 

Suppose that there is a value of k for which m*E;, > 0. Given e, 

choose N such that & |v, |<e. ze 
Remove from £, any end-points of the intervals w,, ... uy and 

any points at which the hypothesis (2) is untrue; the outer measure 
is unchanged. 

Then with each remaining point x of £, is associated a 
sequence of intervals (x), x), arbitrarily small, for which 

1 (1) | F(a) —F @)|>zle- |, 
(2) (a, v) has no point common with any wu, forn <N, 

(3) | wn |<e€|#— 2p | if (x, x) has a point common with u,,. 

Choose according to Vitali’s lemma a finite set (c;, d;) («= 1, ... r) 
of the associated intervals, non-overlapping, lying within (a, 6b) 
and of total measure greater than 

4m*H), — €. 
From (1), 

=| F(d) — F(e)|>73 dy — 0; |> 7 m*B, — ¢). 
But from (2), 

=| F(d,) —F(c)| <E [mn +2 Fone ales ena 

Therefore m*H, < 3e{k+1+k(b— a). 

Since ¢ is arbitrary we must have m*H, = 0. 
Denjoy’s original definition of the integral was extended inde- 

pendently by Khintchine and by Denjoy himself. It is not true 
that an integral according to the extended definition has at 
almost every point a derivative equal to the integrand. Khin- 
tchine however discovered that the statement is true if we replace 
the ordinary derivative by an approximate (or asymptotic) deriva- 
tive. 
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Definition. F (x) has at x an approximate derivative ¢ (Zp) 
if there exists a measurable set H whose density at Z is 1 such that 

F (a) — F (x9) 
a +> (Xp) 

as © > X by values in E£, 
We then have the following analogue of Theorem I. 

Tueorem 3. If X | v, | converges, then at almost every point of 
P, F (x) has approximate derivative zero. 

Let H, be the set of points x) of P at which 

| F (0) — F (a) |> 7% —2o| 

for a set of points x whose density at @ is greater than 1/k. 
Then we have to prove that mH, = 0. 
Suppose that there is a value of k for which m*E;,, > 0. Givene, 

choose N such that & | v, | <e. 
N+1 

Remove from #, any end-points of the intervals u,, ... wy, and 
any points at which P has not density 1; the outer measure is 
unchanged. 

Then with each remaining point 2% of H;, is associated a sequence 
of intervals (x), x), arbitrarily small, for which 

1 (1) |F@)—F@)|>7|2-a). 
(2) (x), 2) has no point common with any uw, forn <N, 

(3) xis a point of P. 

Choose according to the lemma a finite set (c;, d;) (¢ = I, ... r) 
of the associated intervals, non-overlapping, and of total measure 
greater than 

4m*H,, — €. 
From (1), 

Z| F(d)—F,)|> = | a, — 6 |> 2 m*B, — e). 
But from (2) and (3), 

x | F (d,) —F (e)| < 2 | on,|<e. 
N+1 

Hence m*E,, = 0, and the theorem is proved. 
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Extensions of a theorem of Segre’s, and their natural position 
in space of seven dimensions. By Mr C. G. F. James, Trinity 
College, Cambridge. 

[Received 23 July 1923.] 

It is a well-known theorem of four-dimensional geometry that 
the planes which meet four lines also meet a fifth line, determined 
by the first four*. In this paper we prove a similar theorem, 
namely that those trisecant planes of a rational normal quartic in 
[4], which meet a line, all meet a second such curve; and recipro- 
cally all trisecant planes of this second curve which meet the same 
line, also meet the first. We shall see that this is one of a set of 
associated theorems, one in each space from [4] to [7] (inclusive), 
any one of which is deducible from any one of the others, but that, 
for reasons which will appear, the discussion in [7] is much the 
simplest, and as all the others can be deduced by taking suitable 
sections, 1t must be regarded as the fundamental one of the set. 
We then see how it is possible to deduce from these theorems the 
above-mentioned theorem of Segre’s, and in fact it is possible to 
derive in a few lines the dual figure to that of the configuration of 
lines on the 10-nodal cubic formt in [4]. We denote by a form a 
construct in [n] of n—1 dimensions. It is also possible to obtain 
a number of intermediate cases. 

§1. The equation 

=0: Gye Any Azsg se 

es lire Gas Ure 

(the elements being linear functions of @,, ... 7,4,), represents in [r} 
a quartic construct of dimension (r — 8), say§ V},; for its section 
by a[3] consists of four points. V}{_,1s an [7 —4]-scroll, since it 
contains the [r — 4] given by aj, +Abjz=0 (0=1, ... 4), as X Varies.. 
It further contains, apart from the lines in these [r—4], 0# 
directrix lines for r=7, and 01 forr=6. Thus in the first case 
the equation may be taken to be 

ee Wey ape ih hl Sa), 

Hs Le @ Ug 

* Segre, ‘‘Sull Incidenza di rette e piani...,” Rend. Circ. Mat. di Palermo, 
t. 11, 1888, p. 45, n. 4. 

+ We shall denote by [a] a linear space of dimension a. 
+ Segre, ‘‘Sulle varieta cubiche...,” Mem. Torino, ser. (2), xxx1x, 1889, p. 3, 
4. 

§ v8 denotes a construct of dimension a and order f, 

bo n. 
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and contains the lines joining the points (a, 8,7, 5, 0,0,0,0) and 
(0, 0,0, 0, a, 8, y, 8), for any values of a... 6. So also in the second 
case it may be taken as 

==). a Uy Xz Wy 

i, ps nee ate 

and contains the lines joining (0, 8, , 0, 0, 0, 0) and (0, 0, 0, 0, 8, y, 0). 
In each case these lines meet every generating [r — 4], and no two 
of them can meet each other. 

There is no need to consider spaces of dimension greater than 
seven, as we have only eight linear forms at our disposal. In such 
spaces the matrix (1) will represent a conical construct, and the 
theorems obtained will be, in the abstract sense, the same as 
for [7]. 

Now the equations 
4 4 
> A Qie = = a; Dix == ()). 31,9, creas a aeaeee (2) 
1 1 

represent a [r—2], which cuts V+_, in a V,_, of the third order, 
for it cuts V}_, where it cuts the V}_, given by 

= (0. Arg Asy sy 

Dae Dae Oage 

We shall call these [r—2] the cubic-[r—2] of the Vt_;. 
Further (2) represents the most general such [7 — 2], and their 
system o * is seen to be birationally representable on a [3], which 
we shall call S,.. Now the cubic-[7 —2] which pass through a 
fixed point () are represented by lines in Sq), as is immediately 
seen, but as the lines of Si.) are 0 4 only, tt follows that these [r— 2] 
must all pass through the same set of 0’ points, which must be 
linear. It can in fact be immediately seen to be that [r— 4] 
through (#) which cuts V4_, in a V?_;. Thus in [5] the section of 
the V3} by a cubic space through («) being a cubic curve, one of its 
chords passes through (#). Now this chord is unique*, and must 
therefore be common to all the spaces. From this the general 
case follows at once. In the case of the figure in [4], there is no 
corresponding result; but if (w) should he on the cubic form of 
chords of the quartic curve+ concerned, then the corresponding 
planes will pass through the chord on which (z) lies. 

We pass on at once to consider those cubic-[r —2] which meet 
a line l, which will be taken to join the points (&) (7). The 
co ® [7 — 2] concerned will pass by 0 '’s through the [r — 4], which, 

9 

passing through the single points of /, meet V}_, m V?_;, and 

* Or at most one of a finite number, but the very argument shews that it is 
necessarily unique. 

+ Segre, ‘Sulle varieta...,”? n. 43. 
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which will be seen to generate a second construct V}_, (which 
we shall call the projecting construct). In [7] this V{ contains « * 
lines, as we have seen, any one of which can replace 1, and is met by 
all the 2? [5], and is of general character. Similarly in [6] we 
have «©! such lines, and the V3 is of general type. In [5] we have 
Vi, but which is no longer of general character, in that it possesses 
a rectilinear directrix. Finally in [4] the projecting construct ws 
replaced by the degenerate quartic composed of | and the three chords 
of C, meeting 1*. Hence generally the V,_, common to V7_, and 
its projecting construct is of the sixth order, for that for the figure 
in [4] arises by a suitable section. 

Now the 2 cubic-spaces meeting a line will be represented 
in Si) by points on the quadrict+ 

Da; Az La; bie = 0, i= iy eee 4, 

Ya; Cin La; din 

which is not in general a cone, and hence contains two systems of 
generators. To the single lines of one correspond [7 — 2] through 
the [7 — 4] of the projecting construct, while to the lines of the 
second correspond sets of ©! [r—2] passing through the [r — 4] of 
a second series generating a second V,_,. This second construct is 
also of the fourth order, as we shall shew, and hence we may 
finally state as the results to be proved: 

I. Those cubic-[r —2] of a quartic [r —4]-scroll in [ir] which 
meet a line, and therefore «* lines, all skew (¢=3 for r=7; 
i=1 for r=6, and zero for r <6), also pass through the [r — 4] of 
a second such scroll ®V4_.. 

Il. The relation of the two scrolls is symmetrical in that the 
cubic-[7 — 2] of the second scroll meeting any one of the »? lines, 
meet them all, and meet the first scroll im [7 —4]f. 

Ill. Further in [7] and [6] the relations of the three scrolls, V, 
OV, OV, are mutually symmetrical, in that deriving from any one 
of them, the associated construct with respect to a directrix line of 
a second, we get the third. This will not hold in the lower spaces, 

unless the original V is of special character. 
IV. The three constructs meet in a V'_,. Two of them may 

* The normal quartic is of rank 6. 
+ We now see a direct geometrical verification of the multiplicity of directrix 

lines on a quartic [r—4]-scroll in [6] or [7], since the number of lines in [6], [7] is 
a 10, ol” respectively, while the quadrics of [3] are © only. Hence each such must 
arise for (at least) 01, * lines respectively. 

This second part follows generally from any one case, when we have proved 
the first, but the first part can only be inferred directly or from the theorem for 
a higher space. 

§ It holds in a partial sense. Thus in [4] we have our two curves C4, C; and 
the third curve consists of the line J and the three common chords meeting it. 

All planes meeting these chords and C, (or Ci) meet Cy (or C4). 
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coincide giving rise to some limiting cases, but it is not possible 
for all three to do so. 

§2. It is clear that we may deduce all these theorems by 
taking a section of the figure in [7]. However the case of [4] 
presents certain specialities, and on account of its special interest, 
we propose to prove some at least of these theorems directly. We 
shall then omit the intermediate cases, the direct methods being 
seen immediately, and discuss the case of [7]. We may take as 
the equation of our V4_, 

HB ES ED, =0, 
ig 

and owr quartic curve C, in [4] is accordingly 
Lp—g Lp-y Lp Ug 

TG ge egal || () eee ea (3) 

Ly Uy Ly Us 

The trisecant planes are given by 
4 4 
La; 2; i Aj; Va = 0, etetotete (4) 
1 1 

and those meeting a line (&) () are represented by 
a 4 

> a; &; whats =) se neee (5) 

i 

+ + 

Lain: La nis 
1 1 

These quadrics form an  * contained in a linear ~ §, since the 
equation is linear in the coordinates p,; of J. This need not be 
written down. The second regulus of lines is given by 

4 t 

2a (&; aig E41) = =i Oe tee) 05 rece (6) 

It will be possible to identify this line with (4), giving a point 
through which pass 1 of the trisecant planes, one for each point 
of J. This gives (for 1 = 2, 3, 4): 

= &,+ mE +7 (m+ “7), 

“= E; ar Te aeel tT (py /MNi+1) = K(E4 a LéE;) +X (nia =F Ni), 

Ds = «(E+ wEs) + (m+ bs). 

Ty isos ak lee (7) 
Solving the two sets of four equations: 

i, BK, T, ip \| 215 &, E, Nn Ne /A = XG oes X,) (8) 

{pats YN ag ve r 
K, KIL, XN, Ap = || Lo; E, E, m Ne ||/A= a5 eae Y,) 

where two conventions are employed, which we use hereafter with- 
out explanation. 

44—2 
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(1) The z-th term on the left of each equation is equal to the 
result of substituting the first column in the (¢+1)-th. This is 
indicated by the semi-colon. 

(2) A term yp; stands for a column p;, Mit, ... Hits In this 
case; in general, terminating with such an element as to give the 
correct number of rows, and A denotes | & & 7, 7.|. Eliminating 
between the (7) we get as locus of (a) 

Xs ix 3 Va ie 

Xe A 4 Ve VW; 

= 0, 

Thus all trisecant planes of a normal quartic C, meeting a line meet 
a second such quarticeC; once. Ci cannot meet /, for this would 
imply a common generator of the two reguli. The number of 
points in which it meets C, is given by the number of planes* 
4 

~a;6'-!=0, corresponding to trisecant planes through the single 
1 
points of C,, which touch the quadric (so as to contain a generator 
of the second regulus), and this number is six. We shall see that 
these are the intersections with C, of its chords meeting (7. 

The planes which pass through a chord of Cy are represented by points of a 
line of the congruence (3, 1) of lines which lies in two osculating planes 
eae Sa;p'-!=0 of a certain cubic curve. This result we shall use 
ater, 

§3. For the lines of a quartic system »°* of lines given by 
expressing that (5) reduces to a cone, the second regulus coincides 
with the first, and the second quartic disappears. In its analytical 
expression it will degenerate into the line /, and the three chords 
of C, meeting J. The system consists, in fact, of all lines lying in a 
trisecant plane. 

§ 4. In order to prove our reciprocal theorem, namely that the 
trisecant planes of C, which meet 1 also meet C,, we require a new 
determination of Cy. If we solve the three middle equations in 
(7) for 7, «, X and substitute, we obtain a parametric representation 
of the curve Cj, namely 

i: — 5 (E;+ Mia) + D (ni t+ Ns) 1 if eiais) ‘| reee(Q) 

&;=—A(E,+ mE) —C (ms + ws) 
where A:B:C:D=|\aq,4+ ym +a, 6 +uB. B.+pmBs||. 

* Since for a point on Cy, «;=6*}. 
+ We can also get this number as follows. The number of trisecant planes 

through a general line is zero, the number through a point P meeting a line is two. 

Suppose C, is a quartic meeting C, x times, and suppose it breaks into four lines 

with three intersections. Then the number of trisecant planes through P meeting C Z 

is 8—3a-—xb, where a equals the number of planes through a line and b equals the 
number through a unisecant of Cy elsewhere bisecant, or 8-2 (h-—2)=8-2 
(h being the number of apparent nodes), and this number must equal two. 
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It is now practically essential to choose a special system of 
reference. The systems of reference giving the canonical para- 
metric representation of C, are ©? in number, namely, we select 
two points of C, to correspond to zero and infinity. If these points 
be taken as the points of contact of two osculating planes 
meeting /, we may take as coordinates of (&) and (7) 

(aa 15-0; O)E (0). OE Oe) Eivarac (10) 

We shall merely sketch the subsequent algebra. We find 
a, = — a*—(a?b’ +.aa’) w+(a2B —aa’b’) uw? + (2aa’B+ab’) pe +a’ (a’B+0’) uA, 

t2= — aa’ — (aa'b’ +a") w+ (aa’B —a’?b’) w2+(a+a”) Burta’'Bya, 

#,= — a+b! (a—a’?) w+ (ab—a’b! — ab”) uw? + (2a’B — ab) p3 — b2u4, 

ay=b'at (b+0) aut (bb'a — b’2a’) p2 — (bb’a’ +b’) 3 — bd’ wt, 
ts=0' (b'a +a’) + (2bb'a+.a’b) p+ (b2a — bb’a’) 2 — (b2.a’ + bb’) w3 — b2u4. ......(11) 

Ly, TZ, Lz pass into w;, 2,, z, by interchange of a and b, a’ and b’, a 
and £, and 1/u and uw. In them we have used a=a—a?, B=b—b”, 
and we shall later use * 

A= ab? — ab? —ba® + ab—al’. 

The determinant of these expressions reduces to A’, so that A=0 
would appear to be the condition that Cj shall be a space quartic, 
but actually the condition that (5) shall be a cone (see § 4) is 

= 0; so that Cj, if non-degenerate, always belongs to [4]. 
We have to solve these equations for 1: w:...: wt. We first 

define the spaces X,, X;, X, by 

NOXe: = AX, = a'n,, AXE —— ba, Pad b’a;, 

AX, =a'b'a,; — b'x, — aa, 

so that three of our equations can be replaced by 

X,=apit+auw, X,=V+by, X,=dut+abw+d 

The solution is now immediate. We find 

a Ap =(ab — a/b’ — ba”) X, — a2, — bX, +. 0aXs, 

b’ Aw? = (ab —a’b’ — ab”) X, — b’ 2, — aa’ X; — UBX,, 

and the rest are easily written down. We shall write wu’ = €;,,, and 
we wish to shew that if we derive a system of reference M+ Ns 
from &...&, as the latter was derived from 2,...x;, using the 
same line l, it will coincide with the first. Now the determining 
points (10) for / become in the new system 

(0; 0: = aay. (be 5 gt0).0) 
and the proof is completed by observing that the relations between 
the () and the (£) are unaltered if we ‘interchange a and 0, a’ and 
b’, and change the signs of the latter pair of letters+. 

* The same A as previously defined. 
{ I.e. the expressions of the £ in terms of the x are exactly the same as those of 

the x in terms of the £, with these changes. 
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§5. If we carry through the details of § 4 for the line joining 
the vertices A,, A, of the pentahedroid of reference we shall find 
that Cy coimcides with C,. We now propose to shew that this is the 
umque case in which this is so. It 1s necessary to replace the 
points (10) determining / by 

(a, G,, A7,,0),0). (50-bit nO): 

This will be allowed for by making our equations everywhere 
homogeneous in the a, and 1n the 6, by insertion of a”, 6”. It must, 
by hypothesis, be possible to find a linear transformation of mu 
transforming (11) into 

a= p= te Os 

In other words the equation z;=0, as written, must have i—1 
equal roots a (say) and 5 —7 roots 8 (say). 

If we then write 

Pb) == pie =) (he 3) a ws tee ieee (A) 
we shall have 

ty = Ki (WY? (w— B)§/p", t=1,... 5. 

Hence a second and last set of conditions must be 

Ki=— pt, Me Bars sea 

If then we identify the x; of (11) with «;(#—a)'" (a — 8) we 
shall obtain the required conditions. These are 21 in number, but 
they are not independent, as we know at least one solution exists. 
We will suppress the details of the identification, but we find that 
we must have a= 0, 8= © or inversely, and that either leads to 

a=a=b=6'=0; 

these conditions being sufficient. We could on geometrical grounds 
have foreseen that the transformation (A) was necessarily equi- 
valent to the identical transformation of Q,. 

The system of 2? trisecant planes meeting | now consists of a 
series of sets of 2* planes passing through the single lines of a 
scroll, whose generators meet C, once. These lines must be 
directrices of the chord system of the C,*. 

We have one such line / for each canonical representation of 
C,. The system 0? of these lines consists of those lines which meet 
two tangents of C, such that the point of intersection with either lies 
in the osculating space [3] at the point of contact of the other. The 
line lies in the plane common to the osculating spaces. We must 
also observe that the six osculating planes meeting such a line 
coincide by threes in the two osculating planes at these points. 

* Cf. Segre, ‘‘Sulle varieta....” 
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If we take 6, ¢ as the parameters of the points of contact of these tangents 
etc., we find for the points of intersection of 7 with them respectively, 

(1, ¢(36+), 3916+), 420043), 6°), 
and (1, ¢(0+3), $b6(6+¢), 2G°(36+¢), $78). 
The number of such lines in a space [3] is equal to one-half the number of 
points* common to the curves represented by the same linear combinations 
of these two rows of quantities, inserting a homogeneity factor wy, and taking 
(p, 8, \) as coordinates in a plane, and is therefore three. The lines theinselves 
describe a form F, which is given parametrically (a point of F’ being repre- 
sented by two points of the space), by 

=V, c=V{b(30+G)F47}, c=? ($0 (6+9)+47 (+9); 
y= 1g (0+3h) +47 (P+46f+$");, V= pF +rhd (P+ 8). 

For a fixed value of 6 the locus of the point of intersection of 7 with the 
second tangent is a cubic in the osculating space, touching the quartic at (6), 
and its points are in (1, 1) correspondence with the tangent, since through 
each point of the latter passes one osculating space, excluding that of 6. 
Hence the section contains the quartic scroll generated by the joining lines. 
All tangents to C, belong to /, and the sextic scroll they generate is its only 
multiple surface S®, as is seen by considering the section by a plane such as 
#4=2;=(. Since one of our lines is represented by a pair of lines for 6, p 
constant, it is seen that through an arbitrary point of / only one line passes, 
but through a point of S® two pass, namely the tangent and one other. The 
singularity of S® appears to be of some complicated nature, which we have 
not determined. Finally the order of /' is given by considering the inter- 
sections of three members of the linear family defined by the parametric 
representation. These are quartic surfaces passing through g (~=6=0), 
g (v=p=0) and having at 

P (~=6=$=0), Q(r=P~=0=0) and R(6-p=r+0=Y=0) 

multiple points of order 3, 2, 1 respectively. Three such surfaces intersect in 
26 points, as may be seen by breaking one into four planes, passing respectively 
through g, g’, P, and Y. Hence F is of order 13. 

$6. We pass on then to consider the Vj of [7] which we may 
take as 

(V3) | Ni Hy 

Le Lr @. 8 

4 f 

the equations Ya;7;=0, La;#;.,=90 representing [5] which cut 
1 1 

Viin V3. These [5] we shall denote by a. 
It is clear that the w through a point (&) all pass through a 

[3] given by 

m= Kbit pbs) C= WE + wa (C14), (80) 
which we have seen is the [3] through (&) cutting Vj in a V3. 
Generally for a linear relation 

La;a; = La;b;=0, i=1,...4, 

* Since the points are paired so that @=a, 0=8 gives the same line as @=8? 
p=a. 
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we have the a through a [3] given by 

“;= KA; + wO;, Li44 = K A; ar pb. 

Consider then the a which meet a line / joining (€) (y). They are 
represented by a quadric whose second regulus is 

Dar (Ei + TEigs) = Ler (gi + THi+4) =9, 

so that the ©? @ in question pass by «©s through the [3] of a 
scroll of 01[3]’s given by 

aj = (Ez + TEs) + (mi + THE+4) . ers (13) 
tips =K (E+ TEi4s) + mw (mi + THi+4) 

Solving (13) 

K, KT, BP, pT = || Ly; E, E; Unt Ns | [A= XG xe XG ee 

wT, pw T=|| 5; & Es m gs || /A=X3, X;, Xa, Xz, 

where A=| & & m 7; |. 
Eliminating we obtain as the scroll in question: 

V4 Xe, Aa Ag) allel) ee eee (14) 

x Xe IE Xi 

This proves Theorem I of § 1. 
We may take the X, ... X, as defining a new coordinate system, 

in which (&) (7) are given by 

NGS OCH 3 AGS AG SIL 

the remainder being zero. The great simplification which arises in 
[7] as due to the fact that the elements of (12) and (14) are in each 
case linearly independent. 

In the same way we find from (13a) that the scroll generated 
by the [3] through which pass all # through the single points of / is 

ays Xt AX gts age Kel 1) ee (15) 

D. Gan: Gomer: Grae. & 

“Vi meets Vi in a sextic construct V$, locus of the V2 (as is 
seen by considering a [4] section). 

Repeating the same analysis for ® V{in association with / we 
find that its cubic-[5], meeting J, pass through the [3] of the scroll 

Ie: Cerny PLO a ee (16) 

| ep eee 
but this is V} since the elements of its rows are the same linear 
functions of @,...4,; v;... 4, respectively. Hence the reciprocal 
Theorem II of §1 is proved. 

It is clear that we shall get the same © V{ and  V{ by choosing 
any one of the oo # lines of the latter. Hence also V4 must bear 
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the same relation to © V} as to Vj, and meets it ina V5, which is, 

in fact, the same construct, being the intersection of (14) and the 

[3]-cone XX, = XoX3 = 0, ee (17) 

since both Vt and V+ can be defined by (17) and two deter- 
minants from (14). Hence Vi, V} and Vi} meet in a V3, 

generated by 01 V2 of a linear system. To see this consider the 

case in [5]. We have «1 pairs of points on a curve C;, such that 

the joining lines meet J. If this series were not linear, then / would 
lie in a trisecant plane, and this is not the case, since the trisecant 
planes consist of the planes in the cubic-[3] only. 

This series has four united points, since such is the number 

of tangents to V! meeting 1*. Hence C, is of genus unity+. The 
same is true of an arbitrary section of V$ of [7]. (See § 9.) This 
gives Theorem IV of §1, and includes the theorem stated without 
proof that C, and C{ cut in the six intersections of their common 
chords meeting J. V% cuts the generators of each scroll in V3. 

§7. Finally we must shew that if we select a line l’ of (say) 
Vi, then Vi is the scroll projecting either Vi, ° Vi, and that these 
latter constructs are associated with respect to l’, precisely as were 
Vi and ® V3 with respect to l. This is Theorem III of §1. This is 
a matter of a moment: we need only observe that the line of Vj 
which corresponds to / on “) V4 [in the sense that they correspond 
in the collineation: 

CONDONE DO OEO G0. CPO POO DODO! 
joins the points X’,= X’,=1 and X’,=X’, = 1, the remainder in 
each case being zero; and modify the details accordingly. 

§8. As already remarked we get the corresponding theorems 
in lower spaces by taking a section through /. Other results are 
given by taking an arbitrary section. We thus foresee the existence 
(say) in [4] of sets of three normal quartics through the same six 
points, and such that the trisecant planes of any one meeting one of 
the others meets the third as well. 

Taking the first curve as our initial C,, the o* planes in 
question are represented by points of a quadric, which is now in 
no way prescribed, so that we may select two of the curves 
arbitrarily, the third being thereby determined. Any two of the 
curves may coincide (corresponding to a representative cone), but 
it can be seen on geometrical grounds that all three cannot. 

* Severi, “Sulle intersezioni delle varieta algebriche...,”” Mem. Torino, ser. (2), 

t. Lit, p. 61, 1903, §10, n. 24, or directly since the projection of V* from lis a 

quartic surface with a nodal cubic, and the tangents in question give the cuspidal 
points of this curve. 

+ Severi-Léffler, Vorlesungen iiber Algebraischer Geometric, 1921, p. 168. 
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In this form we can extend the problem to curves of type 
r 1s = ae 

l| a Bg, || =0, F— Wyeast 

a;, denoting an homogeneous polynomial of order 7, etc. We have  * surfaces: 
of order 7s, which are 7s (r?+7s+s”) secant to the curve, which is of order 
(r +s) (r?+8?). We shall have 9 sets of pairs of associated curves, such that 
the surfaces meeting the one also meet the other, but there is no reason to: 
suppose that there are any cases of particular interest. 

$9. It is suggested by the theory of the Segre configuration 
from which we started that interesting results might be expected 
from a consideration of the tangential system defined by our 
cubic-[5], that is to say the* ©, of [6] each of which passes 
through one of these [5]. Now such a space will be given by 

(aX, +0,X,+a,X3;+4,X4)+X(,X,+0,X,+0,X,+a,X;)= 0 

(using the new system of reference), subject to 

Ay Ay — M A, = 0. 

We shall denote the matrix 

Ce Uae Ui, Cae, =e iL 

Us ge (Ua) Us eee 
the U; being [6]-coordinates corresponding to the (XY). We find 
that our ©, 1s given by 

ia ee at 

by 

and is therefore the 0§, dual to the V$§ previously met with, and 
common to the three 0}, 

1 2 3-4 !=0: la ee =O... (18) 
567 8 3478 26 4 8 

We find that we get precisely the same QO starting with any one of 
V, &V,®V and taking its cubic-[5] meeting a directrix line of either 
of the other two (and therefore all such lines of both). It therefore 
contains three series of 2? ©} and by duality three series of 
0102. The envelope of each system of «* [6] is on the corre- 
sponding V4. 

It is also worth while to notice that the [6] through all the 
cubie-[5] of * Vi, Vi, Vi form the respective systems in (18), which 
systems we shall therefore call 0%, O4, “O4; the single pencils 
through the individual [5] correspond to the directrices on the V. 
Conversely the lines of the V are such that through each of them pass 
the [6] of an Q3 in the corresponding QO} and those of these lines on 
one of the V which meet a [5] base of one O: of a second Q4 meet 
them all, and meet all the bases [5] of the third. Thus we have (for 

Agr a4 of [n] denotes a system of 1! [n—1] of class j. 
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example) on Vi x2 lines, which meet every cubic-[5] of both Vj and 
Vi. These 0? lines lie by 0s in the base [3] of the 0? 03 
generating ©} or ®V+ which bases are in fact the generating 
[3] of Vi or © V4, and in fact they coincide with one of the three 
systems, which we know must exist on VS (by duality to 3%). 
Inversely it can be verified that the lines of a Vj meeting a [5] 
form a V8. 

The figure is now completely self-dual, Vi and 1, ete. are 
respectively the points and tangent [6] of the same construct, 1ts 
cubic-[5] are dual to its lines, and the V$, common to the three 
Vi, to the common 0%. There are three systems of #° lines on 
Vs, and three systems of 2 ©! in 8, such that a line of one 
system meets all the bases of the two non-corresponding systems 

of ©}, 

— §10. The study of V3 (or 28) may be completed by the use of 
uts parametric representation. 

If we write X¥,=2X,, = vX,=wX, and use the equations of 
the various V}, we obtain as the representation of V$, introducing 
a homogeneity factor 

SG 1) 

X— pT) ee Nae eA 

AO Sig. Aap AGS 

A 

This representation is birational. To [6]-sections of V§ correspond 
cubic surfaces with three base lines T=X=0, T= p=0, T=V=0 
and double base points at their intersections A,, A,, Ay. To Ay 
corresponds the quadric X,X,= X,X,, X,= X,= X,= X,=0, ete., 
to a point (0, 1, a, 0) of A, A, corresponds the line hy, given by 

XG GN Ng — Ne 0, 
thus each one of its points corresponds to every point of this 
line, ete. 

Inversely, to the point A, corresponds every point of r=0. To 
[5|-sections of V$ correspond the intersection of two such cubic 
surfaces, namely sextic curves having A,, A,, 4, as actual nodes, 
and therefore of genus 1. Thus the [4]-sections of V$ are of genus 
unity. Let us now consider some applications of this method. 

V3 contains three sets of »* lines, represented by lines through 
A,, A,, Ay respectively, and «# ° space cubics given by such cubies 
through A,, dA,, and A,. There is also a set of «4 such curves 
represented by general lines of the [8]. There are six sets of 04 
conics represented by plane cubics having a node at A, (say) and 
passing through one other base point, and three sets of  * repre- 
sented by lines meeting A, 4,, etc. 

* In the sense that the [6] through the [3] generating Vj form the system 0. 
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There are three systems of quadrics represented by planes 
through lines such as A, A,. The reguli on each belong to dis- 
tinct systems. Two quadrics of different systems share a line, 
but two of the same system have no points in common outside the 
common singular line h,. V$ contains no planes. These results 
agree with what would be expected. 

$11. This duality completely disappears in lower space. We 
may in each such case consider the system 2, of [r — 1] through a 
cubic-[r — 2] by the same method, and in each case it will contain 
three systems of 2? 1, the class of which must be six in all cases 
(for the process is dual to that of projecting V$ from a point, line, 
etc., by a V{,_, of a conical nature). The case of a [6]-section is 
the most interesting, for the [6] may be selected arbitrarily. In 
[6] we may take as our V3 

Xy Xs Ls Xs, A) Pe be) 

SRR ee Mere 

and the tangential system of the cubic-[4] is given by 

U;=a;+ra;-3, 1f a =0, for 7>5 and 7 <0. 

Eliminating between these and the equation of the representative 
quadric for a line joming (&) (7) we obtain 

Uy UZ — UgUs Uz + Up UZ = UzUz — UpUy = O, 

Us (Uy E, + Ur&.+ Us &5) + UgUzE, Us (Uy Ey + Us E+ Us E,) i Un Ur Es = 0. 

Us (11 + UoNz + UsNs) + U2Uz Ny Us (Uy Ne + UsNs + Ug) + UsUz Ns 

These share 7%, =u, =0, u, = u,—=u,=0, u,= u, = u, = 0 (multiply), 
and represent a construct of the sixth class. 

The same method may be applied to the O8 in [5] or in [4]. 
In this last case the resulting Q§ corresponds (in the dual form) to 
Segre’s well-known cubic form with 10 nodes. We have seen however 
that it contains only three systems of OQ} instead of six, namely those 
whose bases consist of trisecant planes of C, meeting | and therefore 
C%, of trisecant planes of C, meeting l and C,, and finally of planes 
meeting the three chords of C, (or C4), which meet | and C, (and 
therefore C%). 

$12. To close the general problem we must consider the 
envelope of the [r—1], which pass through the [r— 2] of our 
various systems 2%. This will be a form of developable character, 
being touched along [7 —4] by the various [7 — 1]. 

Taking in the first place r= 7, and the construct Vj, we have 
to consider the envelope of 

HX, +a,X,+a,X;+a,Xe,+rA(qX3,+aX,+0a,X, + a,X,) =0, 

subject to A, A, — A.A; = 0. 
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We find by the usual rules 

4 (X,X,— X_X;5)(X3X_— X4X7) =(X,X,— XX, —X,X5+X; sXe) 
20) 

a quartic form F3, having “Vj and “Vas double constructs. It 
may be verified that we get the same form starting with ” Vj, and 
Vt. Hence the envelope in question is a form F, having the three 
associated Vi as nodal constructs. Its equation is conserved by a 
substitution group of order 3 (4!) on the letters (X), representing 
as many collineations. It contains three sets of «? [8], each 
common to a [6] of one system, and all its consecutive [6]. These 
are given by, for one system, 

X,+AX,; XotrAX, X;,+AX, X-+AXz 

Oy — A; — A, al 

with 2a, X,= Xa,X;=0, and the above relation between the (a), 
its effect being to reduce to four the number of equations involved. 

Omitting the intermediate cases we pass to the case of [4], 
where the envelope is now a form of general character. 

We seek the envelope of 
4 4 
Ya;7;+Xr DO Lisy =()), 
1 1 

subject to a relation (5), which we shall write 

Od; 0G; 0G.) = (A... WG, Gn asas) — ON one (22) 

in the usual notation. We shall denote its discriminant by A and 
the form constructed from the reciprocal coefficients by @’ (a, a a; a4). 
Then to determine the envelope we have to eliminate (a) and (A) 
between these and 

+ NG + +} ct 0, eae 4, 

DA, = == ||) 

Solving the first set 

@ 0 , 
= ee Db (Gee —— (Hoss. an ee -P Apa; 2 tae p (2, X4) + rn Oars, f (x, | ? v I 4 

Substituting and + eae (a): 

ere %) @ (Hy... Ly) — Bese aa Ae (ace v.) Penge dh’ (a)... x} = (), 

or 
4 ) ’ 2 

Ad’ (@1 ... X24) P (Hg... Ls) — {ea oie D(a ... | =) Ronee (23) 

the envelope F} in question. From the previous theory this form 
has as nodal curves C,, C4, l, and the three common chords of C,, 
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C,, meeting J, and these only. Its system of tangent spaces con- 
tains three systems «* of pencils. We proceed to draw some im- 
portant corollaries from the existence of this form. 

In the first place consider a [3]-section through J. It is a 
quartic surface with a double line, and 8 nodes, which, it is known, 
must be associated in pairs such that the joining lines meet J. 
Hence C, and Ci, are in (1,1) correspondence such that the joining 
line meets 1. The system of all these joining lines belongs to F%. 

Further each trisecant plane of C, or Ci meeting l, touches F3 
along @ conic, since its section contains five nodes. The same is 
true of the planes meeting the three chords, C,, and therefore Cy. 
Thus F} contains three systems of 2? conic tropes. The configura- 
tion of nodes and tropes on the Pliicker Surface can be completed 
without difficulty. The surface in question is identical with the 
focal surface of the congruences, (2, 2), sections of the systems of 
planes. In fact the section of the complete system of trisecant 
planes of C, or Cj, or that of planes meeting the three chords, is 
a tetrahedral complex?. 

The form F3 contains further systems of lines, for a section by 
a space through J, and a pair of the chords contains ‘three nodal 
lines, and is therefore ruled. There are three such systems of 
lines. 

A general section of F} is a quartic surface with 12 nodes, 
which is the focal surface of three congruences of order two and 
therefore of class six}. They must be of the second type, the 
four four-fold singular points being the section of that curve met 
three times by each plane of the system in question. The class 
may be verified from the fact that the trisecant planes of C, (or C4) 
which meet a plane in lines, are represented by points on a cubic 
curve. 

Similar results hold for the quartic form section of the form 
in [7] by an arbitrary space, a form with three nodal quartic 
curves; and for the other special cases of §§ 12, 13. 

$13. It was suggested to me by Prof. Baker that the theory developed 
above might include as a special case the special theorem of Segre’s mentioned 
in the introduction. We proceed to see how this arises, and how we can 
deduce at once the figure dual to that of the lines on the 10 nodal cubic form|| 
of [4]. This is done by allowing C, to degenerate into four lines with three 
intersections. Two cases are possible. 

(1) No line meets more than one other. It can be shewn, by a process 
eon to that about to be developed, that this configuration gives a trivial 
result. 

* Salmon-Rogers, Geometry of Three Dimensions, edn. 5, vol. u1, p. 218. 
+ The fundamental cross ratio of this complex is that of the four points in 

which the space cuts C, (or C, etc.). 
+ Jessop, Treatise on the Line Complez, § 249, p. 276. 
§ Id. p. 280. || Segre, loc. cit. 
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(2) One line, 0, meets the other three 1, 2, 3. For symmetry we denote 7 by 
0’, and the three chords of C, meeting / by 1”, 2”, 3”. These are the lines 
meeting 0”, 2, 3, etc. Now Cj must contain a part in each of the spaces 
(0, 1, 2), etc., and also a part met by planes meeting 1, 2, 3. Each such part 
must therefore be a line. It is convenient to draw a symbolic figure, in which 
all the intersections represent actual intersections and we shall denote by 
(a, 8) the intersection of these lines. 

Thus all the planes meeting 0", 1, 2,3 meet a fifth line which we shall after- 
wards call 0’. Also the complete Cj must consist of four lines passing through 
the six points (7, 7”). Consideration of the symmetrical relations of the lines 
1, 2, 3, etc. shews that the lines will be 1’ joining (2, 3”), (2”, 3); 2’, 3’ similarly 
defined and 0’ meeting 1’, 2’, 3’. We have now in the figure 12 lines falling 
into three sets of five 

LOPS OOF th OS OO amie an a ay Once. (A) 
such that the planes meeting any four of the same set meet the fifth. Con- 
sider now the repartitioning of the original four lines into 1; 0”, 2, 3 (Fig. 2). 
This must give a configuration of the same type. We obtain as components 
of the C; the lines «3 joining 3”0”, 03, «2 joining 2”0", 02 and 1’, so that 0’ 
must meet ky, k,. We get a new quintuple of lines 

I: We L Ros eoe Sie oe ne ek a wessien (B) 
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Similarly, introducing «;, joining 1”0”, 01, we get the remaining two 
quintuples 

DD OS KaiGcKSGH. Op Oto ay Kigie: Mamma ae” Weswags (C) 

and x, meets 0’. By taking the partition 1”; 0”, 2’, 3’ we see that x; meets 7’ 
where it meets 0’. The tableau A, B, C is to be compared with that given by 
Castelnuovo, ‘Ricerche nella Geometria della retta nello spazio S,,” Atti Ist. 
Veneto, Ser. 7, Vol. 11, Part I, 1890, n. 11, or Segre, loc. cit. n. 24 (in each 
case in dual form). As a verification of the method we may consider parti- 
tions such as 2; 0’, 0”, 1 which supply no new conditions. 

$14. There are a number of other degenerate normal quartics which furnish 
special theorems of varying interest. 

We may have 
(1) A pair of conics Cs, C} meeting in one point. It could be foreseen 

that C} breaks into two conics in the same two planes, so that the theorem is 
not significant. This may be verified by taking as the conics the curves 

04 = 25 = 11 43— 4°=0; Lo=L3= XU; —447=0, 

the vertex A; being the point common to the conics. Then the system of 
planes meeting C, twice and C4 once is given by 

a, 2+ ag L,= ay Ly + ag%o+ a3 .%3+a,05;=0, 

and the details proceed as before. The conic obtained is 

%g=H3=0, Xy=ny(ot+pEs), L5= — 5 (n2t+pys), 

#y=(& + pE2) (n+ mys) — (2+ wEs) (m+ pe), 
where (€) is the point where / meets 7,=0, and (7) where it meets 7;=0. 

This case includes that of the first system of four lines, and that of a coni¢ 
C, and two lines g, g’ where g meets C, and g’. 

(2) A plane cubic, and a line which does not meet it. This case again is 
without significance. 

(3) A space eubie C3; and one of tts unisecants g. We shall see that the 
planes meeting Cz twice and g once meet as well a second curve C3. Let the 
chord of C; meeting / be called dj), and the lines meeting g and C3, dj) and 
diz) respectively. We shall denote their intersections by 2), 2:3; P,, Qi; Po, Qe 
(the P lying on g). Then C; must contain a part in a, the space of C3, and is 
to pass through the six points 2, ... Q@. Consideration of the symmetry of the 
figure indicates that C, consists of the line @Q,@Q» or g’, and a cubic curve 
through f,, A, P;, P2, and therefore lying in the space of g and dj, and 
meeting g’, where g’ meets this space. 

All these results may be verified by taking C, as 

=0, 

ll @e ay 2a | 

and g as joining 4; and A;. The system of planes meeting C, twice and g 
once is 

U=\| ty HQ #3 4 

a, 7 + agl5 +3034 a4%5=aylo+ a9%3+0374=0. 

Taking / as joining (&) (y) with 7;=0 we obtain explicitly the representation 
of C;. Also dj) being the line 

| 1 2 m ne || =%5=0, 

we find that C; lies in the space of dq) and g, namely 

| %2 mm mm |=0. 
The relation of C3 with Cy is again symmetrical. 
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(4) Finally we have the figure composed of a conic Cz and two unisecants, 
91» 92. C, must contain parts in the spaces of C; and g;, and a residual part 
met by all planes meeting C2, 91, g2, and /, so that these parts must be 
respectively two lines and a conic C4. Let dj) denote the line meeting 
l, 91) 92 (the latter lines in Q, Ys) and let dy), di) meet 1, Cy and g,, go 
respectively, meeting these lines in P,, P:and the conic in R,, R,. Then as 
before C’, consists of Q, R2, Q,;, and a conic through P, and P2, meeting 
these lines where they meet the spaces defined by P,P: and Q.h), Q, Re 
respectively. As usual, the relation of the two conics is symmetrical. 

Algebraically we may take the conic as 

4X3 — LP =Xy=x;=0, 

and the lines as A, Ay, 43A;. The system of planes is 

ay By + a9L2 +43 %4= a, Ly+02%3+a,25;=0, 

and we find a parametric representation for Cj in the usual way, taking 
€;=0, n4=0, namely 

#,=(&1)(m), *%2=(&)(m), %3=(&2) (m2), 

%4=Es (m1), Ls=pMs (€2), 

where (a;) denotes (a;+a;,,). Its plane is 

| 7 & & |=0, | 22 m 1 |=0, 

where a; stands for a column (a; aj41 a;42). 

§15. We must now consider the possibility of certain extensions 
of our theorems. Consider the construct represented by 

S10 tee, ene (24) he eee Amz 

Gis gas Dera 

In [n] this represents a V7"_,.,,, generated by 0![n—m]*. The 
equations 

m m 

PS a; Vie = >> Q; Diz =0 
af il 

represent the oo” [n— 2], which cut V™,,,, in V™=1, so that 
they can be represented rationally on a [m—1], those through a 
point being represented by a [m—3]. Now the [m —3] of [m—1] 
are 0°’), so that an arbitrary [m—3] will not represent the 
[n — 2] through a point of [n] unless 

2(m — 2) <n, 

in which case all the [m — 2] will pass through «2 ”-?""—) points of 
[n], which must form a [n—2m-+4]. We have also n <2m—1. 

Assuming these inequalities to hold, consider the 0 ”- of the 

* Thus for m=3 we have a as of [5] or a Ls of [4]. Taking the former as 

|| a. a4 ||=0, it contains » 2 directrix lines joining 

(a, B, y, 0,0, 0) and (0, 0, 0, a, B, y); 

and in the second case || «, . «vg || =0 contains one directrix joining 4, and Ay. 

VOL. XXI, PART VI. 45 
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above system which meet the line J, joming (&) (7). They are 
represented by 

| m m AOS ee pea ete 25 
bs; A; Ait > a; biz ‘ ( ) 
1 1 

m ne | 

LY a; Qin X a; din 
ya 1 

a [m—5] quadric cone. This is known to contain two systems of 
ol[m—3]. The [m—3] of the first represent the sets of o@ 
through the single points of J, and therefore through as many 
[n—2m+4]. The existence of the second system shews that these 
[n—2m+4] may be re-grouped into a second system x1 of sub- 
systems through the [n—2n +4] of a second Vi, om+;. We proceed 
to shew that we do not hereby gain any essentially new theorems. 
It will be sufficient to illustrate this with the case m=5. As 
indicated above we must take n>6. Taking the lowest case we 
take the V3 of [6] 

i) Ly eee Xs 

Oo Bou Ee 

and consider the [4] which cut it in Vj. Those through a point 
are represented by a plane in the representative [4], and con- 
versely to points of any plane correspond [4] through a point 
uniquely determined thereby. We seek the point corresponding to 

5 5 

> a; (E; + wEi42) = a (9; + LNi+2) = 0. 

Identifying this with 
5 5 

> a; 2; = > A; Hi4,=0 
1 1 

we get 

w= (E:+ bE ie) + 7 (M+ wMi+2), 1=1,...5, 

a= K(E + mE) +7 (mt enjs), J =3, 207. 
Thus the locus of the (x) is a normal quartic curve in the [4] 

given by 
[a & & m ms |=| ts & & m ns | =9, 

which is, in fact, that [4] of our system which passes through J. 
This special [4] will cut all the other [4] in planes which are tri- 
secant to the section of V3. Hence the theorem obtained is for all 
purposes identical with that for m=n=4, and in precisely the 

' same way all the other cases will reduce to one of the set for 
m = 4, with which we have dealt. 

$16. Appendia, We propose now to return to the normal ~ 
quartic curve of [4], and consider for what lines J the representative 

| 
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quadric breaks into a pair of planes. Clearly this will happen for, 
and only for, a line meeting C,. The resulting quadric breaks into 

a plane 
Qtahpt+adet+tapi=O severe (26) 

(of a certain developable of the third class, ¢ being the parameter 
of the point of intersection), and a second plane which is essentially 
arbitrary, and all trisecant planes represented by points of such a 

4 

plane meet «! unisecants of C,. The plane being = A;a;=0 it is 
1 

seen that these lines generate the normal cubic scroll 

Voce ae ees bell el Basar (27) 

which is cut in conics by the planes in question. 
Hence through any unisecant of C, can be drawn a cubic scroll 

containing C,. We propose to indicate briefly how we may deter- 
mine the generator through an arbitrary point in terms of the 
given one, etc. In the first place the arbitrary plane (A) contains 
a class cubic of lines representing systems of planes through the 
single points of C,, namely the section by the plane (22). This 
cubic has a bitangent (the line of the congruence (8, 1) of lines in 
two osculating planes of a cubic curve), which must represent tri- 
secant planes through a certain chord of C,. This chord must be 
the directrix line of (23), and is therefore determinate. Its points 
of intersection are given by the solutions of 

| > gr A; || =0, $= 1yh04 
Now if a generator of (23) joins the point (0) of C, to a point (%), 
the plane representing the system of trisecant planes which it 
meets 1s seen to be 

> a (Nisa — On;) = 9, 

and identifying this with the assumed plane we get (finally) 

n=O 9, + «(0 A, t+ 63 AL+... + Ai), 

giving explicitly the generator gg of (23) through a point of (C4). 
To express these rationally in terms of a fixed generator, say at 
the point (¢), we have merely to write A4;=&4,—&,;. The tri- 
secant planes through the single points of gg are represented by 
points of a line of a pencil in (4;a;)=0. The centre of this 

pencil* is found to be 

2% :0;:,= || 1 ? 0° 

| Aig | -Aginn ais A, 
} A, A,+0A, A; +@24,4+0A4, 

which moves on the bitangent of the class cubic, and puts that 

> 

* This point corresponds to the trisecant plane which passes through the 
generator. 

45—2 
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line into projective correspondence with C,, these values of (a) 
being, in fact, linear in @. This enables us finally to obtain 
explicitly the point in which each plane of the system cuts each 
generator. 

Contrary to what would be expected no great simplification 
occurs if the initial unisecant / le in a tangent plane. 

The theory of this paragraph may be extended to any number of 
dimensions. Through any unisecant of a normal C,, in [7] will pass 
a normal (n+1)-tic scroll of lines, which may be determined 
explicitly in terms of any one of its generators by this method. 

[Nors. As alternative to §§ 2, 4 of Mr James’ paper preceding, we may argue 
as follows: The trisecant planes of a rational quartic curve in four dimensions 
drawn from a point are the planes of a quadric point-cone, the equation of the 
cone drawn fromageneral point (4) of aline/ being of the form U + 2Vé+ Wé?=0. 
There are three points of / for which this reduces to a line-cone, namely the 
points where / is met by the three chords of the curve which meet /, the cone for 
the point in which / is met by a chord m consisting of the planes through m 
which otherwise meet the quartic curve. A point common to these three line- 
cones will be common to the point-cones for all points of /. The three line-cones 
meet in an octavic curve, of which the given quartic is one part. The remaining 
part is thus another quartic curve. Clearly, as a line (/) can be drawn to meet 
three lines, the theorem involved is as follows: Given three chords m, m’, m” 
of the original quartic, and the planes through each meeting the curve again in 
a varying point, the locus of intersection of three such planes, one from each 
(21) series, is another quartic curve. In fact this is rational, and contains the 
extremities of the three given chords of the original quartic. Taking a par- 
ticular plane, z, through m, whose extremities are A, B, meeting the quartic 
again in C, the planes through m’ meet @ in a conic passing through A, B, C. 
The planes through m” meet @ in a further conic also passing through A, B, C. 
The remaining intersection of these conics, as @ varies, describes the second 
quartic curve. The reciprocity of relation of the two curves is thence obvious. 

If the first quartic be given by 

u(O-a)=y(0- b)=2(0-c)=t(6 - d) =u, 

and the chords m, m’, m” are 

= Yh Oe Ol thee 

the second quartic is found to be given by 

£\(o — 654) = Yio aa)! = 2(o7— da) — 10 (on — Ca) — 

where, in fact, o = 6a-1b-1. The points 6, and o, = 6, of the two quartics, 
lie on a line meeting the common transversal line, /, of their three common 
chords, there being four such lines through every point of this transversal. 
In other words, if (x, y, z, t, w) be any point of the first quartic curve, a point of 
the second curve is (uw — y, u- v, u-t, u— z, u). The three-fold 

z+t-u=A(e@#+y- wu), 

through the point (1, 1, A, A, 0), of the line /, meets the curves in two tetrads 
which are in perspective from this point. This three-fold is the common 
tangent three-fold of the two three-folds \U + V =0, AV + W =0, at the point 
(A) of the line /. All lines from this point, in this tangent three-fold, to the points 
of the quartic surface \U + V = 0, XV + W = 0, lie entirely on the three-fold 
UW -— V?=0. The cones of trisecant planes of the original quartic drawn from 
the points of /, touch the F,* given by UW —- V*=0 on such quartic surfaces. 
Cf. § 12 of Mr James’ paper. ] 
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Note on the twelve points of intersection of a quadri-quadric curve 
with a cubie surface. By Mr Witu1aM P. Ming, Clare College. 

[Received 21 August 1923. ] 

The geometrical properties of the eight points of intersection 
of a quadri-quadric curve with a quadric surface are well known, 
the principal property being that the straight line joining any two 
of the eight points is a chord of the twisted cubic through the other 
six. The present note obtains the corresponding property in the 
case of the twelve points of intersection of the quadri-quadric with 
a cubic surface, namely: 

The twisted cubic through any six of the twelve points of inter- 
section of a quadri-quadric curve with a cubic surface meets in five 
points the twisted cubic through the other six points of intersection. 

Let the quadri-quadric be the curve of intersection of the two 
quadrics U,, V, and let the cubic surface be ®,. Consider the 
sextic curve U,®, and let T denote the twisted cubic through six 
of the points of intersection of U,®,; with V,. Plainly a unique 
quadric W, of the pencil (U,, V,) contains T. Also a unique cubic 
surface 

VY, =@,+ (Av + py + z+ amt) U2, = 

contains 7’, since we have four parameters A, j, v, 7 at our disposal 
and hence can make ‘I’; pass through four points of 7 in addition 
to the original six defining 7’, (1.e. ‘i; cuts 7 in 6 + 4 = 10 points 
and hence must contain 7’). Plainly also W, and ‘’; each contain 
the twelve points of intersection of U,V, and ®,. Hence the twelve 
points of intersection of U,V, and ®, lie on the complete curve of 
intersection of W, and ‘’; which in this case consists of the twisted 
cubic T and another twisted cubic 7’. Since six of the twelve points 

_ of intersection of U,V, and ®, are known to lie on 7, the other six 
must lie on 7’. Also it is known that if a quadric cut a cubic 
surface in two twisted cubics, these two twisted cubics must 
intersect each other in five points. Thus 7 intersects 7” in five 
points, which proves the theorem. 

{Notr. In the same way, if a surface of order n be drawn meeting the quadri- 
quadric curve in 4n points, and a cubic curve, 7’, be put through six of these, 
curves of order 2n — 3, and genus (n — 2) (n — 3), can be put through the 
remaining 4n — 6 points, which meet the cubic curve 7 in 3n — 4 points. ] 
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The effect of deviations from the inverse square law on the scatter- 
ing of a-particles.. By E. 8. Breter, Ph.D. (Communicated by 
Mr R. H. Fow er.) 

[Received 28 August 1923. ] 

§ 1. Introduction. 

In order to explain the occasional large angle deflections, when 
a beam of a-particles passes through a thin film of matter, Sir 
Ernest Rutherford* put forward the nuclear theory of the atom 
in 1911. He showed that almost the whole of the scattering is 
due to the inverse square law electrostatic field of the heavy 
central nucleus, and that the scattering due to the electrons may 
be neglected. 

This theory received ample confirmation from the exhaustive 
series of experiments on a-particle scattering carried out by Geiger 
and Marsdenyf in 1913, and again, in 1920, from the accurate 
determination by J. Chadwick? of the nuclear charges of copper, 
silver, and platinum by a scattering method. 

A series of experiments carried out by the author in the past 
two years, and soon to be published, indicates that, when the 
distance of closest approach of the a-particle to the deflecting 
nucleus becomes very short, the scattering is less than one would 
expect on the inverse square law. It has been found possible to 
explain the decrease approximately on the assumption that, in 
addition to the inverse square law repulsive force between the 
nucleus and the a@-particle, there is an attractive force varying 
inversely as a higher power of the distance than the second. 

In these investigations it has been necessary to carry out 
certain calculations for such combined laws of force. As these are 
somewhat laborious, and as the methods and more particularly 
the results may prove of value to other investigators in this field, 
it seems desirable that they should be put on record here. 

§ 2. The Scattering under any Law of Force. 

It is quite simple to obtain the scattering under any law of 
force for which the orbit of the a-particle can be calculated. We 
must first reduce the scattering nucleus to rest. The effect of its 
motion can be taken into account afterwards. 

In Fig. 1, let O be the scattering nucleus, ABC be the path of 
the a-particle, p be the distance of the nucleus from its initial line 

* Rutherford, Phil. Mag. 21, p. 669 (1911). 
t Geiger and Marsden, ibid. 25, p. 604 (1913). 
{ Chadwick, ibid. 40, p. 734 (1920). 

— 
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of motion, and ¢ the angle through which the a@-particle is deflected 
by the field of the nucleus. 

If the field of the nucleus is a pure central field, the angle ¢ 
is a function of p only. The a@-particles whose p lies between p 
and p+ dp will be deflected through angles lying between ¢ and 
¢ + dd, that is, within a solid angle 27 sin ¢d¢. 

If the scattering foil has thickness ¢ and contains n atoms per 
unit volume, the probability that an a-particle passing through it 
will be deflected through an angle between ¢ and ¢ + dd is 

2a ntp dp, 

and the probability that it will be deflected within a solid angle 
dw at dis 

F d. 
2rntpdp. ar mode 

dp 
= ntdw cosec 4 p ee 

If Q particles strike the foil per second, the number scattered 
within dw is 

dp 
dd 

= Qnt dw cosec ¢ f (4) Oe signed (1), 

Qnt dw cosec 4 p 

when p = f (¢). 
We can therefore obtain the scattering if we can express p 

as a function of ¢. 
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§ 3. The Orbit of the a-Particle in the Combined 
Field of Force. 

Let M be the mass and V the velocity of the a-particle. Let 
¢ (Fig. 2) be the angle through which it is deflected in a collision. 

Fig. 2 

Let the potential energy of the a-particle in the field of the 
atomic nucleus be 

Ap 
Laos 

Let p be the distance of the nucleus from the original direction 
of the a-particle. 

Let 7, 6 be the polar coordinates of the a-particle at any time, 
referred to the nucleus supposed at rest, and the radius vector to 
the apse of the orbit, and let v be the velocity of the a-particle 
at any time. Then we have equations 

AMV? = 4Mv? + : aerate ra EA (1), 

pV — FEO, Wich Me eee (2). 

Eliminating ¢ in the usual manner, we obtain 

du 
1° 

ie Tes eee us) 
p MpV? i 

where uw = 1/r. From this we have for the total deflection ¢ 
root du 

a—o= 2 [ i 
Ur 
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The upper limit is the smallest positive root of the denominator 
of the integrand. 

If we write o for p/ps—A, the ratio of the terms in the potential 
energy at distance p from the nucleus; 7 for A/MpV?, the ratio of 
the inverse square law term in the potential energy to twice the 
initial kinetic energy of the a-particle, and € for pu, we obtain 

root dé 

a—op=2 | ; 
0 {l—& — d€ (1 — of} 

If we can integrate this, we can obtain ¢ as a function of +r 
and therefore p as a function of ¢, and can thus calculate the 
scattering by the use of equation (1), § 2. 

The observed scattering was in all cases less than the theo- 
retical. Only positive values of « corresponding to attractive 
forces have therefore been considered. Two cases have been in- 
vestigated, those of the inverse cube and inverse fourth power laws. 

$4. The Inverse Cube Law. 

In this case, corresponding to s= 2, the quantity under the 
root in equation (2) § 3 is a quadratic, and the expression on the 
right-hand side is completely integrable. The result is 

(1 — 270)? 

where 7’ = 1/7 = pMV?/A. This expresses ¢ in terms of 7’ and 
therefore of p. On substituting in equation (1) §2 we find that 
the number v of particles scattered into the small solid angle dw 
at angle ¢ to the original beam is 

v = Qntdw (avi) cosec ¢ F (4) 5 ae (2), 

where 7’ = F (¢). Using (1) we can tabulate ¢ and dd/dr’ for a 
series of values of 7’ and, by substituting in (2), obtain values of v 
for a number of different values of ¢. 

In equation (1), both o and 7’ contain p. Before ¢ can be 
tabulated as a function of 7’, it is necessary to express o in terms 
of 7’. Now 

pA paviape Gr) 

pF UN AN Ag’ 

In the case we are considering, 

MV" Aponte i L 
27’, aT: 7 ? 
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where x is a new parameter. This parameter x expresses the 
amount of deviation from inverse square law scattering. It is 
proportional to the constant determining the additional inverse 
cube law field, and to the kinetic energy of the a-particle. 

When o = 0, the usual case of the simple inverse square law, 
(1) reduces to 

a—o=2 tan", 

Ve 
or cots gd =7' = Te Sa bi (3), 

so that we obtain from (2) 
2 

v = Qntdw (rvs) -t-cosect$d ss (4). 

By dividing equation (2) by equation (4) we obtain the ratio of 
the scattering under the combined law to that under the inverse 
square law. 

10 

0:8 

0° 20° 40° 60° 80° 100° 9 Hil20e 140° 160° 180° 

> Angle 

Fig. 3. Ratio of Number scattered under Combined Inverse Square Repulsive and 
Inverse Cube Attractive Force to Number scattered under Inverse Square Law. 

Calculations were carried out for two values of x, namely 0-2 
and 0-4. An idea of the relation between these constants and 
atomic distances may be obtained from the following consideration. 
The force acting on an a-particle at a distance r from the nucleus is 

a ee 2p 

ia Gy ae TS 

This force vanishes when r = 7), where 

1 — ap Ne 
2 1mMp2 

Now .— a = on 

Thus « is the ratio of the kinetic energy of the a-particle to the 

eae eee rl rll eee ee) ee ee 
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inverse square law term in the potential energy at the distance 
where the force vanishes. 

In particular, if z = 0-2 for an a-particle of 7 cm. range scat- 
tered by aluminium, 

“A 
fe — Ome icm: 

We have taken here 

he 2Ne? = 2 NS (Ai e019) 6 Oe 10n22 om, 

and V = 1-92 x 10° cm./see. 

If t— 10 Area LOaea ers 

The final stages in the calculations are set forth in Table I,-and 
the results plotted in Fig. 3. 

TaBLE I. The Scattering under a Combined Inverse Square 
and Inverse Cube Law. 

dF 

a |7’=F(¢) ob “ cosecd | cosecdr (6), 4+ cosect#+d cosec hilt (b) 76 

ss 4 cosec?# $6 

0:2 0-0 180° — 2°36 — 0-1795 0:2500 0-718 

0-2 153° 30’ | — 2°22 2-241 0*2020 0:2780 0-720 

0-4 129° 52’ |— 1-893 | 1-3041 0°27538 0-3715 0-740 

0-6 110° 42’ |—1-575 | 1-0650 0°4055 0:5285 0-767 

0:8 94° 48’ | — 1-20 1-0035 0-669 0-852 0-785 

1-0 82° 30’ |—0-950 | 1-0086 1-060 1-322 0-802 

1°5 61° 30’ | — 0-555 1:1380 3:070 3°650 0-841 

2-0 48° 48’ |—0°356 | 1-329 7-460 8-590 0-869 

3 34° 24’ |—0°179 | 1-770 29-65 32-60 0-910 

4-0 26° 30’ | —0°1064 | 2-241 84:3 90-6 0-930 

5-0 21° 30’ | —0-0704 | 2°728 194-0 206-0 0-942 

0-4 0-0 180° — 3°22 —— 0-096 0+2500 0-384 

0-2 144° 48’ | — 2-80 1-735 0-124 0-303 0-409 

0-6 97°12’ |—1-445 | 1-008 0-419 0-789 0-531 

1-0 72° 12’ |—0:797 | 1-050 1:318 2-070 0-636 

1°5 Ops — 0-421 1-221 3°95 6-66 0-720 

2-0 44° — 0-298 1-440 9-66 12-70 0-760 

3:0 31° 48’ |—0-1545 | 1-898 36°8 44:3 0-832 
5:0 20° 24’ |—0:0635 | 2-869 226-0 254-0 0-890 

It is easily verified by approximation that the ratio curve has 
a finite slope at ¢ = 0, which is given by 

Cia iat - 

Chee as 

where ¢ is expressed in radians. Thus, an inverse cube term in the 
law of force will make itself felt in the scattering, no matter how 
small the scattering angle or how large the minimum distance 
between the deflecting nucleus and the a-particle. 
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§5. The Inverse Fourth Power Law. 

In this case s = 3, and equation (1) § 3 reduces to 
aac root dé 

ee ee i, Re eo am (1), 

rroot : dé 

= 9) ee See Bo ee ee 2), 
J, a—e—2a—-sep 

where y is a new parameter, independent of p or 7, and depending 
only on the kinetic energy of the a-particle, and on the constants 
A and yw, which determine the inverse square and inverse fourth 
power law potentials. Its value is given by, 

pe (MpV? pw (MV?)? 
Ya zn | d pee Aes 

Writing 7’ for 1/7, we obtain 

Eee ae | a aa (3). Fae Oa 
These expressions for 7 — ¢ might be integrated by the use 

of elliptic functions, but it was found simpler to use an approxima- 
tion to (2) in the case where 7, and consequently o, were fairly 
small, and to integrate (3) by quadratures in the case of the larger 
values of 7. 

When o is small, we may derive an approximate expression 
for (1) in the following way. We have 

1 — § — 2rG (1 — of) = 1 + 79 (1 — of)? — E+ 7 (1 — of} 
If we put €+7(1 —o€) = {14+ 72 (1 — o&)* sina, 
we obtain after reduction 

Ine dé . 

Jo {1 — @— 2€ (1 — of} 
Mayet eee 

2 root | o 7 C 2 = as, “| ode 
ese | sualdtd tees eel) 2s 

{1 — € — Ir€ (1 — o€)}3 
The contribution due to the last integral is small, since it is multi- 
plied by the small coefficient 27c. We may therefore approximate 
by putting o = 0 in the integrand, and obtain 

/ tan—!r 

Ne dé 

0 {1—£ — dé (1 — of} 
Pace Ge Sera reals 
fo {1—&— 2788 

270 ee ks = =5 tan-!7 + - 1 aay 

eee 
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If we now put é+7=(14+7%)? sina, 

equation (1) reduces to 

i a 2 tae sie i (1 + 72)8 si 7 ai T era ttl 7°)? sin a — 7] 

—7[(1 + 72)8 sina — 7% da, 
and therefore 

3 

fd = 2 tan-!r — sn {1 + Sze a (ies) (5 — tan-tr)}...(4), 
1+ 7? 2 2 

the required approximate expression for ¢. 
This was used in obtaining ¢ for values of 7 less than 0-3. For 

larger values of 7, the right-hand side of equation (3) was integrated 
by quadratures. This was done in the following manner. 

The smaller positive root a@ of the equation 

@@=1-e-22(1-4e)-0 
was first found. The value of the integrand was then computed 
for a number of equidistant values a € between 0 and some 
convenient rational value just less than the root. The integral 
between 0 and this value was obtained by successive applications 
of Simpson’s rule for four or five equidistant ordinates. To this 
was added the value of the integral between the highest ordinates 
and the root, evaluated as follows. 

Near « the function G (€) takes the form 

dG (a) Ow - &). 
Therefore when e is small 

A dé l 5 d 

Rie 
By these two methods values of ¢ were computed for a number 

of values of 7 ranging from 0:05 to 100. In order to obtain from 
these smooth values of the function r’ = F (4), and of F’ (4), both 
of which are required to calculate the distribution of scattered 
particles by means of equation (2), § 4, advantage was taken of 
the fact that, when o = 0, F (¢) reduces to 

T = F (¢) = cot $4, (§ 4, eq. (3)) 

= F’ (¢)=—} } cosec? 4 id. 
dro 

dd 
and therefore 
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When o is not too large, 7’ is not very different from 7)’, and 
7T) —7’ remains finite for the entire range of ¢ from 0° to 180°. 
T — 7 was therefore plotted against ¢, the curve was smoothed 
by the method of differences and the value of d (7)’ — 7’)/ddé was 
obtained by the usual difference formula 

Yo (Ox) = ¥ (Yr — Y-1) — wy (Aya — Aeya) + 

The tes of F (4), F’(¢) so obtained were substituted in 
equation (2), § 4, and the distribution of scattered particles deduced. 
The ratio of this to the distribution under a pure inverse square 
law, as given by equation (4), § 4, is plotted in Fig. 4. 

SSSA ngle ¢ 

Fig. 4. Ratio of Number scattered under Combined Inverse Square Repulsive and 
Inverse Fourth Power Attractive Force to Number scattered under Inverse 
Square Law. 

Owing to the labour involved, the calculation was only carried 
out and plotted for one value of y, namely 0-5. But from this one 
curve, the course of the corresponding curves for lower and 
slightly higher values of y may be deduced approximately. For 
y = 0-5, the ratio at 180° is 0-457. For y = 0-2 it is found to be 
0-775. From this, and from the course of the inverse cube law 
curves for two values of wz, it may be concluded that no great 
error will be made if it is assumed that the deficiency in scattering 
at any angle is approximapely proportional to y, as long as y does 
not greatly exceed 0:5. 

As in the case of the parameter z, it is convenient to express y 
in terms of the distance from the nucleus where the force vanishes. 
By differentiating the expression for the potential, we obtain, for 
the distance at which the force vanishes, 

= 3u/A, 
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(MV)? 4 (ry and therefore y= wae as ( 1 

The parameter y is therefore four-thirds of the square of the ratio 
of the initial kinetic energy of the a-particle to the inverse square 
law term in the potential energy at the distance where the force 
vanishes. 

If y= 0-5 for an a-particle of 7 cm. range scattered by alu- 
minium, 

1 2 

5 MY"). 

A 
"0 TMV 

It is important to notice that the curve of Fig. 4 has a horizontal 
tangent at ¢ = 0°. Thus, an inverse fourth power term in the law 
of force has practically no effect on the scattering at very small 
angles. 

/(£y) = 3:03 x 10-18 cm. 

TaBLeE II. The Scattering under a Combined Inverse 
Square and Inverse Fourth Power Law. 

y=0°5 

, 5 dF 
~ |7=F(¢) fe cosec ¢ | cosec dF (¢) aE 4 cosect i conee oF") do 

do do 
4 cosec* 3 

20° | 5-548 16°82 2-924 270-0 275:°0 0-982 
40° | 2-568 4-377 | 1-556 17-48 18°27 0:957 
60° | 1-530 2:034 | 1:1547 3°592 4-000 0-898 
80° | 0-9874 1:197 | 1:0154 1-198 1-464 0-818 

100° | 0-6511 0-7823 | 1-0154 0-5160 0:7264 0-711 
120° | 0-4209 0:5569 | 1-1547 0:2727 0-4444 0-609 
140° | 0-2519 | 0°4225 | 1-556 0-1665 0-3206 0-519 
160° | 0-1182 0°3527 | 2-924 0-1219 0-2660 0-458 
180° | 0-0000 0-3420 — 0-1142 0-2500 0:457 

§ 6. The Correction for the Motion of the Nucleus. 

The calculations up to now have been made on the assumption 
that the mass of the nucleus is very large, and that the motion 
imparted to it by the deflection of the a-particle may be neglected. 
C. G. Darwin* has shown how this may be taken into account. 

If the mass M of the a-particle is replaced by J’ where 
1/M’ = 1/M + 1/m, the results apply to the relative motion of 
the a-particle and a nucleus of mass m. The actual deflection ¢’ 
may be found from ¢ by means of the two equations given by 

* C. G. Darwin, Phil. Mag. 17, p. 499 (1914). 
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Darwin with slightly different notation 

; m sin 20 

tani¢ ~ M — m cos 20’ 

and 6=in — 3¢, 

where @ is the angle between the original direction of the a-particle, 
and the final direction of motion of the nucleus. Eliminating 6, 
we obtain . 

cot ¢’ = cot d+ = cosec. i) DM (1), 

from which the actual deflection ¢’ is easily obtained from the — 
relative deflection ¢. 

Darwin shows, further, that the expression for the distribution 
of @-particles on the ordinary inverse square law which is given — 
in § 4, equation (4), namely | 

v = Qntda (ok + cosectt¢ 
My2/) °* aoe 

can be adapted to the case where the motion of the nucleus is — 
not negligible by replacing the cosec* $4 by 

Jv 2 4 

leosect 34-2 (7) + (1 — $sin? ¢) (=) a= a 

In the experiments for which these calculations were carried — 
out, the largest angle of scatterimg was 100°. With aluminium as 
a scatterer, the correction at this angle amounts to about 1-5 per 
cent. Since this is considerably less than the experimental error 
involved, and since the correction, if carried out, would only apply — 
to aluminium as a scatterer, the results have been given for the 
case in which the motion of the nucleus can be neglected. 

The correction may be obtained to a first approximation by 
multiplying the ordinates of the curves of Figs. 3 and 4 by 

|eosect 4¢—2 Gal / cosect $¢. 

The result will be the ratio of the number of particles scattered 
under the combined law, taking into account the motion of the 
nucleus, to the number scattered according to the elementary 
inverse square law theory (§ 4, eq. (4)), in which the motion of the 
nucleus is neglected. 

To obtain the correction more accurately, it is necessary to 

and repeat ¢ 
dz’ ’ 

the calculation of v from equation (2), § 4, replacing ¢ by ¢’. 

tabulate ¢’ for a series of values of 7’, determine 
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§7. The Apsidal Distance. 

From equation (1), § 3, we oe 

du 1 alt 
aa i's — yu? — 7 Pp (Au — pu : 

This vanishes, and the reciprocal of the radius vector has a 
stationary value when w is the root of the equation 

1 2 
P u? MpV? (Au — pus) = 0, 

that is, when € is a root of the equation 

1 = 276 (lS) 0 nee (1). 

Apsidal Distance 

Angle ¢ 

Fig. 5. Apsidal Distances. Dotted curves = Additional Inverse Cube Force; 
Full curve = Additional Inverse Fourth Power Law Force. 

When the additional term in the law of force is an inverse 
cube term, 7.e. when s = 2, the equation is a quadratic and is 
easily solved for €. The corresponding apsidal distance r is easily 
obtained from this, if we remember that 

& = pu = p/r, 
and t = \/MpSV?, 

gpat oe ee and therefore i Soe? ee | ee (2). 

VOL. XXI. PART VI. 46 
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This equation gives r in terms of 7, €, the root of (1), A, the 
constant determining the inverse square potential energy, and the 
kinetic energy of the a-particle. Since corresponding values of 
7 and ¢ have-been tabulated, we can determine r as a function of ¢. 

When the additional term is an inverse fourth power term, 
i.e. when s = 3, the equation is a cubic. The root of (1) which is 
required in this case is the root a, which has already been obtained 
for the calculation of ¢ (see § 5). 

To take into account the motion of the nucleus, we replace 
1/M in formula (2) by 1/M-+ 1/m. This gives the true apsidal 
distance for a relative deflection ¢. The actual deflection ¢’ is. 
obtained from ¢ by the use of equation (1), § 6. 

The apsidal distances in the cases considered in the last two 
sections are tabulated in Tables III and IV, for a-particles scat- 
tered by aluminium, as well as the potentials in volts, at those | 
distances. They are plotted in Fig. 5. 

In conclusion the writer desires to thank Mr R. H. Fowler for 
the original draft of the method of calculation and for his con- 
tinued help and advice throughout the progress of the work. 
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On the derivation of the equations of transfer of radiation and 
their application to the interior of a star. By Mr E. A. MILNE, 
Trinity College. 

[ Recewed 21 August 1923.] 

§1. In Professor Eddington’s theory of the radiative equilibrium 
of the stars a fundamental part is played by certain approximate 
relations connecting the pressure of radiation and the net flux of 
radiant energy with the temperature. Though the physical laws 
describing the interaction of radiation with macroscopic matter 
lead in general to integral equations, Eddington avoids these* by 
expanding the intensity of radiation at any point in a series of 
Legendre functions of cos @, =A, P, (cos #), where @ is the angle 
made by the elementary pencil of radiation with the radius of the 
star through the point. (The radiation is not of course isotropic.) 
The deduction of the fundamental approximate relations then 
depends on showing that each coefficient A, is numerically very 
small compared with the preceding one, so that in effect the 
expansion reduces to its first two terms. Now the 4,’s are not 
determined explicitly, but satisfy certain recurrence relations which 
involve also their differential coefficients, and in consequence a 
slightly indirect procedure is required: it consists, in fact, in 
showing from the recurrence relations that if any one coefficient 
A+. can be neglected in comparison with a predecessor A,, then 
Ani 18 a very small fraction of d,; it then follows that A, is a 
very small fraction of A,_,, and so on. 

The object of the present note is to offer a simpler alternative 
procedure. It consists in expanding the intensity of radiation in 
a power series in cos @, in which the coefficients are found explicitly. 
The argument concerning the negligibility of the coefficients .is 
then immediate, and further the precise form of the relations is 
apparent to any degree of approximation. 

§ 2. The approwimate relations. Let T be the temperature at 
any point of the star distant r from the centre, p the density, 
k the mass-coefficient of absorption. The material is assumed to 
be “grey,” so that # is independent of wave-length and we may 
deal throughout with the integrated radiation. Let ¢ be the 
velocity of light, a the radiation constant such that aZ* is the 
energy density of isotropic black radiation at temperature 7. Let 
F be the net outward flux of radiant energy across unit area per- 
pendicular to the radius at any point. 

* M.N., R.A.S., 77, 16 (1916); Zeits. fiir Phys., 7, 351 (1921). 
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Eddington proves in the first place the approximate relation 

oe dial’) 
Tie (1) 

and in the second place he shows that the mechanical effect of the 
radiation on the matter it is traversing is approximately equivalent 
to that of a hydrostatic pressure p,, the “ pressure of radiation,” 
given by 

: Pe SAOT As wake woe ee (2) 

and thus the same as for isotropic black radiation. 

§ 3. The internal generation of energy. Let J denote the 
intensity of black body radiation at temperature 7. We have 
J =bT", where b = ac/47. By Karchhoff’s law, the emission of energy 
per gram of the material per second is k x 4arbT?. 

Now let 47¢ denote the rate of internal generation of energy, 
per gram per second, at any point, due to any processes whatever— 
gravitational contraction, radio-active processes, synthesis of heavy 
atomic nuclei, etc..There are two ways of regarding this. We may 
suppose, as Eddington does, that the material emits 47re together 
with the “thermal” emission 47kbT*. Or we may suppose that it 
emits simply 47kbT*, and that 47re represents the balance between 
the amount emitted and the (smaller) amount absorbed. To the 
degree of approximation represented by equations (1) and (2) the 
two ways lead to the same results, though the details of the analysis 
differ slightly according as the one or the other 1s adopted. But it 
may be questioned whether Eddington’s point of view is correct. 
Eddington regards the amount 47re as simply added to the “ordinary 
temperature radiation,” and thus implicitly assumes it to consist 
roughly of energy lying in the neighbourhood of Amax for the 
temperature of the point, and to be immediately capable of 
absorption in’ the surrounding material with the same value of &. 
If it arises from intra-atomic transformations or inter-atomic 
reactions, it is more likely to be liberated in the first instance as 
very hard radiation*, highly penetrating, which will ultimately 
become absorbed and degraded into thermal energy or energy of 
longer wave-length ; this then increases the ordinary temperature 
radiation, but simply by raising the matter to a temperature higher 
than it would otherwise possess. The effect is that as far as the 
radiation in the significant spectral region is concerned—which 
alone is really the subject of the analysis—the material emits its 
ordinary temperature radiation, but that this is higher than the 
amount absorbed. We have arrived at the second point of view. 

The extreme generality of the concept of “ ordinary temperature 

* Or as the kinetic energy of very high-speed electrons—the argument is sub- 
stantially the same. 
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radiation” introduced in the thermodynamics of radiation may 
perhaps be emphasized. This radiation includes every kind of radia- 
tion the material can conceivably emit when existing in a uniform 
temperature enclosure, 7.e. when the external radiation to which 
it 1s subject is black radiation corresponding to its own temperature. 
In such an enclosure, if J,dX is the intensity of black radiation 

for wave-length i, the emission can only be 4a | ky J,dxr, where ky 
0 

is the appropriate absorption coefficient. If at high temperatures 
intra-atomic reactions go on of themselves, they must be reversible, 
and the energy liberated is strictly taken into account in the above 
expression. In particular, if k, is independent of 2, the emission 

io.@) 

is 47rk | J,drx = 4rrkbT*, and it cannot exceed this—there can-be 
J0 

no question of an additional emission. Actually in the star, owing 
to leakage of energy at the surface, there is a drain of energy from 
certain parts of the interior, this representing the excess of the 
number of reactions generating energy over the number of those 
absorbing energy. But the excess is still accurately given by an 
expression of the form 

4 { bx (In =D) @, 

where J, is the radiation to which the material at the point is 
subject. There is still no question of the material emitting its 
ordinary thermal radiation together with some extra radiation. 

If the energy were contributed by an apparently non-reversible 
process such as radio-activity, then arguments derived from steady- 
state considerations do not apply. But by hypothesis the energy 
is not being contributed in the form of radiation characteristic of 
the temperature 7’, and therefore should not appear, in the first 
instance, in the calculation of this radiation. As remarked above, the 
energy when degraded helps to preserve the temperature constant 
by counterbalancing the excess of emission over absorption, but the 
emission of radiation characteristic of 7'is still the Kirchhoff emis- 
sion. At temperatures so high that the wave-length of the thermal 
radiation is comparable with that of the y-radiation, radio-active 
transformations are presumably reversible. 

The second method of regarding the production of energy is 
perfectly general. If for instance energy is being generated by 
gravitational contraction, it will appear in the first instance as heat 

arising from the increased violence of the atomic encounters; this 
heat raises the temperature, and so raises the Kirchhoff emission, 

but in no way can the material be said to emit the Kirchhoff radia- 
tion characteristic of its own temperature together with the extra 
energy generated by contraction. Again, account can just as simply 
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be taken of energy appearing or disappearing by convection or 
conduction. Part of e would consist of the (positive or negative) 
amounts gained by convection or conduction in the neighbourhood 
of the point in question, and these would contribute to the raising 
(or lowering) of the temperature at the point, and so enhance (or 
diminish) the previous temperature radiation until it corresponded 
to the new temperature. In the steady state there would be no 
change of temperature—the process would merely sustain the 
temperature and so the temperature radiation. 

The term “radiative equilibrium” is in a sense a misnomer 
when there is any form of internal production of energy, for there 
is no equilibrium between the radiation absorbed and emitted at 
any point. We are simply determining the radiation field arising 
from a steady-state temperature distribution maintained by various 
agencies—atomic or gravitational generation of energy, conduction, 
convection, and of course radiation itself*. The steady rate of loss 
of energy which the radiation exchanges themselves are trying to 
set up is just balanced at any point by the rate of gain due to 
other agencies. The importance of discussing the radiation ex- 
changes alone resides in the circumstance that they are very large 
compared with the amounts of energy involved in the other 
agencies. The small term 47 is the cloak by which we conceal 
our ignorance of the other agencies. 

In this paper the second point of view will be adopted. 

§ 4. Material stratified in parallel planes. To illustrate the 
essentials of the procedure whilst avoiding complications due 
merely to geometry, we shall treat first the case of material 
stratified in parallel planest. We give in § 5 the full treatment 
for Cartesian co-ordinates, from which the particular forms for 

spherical or other co-ordinates can be easily deduced. 
Take an axis of x perpendicular to the planes of stratification, 

and let [(z, @) be the intensity of radiation at the point in a 
direction at an angle @ with the direction of 2 Let dS be a small 
element of area perpendicular to the direction 6. The amount 
of radiation crossing this per second in the pencil of solid angle dw 
whose axis is along @ is JdSdw. During a short stretch of path 
ds = sec 6dx the beam loses by absorption the amount kpldwdSds, 
and gains by emission from the matter it has traversed the amount 
kpJdwdSds. Hence 

dl 
cos 0 7 = kp (J — 1). 

* Cf. Phil. Trans. Roy. Soc., A 223, 216 (1922). 
+ For strict radiative equilibrium caw ie Legendre series and the power 

series of cosines both reduce strictly to their first two terms. See Milne, W.N., R.A.S., 
81, 361 (1921); Littlewood, Proc. Camb. Phil. Soc., 21, 205 (1922). 
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For this one-dimensional case we can introduce the optical thick- 

ness T instead of «, given by 

t= | kpdz, 

and we have then cos 0 — yee i Me BL CI Ieee sii (3) 

The rate of emission per unit mass is 47rkJ, the absorption is 
k f{Idw. Hence the equation expressing the rate of generation of 
energy is 

Ei @eai\de ae) | me el (4) 

or Qa [ "(PID side —Anelin: Maen cee (5) 
/0 

The net flux of energy per unit area in the positive direction 
of x is F, given by 

P| \eos0 do ar [I coinigden aes (6) 
hie 0 

We now solve (3) asa linear differential equation for J, keeping 
6 constant; J =bT"* is a function of position, and so a function of 7; 
we write it for this purpose J(7). Assuming the point 7 is so far 
in the interior that no radiation from the boundary regions 
effectively reaches it, we have 

TG 0) — Gake | x © ef $e sec Odt 

= ix J (rt —t cos 0) e~ ‘dt. 

Expand J (rt —t cos @) in powers of t cos @ by Taylor’s theorem and 
integrate term by term. We find 

I(r, 0)=J (7) —cos OJ’ (rt) + cos?O J" (7) —....  ...(7) 

This is the expansion of [ in powers of cos 6 replacing Eddington’s 
expansion in P,, (cos @) functions. 

Inserting in (5) and integrating we have 

Es SMO eG) 

_ The density of radiant energy F is given by 

aes 

= Zl pe ae Hh LA (9) 
5 
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Again, inserting in (6) the net flux is given by 

Sere Gaal ee F=-49 [a4 aot... Ate (10) 

To calculate the mechanical force arising from radiation 
pressure, consider a thin slab, of area dS and thickness dz, 
normal to the axis of z. The energy incident on the slab contained 
in a pencil dw is I cos @dwdS; of this the fraction kpdaxsec @ is 
absorbed. Hence multiplying further by (cos @)/c to obtain the 
component of momentum, the force is 

Ee | [Fe0s 8 de 

cpr 

Cc 
= —— dz. 

If we regard this force as arising from the gradient of a pressure 
Pr, we have 

dp, kpF 
Fam ee) ult nee (11) 

pee ae 
or eae ag aed ey UN Ws eae (12) 

Inserting expression (10) for F' and integrating, we find 

at air ee) oh Ge) ? 
Ree SLSR Gs, me POS (13) 

Formulae (8), (9), (10) and (13) are the complete expansions 
of e/k, E, F and p,. Since 

a! a a Ols) 
Ir), A cate Tare 

Eddington’s approximations (1) and (2) are simply (10) and (18) 
each reduced to its first term. Eddington’s argument from the 
numerical values shows at once, in fact, that each member of the 
sequence J, J’, J”... is small compared with its predecessor. For 
J’, for instance, is the change in J in a distance such that kpd« =1, 
which is equivalent to about 30 ems. of air at atmospheric density. 
Or, to quote Eddington again, if the star’s radius is taken as the 
unit of length, /p (which has the dimensions of a reciprocal length) 
is of the order of 10”, whilst d.J/dz is in general now comparable 
with J, PJ /dx? with dJ/da, etc. Thus J, J’, J”... are of the relative 

orders of magnitude of 1, 10—", 10-.... 
It should be noted however that the argument only holds on 

the assumption that 47re, the generation of energy, is small com- 
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pared with 47kbT*, the total emission*. For from (8) we have 
roughly 

Peaeee 3 Atre 
Th" Ne) 3) ame ala a A 

Ina giant star the mean rate of evolution of energy is of the order 
of 200 ergs gram. sec... For 7'= 10° degrees, which occurs, in a 
typical star, at about ; of the radius from the boundary, we 
have, with k = 40, 

_ [= 0:7 x 10, 

in substantial agreement with Eddington’s 10~-”. Even where the 
temperature is only 10+ degrees, | J”/J| is of the order of 10~". 

By comparison of (9) and (13) we see that the pressure of 
radiation is no longer, as in the isotropic case, exactly 4 of the 
energy-density. The error is given approximately by 

4a 4 4 4re 
A SS eee a pe, es as WA 

DB rege) i emer it teree 

§ 5. General case. When the material is’ not stratified in 
parallel planes, we can no longer use a single variable 7. It will 
be seen too that the mechanical force due to radiation can no 
longer be expressed rigorously as the gradient of a pressure. 

Take rectangular co-ordinates. Let I (a, y, z; 1: m:n) be the 
intensity at (#, y, z) in the direction (J: m:n). Let ds denote a 
small element of length in the direction (J: m: n). Then we have 

dl i de HPS — D. eee (14) 

Put Tt =[kpds, 

the integration being taken along the line from (2, y, z) in the 
direction (J: m:n). It is convenient to let the suffix 0 refer tem- 
porarily to the point (#, y, z). Then solving (14) as before we have 

0 re) 

Le, y, 25 12m: n= | J (tr) edr= | J (—t)etdr 
=o0 !0 

=J,—JSo ty = se. 5 eeeeee (15) 

* This point hardly appears explicitly in Eddington’s treatment as given in Zeits. 
fiir Phys., loc. cit. Assuming any one of his coefficients can be neglected, he shows 

aR F : 
that his Ip = is of the second order of smallness compared with his 4, but from 

. ; 1 dB. ‘ Bi ic st 
his equations (6) and (15) ep — is comparable with e/k, which gives a contradiction 

unless ¢/k is itself of the second order of smallness compared with 4 =)T%. 
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on expanding J in powers of + and integrating term by term. 
Dropping now the suffix, J’, J”, ... are given by 

Re hae CG) n Oo 

Z =\iaca eae 
pO Te Onn Ca 

I= (Fa * body * boas) 
and so on. 

For brevity introduce the operators 

oe es) eo 

Pe ip On? Y= lp By? P* ep a2 
They do not satisfy the commutative law, thus D, D, + D,D,. For 
example in the formal expansion of (D,+D,+ D.)?, we must 
replace 2D,D, by D,D, + D,Dz. 

Equation (4) expressing the rate of generation of energy holds 
as before. Inserting from (15) we have 

= re = { [Dz + mD, + nD.) Ide — | []@De+ md, +nD,P° Jdot+.. 

ae odd terms vanish identically. Using the result 

[fa + mb +
 no) do 

4ar (a? ape 
en 

2n+1 ; 

we have 

i= = 5 (2 Da) I 3 (Dey I= (Dey I as. (0) 

where De = De De ape. 

The energy density # is given by 

E= | ios = [J +4(SD2) J +4(SD2"S +... (17) 

If F(l: m:n) denotes the net flux in the direction (J: m: n) it 
is easily seen that 

F(l: m: n)= UF, + mF, +nF;., 

where F,, F,, F, are the net fluxes in the direction of the axes. 
Now 

F, = [1 (@, y, 2; t: m:n)l de 

2 S42 i CDE ADs EAD Tides 
=0 

The even terms vanish identically. Using the result 

oa _ 4a (a? + 8 +07)” 
[[ca +imb+nc)"* ldo = Eee 

? 

we have 

F,, = — 4er [Dz J + 4D; (SD) J +4Dz(ZDeR T+ ...]. (18) 
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The purely symbolic character of the notation must be recognised. 
For instance the expression 

D, (D7? + D,’ + D?) 

does not mean the result of first operating with =D,? and then 
operating with D,; it means that each term in the formal product 
must be replaced by a sum of other terms whenever the order of 
the operators is relevant. Thus the term D,D,? in the formal 
product means 

4[D,D,Dy + DyD,Dy + DyDyDr}. 

Just as for the stratified case, the force on a unit-area slab of 
thickness ds with normal in the direction (J: m: n) is 

kpF (l: m: n) a 

c 

Thus the force on a unit-area slab perpendicular to the axis of x is 

ipl da. 
c 

If we attempted to represent the mechanical force as the gradient 
of a pressure p,, we should have 

Op, 4 {loJ 1 4 Pr F =. + = kpDz(=Dz) J + | eee) 
Gf,0 fe 

But since the order of the operators D,, etc. is relevant, the sum 
of the second and later terms on the right is not the partial 
derivative of a function of «, y,2,and therefore no pressure function 
exists unless the second and later terms can be neglected. 

We may now approximate to formulae (16), (17), (18), (19) as 
in the stratified case, obtaining 

fa CU iim | len: (20) 

Be ee Meats Witaeee (21) 

Fyre 81) 00) “ag 0 Wes (22) 

— (23) 

The terms neglected are in each instance of the same order of 
magnitude as those neglected in the stratified case, and the neglect 
of them for stellar applications is justified by the same argument. 
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Equations (20) and (22) can now be transformed into any 
co-ordinates required. For example, for spherical co-ordinates with 
central symmetry (20) becomes 

€ dd rd 
kk -8kpr? dr Gs zr) 

The present method shows immediately that there is no failure of 
this particular approximation in the neighbourhood of r=0. In 
Eddington’s treatment this point requires separate consideration. 
The form of (20) for spherical co-ordinates with axial symmetry 
has been used by the writer in discussing the equilibrium of a 
rotating star. 

Written out in full, equation (20) gives 

te 5 8 (a0) 
3° Voz ep 0x 

Integrate this through any volume and apply Green’s theorem. 
We find 

4crep = — 

[le aay ee Aer (I( l OU motJ on s 

I} eine eink Mg eS kp 0x ~=kp oy kp oz 

=|[(lF,+ mF, + nF.) ds, 

on using (22). This is the statement that the net emergent flux 
of radiation, totalled over a closed surface, is equal to the rate of 
generation of energy in the enclosed material. The result must of 
course be true exactly, but it is interesting to notice that the 
approximate formulae are consistent with it without further 
approximation. 

§ 6. The reader will easily verify that if we adopt the first 
point of view concerning the mode of generation of energy instead 
of the second, the function J must be replaced wherever it occurs 
in § 4 and § 5 by the function 7, given by 

gat t+efk. 

The fundamental alteration occurs in formulae (3) and (5); the rest 
are consequentially altered. Since e/k is of the order of magnitude 
of J”, the additional terms introduced are of the same order as 
those neglected in the approximations. 



Mr Cherry, On the solution of difference equations 711 

On the Solution of Difference Equations. By T. M. CHERRY, B.A., 
Trinity College, Isaac Newton Student. 

[ Received 3 September 1923. ] 

Let UE CBRE rote) ian Uae a bran 10) 

be n functions of a, ... #, which are expansible in convergent power 
series about the point 2,=2,=... =, =0, at which their Jacobian 
is not zero; it is supposed that the coefficients in these series are 
real. This paper is concerned with difference equations of the form 

$e (8+ 1) =f; {os (5), be(8), bn (8)} (PHL2 00). 
in which qy, ... d» are functions to be determined, the treatment 
being restricted to real values of all the quantities which occur. 

In §§ 1-4 it is shown that these equations have their most 
general solution of the form 

eS) — aes (SF Cy5 Cay. sn Cn) 1 eld, send) 

in which y,, ... Ww, are analytic functions of their n arguments, 
while ¢,, Cy, ... C, are arbitrary periodic functions of s with period 1. 

In §5 it is shown that the theory can be extended in several 
directions, while § 6 is concerned with a special type of difference 
equation which possesses periodic solutions. 

§1. Lhe One-Variable Case. 
We shall first consider the difference equation analogous to (1) 

with only one unknown function, viz. 

ew ¢ S(C+D=f1b()} eee (2), 
where f(z) is developable in the convergent series 

SF (a) = Gh +, 2 + AX? + O,2? +..., 

and df/dx is not zero for «= 0, so that a, + 0. 
It will be shown, first that the general solution of (2) can be 

formally expressed by an infinite series, and secondly that this 
series 1s convergent. 

$11. If squares and higher powers of $(s) are neglected on 
the right of (2) we obtain 

S(stl)=—A+tGdh(s) eaves (3), 

of which it is easily verified that a solution is given as follows: 

I. If a, is positive and not equal to 1, 

QU 
b(s) = ca,’ + Taran Mile. ian ais (4). 

ay 
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Il. If a,=1, o(s)=e+ Qs tees(D)s 

Il. Ifa, is negative, 
Ly 

l-a, 
¢ (s) =c|a,|§ cos 7s + 

where in each case ¢ is an arbitrary constant. 
Change the variable in (3) from ¢ to ¢ by means of (4), (5) or 

(6), as the case may be, and we obtain 

o(s +1) =0(s); 
this shows that the most general solution of (3) is given by (4), (5) 
or (6), in which ¢ is an arbitrary periodic function of s having the 
period 1. 

§ 1:2. The equation (2) may now be solved by successive approxi- 
mation. At each stage the equation to be solved will be of the form 

o(st+1)—aHo(s)= vs), 

where ¥(s) is a known function of s, an equation possessing con- — 
siderable analogy with a linear differential equation. Its general 
solution is expressible as the sum of a “ 
“complementary function,” the latter being the most general 
solution of 

$(s+1)—a,$(s)=0, 

particular integral” and | 

which has already been investigated. For if $’(s) be any particular | 
solution and we write 

p(s) = $(s) + $"(s), 

we have ¢(st1l)+and'(s)=¥(s), 

whence od’ (s+1)—a,¢"(s)=9. 

Further, if w(s) is the sum of a number of terms we may obtain 
a particular solution by adding the particular solutions belonging 
to the several terms of f(s). 

§ 1:3. The following list gives all the particular solutions that 
will be required. Their verification is immediate. It 1s supposed 
throughout that a, is positive; the corresponding forms for a, 
negative are obtained by writing 

a~= es loga 

and taking the real part of the resulting expressions. 
In all these formulae, the quantity c may be any periodic 

function of s with period 1. 



Mr Cherry, On the solution of difference equations 713 

Type I. a,+1; W(s)=ca™; n= 1: 

es 
WO) eas 

Vype LT. ay Vs re (s)— cas: 

 (s) = csa,*. 

Pyne VIL, a,--1; vr (s)—cs™a,™, n= 1: 

iS) COR CAs Se eter), 

where the A’s are constants determined by the equations 

A, (a,” — a) = ‘| 

A, (a,"— a) +ma,"A,=0 t 

A, (a," — a) +(m—1) a,” A,+ a Caan ‘| 

Dpe vl Vania Weis) Cs d,°): 

GUS) — ee (ss = BS. DS) 

where the B’s are constants determined by the equations 

Bva,(m+1)=1 

(m wu ae m 
Bym+ B=0 

inten Dips 2% 

eee eee eee eee ee ee ee 

Type V. a,=1; W(s)=c(d,s" + dis" 73+... + dn): 

 (s)=c(D,s"1 + Dis" +... + Dns), 

where the D’s are constants determined by the equations 

(n+ 1) D.=d, 

B, @ae eS) pe 

nD, + a [= «| 

(n— ees Dees Hees a ye a 

COR meee OR Hm HEHE EEE HEHEHE HOE HEHEHE EEE HEHEHE HEHEHE HEHE 

$14. Formal solution of equation (2). 
Let the general solution be 

(3) = Gi(s) + s(8) + gul8)tove  seeee (7) 
Substitute this in (2), and equate separately the sets of terms 

VOL XXI. PART VI. 47 
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whose order is the same, as determined by the sum of the suffices 
in the several factors. We thus obtain the series of equations: 

$: (s + 1) =a).G1 (8) + & 

2 (s + 1) = ay. 2 (8) + ao. (8) 

ps (s+ 1) = ay. ps (8) + 2a. $1 (8). f2(s8)+4s-Gi(8) | (8), 
hs (8 +1) = ay. fi (8) + Ae. fs? (8) + 2a. hr (8). $5 (8) 

+ Bas. pr? (8). ps (8) + as. h* o) 

from which ¢,, ds, ... are to be determined in succession. 

CasE 1: Suppose a, +1, and positive. 
We have already found 

br(s) = cu + 7 
The equation for ¢, is then 

Gh 

= = a _\’ 2, 8 2 = 
2 (s+ 1) A hy (S) = Ae (rs) peg +.6O, Ie 

whose most general solution is found from §§ 1:2, 1°3 to be 

Gag PATO Cat ene , 
2(s) = : a= + —— Ca,*+c a,’, 

al ) (1 ae aay a Ay (1 a be a,) oe : a Ghic a Ay aA zy ; 

where c is the arbitrary periodic function occurring in (4), and ¢’ 
is another arbitrary periodic function of s with the period 1. 

The equation for ¢; is now 

$;(s+1)—a, $;(s)= —
 ay ana + lane 

jae a 

nla a erie we e
as 

es 
Says + (a

 aris as . 
+) ae 

% ie ¢ a,°
 + 2a.cc'a,*, 

giving on use of the results of § 1°3 

pS De ) Ay? 2a," Gy CSthe 4a,°a" c(s?—s 

$s(s) = (a+, —a,/ (1—a,)* a (3a, 1 =a (l-m)y a a,(1—m%) 2a, 

2ZM)A2  » 20. sag , (SAy Ms 2a, a," i 
qu SG O* 4 —— CC Ay + = = - 
a, (1—a) ay — Ay 1l-a, a,(1—4a@)) a?—-q 
4402" | s a? 2a, Ca 

erg ea +(a+— ) —_—_ 
a,(1—a) (a4?-a, (a?—a,) ay*—a,/ a—a, 
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It is evident that @,(s) will be a polynomial of the fourth degree 
in s, c’a,°, c’a,8 with an added term c’’a,’, and similarly for ¢; (s), ...- 
The quantities c, c’, ce’, ... are arbitrary periodic* functions of s, 
one being introduced in the solution of each of the equations (8). 

In the case where a, = 0 the above expressions for ¢,, ds, hs, «+ 
simplify considerably ; the “mixed” terms such as sca,* disappear, 
and ¢,(s) becomes a function of ca,’, c’a,’, ca, .... 

CasE II: Suppose a,=1. 

Then d; (Ss) =C + AS. 

The equation for ¢, (s) is 

2 (s+ 1) — $,(s) = a, (Cc? + 2ca)s + a,?8"), 
giving 

Op? Ae Ogi n. Ag hs j 
ON ae =} 3? AyC” — CA) Ag + S+C¢, d(8)=—5 3) e+ (4: ag mee 

where c’ is an arbitrary periodic function of s with period 1. 
In general ¢,(s) 1s a polynomial in s of degree (2n — 1), con- 

taining n arbitrary periodic functions ¢, ¢’, .... 

so (ca, Ay + 

Cask IIL: Suppose a, negative. 
The expressions for ¢,, 2, ¢;, ... are derived from those of 

Case I by putting everywhere 
a = eS l08a 

and taking the real part of the resulting expressions. 

§1°5. Form of the Solution of (2). 
Since s does not appear explicitly in the equation (2) we can 

derive from any particular solution 

6=(s); 
a solution containing an arbitrary constant c: 

p= (ste). 
Change the variable in (2) from ¢ to c by means of the trans- 

formation 
$ (s)=%(s + ¢(8)), 

and we obtain 

W(s+1+ce(st+1))=$(st+1) =f {6(s)} 
=fiv(s+c(s))} =v(s+1+e(s)) 

whence c(s)=c(s+1). 

Hence the general solution of (2) is 

Pine +), 
where c is an arbitrary periodic function of s with period 1. 

* Here and below all periodic functions have the period 1 unless the contrary 
is stated. 

47—2 
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It follows that as regards the form of the series (7) the quantities 
c,c, ¢’, ... can occur only in the additive combination 

ete +e'+...; 

as could also be shown directly by arranging that series in powers 
CLC ORC a2: 

Thus to obtain the general solution of (2) it is sufficient to 
preserve ¢ as an arbitrary periodic function of s, and the quantities 
c’,c’, ... can be disposed of in any convenient fashion as functions 
of Sic; periodic with respect to s; for example they may be equated 
to zero. We shall find later ($2 2°32) that by suitably adjusting 
these arbitraries we can ensure the convergence of the series (7) 
for any given value of s. 

§ 2. Convergence of the Series of § 1. 
This will be investigated by the method of “ majorising functions.” 

The series 
J (@) = Qo + Qe + G,074+... 

has a finite radius of convergence, R say. It will be majorised by 

M(1+rA#+ ax? +...), 

provided »>1/R, and the positive quantity M be chosen sufficiently 
large. We have thus 

la <MEN (res 2 eee (9), 

and we shall suppose, as is obviously always legitimate, 

SA SSH MR scene (10). 

§21. Let g (2) =U (Aa 4+?a?+...); 

we shall take as our auxiliary equation 

ay (Seth) =Sotavi(G) iy ala Me uee nies (1p 

Let the auxiliary function y(s) be determined from (11) in 
the same way that }(s) was determined from the equation (2). 
Then writing 

VS) =X (8) + Xe(S) Hee, eevee (12), 

we have for y, x2, ... the series of equations 

Mi (8 + 1)=AM., (8) 

X2(s+1)=AM.y2(s) + VM. 2? (s) ...(13). 

The investigation of the convergence of the series (7) is now 
carried out in two stages. We must show 

(i) that the series (12) is convergent for a certain range of 
values of s, and 
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(11) that for the same range of s the series (12) is majorising 
_ for the series 

=| br (s) |. 
§ 2-2. Convergence of the Series (12). 
If in the solution of (13),, (13);, ... we equate to zero the 

| arbitrary periodic functions c’, c’,... which appear in the “comple- 
mentary function” terms, we obtain in succession 

| x. (s) = d’ (Mn)S, 

WM. d’? (Mr)? 
x)= Ts 

and, generally, y,(s) as a multiple of d’"(AJZ)"s; d’ is of course an 
arbitrary periodic function of s with period 1. 

The region of convergence of the series (12) as thus constructed 
is found by obtaining the exact solution of the equation (11), an 
equation which can be written 

Mn.x (s) 
Ne iene ats) occcee (14). 

On trying for y(s) an expression of the form 

A de@ 
XS) = gees 

it is found that (14) is satisfied provided 

Mr=e?*, 

_Mr-1 ae 

and d is any periodic function of s with period 1. The exact 
solution of (14) is therefore 

Mn-1 d(Mn)s 
¥ (s) = : ( TRE Li we seen 

Since (12) and (15) each give the general solution of (14)—each 
containing an arbitrary periodic function additively with s—the 
series (12) must be identical with the expansion of (15) in ascending 
powers of d(/X)*. The series is accordingly absolutely convergent 
provided 

| d | (MX) Oe <. 

Mxr-1 
] = f where d = d 

Its range of convergence is thus, since from (10) > 1, 

log|d 
—-n<8<— gl Lal Pili aia (16). 

log Mr 
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§ 2:3. Majorising property of the Series (12). 
We shall suppose that d has a constant positive value, so that 

every term in the series (12) is positive, and we shall consider only 
constant values of the arbitrary periodic function ¢ which occurs in 
the series (7). 

§2°31. Phe inequality | d,(s)|< x (s). 

Mr-1 , 
We have vas = a (M1), 

while ¢, (s, c)* is given by (4), (5) or (6). Ifd have any fixed value 
and the value s=s, is arbitrarily assigned, it is evident that we 
can always choose for ¢ a real value c, such that 

di (Sp; Co) = a (Ss); 

or since y; (s)) 1s positive, 

| 1 (8p, Co) | = Xi (So). 

If now c be given a slightly smaller value c, we shall have 

di (So, G)|< Xi (So), 

unless a, is negative and cos7rs, is negative, when ¢, must have 
a slightly larger value. Finally if the equality 

ise) |< (S) eens (17) 
be satisfied for s=s,, c=c,, it is also satisfied for all values of s 
and ¢ in certain ranges 

which respectively contain these values. 
Suppose now the value s, of s is pre-assigned. It is easy to see 

that we can find ranges (18) for s and ¢ such that 
(i) the y-series (12) is convergent for p<s<q; 
(1) the inequality (17) is satisfied for p<s<qanda<c<B; 
(ill) p< <q. 

For this purpose, first choose d positive and so small that s=s, 
falls within the range of convergence (16) of the x-series; then, as 
has just been seen to be possible, find ranges for s and c: 

P<S<q,.\@<c<f, 
such that p’<s,<q' and such that (17) is satisfied for all values 
of s,c in these ranges; the required range (18) for s is then the 
common part of p’<s<q’ and (16), which certainly exists since 
each contains the point s=s). 

* We take explicit notice of the fact that ¢, depends on the two arguments 
sandc. 
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§2°32. The inequalities | b,(s)|< x,(s) for r>1. 
It will be shown that the arbitrary periodic functions which 

occur in the solution of equations (8),, (8);, ... can be so chosen 
that the inequalities 

ib, ()l<x%r(8) (r=2,3, «. @) 
are satisfied over the ranges (18) for s and c for which (17) is valid. 
The choice can moreover be so made that @¢,(s) is an analytic 
function of s and ec. 

We shall put both arguments in evidence in the functions which 
depend on s and c. 

Let the arbitrary periodic function c’(s, c) occurring in the 
solution of (8), be so chosen that 

(fo(Ps ©)\<xX2(P) wees (19) 
fora<c<. For definiteness we may choose 

do (p, c)=0; 

this fixes the value of c’(p, c). 
Comparing the equations (8)., (13), we then have 

l|a-|< Mar (r=1, 2), from (9), 

lpi (p, €)|< x1 (p) for a<c< B, from (17), 

po (p, €))< xX2(p) for a<c< 8, from (19), 

and the comparison gives 

ldo(p+1,c)|\<xe(pt+1) for a<cK<B. 

We have now, by fixing the value of c’(p,c), ensured the satis- 
faction of the inequality 

(Saks; ©) <ae(s) for aSe<8) nas. (20) 

at each end of the interval 
D<Ss<p-yls \)o eG fy ati (21). 

It is evidently therefore possible to choose ¢’ such an analytic 
function of s and c, periodic with respect to s, as to ensure the 
satisfaction of (20) at all points of the interval (21) fora<c< BP; 
the choice of c’ is in fact within certain limits arbitrary, but we 
suppose some definite choice made, e.g. we may take for c’ the sum 
of a finite number of terms of a Fourier series whose coefticients 
are polynomials in e. 

Supposing p+12>q, we have shown that the inequality (20) 
is satisfied for the ranges (18) of s and c. If on the other hand 
pt+i1<gq, we have 

idi(s, €)|< (Ss) for p<s<pt+l1, a<c<B, 
and have just proved 

|ps(s, ¢)|<xX2(s) for p<s<ptl1, acc<B; 
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a comparison of (8), and (13), then shows that (20) is satisfied for 
pt+l<s<p+2anda<c<f. The argument may be repeated step 
by step, the range of s for which it is established that (20) is satis- 
fied being increased by unity at each step; after a certain number 
of steps the range of s will have been enlarged so far as to include 
the point s=q. 

We have therefore chosen c’ such an analytic function of s and ¢, 
periodic with respect to s with period 1, that (20) is satisfied for 
the ranges (18) of s and c. 

We now compare equations (8), and (13),, and an exact repetition 
of the argument shows that the arbitrary periodic function occurring 
in the general expression for #;(s) can be so chosen as an analytic 
function of s and ¢ that 

| b(, €)) < Xs (8) 
for the ranges (18) of s and c. Proceeding similarly we see that 
for these ranges the imequality 

(8, €)| < Xr (8) 
is satisfied for all values of the suffix r. 

The series }|¢,(s)| is therefore majorised by >x,(s) for the 
ranges (18) of sand c. The latter series is however convergent in 
this range of s. Hence for 

pss<q, agcsB8 

the series X,(s) is absolutely and uniformly convergent. Each 
term of the series is however an analytic function of s and c. Hence 
the solution of the difference equation (2) is an analytic function of 
the variable s and of the arbitrary periodic function c. 

Of course, since (§1°5) in the general solution of (2) s and ¢ 
occur additively in the combination s + log,,c, it is unnecessary to 
establish that ¢@ is an analytic function of both s and c in the above 
manner. The demonstration has been presented in this form with 
a view to the analogy with the many-variable case, which will now 
be treated. 

§3. The Many-Variable Case. 
We shall now proceed to consider the equations (1), viz. 

$,(s ae 1) =f; {pr (s), g2(S), pipis fn(s)} 

= a” + a," hy (8) +... +n hn(S) + Gn $2(s) +... 

(Goes lis 0) ae (22), 

where the series on the right are convergent for sufficiently small 
values of |¢,(s)|, .-. \@n(s)|. As their treatment is merely an ex- 
tension of that which has preceded, only the novel points will be 
dwelt on. 
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§3:1. Transformation of the linear terms. 
The first stage is to make a linear change of the ¢’s so as to 

bring the linear terms on the right to a canonic form. The details 
of such transformations are too well known to need repetition. The 
canonic form depends on the roots of the characteristic equation 

a, —r a.) Ree (Ly) 

a,” a, —rN ... a, _; 

a,™ a.™ a 

of which none is zero because the Jacobian of the right-hand sides 
of (22) is not zero for @,=...=¢,=0. 

Corresponding to each simple root X we have a simple equation 
of the form 

P(st1l)=b4+AG(8) ss aenaee (23); 

corresponding to an r-fold root X we have a group of 7 equations 
of the form 

$, (Ss +1) =b, +2. ¢, (s) 

$2(S+1)=b.+bn.gi(s)+r.G2(8) (24), 

3 (Ss +1) = bs + bs,.b; (8) + Don. bo (8) +X. Os (S) 
ey 

where any or all of the constants b,, may be zero. 
The solution of (23) has already been found in all cases, while 

the equations (24) can be solved in succession, giving (for the case 
of X positive and not equal to a 

Gil) =a GM eee (25), 

d2(s +1)— Ad, (8) = by + by, (x bs +a), 

b, b, ba C, 8b, 8 4 
> — moss - s IG 

} 2 (Ss) fa eae a + Cor sieleinlete (26), 

$i(8+1)— Ags (8) =0s-+0a (5 totem) 

b, by be, CiOni SNE 4 
thal ytqe rn X sha aE 

e La b, b, Os; be bp b, Des 

e Be) ea Ge rye me Tayo t (rds + Cadre aad 

4. 1021 Boe Doo 2 (s° ear “ $ Or 

aaa r + ¢;r pa (27), 



722 Mr Cherry, On the solution of difference equations 

and so on for ¢,(s), ..... The quantities c,, @, ... are as usual 
arbitrary periodic functions of s with period 1, of which we see 
there are n introduced in solving the linear terms of (22). 

Should any root X be equal to 1, the corresponding equations 
(24) yield ¢,, ¢:, ... as polynomials in s and arbitrary periodic 
fUTICTIONS (C\, Cos eee: 

Should any root X be negative the values (25), (26), ... must 
be modified by putting \* = eslog\, and taking the real part of the 
resulting complex expressions. 

§3:2. Formal solution of the equations. 
This is now carried out by successive approximation. We first 

make the linear change of variables which gives the linear terms 
in canonic form, and, changing the notation, suppose that (22) are 
the equations as thus transformed. We substitute in (22) 

Pr(S) =1b- © () ib, As) a dace (28), 

and, calling the “order” of any product of ¢’s the sum of their 
superscripts, we equate separately to zero the terms of first, 
second, ... orders. The first order equations are thus like (23), 
(24) whose solution has been seen to introduce n imdependent 
arbitrary periodic functions of s, ¢,, C2, ... Cn; say. 

The second order equations are of the form 
(1) for each simple root X: 

by”) (s +1) —2. >," (8) = Fg, (8), bo" (s), -.. Gn (8); 
(11) for each multiple root 0: 

di") (s+1)-A.4,°)(s)=Fy(%, b., ... hn) 

ha(S+1)—D. Gl? (8) =bay- i (8) + Ful bs0, Ga, «+. hal) 
Gal) (S41)—D. Gg) (8) =o hr )(8) +0. (s) + Fi(G., «2 a)’ 

where F, F,, F,, ... are known functions. If these are solved in 
succession the right-hand side is in each case the sum of a number 
of terms of the form 

A cs" AP18 A235 see Ahr, 

where A is a constant; c an arbitrary periodic function of s with 
period 1; m, p,, ps, -.. Pn are positive or zero integers; and 
Ay, «+» An the roots of the characteristic equation. 

The only new particular solutions required beyond those given 
in §1°3 are (i) that of 

h (s+ 1)—Ag (S) = Acs™AP AM? 20. AyPm® [AE 1], 

which will be found to be 

A Cry? AgP2s . 2. Ny: Pns ig) = 
AP Ag? 06. NP — Dr 

. {polynomial in s\, 
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unless X21... ,2"=2, when the equation reduces to 

b(s+1)—Adg(s) = Acs™AS, 

which has already been solved in § 1°83 ; 
(ii) that of 

h (s+ 1)— p(s) = Acs rg... AnP”®, 

which has a solution of the form 

hb (s) = Ach... X28. {polynomial in s}. 

The second order terms can thus be determined as polynomials 
in 8, Ay’, Ae’, ... Xn’. The equations for the third order terms are 

then of the form 

”) (s+ 1)—2dg” (s) = known function of s, 

which can be solved similarly ; and so on. The series (28) can thus 
be determined term by term. 

In finding the second order terms we introduce n new arbitrary 
periodic functions of s, in finding the third order terms another 1, 
and so on. 

§$3:°3. Form of the Solution. 
As in §1°5 it may be shown that only the n periodic functions 

C, C, ... Cy mntroduced in solving the first order equations need be 
left arbitrary to obtain the general solution. For suppose we have 
any solution containing 7 such arbitraries : 

br (8) = Wr (8 Cr, Cy «++ On) (T= 1, 2... 0) «-----(29), 
and such that O(Wi, Was + Vn) Z is not identically zero. Regarding 

O(C1, Ce, SSG) 7 S 

(29) as a transformation from ¢,, ... @, to new variables ¢, ¢, ... Cn 
it may be shown exactly as in §1°5 that the equations (22) trans- 
form to 

GAS=E Uyi—sen(s) 5 (nee eer) 

and this shows that (29) gives the general solution if we regard 
(,, ... €, as arbitrary periodic functions of s with period 1. The con- 
dition that the Jacobian is not identically zero is easily established. 
For if this Jacobian, belonging to the equations (22), vanished 
identically, the same would have to be true of the similar Jacobian 
belonging to the equations obtained if quadratic and higher terms 
are omitted from the right of (22); but this latter Jacobian is, 
from (25), (26), (27), ete., (A,r... An)’, Where the X’s are the roots 
of the characteristic equation, of which none is zero. 

Thus to obtain the general solution we may leave ¢, ... Cn as 
arbitrary periodic functions, and the remaining arbitraries can be 
disposed of in any convenient fashion as functions of s, ¢, ... Cn, 
periodic with period 1 with respect to s. 
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Since the equations (22) do not involve s explicitly, we may 
derive from any particular solution 

o,=v,-(s) (=I, 2, ... n), 

a solution containing an arbitrary periodic function c¢ : 

br=Vr(s+e) (r=1, 2, -. 2). 
Hence the general solution of (22) is of the jor m 

Dyes) ie (Sct CenCateeeeCy) | even eee MnD), 

where Cy, Cs, ... C, are arbitrary periodic functions of s with period 1. 

§4. Convergence of the Series of § 3. 

$41. We shall continue to suppose as in §$3:2 that in the 
functions f, (&,, #2, ..- mn), »». fn (#1, a, -.. Hp) aS expanded in powers 
of 2, ... 2, the linear terms have their canonic form. Since these 
series are convergent we may obtain for them the same majorising 
function, viz. the expansion of 

M 
l—a(a+at+...+2n) 

in ascending powers of a, ... Z,. We may always suppose JM so 
large that Mna> 1. 

As auxiliary equations to (22) we take 

s+1)= a(S+ 1)= =Xn (s+ 1 
xa ( ) x ( ) x (s le 1 —aly, (s)+.. +xXn(s)} 

a a are ee ee eae ee dae ee SR, (30), 
which give Vi =X2= + =Xn=X; 

‘city (s) 
where x (s + aC) seer (31) 

The solution is (d being an arbitrary periodic function of s) 

Mna—1 d(Mna)s 

X (8) = na 1l— : eet 

whose expansion in powers of d(Mna)’, say 

x (s) =x (s) + x (s) +. 
coincides with the solution of (31) found te che method of suc- 
cessive approximation, and is convergent provided 

|d|.(Mna): < 1. 

: ions eaten the majorising property of the series 
x’ (s) for the series 

Dian \(S)| Une —eeeeneTe 

the only point that needs attention is the establishment of the 
inequalities 

| Din CS) <a) (6) ire eee tron ee bieae (32). 
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Suppose we desire to prove the ¢-series convergent for values 
of s near a given value s, when the arbitrary functions ¢, ... Cn 
have values lying in suitable ranges. We first choose a positive 
value of d such that the range of convergence of the x-series 
includes the point s=s,. The values necessary for ¢, ... Cy, In 
order that the inequalities (82) may be satisfied for values of s 
near s=s, are then investigated as follows: 

(i) For the first order equation which corresponds to a simple 
root xX 

$,") (s+ 1)=a+r}¢," (s) 

the comparison of the solution 

p,") (s) = ss +6,r§ 
nr 

ai HOG eb M1 (ina) ee (33) 

shows, exactly as in § 2°31, that we can find ranges for s and ¢,: 

DISSSGh WSR CP Se = 2) i iaeeass (34), 

such that |p (s)|< x (s), 

provided s and ¢, lie in their ranges (34), and such that p<s)<q. 
(11) Corresponding to a multiple root \ we have expressions of 

the form (25), (26), (27), ... for ¢,%, 6, 63,9, .... We first, as 
above, find ranges for s aad Bie 

DiS SO i SSCS ua QV DELC15.-<.55.< Gs) ieee (35), 

such that | ¢,%|< x for all values of s and ¢, in their ranges (35). 
We then compare the equations (26) and (33), and it may be shown 
as in § 2:31 that for any given values of s and c, we can give c, such 
a value that |¢.")|<y™; it then follows that there are ranges of 
S,.c, and c,: 

Po<SS<qo (where prx<s<q2), Bi<a<yn, Br<er<%o; 

over which this inequality is satisfied. 
Proceeding in this way, we can find ranges for ¢, ... c,: 

Bes Ops ype (l= le cs ee tee (36), 

and n ranges for s each containing the point s=s,, which have a 
common part 

PURSES, | PSRs ee are (37), 
such that the inequalities 

* On| <yv") @t= Ff 2) ..2n) 

are simultaneously satisfied when s, ¢,, ... cy, lie in their respective 
ranges. 
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The remainder of the proof that the series 

Oil «(ii alka.) ee ws eee (38) 

are all majorised by the x-series proceeds exactly as in § 2°32. 
It is shown that the arbitrary periodic functions which occur 
in the solution of the ¢-equations may be so chosen that the 
inequalities 

ib W)< ) eis Pareto ALT ) 

ve x fe Oy merc 

are all satisfied for the ranges (36), (37) of the variables; moreover 
the arbitraries may for this purpose be chosen as analytic functions 
of s, 4, ... Cn, periodic with period 1 with respect to s, e.g. as the 
sum of a finite number of terms of Fourier series whose coefficients 
are polynomials in ¢, C2, .-. Cn- 

Since the y-series is convergent in the range (37) (or at any rate 
a portion thereof since s = s, is included in its range of convergence), 
it follows that the series (38) are absolutely and uniformly con- 
vergent. But these are series of analytic functions. Hence the 
general solution of the difference equations (22) is of the form 

Dei (Sli Wie (S tei sCnsane oCn) 0a Gaal pane tt), 

in which Wy, ... Yn are analytic functions of their n arguments 
whose Jacobian ts not identically zero, while ¢,, C2, ... Cn are arbitrary 
periodic functions of s with period 1. 

$5. Eatensions of the preceding Theory. 

$51. A system of difference equations containing the inde- 
pendent variable explicitly : 

db, (s +1)=f; {s, fi (8), G2 (Ss), --- n(s)} (r=1, 2,... n) ...(39) 

is easily reduced to the form (1) by regarding s, g,, ... gn as 
functions of a new variable ¢, where 

s(b PiSis(G) se ly) 0 | eee ee (40), 

db, (+1) =f, {s(@), di); --- dn (Of (r=1, 2,... 2) 2... (41). 

For a solution of (40), ea not the most general solution, is 
s=t, so that all the solutions of (39) are included in those of the 
system (40), (41), which is of the form (1). 

$52. A difference equation of the form 

$(s+n) =f {p(s+n—1), o(s+n—2), ... $(s), 8} 
is reduced to the form (389) by writing 

$(s+1)=¢.(s), 6 (8 +2) = 2(s), ... (8 +2—1)=dn-1 (8), 
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for we then have 

| ee Re see 
$(s +1) =¢1(s) L 
$s (s +1) = ¢.(s) | 
Cr ee) 

$53. Difference equations depending on arbitrary parameters. 
A set of difference equations 

gy (s +h) = fips). -- Gn (8) Slik] Papean ch Ge 2 et 10) 

where f,, ... fn are hoe functions of one or more parameters 
Pa, Ms, --. may be solved exactly as in §3, but the terms of the 
series (28) will depend explicitly ON 4, fs,.... It may be shown 
by the method of §§2, 4 that in the general solution ¢,, ... dn 
appear as analytic functions of u,, “., ...; for the arbitraries ihes 
occur in the terms of successive orders may be made to depend 
explicitly on ,, #2, ... In any manner we please, and the choice 
may be so made that the series are majorised by the y-series over 
certain ranges of p,, #2, -.... A comparison of the first order equa- 
tions as in §2°31 fixes the ranges of s, ¢,, ... Cn, fi,» fe, ++. OVE 
which the series will be majorised by the y-series, and the complete 
proof of the majorising property follows as before. 

The conclusion also holds in the more general case where the 
“difference” h is not constant, but is an analytic function of 
i> F2> ECO 

§6. A Difference Equation possessing a Periodic Solution. 

§61. In an investigation into the form of the solution of 
Dynamical equations, which it is hoped will shortly appear in the 
Transactions of this Society, it is necessary to show that the 
difference equation 

b(c+r)—G()=flZtole)} wave (42), 
where f(x) 1s a periodic function of « with period 1 and mean 
value zero, possesses periodic solutions of which the period is 1. 
This result will now be investigated. 

If 6=y(z) be any solution of (42), it is easily seen that a 
solution containing an arbitrary constant c is 

P=GGCrne 6 | ssc, (43), 
and thence as in §1°5 that (43) gives the general solution if c be 
an arbitrary periodic function of z with period X. Now if z be 
changed into (z+1) the equation (42) remains unaltered in virtue 
of the periodicity of f(x). Hence 

g=VP(z+1l+c)+ec 
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must also give the general solution of (42). We therefore have 
the identity ‘ 

Ww(zt+l+c)+c=wp(z+e)+¢, 

or writing z in place of (2+¢) 

w(z+1lt+e—c)te—c=p(z). eee (44). 

Since the right-hand side is independent of ¢ and c’, this shows 

that (c’—c) must be a constant, characteristic of the function yp, 

which we shall write 
ec —c=o-l, 

so that (44) becomes 

ap (2+ 0)-+o@—LSrr(z) | Seve. (45). 

This gives on differentiating 

W'(z+o)=' (2), 

so that W’ (z) is periodic with period ». On integration we deduce 

from (45) 

@ 

where y is periodic with period . This determines the form of 
the function w in (43), so that the general solution of (42) can be 
written 

l-—@ 
Pa (ete) Ket eee peecke (46). 

We may now determine in terms of the mean value of the 
periodic function f(a) by substituting in (42) the general solution 
(46). We obtain the identity 

i Nees 
@ yay (et—x (eter rtf} ey ero), 

( 

in which, since f(z) has the period 1, the right-hand side is a 
periodic function of (+c) with period . Equating the mean 
values of the two sides of this identity we obtain 

l—-—o@ —r=f, 
@ 

EMari 
where f= | f(#)dx. Hence if this mean value is zero we have 

0 
w=1, the non-periodic term disappears from (46), and all those 
solutions of (42) for which the arbitrary ¢ is constant are periodic 
with period 1. 
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$62. A system of difference equations analogous to (42) is 

d, (2: +A) — db; (4&1) =f, {24 + g; (21), 22+ od, (A), ae Sn bn (2:)} —f, 

(F=1e2 en) Fe.es (47), 

in which the functions f; (2, 22, ..- Zn), «-» fn(@1, --» 2n) are periodic 

with period 1 with respect to 2,, so that f,, the mean value of f,, 
is in general a function of 2, ... Z,, while these latter quantities 
are arbitrary parameters. It may be shown by a method similar 
to §6:1 that these equations possess a solution 

gr=Vr (4) (r=1, 2, ... 2), 

in which Ww, ... Ww, are functions independent of the parameters 
2, .». Zn, and periodic with period 1 with respect to z,. This 
result 1s of importance in the investigation which has been referred 
to at the beginning of § 61. 

VOL, XXI, PART VI. 45 
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Some Refinements of the Theory of Dvissociation Equilibria. 
By Mr C. G. Darwin, and Mr R. H. Fow er. 

[Received 24 August 1923.] 

§ 1. Introductory. In a recent series of papers* certain ana- 
lytical methods have been introduced, which have lightened the 
mathematical calculus required for the proof of theorems of 
statistical mechanics. The starting-point of this calculus is the 
identity between expressions naturally occurring and the coefficients 
of a multinomial expansion. This enables us to modify to our 
satisfaction the whole development in all the simpler cases. For 
more complicated problems, however, such as gas-reactions, the 
multinomial theorem is not applicable, and use was made (in part 
of the problem) of older methods in which Stirling’s theorem is 
used—a process justifiable enough but inelegant. At the time it 
was not perceived that a slight modification would enable us to 
use precisely the same methods for the general problem as for the 
simpler ones. The expressions we require are still coefficients in 
certain expansions in multiple power series ; to sum them it is only 
necessary to use the exponential instead of the multinomial theorem. 
The required coefficients are then picked out by a multiple instead 
of a simple complex integral. The variables which are introduced 
for this purpose play such an important and characteristic part in 
our theory, that we venture to call them “selector variables” in 
this connection. The single selector variable used in our earlier 
method has a physical counterpart in the temperature suitably 
measured. In the new theory the extra selector variables, one of 
which corresponds to each type of atom present, have also a 
natural physical interpretation. They correspond to the partial 
potentials of thermodynamical theory. 

In the present paper there will be little or no discussion of 
physical questions. The data (with a few improvements in notation) 
will be taken from paper 4, and we shall be concerned only with 
the new mathematical technique. The analysis determines naturally 
all types of averages and fluctuations ; moreover it provides a good 
method of discussing the entropy of dissociating assemblies which 
is similar in form and directness to that of paper 2. 

§ 2. The new method for a simple case—a gaseous assembly 
with two types of atoms and one possible reaction A’ + A? == A’A?. 
Let us start by discussing for simplicity an assembly in which 
there are atoms of two types A’ and A?, X, and X, in number 

* Darwin and Fowler, Phil. Mag., Vol. 44, pp. 450, 823 (1922), papers 1 and 2; 
Proc. Camb. Phil. Soc., Vol. 21, p. 262 (1922), paper 3; p. 392 (1923), paper 6; 
Fowler, Phil. Mag., Vol. 45, pp. 1, 497 (1923), papers 4 and 5. 
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respectively, which can unite in a single way to form the molecule 
A’A*. We take (paper 4) the phase space (classical or quantized) 
for an atom A’ to consist of cells numbered 1, 2, ..., u,... of 
weights p,', Po,.--, Puy--- and energies &, &,...,€,,---. In any 
particular example of the assembly there are a’, a,’,..., d,’,... free 
atoms of type A’ in the corresponding cells. We make a similar 
set of definitions for atoms of type A*. For the molecules we take 
cells 1, 2,..., v,..., which may for convenience be specified so as to 
include not only the classical translational motion of the molecule 
as a whole, but also its quantized rotations and internal vibrations. 
These cells have effective* weights qi, qo,---, Gv,---, energies 
11, No, +++, Ny, ---, and contain b,, 6,,..., b,,... molecules each. 

Suppose now we consider as usual a particular example of the 
assembly in which there are M, free atoms A’, M, free atoms A?, 
and N molecules A’A®. For such an example 

See a Mi, Sh a NP eee (1) 
Meee EM ON = Xo, ol ee (2) 

Let E be the total energy of the assembly relative to some 
specified zero. The specification, which we adhere to, is that the 
assembly has zero energy when all the atoms are free (no molecules) 
and at relative rest outside one another’s effective fields. The 
es and 7's must then be specified to conform to this zero. In 
general the state of lowest energy of a molecule will then have a 
negative energy x corresponding to the heat of dissociation at the 
absolute zero. The state of least energy of a free atom is necessarily 
of zero energy. The a’s and b’s are then subject to one further 
condition that 

Dee Oe One Eee (3) 

The enumeration of complexions is taken in two stages. For a 
particular example of the assembly for which a definite selection 
must be made as to which of the atoms are to be combined and 
which free, we are led to a number of weighted complexions 

M,! M,! N! (p/)™ ... (p2)%"... (q)- 
Oa) OR OER ae ious 

This expression can be and was treated by our earlier methods. 
But the second stage consists in enumerating the examples of the 
assembly, that is in permuting the atoms between the molecules 
and the free form. This multiplies (4) by a factor 

X,! X.!/(M! My! W}), 
* By the effective weight of any cell for a molecule we mean the weight as 

ordinarily defined (papers 1 and 4) divided by the symmetry number c. It is easy 
to see that this gives the proper effect to o, for any such cell is counted o times 
over when we take account of all the possible arrangements of the given atoms. 
For the particular molecule 4’4?, ¢=1. 

48—2 
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so that we obtain an expression for the number of weighted com- 
plexions of the form 

D.C. GN Gi) Ones Gi es ocd Ch) ee 
Ty" als aa Remy ee | a ©) 

representing all examples with given M,, M,, N. For the total 
number of weighted complexions this is to be summed over all zero 
and positive values of the M’s and N’s and therefore of the a’s and 
b’s subject to 

DR ete. GUA Me 18 8 Bsr = (6) 

Sap er eee (7) 

De, a ec Ue a ee (8) 

To conform to the three equations (6)—(8), we introduce simul- 
taneously three selector variables «,, 7,, z and form the expression 

XX! (URE) arnne (Cintey 720) Ce aa (PY dP) ene 

akan ea Gelnes Gules ; 

a multiple series in which the a’s and 0b’s take all positive and 
zero values. Its sum is obviously 

X,! X-! exp {a f,(Z) + aofe(Z) + 2,229 (z)}, «..-.. (9) 

where f and g are the partition functions f(z)= =,p, 2, ete. 
It is evident that the total number of weighted complexions 
subject to (6)—(8) is the coefficient of x,*:4,*2# in (9). 

The step just described is the essential feature in the new 
method. The total number of weighted complexions representing 
the assembly is therefore 

meas X,! dx,da,dz 

~ (Qari)! NE Mt1yX.t1ze+1 *P {tf (2) + @2fz(Z) + 242g (2)}. 

The integral for each variable is taken round a circle in its own 
plane with its centre at the origin. 

We must construct of course s SURI: nape for the average 
value of any quantity such as a, To obtain Ca, we have to sum 
(5) with the addition of the factor a, under the summation sign. 
It follows therefore that 

= , oC 
Ct. — De Ske ae (11) 

u 

In (10) p,’ occurs only in f, (2), and p,0f,/ep,’ = py 2. Therefore 

Ge X: 1X dx day dz , 

ay a 2. ant [- atl 4 Xs iy E+1 (Ging x1 2€u) exp {ahi (2) + X_fo(2) + 24229 (z)}- 
mt) 
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Similarly 
oC 
Opy, ? 

_ X,! Xo! dx, dx,dz . ; ; 
(2mi)3 Hf ff. atl, Mat] E41 (af, (2) exp {x f, (z) + tho (z) +2229 (z)}- 

2 Gy a Se | 0 Tena (13) 

1M, = CSG = Dae 

For £4, the mean energy of the atoms of type A’ we have 

CE 4 = OS, dy ey! =S ypu eu’ - lier axes: (14) 

and the extra factor in the integrand is 

Ly ZinDy ey Zu OL £,20f,/02. 

For Cb, the extra factor in the integrand 1S Qy%H22m and for 

ON, «,72.9 (2). For the mean energy 4/42 of the molecules A,A, 
the extra factor is 7,7,20q/02. 

Let us assume for the moment (for a proof see § 4) that, when 
the assembly is sufficiently large, integrals such as these can be 
approximated to by the method of steepest descents, making the 
contours pass through a set of positive real values &,, &, 5 of 
2, U,Z, at which the first partial differential coefficients of the 
integrand all vanish. We shall then find by extensions of the 
arguments of paper 1 that 

A= E/p,/ Se" ) b,= SOP Se Pn es (15) 

Mev ye oh) 9 NEE aS iene (16) 
Ey=&% ge a , Ha ae=&,6S a Bi ees a (17) 

etc. The equations ae £,, &, S are 

Eh (3) + &&9 (3) = a4 

Efe (3) aie £5 &, g(3)= Xz, 

Assuming that i Ean; ee define the ee and the 
temperature of the assembly are thus uniquely determined, the 
complete form of “the equation of mass-action” follows at once 
from (16) by eliminating & and &. We find 

MM, fifi), 
N 9 (3) 

this is the familiar equation in a slightly modified notation. 
Integrals can obviously also be given for such quantities as 

OM, and O (M, — M,) which have immediate applications in 
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simplifying the discussion of the fluctuations of dissociating assem- 
blies in paper 6. Writing #,=e", 7.=e%, z=e", f,(e’") =, (v), ete., 
we find for example 

OC ile Dene ‘| [fa Ar, du exp {- X21 Xy%y- Ente Yo (v) +e + ey (v)} 
a 

x(a) exp fe*y, (v v)— Myr}. ...--.(20) 

§ 3. Gaseous assemblies with any numbers of components and 
reactions. In view of the preliminary formulation of the simple 
case of § 2, it is now only necessary to specify a notation suitable for 
the general gaseous assembly. Let the different types of atoms be 
denoted by the affix r, molecules by the affix s. Then the energy, 
weight and number of free atoms of type r associated with their 
uth cell can be written e,”, p,” and a,’. For molecules of type s the 
corresponding quantities are e,°, p,* and a,%, the weight p,* con- 
taining the symmetry number. If A” is the atomic symbol for the 
atom of type r, the molecular symbol for the molecule of type s 
may be written in the chemical form 

MAM gst 

We have assumed that the molecule of type s contains qg,” atoms 
of type r. All possible reactions may then be regarded as contained 
in the set 

Oy Al ee A Gd (S— keen): 

or constructed out of members of the set. The actual sequence of 
reactions by which equilibrium is attained is without effect on the 
dissociative equilibrium. Let the number of atoms of type r be X,, 
the free atoms of type 7, M,, and the molecules of type s, N,;. Then 

Nip — Me ee aig (77 lent) em oe (21) 

To preserve correct the atomic and molecular total we require 

2) af ws, a — Nee 

and therefore in general 

DEM Ore a DoE PLO nc as N(R TL OA os | aaa (2 

To satisfy the energy equation we require also 

Sasi he ee — ee eee (23) 

The total number of weighted complexions is therefore 

(Hexen: Mn, Mit ae Bek ae (24) 
Ay 

where the summation is extended over all positive integral and 
zero values of the a’s which satisfy (22) and (23). To sum (24) 
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subject to these conditions we introduce the appropriate selector 
variables and form the expression 

eye a," gq; eeu. a,° (1, X,) 0,11, | 362222" |, | 5, PA | 
ws Ay 

where =, has its usual meaning of summation over all positive and 
zero values of the corresponding a. To obtain (24) we must select 
from (25) the coefficient of x,~17,%:...z", The expression (25) 
simplifies at once to 

(II, X,!) exp {>a fy (Z) + 2 ,x,%' x, %'... gs (2)}, 

where f,(z) and g,(z) are the ordinary partition functions for the 
atom of type r and the molecule of type s. We observe that the 
exponential in this “selector function” has a single term corre- 
sponding to each type of atom or molecule present. We obtain at 
once, there being j types of atom in all, 

(I1,X,!) (9) dzIl,dz, : 

sneered 8D Le nal 2) Eats ays... Ys (Z)]. 

For Cw,’ and similar expressions we can obtain similar integrals. 
For example 

= G : 
Ci — 7." a =p," 2° ect (27) 

Opul tr 
The integrand therefore differs only from that for C in (26) by the 
extra factor p,"#,Z&u'. In other cases the extra factors are as 

follows: for CM,, «,f,(2); for Ca,®, p,?a,% a,%"... 2%; for CN,, 

21s 21s"... g,(2); for CE ,, x,z0f, (2)/0z; for CH, 7, %' 2% ... 20g, (2)/0z. 
Mot tipaone the results of § 4, a set of parameters es Lae | 

may be defined as the unique real positive solution of the equations 

Er (3) + EsGe" Gits Ents"... gs(S)=X,, (T=1, 2,...), (28) 

Of, (3) ee 9g, 9s Oya > Deete Ee... 5 =e. ......(2 Drees os ah 2&2 E.4 : AS ( 9) 

It then follows by the method of steepest descents that 

g,f=pE SS“, M=E,f-(9), a.°= Mp3 |/f, (9); Fe 
Ay? = py Erte’ Ende... S", Ng =E,% Ese"... g,(S), Ap? = Nap? 9"/g5 (9). 

iw (31) 
The laws of mass-action follow from (30) and (31) in the form 

sie a ae eee (32) 
IL, (M,)%" TL, {f, (3) }%" 
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We obtain also the energy distribution laws 

=28 SRE) = M8 © log FS) ae ee (33) 

77 , 9 g 2 s S a] 

KB, = €,%8' E48"... a =N,8 Ag log gs(3),_ ...(84) 

and similarly any other details of the equilibrium state. 

§ 4. Proof of the results of S§ 2 and 3. We now give a proof 
of the results of §§ 2 and 38, parts of which for simplicity are 
written out for the case of three variables a, y, z. The proof 
however will be seen to be obviously quite general. 

The form of the integrand of C and the analogous integrals is 
that of a triple (an general multiple) power series 

Dea Oar eee te a eee (35) 

in which the Qj», are all positive and the a, b, ¢ (integers) start at 
negative values and run to + 0. The domain of convergence of 
the series (35) in our actual problem is all values of # and y and 
all z’s such that |z|<1, but its actual form isimmaterial. For our 
proof we require certain properties of this function which are 
obtained in the following 

Lemma. For real positive values of x, y, z the function ® has 
an absolute minimum at &,,S which is the unique solution of the 
equations 

ob ob dm 
=) esa 

OL Cy az 
an this domain. 

(1) Since ® is always positive, and since P+ as a, y, Z 
tend to their boundary values (7.e. 0, 0 or 0,1) in any manner, 
@® must have an absolute minimum value ®, which it assumes at 
some points of the domain of real positive values #, y and z. At 
such a point &, 7, S equations (36) must of course be satisfied. 

(i) That & », 3 is the wnique solution of (36) in the domain 
will follow at once if it can be shown that any stationary value of 
@® must be an absolute minimum—that is that,if ®, is any 
stationary value, 

@D ie D, > 0 

for the whole domain, equality being only possible when 
v= & y=n, z=%. If we write =e, y=e", z=e’, then 

oD= ae Qin ae 

and, by Taylor’s theorem, for any stationary value a 

e® : =~ = 3/2 Et FZA—AIM UME E-| BN) 
an expression in which all the partial differential coefficients are 
to be evaluated for some particular set of values of X, uw, v. It is 
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therefore only necessary to prove that the expression on the right 
of (37) is a positive quadratic form. 

(iii) The proof of the lemma reduces therefore to the proof of 

the essential inequalities 

Fb [Rb FO), [Fo FH HH |, , 
@N2 |) GON? ONO > | OA? CAO OAC 

Co PD Cb Pb Gb 

ONG Op? OAC Ou? dpov 

edb Pb PD 

Odav Omov Ov? 
[For more variables the series of inequalities is correspondingly 
extended.] Firstly 

ad 
Ae = Date Dax ae Cir Cres 0, 

for every term is positive. Secondly 

edb = || SS 2odA+tinte SO ab wr+-D'e+e'v | 
; = Ue Pe z ~40€ : 

Orn2 OXOm abe Qabe ab'e a'b'e | 

ep ?b NSS 
aon ae Lave Qave abet ter Saye Qarye (b' pew rtouter 

If we collect together all terms containing QaieQave, we see that 
this determinant reduces to 

(@')? ab: }))) 
Si Oe Onee esa ee A as ‘yt 5 fs ab 6b 1h 

The terms { } are formed of all possible permutations of the dashed 
and plain letters and reduce to 

ab’ +ab 

a ab’ 

a Grad, 

De 96" \ b D> bs 
The summation >’ is over all possible values of a, b, ¢, a’, b’, ¢ 
the specified permutations being excluded. Since every term in S 
is positive the second condition is fulfilled. Finally an ex an 
similar argument shows that 

Cb Ph Ph 
Ce) 0) et) 

ed 8b Bh (1x ay ir) 
—— == LF ON) Opes Ov 

/ 

Onou Om? dudv 
Cb Pb ed 

ONOY Omov —av®. 
=> Date Vapiet Garni Gre Ae ATOR et lctete | qg. a a” |, 

> 0. CiiCae eC 
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This completes the proof of the Lemma, which can obviously be 
extended to any number of variables. 

The integrals which we desire to study asymptotically are all 
of the form 

1 i | dadydz 

(271)? SNE A 

or combinations of integrals of the type 

i dadydz 
aan ||[Xe xyz 

where X is one of the terms in ®. On the contours of integration 
the maximum value of the modulus of the integrand occurs when 
all the variables are real and positive, and, as we shall see, if the 
contours are arranged to go through the real-value minimum of ®, 
it is only the contribution from this neighbourhood which need be 
considered. 

To see that only this neighbourhood makes an effective contribution needs 
somewhat careful consideration. If certain relations are satisfied between the 
a, b, c, there may be other points on the contours at which the amplitudes of all 
the terms are again equal so that the same maximum value is repeated. The same 
difficulty comes in when z is the only selector variable (paper 1), in which case we 
have shown that the repetitions of the maximum are without effect on the physical 
applications, and can in fact be avoided by proper choice of the unit of energy. In 
this case in which © takes the special form 

exp (21 f+ v2 fo+271799) 
nxt gyXaz 8 

it is not difficult to see that no repetitions of the maximum can occur except those 
which are identical with the repetitions of paper 1. To attain the maximum every 
term in 2, f) + 2% f2+2,22g must be real and positive. This will occur and occur only 
at points at which the amplitudes 6, , 6,,, 0, of 71, @, 2 satisfy the relations 

Oz, + €,0,=0(Mod2z) (all u), 

9+ €"0,=0(Mod2r) (all u), 

B+, + Ny9,=0 (Mod 2m) (all v). 

The first of these equations is equivalent to the assertions (1) that e,,’ is of the form 
€) tng’, where n and the ¢,’ are positive integers, and (2) that 

Qar Qnr 
(i) pa Pa 0, = = ipeacon (O<r<n). 

The remaining equations add the information that 
‘ 9 2rr 

Ey = EQ tN, N= NO +NGys 6,,= = S E075 

No — €0 — €o°=0 Mod (n/r). 

It is easy to see that if m>1 these relations may permit of a number of subsidiary 
maxima. It must be recalled however that f; and f, are necessarily partition functions 
for free atoms and therefore start with a cell of zero energy, €)’=e€)7=0. Subsidiary 
maxima can therefore only occur for real values of the w’s, that is to say can only 
be strictly analogous to the subsidiary maxima of paper 1, and can be removed by 
a change of the unit of energy. 

It may be mentioned finally that, even if the most general type of subsidiary 
maximum could occur, it would not affect any physical result, for these depend 
only on the ratio of two of our integrals, and owing to the special forms of the 
integrands all such ratios are completely unaltered. 
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It is convenient at this point to recall the forms of the partition 
functions f and g. Each of them contains as a factor the partition 
function for the translatory motion of the atom or molecule as a 
whole. This function (paper 1 § 12) is 

x, (dq, .. : (dq, ... Ups)u oe 
he 

The limiting form of this function is an integral which evaluates to 

heme A's =i ploughed 0 Re 2 (37 a) 
h3 (log 1/z)? 

in which m is the mass of the molecule or atom and V is the 
volume of the assembly available to this particular species. We 
can obviously however carry out the integrations with respect to 
the q’s before beginning to proceed to the limit for the p’s. We 
thus obtain for each partition function the factor V, the rest of 
the function depending only on z. It is convenient to recognize 
this structure explicitly, by writing V,F’, (z) for f(z) and V,G,(z) 
for g,(z). If there are semipermeable-membranes to be considered 
the V, and V, need not all be equal. As we shall see directly, the 
asymptotic expansions which we require when # and the X’s are 
large naturally involve also the corresponding largeness of the 
Vand. V5. 

Consider now the integral 

XG! || exp {V,2,F,+ V.0.F,+ Va,x.G} 
Sg. : 

0X1 9,2 2H 
Ys — — 

(Qrri)" 
whose integrand satisfies the conditions of the Lemma. The unique 
minimum on the positive real axis is at &, &, S, where &,, &,9 is 
the unique relevant solution of the equations 

ViEF, + Vé,26 =X), astsee (OS) 

La el des UAC SENAY ss) Pig atc (39) 

Vié,3.F/4+ Vib9Fe+ VE, ES3G= HF. (F/=0F,/0S, etc.) (40) 

We observe that &, &,% are intensive parameters. Their values 
are unaltered if #, the X’s and the V’s are made large in any 
fixed ratios. We may assume that, when the circles of integration 
are made to pass through &,&%, this point provides the unique 
relevant maximum value of the modulus of the integrand on the 
contours of integration. To show that its neighbourhood contributes 
the dominant part of the whole integral we write 

=_ E, e*1, Ly — E,e'™, Z= Yes, 

Via, F, + V2. + Va,0,G = VV (ia, ra, 28), 

tae 
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so that if the ratios of the V’s are fixed V is independent of V. 
Then for small values of a, @ and 8 the integrand takes the form 

exp {V;£,F, (9) + Vee: Fo (3) + Vi, EG (8)! } Or 16141 1 exp| -47 1" Sit 
saan 

exe SEX EH é Xie. 24 

eV 
ae ee 73 ik: + 2a0s 5° aiast 5+ 0 (Pa) +0 (Va!) |, waieas (41) 

in which the differential coefficients are to be evaluated at 
% =a,=8=0. We have already shown in the proof of the Lemma 
that this quadratic form is essentially positive. If V is large it 
follows by the arguments of paper 1 that the variables a,, a, 8 in 
the quadratic terms may be supposed to range from —o to + 
while all other terms remain small. By a linear transformation the 
quadratic form can be reduced to its principal axes, and the value 
of this exponential integrated in all variables from — 2 to + # can 
be shown to be 

Df te (Ng US Me 
ee) (ie Ola,” nz) oy beige (42) 

K Vee iG ase ae J 

The terms 0 (Va*) vanish on integration. The terms 0 (Vat) leave 
an error term O(1/V). We have already shown in the Lemma 
that J >0. We therefore find ultimately for C the asymptotic form 

( fev av avy)! 
o Xi! Xs! exp{V'¥ (0,0,0)} | - (‘ae Bi’ 2) (2) 

Gripe) ez eeou len \ eases cree 

Any other integral containing an extra factor XY in the integrand 
can be discussed in exactly the same way. The leading term differs 
from C' simply in the extra factor X (&,, &, S) and there is still an 
error term 0(1/V) as before. We are led at once to all the results 
obtained formally in §§ 2 and 3. 

In conclusion it should be mentioned that it may often happen 
in actual cases that certain theoretically possible species may be 
exceedingly rare in the assembly ; some term such as &, f, (9) may 
be excessively small. This will not in any way invalidate our 
formulae. If we suppose that a certain species is completely absent, 
we have merely to drop a single term from the main exponential. 
The arguments can then all be repeated unaltered, and it is clear 
from the form of the equations that the equilibrium laws which 
we so obtain differ only imperceptibly from their complete form. 
The general validity in fact of this proof of the laws of dissociative 
equilibrium is dependent solely on the sufficient size of the 
assembly as a whole and not on the effective presence of any 
particular possible species. 
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§5. The existence and properties of entropy. The new method 
allows of a satisfactory handling of the entropy of the assembly. 
We define the absolute temperature and the entropy by means of 
the usual equation (papers 2 and 5) 

1O= de> Vey a (44) 
in which > Ydy represents the external work done by the assembly 
in a small variation. In the present notation the generalized force 
Y (of course a mean value), which is defined by the equation 

a 4) ie pees ) 8 

Y= >> (- | + Dele (- Ey ) ; 

reduces with the help of (30) and (81) to 

u of, cpp es OL S 
SS Ss — Se 12s ole” eee zee ete e ae e 

On differentiating / (29), we find that 

log 1/3dQ=d [ 2é, [fr-tlog 1/3.3 ae ee dayeadeuee |ertlog 1/3.3 sale 

— 2, fp dé, — Ze God (Es Eo%s"....). 

The last sets of terms reduce at once with the help of (28) to 

ESI GdEe 
and we therefore find that log 1/SdQ isa perfect differential and that 

1/&T = log L/S, 

: of, Gee a . (S-S)/k=B5, fet log y/9.9 seh +8" EM. ly tlog ys. 90 —z,X loge, 
me (46) 

= 2, on + Debits Egle” ++ Ig E log = 2,4, log Ep. tetas (47) 

This shows at once that the integrand of C is exp {(S—S,)/k}. 
The expression can be reduced when desired to the form given in 
paper 5. 

We are now in a position to establish simply the “increasing 
property ” of the entropy for the junction of two assemblies—that 
is, that with suitable conventions as to the arbitrary constants 

S’+8" <8, 

where S’ and S” are the entropies of the two assemblies before 
junction and S the entropy of the combined assembly after junction. 
It is convenient for this purpose to exhibit explicitly the dependence 
of the partition functions on the volume available to each species 
of molecule or atom as in § 4. If then we distinguish all quantities 



S’|k 

S”|k 
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referring to the two separate assemblies by single or double primes, 
we have 

=2,.é,' V,/F, (¥'} + Deki % f9'%... Vel Gy (2) — E’ log 3 — BX,’ log ,’, 
Seu V8. (+) ae Dakss Fol"48"... WG: (3) — EB" log gr= pe. Cs log aes 

= “rSr 

el (Weick Vig) el (Sh) ate Deb te fos’... (V5 +V,") Gg (3) — (E'+ E”) log 3 - Z,.(X,'+ X,”) logé, | 

= 8’ (8, £1, £2, .--) [K+ 8” (3, {1, fo, aod) ) 

It has been shown however in § 4 that 9’, &, &,... define the 
unique minimum of the function S’, so that 

S’ (Ss ait Bas Hee) <S (as é,, a Sa): 

equality being only possible when 

SS tea cea eae 

Similarly Se (Sia 6 es Gea) SUG cas canoe) 

equality being only possible when 

WS Sy Gi Gia a eas 

We see therefore that S’+8"<S, 

equality being only possible when 

Fe H9,0 b= en— 8 ea — Sa See 

On referring to equations (28)—(81) we see that the necessary and 
sufficient conditions are 

+ — Se ei — ae a aie Ooo = +») pootds (48) 

which are equivalent to asserting that the separate assemblies 
must have equal temperatures and concentrations. 

$6. The physical meaning of the &'s. We have been led to 
introduce these variables &,, &,... by the nature of the mathe- 
matics, and to use them in defining the statistical equilibrium of 
an assembly. It is not without interest to point out in passing 
that they possess a natural physical interpretation in terms of 
the partial potentials of the various constituents in the assembly. 

Partial potentials 4, may be defined in thermodynamics by 
the equation* 

dE +S Ydy=dQ=TdS + SnjpedM,; 00+. (49) 
in forming this variation we are to suppose that the quantities M, 
of the various constituents in our assembly are varied as well as 
the temperature and the ordinary geometrical constraints. If we 
form the variation of (46) in this manner we obtain 

TIS d= Seog Fad kee ee (50) 
* Cf. Bryan, Thermodynamics, p. 152. 

j 

: 
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Now X, is the number of atoms of type 7, and in (49) M, is the 
quantity of the rth substance reckoned in gram-molecules. There- 

fore X,=RM,/k, 
and fs ee log Gham ee BP) BP doze. (51) 

Equation (51) shows then that &, is simply related to the 
partial potential of the rth constituent of the assembly. If we 
evaluate &, by means of the equation 

= Ey V,F(3) 

for the concentration of free atoms of type 7 we find, on inserting 
the value of F,,(3) from (37a), 

3 h 
log &, = log v, — 3 log T + log ———,, __...... 52 gé g 3 log g (umkt (52) 

which is consistent with the usual value of yu, for a perfect gas*. 

§7. Crystals. It is easy to adapt the present methods to 
include in the assembly crystals for which we can construct 
partition functions (paper 3). Consider first an assembly of X 
molecules (or atoms) of which P compose a single crystal (or a 
small number of such crystals) and V its molecular vapour, so that 
only questions of evaporation and condensation, not of dissociation, 
arise. To enumerate the total number of weighted complexions, 
we observe first that the number of weighted complexions of the 
vapour of V molecules with energy Fis by the principles of § 2, 
the coefficient of za in 

yy, (Def 
hh ooo 

where g(z) 1s the partition function for the free molecules. The 
crystal (paper 3) has a partition function which is effectively of 
the form [/(z)]|”, represented by weighted complexions in number 
equal to the coefficient of 24 in [k(z)]’ when U is its internal 
energy. If the energy zeros are suitably defined then U+ F= E, 
the total energy of the assembly, and the total number of weighted 
complexions representing this example of the assembly, including 
all ways of dividing the energy between the crystal and the vapour, 
is the coefficient of 2* z” in 

N! [ak (z)]? exp {xg (z)}. 

There are X!/N! such examplest. When therefore we include all 

= NYexp {og (2), 

* Bryan, loc. cit., p. 120. 
+ The symmetry number of the molecule is already included in its weight. 
It is perhaps worth while to point out that the essential difference between 

solids and vapours appears just in this, that we divide here by N! but not by P! 
This is of course necessitated by the fact that a complete interchange of position 
among the molecules of the vapour has already been allowed for in calculating the 
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values of NV, we find that the total number of weighted complexions 
Cis given by 

xe ledz er i i | set wea eXP {29 (2) — log [1 — ak (2)]}. (68) 

Equation (53) leads at once to the usual formulae. For example* 

OP eae eNG: cl if] dadz = wk (2) exp {ag (Zz) = log {1 — wk (z) |}. 
(Qari)? JJ J eX +1 2B +1 | — ak (2) 

iilcse ae Lt CE URNS Nn ee ihe Ps ea (54) leading to pe Ek (3) 
(55) 

ee Elton 

where 
og (3) a a 

rep ¥@, BR .. (56) 

ks 5 
a )+; E ay sere (57) 

On evaluating (55) we find that 

EES) ile ad. du oe (58) 
if the crystal phase is effectively present, so that P is large. From 
(55) and (57), or by the usual direct argument, 

N = £9 (3), 
which in virtue of (58) becomes 

N=gQS)EQ)  —anaees (59) 

This in the present notation is the usual formula for the vapour 
pressure of the crystal f. 

It is now clear how to include crystals in the general assembly. 
In the expression (26) for C the exponential factor in the absence 
of crystals is 

exp [2,a,f; (2) + Dea %e a%" ... 9, (Z)]. 

partition function for their translatory motion and would without the factor 1/N! 
be counted twice over, whereas so long as molecules remain in the solid they are 
incapable of changing their relative positions. 

It should be observed that the form [k (z)]? for the partition function of the 
crystal is only valid for mai values of P. For small values there is of course a 

partition function k (z, P), but the deviation of this from [k (QP will be without 
effect on the final equiliby ium, provided that the crystal phase is effectively present. 

* A strict view of equations (53) and (54) leads one to include the extra factor 
1/(1 —«xk (z)) in (54) in the exponential term, with an expectation that (54) may 
have to be evaluated at values of ¢ and $3 different from those for (53). It appears on 
a closer investigation that no effective difference is made by this inclusion, as a 
consequence of the particular values of ¢ and S concerned. 

+ Paper 4, equation 10:3, 
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If for example the molecule 1 is also present in crystal form, with 
partition function k,(z), the exponential factor becomes instead 

exp [>,&,f,(Z) + Learts' woe’... gs (Zz) — log {1 — a, h'x%” ... ky (z)}]). 

The equations (28) become 

ae S nrte¢/ £42 qn” En Eh"... ky (SB) A= Er fo (S) + Bagel Eile Eels! «0» 9a) + 7 par eas ty(gy? OH) 
and the equation for P,, the molecules in the crystal, 

ayi'ely ENED. ae k,(3) 
Pp: Fi = [Ch aC ae k,(3)’ eeeree (62) 

which leads (P, large) to 

E,%'E,0" eee (S) ssi OE ee (63) 

The ordinary laws of mass action in the vapour phase (32), all 
follow without modification : 

Ne _ (3) _ 
TI, (Of) TL {f,(S)}" 

To these must now be added the vapour-pressure equation 

V,= CH EDS) ostocr (64) 

which foliows from (31) and (63) when this type of crystal is 
present. The analysis thus leads at once to the well known 
modifications of the laws of mass action for gas reactions due to 
the presence of a solid (crystalline) phase of any of the constituent 
molecules. 

The method of evaluating any other mean values connected 
with assemblies containing crystals, is now sufficiently clear to 
need no further remarks. 

VOL. XXI. PART VI. 49 
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On the Correction for Non-Uniformity of Field in Experiments 
on the Magnetic Deflection of 8 Rays. By D. R. HARTREE, St John’s 
College. (Communicated by Mr R. H. Fowier.) 

[ Received 24 August 1923.] 

§ 1. Introduction. 

In experiments on the magnetic deflection of @ rays, the rays 
produced by a source O (Fig. 1) are passed through a slit S and, after 
being bent by an approximately constant magnetic field, fall upon 
a photographic plate placed in different positions in different ex- 
perimental arrangements. If the field were constant, the trajectory 
of a 8 particle would be a circle, and the one passing through the 
centre of the slit would strike the plate in some point P; the 
object of this note is to investigate the effect of deviations from 
uniformity of the field. The corrections for these effects can be 
expressed as variations of position of P, or by specifying the 
constant variation of the field which would produce the same 
displacement on the plate as the actual variation, which may be 
different in different parts of the field. The latter is done by means 
of a ‘weighting function’ expressing the relative importance of 
variations of the field in different parts of the trajectory. 

The problem is slightly complicated by the fact that in general 
we want to know the displacement 
on the plate, not for particles which 
leave the source O in the same direc- 
tion in the normal and varied field, 
but for those which leave the source 
in such directions as to pass through 
the centre of the slit in the two 
cases. These directions will gener- 
ally be different, and the effect of 
this change of direction need not 
be small compared to the direct 
effect of variations of the field. 

Some general equations will be 
established first, and then applied 
to two particular experimental 
arrangements. The argument is © i y 
of course a special case of a well Hig. 1 
known method of calculating the first order variations of the 
solutions of any system of differential equations. 

It is convenient to use the value of (Hp) fora 8 particle rather 
than its velocity. (Hp) is the quantity actually measured in the 
laboratory, and is often easier to deal with; at low velocities it is 
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equal to mv/e. The problem then is purely geometrical, not 
mechanical. It is convenient to have one symbol for this quantity, 
which will be written B, so that in a field H the radius of curvature 
of the trajectory is 

ps BLES pe AL elds pee (1) 

The analysis will apply equally well to the magnetic deviation 
of a particles. 

Only first order variations will be considered. 

§ 2. Hquations of Variation of the Trajectory of a 8 Particle. 
Take the axis of # through source and slit (see Fig. 1), and the 

axis of y perpendicular to it and to the field, and write @ for the 
angle between the direction of motion of the f particle and the 
x axis, and s for the distance travelled from the origin. Then 
the equations of the trajectory of a 8 particle are 

dO. dz d 
don Bo Adee 6, 7=sin G. ..:(2) (Ge0xG) 

If the induced electric field on the electron due to its motion 
through a variable magnetic field is neglected, these equations do 
not depend on H or B being constant along a trajectory. 

Let the prefix D before any quantity indicate the difference 
between the values of that quantity, for the same value of s, in the 
normal trajectory and in a trajectory in a slightly different field 
Hf + DH (where DH may vary along the trajectory) and with 
slightly different initial conditions. Then since only first order 
variations are being considered, D can be used as a differential 
operator subject to the condition Ds= 0, so from equations (2) we 
obtain the equations of variation 

a =O, CO) __ sina. De, “PP ~ cos 9. D8, 
trans (3) (a, b, ce) 

where the quantities occurring without the prefix D are to be 
given the values they have in the normal trajectory. 

The displacement on the plate is (to the first order) of the 
general form 

Di = Eos pyle | iy h wees (4) 

where the suffix P indicates the values of the quantities Da and 
Dy for the value of s at the point P on the normal trajectory 
where it strikes the plate, and # is the distance of P from an 
origin fixed on the plate. | 

Equations (3) could be solved by quadratures for any given 
distribution of DH along the trajectory, and given variations Dé, 
Dx, and Dy, of the initial conditions, but a trial and error method 
would have to be used to find the value of D@, so that the varied 

49—2 



748 Mr Hartree, On the correction for non-uniformity of field 

trajectory should go through the same point of the slit as the 
normal trajectory, and also the results would not be useful for 
any other set of values of DH. Also in the course of the solution, 
values of D6, would have to be calculated for a set of points on 
the trajectory; this is superfluous as the only quantity whose value 
is required is DR defined by (4). 

A neater, more useful and more interesting solution is obtained 
by the use of a new set of equations associated with equations (3), 
called the adjoint system*, viz. 

Wa wave ap dy. 
Js = 8 sin 8 — y cos 8, Fee ies (5) (a, b,c) 

By multiplying equations (5) by D@, Dx, Dy respectively, and 
equations (3) by @, 8, y and adding, we get 

@aDo eng Wyle (6) oe eat Dy) ie) eee 

or, integrating from a variable point p to the fixed point P already 
defined, 

iP 

[aDé + De + yDy),, = («D0 + BDx + yDyly + | as 
p 

It will be seen that equations (5) demand that in this problem 
8 and y must be constants independent of s. It is however ad- 
visable for the sake of general symmetry to carry through the 
solution formally as if 8 and y were functions which vary with s. 
Thus when we speak of arbitrary initial values of 8 and y these 
are naturally @ and y themselves. 

Suppose the arbitrary constants in the solution of equations (5) 
are chosen to satisfy the conditions 

Go 0) (Seite Va To 0 nee (8) 

Then using (4) and taking the origin O for the point p, (7) becomes 

P 
DR=[aD0+ADe+yDyb+ | eet ba (9) 

Here we have a formula for the direct calculation of the quantity 
DR, whose value is required, given the variations in conditions 
D6, Dz, Dy at the origin, and the variation of the field DH along 
the trajectory. This formula depends on the solution of the adjoint 
equations (5), with arbitrary constants determined by conditions (8), 

Taking a general lower limit p instead of the special one O in 
(9) for a moment, and putting Da, = Dy, =0, and DH = 0 over 
the whole trajectory, then 

DR = a DO@,, 
* See E. Goursat, Cours d’ Analyse, Tome u1, p. 481, 
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so that a, can be interpreted as the function which specifies the 
first order variation in R for a variation of conditions consisting 
of a change of @ at the point p only, v2. 

_ of 
Sone Gon 

Similar interpretations can be given to 8 and y¥. 
The determination of the value of D@, so that the varied 

trajectory goes through the same point of the slit as the normal 
trajectory is easily made using the adjoint system. 

If suffix S denotes values at the slit, then the variation in the 
value of y at which a trajectory cuts the line z= ag is 

DRg = Dys ae Dag tan Os 

which is of the form of (4) with € = — tan Os, n =1. 
Let a’, 8’, 7 be the solution of (5) with arbitrary constants 

determined by 

As = 0, Bs = &’= — tan 8g, ae eccece (10) 

Then using the integral of (6) between limits O and S we get 

DRs = [a DO + BD +4/Dyb+ | ae aan (11) 

corresponding to (9). For the trajectory under the varied conditions 
to go through the same point of the slit as the normal trajectory, 
DRs=0; hence (11) gives D6@,, which can then be substituted in (9) 
to give DR. 

When Dz, = Dy,=90, which is the most important case, the 
result is 

B 0 
This gives the displacement on the plate due to the variation DH 
of the field from normal, for particles going through the same 
point of the slit in the two trajectories. 

The effects of finite width of slit and source can be found by 
eliminating Dé, between (9) and (11), and giving DRg, Da, and Dy, 
non-zero values. 

As to the solution of the equations (5), the second and third, 
with conditions (8), give 

DR= | |, (a- Sa) aids | «DHT ds. (12) 

B=§ y=", 
and putting these in and ae (2a), (5a) becomes 

d : 
aaa i (Bem —=ycos @].4 6.) .swevs (13) 

In practical cases B and H are constant for the normal trajectory 
and this equation can be solved exactly, but in the special cases it 
simplifies further, and the general solution is not needed. 
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§ 3. Semicircular Normal Trajectory. 
In the experimental arrangement used by Rutherford and 

~Robinson*, and later by Ellis+, the normal trajectory of the 
B particle is a semicircle (Fig. 2). 

If —e is the initial value of 6 for this trajectory, then 

tane=-p. 6,=—¢, Og=¢, Op=T—e, 

and the change of range DR is (to first order) 

Di — Dy, + Da taney Vi essen (14) 

Hence, comparing with (4), 

eR ORCA A Jeol BN lg PO Ma Ae O (15) 

le 

2p 

ro) a 

Fig. 2 

so from (13) 

da 3B _ _B cos(6+e) 
a H [tan e sin 6 — cos 0] = — ccc 

and the arbitrary constant is given by a, = 0 (equation 8), 7.e.a=0 
for 0d=7—e. Hence 

ye Besin (Cee) 
a —— Pay Tease. Phe Ply uk ge HOR TOR (16) 

and in particular Gers, iid. the Aves Get toes (17) 

From equation (9), a, D@, 1s the first order change of range DR 
for a change D@, in the initial direction of motion; 4,=0 means 
that to the first order the range RA is not affected by small 
variations in the initial direction of motion. This of course is an 
expression of the well known focussing effect obtained with this 

* E. Rutherford and H. Robinson, Phil. Mag. 26, p. 717 (1913). 
+ C. D. Ellis, P.R.S. 99 A, p. 261 (1921). I am indebted to Mr Ellis for 

suggesting to me the problem of the relative importance of variations of the field 
in this arrangement. 
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arrangement. One result of this equation (17) is that the term 
in a’ in (12) vanishes, so 

DR [" sing pHa TE cose |p ane 8 

== 15) P 
SlHeeeel sinayees D5 iC: re or (18) 

where $6=0+.e. 
The constant value DH, of DH which would give the same 

DR is P 
Dee | Dice. aie (19) 

O 
so that the ‘ weighting function’ for variations of H from normal 
over equal arcs in different parts of the trajectory is } sin ¢, and 
so 1s a maximum half-way along the trajectory. 

§ 4. Trajectory with Small Deviation. 

The arrangement shown in Fig. 3 is another which is used, 
though more for a than 8 particle work. Here 

DR=Dy,— Dz,ptano. ...... (20) 

Let e be the initial value of @ for the normal 
trajectory which goes through the centre of the slit. 
Then 

0,=—6, Og =e, Op= @. 

Comparing (20) with (4), 

E=-—tanw, 7=1, 

and the solution of (13) required is that for which 
a= 0 for =o (by equation 8), and is 

_ Bsin(w — 8) 

ot apy NEC OU DE 

while a’ is the same with e(= @g) substituted for w (= @p), i.e. 

fe B sin (e — 8) 

HH cose 

ee (21) Meat 

So from (12), substituting for ds from (2 a), 

Tvs Ale | “sin Pere RNa ee aa ay} DHdée 
~ H?cos@ sin 2e 

P 
+| sin (w — @) DH ae] eae (22 

Ss 

The constant value DH, of DH which would give the same DR is 
P 

Nine | f(0) DH db, 
O 
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where the ‘weighting function’ for equal ares, f(@), is given by 

f(8)= | sin(o— 8) — Por sin (e—8)|/]1 - 2], 
sin 2e COS € 

(0 < e)} (23) 
: COS @ f (0) = siti (cw /|1 ee]. Ore 

In Fig. 4 the function f(@) is shown for ¢€=5°,#=30°. Both 
branches are very nearly straight, and the field at the slit is the 
most important. For comparison, the curve of the function f(@), 
which would be obtained if the change in the initial angle were 
neglected, is also shown. 

F(9) 

O S Pp 

Fig. 4 

If the variation in some other quantity than R is required at 
P, the adjoint equations must be solved for some other set of 
values of a, B, y at P. For instance, if the change in the angle w 
(Fig. 3) at which the particle strikes the plate is required, we have 

so that in order that the left-hand side of (7) shall be Do, the 
arbitrary constants in the solutions of equations (5) must be chosen 
to satisfy the conditions 

H 

Fast Ram Bee eal. 

The examples already discussed in full show how the general 
theory of first order variations can be applied to any such problem. 
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On the Problem of Three Bodies. By Mr J. Britu, M.A. 

[ Received 9 October 1923. ] 

The purpose of the present communication is to give the results 
of an investigation of Laplace’s problem of three particles, con- 
sidered from the point of view of classical dynamics, with the 
object of expressing Hamilton’s Characteristic Equation as far as 
possible in terms of intrinsic coordinates. The masses of the 
particles were taken as /, m, n and X, p, v were the sides of the 
triangle formed by them, » being the length of the side joining 
the particles whose masses are m and n, and so on. In the first 
place the motion was referred to a right-handed set of rectangular 
moving axes, passing through the centre of gravity, O, of the three 
particles, the axis of z being perpendicular to the plane of the 
three particles, and those of # and y coinciding with the axes of 
their momental ellipse. P and Q were taken to represent the 
moments of inertia of the system about the axes of w and y 
respectively. It was found that we have the two relations 

(l+m+n)(P+Q)=mnr + nly? + lnv*, 

and TeQueea TRE Si 
l+m+n 

where A is the area of the triangle formed by the three particles. 
Thus P and Q may be considered as the roots of the quadratic 
equation 

4(1+ m+n) R?—4(mnr? + nlp? + lmv?) R 

+ lmn {2 (w?v? + v? A? + AZ?) — (At + wt + v4)! = 0. 

Next, the normal through O to the invariable plane of the 
system was taken as making an angle @ with the axis of z, ¢ being 
the angle made by the plane, containing the axis of z and the 
normal through O to the invariable plane, with the plane of (xz). 
Finally, y~ was taken as denoting the angle made by the plane, 
containing the axis of z and the normal through O to the invariable 
plane, with some fixed plane through the said normal. Of the six 
coordinates A, uw, v, 8, d, y involved in the final equation, y is the 
only extrinsic one. 

The angular velocities of the axes about themselves are given 
by the equations 

0,=Osind+ysinOcosd, 0,=—6cosd+rwsin Osin g, 

6,= yr cos 0— 4; 
and the energy integral takes the form 

2h + P02 + V2 + (P + Q) 62+ 2MO, = 2 (— ee ah), 
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where 2H => l (a? + tn’) +m (27 ae Ye) +n (a? a Ys?)s 

and M = 1 (xy — #14) + M (LoYo— Lo Yo) +N (Ls Ya — Lys). 

The coordinates of the particles (2, y,), (2, Yo), (#3, Ys) are 
further, according to the specifications above, connected by the 
equations 

la, + ma,+na;,=0, ly+my,+ny,=0, lay, + may. + nay; = 0. 

The obtaining of the final equation from the above equations, 
combined with those expressing the lengths of the sides of the 
triangle in terms of the coordinates of its angular points, was 
found to be a somewhat lengthy and involved process; but the 
result obtained, taking V as the characteristic function, was 

Ian duvaWs (Ae aN KEV Ne 1. 1\ foV\? 1 w+v?—-r2 dV OV 

(—+5) (x) Mats 5) ea +(7+5) es) Sid pv Om Ov | 

Il ae ein OIA ee V+ w—v? dV OV 
m Vr dv Or Ap On Op 

= ee = aie + (Po Oy» og 12 +0), oe ci ee | 

ey teles cos OV =) ) 01 angen oa) i 

es EE sng e8¢ ao ee °° oe sin 6 age ow 

P+Q g (mn nb lm ) 
=2(—+—+4+— +h), + pags (og) a 

where (d+m+n)A=n(l+m) w—m(ntl) v?, 

(¢+m+n)B=l(m+n)P—n(l+m) Xr, 

(d+m+n)C =m(n4+l)v2-1l(m+n) p?. 

The quantities A, B, C would seem to be the components of a 
tensor that should play an important part in the theory. They are 
connected with P and Q by the formula 

BC+CA+AB+(P—QP=0; 

and, we have also 

2mnr?=(P4+Q)(m+n) + Cn — Bm, 

2nlw? =(P+Q)(n +1) +Al —Cn, 

2lmv? =(P+Q)(l +m)+Bm-— Al. 

The first nine terms of our equation may be reduced to five 
by replacing the variables X, u, v by the three new variables 

a=fi(P+Q, PQ), B=f(P + PQ), y=f(B/A)*, 
* It is to be remarked that, since B/A and C/A are linearly connected, it is not 

possible to obtain more than one independent ratio from the three quantities 4, B, C. 
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the terms that disappear being those involving 

OVO MOVeCV™ noVieVan ov OV 
0a Oy’ OB oy’ Oda dd’ OB Od’ 

Further, if we write P+ Q=wu and PQ =v, we may secure the 
disappearance of the term involving (0V/da)(0V/08), as well as 
the equality of the coefficients of (@V/da)? and (0V/o8), by the 
assumptions 

HE oH Som =n ese aw aa ane Ou YOu 

of: Ofs oft fe , Of: Of Of; a 
a ya = By ca aa) we are 

By writing F=f,+ 7f,, we may include these two conditions 
in the single one 

Dey MD ee ae aha 
A complete primitive of this equation is 

ol oF oF o(S) 

F=a (sin 2 ub +ilog u) +b 

= 2ialog(VP+iVQ)+); 

and, consequently, we may write 

atiB=OP(VP+ivQ). 

The most convenient assumption to make is, a= VP, B=VQ, 
in which case the terms involving dV/da and dV/d8 take the 
simple form 

y+) 0a (53 t 

If we now write B/A = w, and 

; ee dry dw 
limn(l+m+n)}t 1+ ~ bm +n) + 2lmw + m(n +l) w?? 

or {lmn (l+m+ n)}? y=m(n+l)wt+lm, 

the terms involving 0V/dry become 

; os WE an = VeVi 
= (P+ Q)(1+ (Fo ~) +2V PQ sat: 

It is he to be noted that, with our ae pe m f(B/A) 
for the third variable, the gravitational potential U will satisfy the 
equation 

ml 
ee “3+ = 0, 
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On a partial recalculation of the expression for 27, with the 
new coordinates a, 8, y, the significant terms were found to be 
of the requisite form to furnish the corresponding terms of the 
Characteristic Equation in the form given above as obtained by 
transformation. 

It may be noted that one of the intermediate results obtained 
was 

_ aby a ae 

The device of using two of the principal moments of inertia for 
coordinates was adopted by Scheibner (Crelle, t. LX VIII). 
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On the Formulae of One-dimensional Kinematics. By Dr W. 
Burnsiv£, Honorary Fellow of Pembroke College. 

[ Received 12 October 1923. ] 

In the following note an attempt is made to describe the only 
kind of observations which can justify a set of observers in saying 
that a point is moving uniformly relatively to them. Assumptions 
are introduced as to the connection between the observations of 
two sets of observers, each observing the other’s motion; and from 
these assumptions equations connecting the time and place of an 
event as observed by one set with those as observed by the other 
set are deduced. On the assumptions made it is shown that there 
are just three possible forms for the equations, and a reason is 
given for disregarding one of the three. 

The theories formed in connection with physical science are 
built on a foundation of observation. Each such theory is embodied 
in the form of a set of exact statements, or in the analytical form 
of a set of equations. The statements or the equations connect 
certain numbers which are given by observation. Now all observa- 
tion is fallible, so that when these numbers, given by observation, 
are entered in the equations, it is generally found that the numbers 
on the two sides of any equation are not exactly the same. The 
symbols used in the equations then are not symbols for the results 
of actual observation. They are symbols for the results of observa- 
tions assumed to be made without error. Another way of expressing 
this is to say that an exact physical theory postulates the existence 
of a set of accurate observers. 

It is natural to ask: What conditions must be satisfied by the 
statements of two or more accurate observers? 

Is the fact that they give different numerical estimates of what 
they describe as the same quantity admissible or not? This question 
can only be answered when the results of a theory have been 
completely worked out. It may then appear that, the conditions 
under which the two observers make the observations being unlike, 
there is no reason to expect the estimate of one to agree with that 
of the other. On the other hand for certain quantities it may be 
found that the conditions under which the observations are made 
do not affect the estimates. If, however, one accurate observer 
says that the numerical values of two quantities of the same kind 
are equal, all other accurate observers must make the same state- 
ment: for no theory can be built upon the statement that a is both 
equal to b and is not equal to b. 

For instance the first observer may say that the velocity of a 
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point P is wu, while the second may equally truly say it is v. But if 
the first says that the velocities of P and @, moving in the same 
direction, are equal the second must say so too. 

To make time-observations a clock is necessary. Suppose an 
accurate observer and his clock are at a place A, and that the 
observer is watching a moving point P. [f in its motion P passes 
through A, the observer can see the clock and the moving point 
simultaneously, and note the time of their coincidence. If in its 
further motion P passes through B it is not possible for the observer 
to determine directly when P coincides with B. With a suitable 
arrangement of light-signals and a theory of the propagation of 
light, the observer might deduce when the coincidence took place, 
if he knew the distance 4B; but he certainly could not observe it 
accurately. 

The only direct time-observations the accurate observer can 
make are those of events at his own position. If there are a number 
of observers at A, each with his clock, they can all see the clocks 
simultaneously, and unless all the clocks show the same time, “the 
time at 4” has no definite meaning for any of them. Further, if 
some of the observers leave A and travel to B in any way and then 
return to A, their clocks after return must show the same time as 
those that have stayed at A, or else “the time at A” again has no 
definite meaning for any of them. Once again if some or all of the 
observers leave A and travel in any way to B, their clocks must all 
show the same time, or else “the time at B” will have no definite 
meaning for them. 

Now consider a set of observers in a one-dimensional world §,. 
This implies that each observer can change his position only in two 
ways, viz. by going forward or by going backward. Suppose the 
observers have clocks such that “the time at P,” if P is any marked 
point in the one-dimensional world, has a definite meaning. Sup- 
pose also that the observers have a measuring rod. Let one observer, 
at Ay, keep one end of the rod in coincidence with A,, while another 
proceeds to the other end of the rod, and marks the point 4, with 
which the other end of the rod coincides. If this second observer 
found that the end of the rod did not continue to coincide with A, 
he would conclude that the distance from A, to A,, as determined 
by the measuring rod, varied with the time, and therefore that the 
distance between any two points of his world had no definite mean- 
ing. He would find that this made any science of motion impossible. 

If the far end of the rod always coincided with A,, he might speak 
of A, and A, as being at unit distance apart. By shifting the near 
end of the rod to A, he determines A, and so on. In this way a 
scale of marked points in S, is formed, each two adjacent ones being 
at unit distance apart, 

AWA yun aa et ee: 
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Let S, be another one-dimensional world, adjacent to S,, and 
indistinguishable from 5S, at first. Some of the observers on S, pass 
to S, with their clocks and their measuring rod. They proceed to 
Mate oie< points 12 B29, -.., B15 By, Baste Bz; «-. Of S, which 
coincide with the marked points of S,, B,; coinciding with A, for 
each 7. So long as this coincidence lasts, S, and S, are said to be 
relatively at rest. While so at rest, let observers take up their 
positions at the marked points on S, and S,. The clocks at A, and 
B, show the same time. Suppose that when this time is zero, S, 
and S, are set in relative motion so that A; and B; no longer 
coincide. 

Denote by ¢,; the time shown by the clock of the observer at 4, 
on S,; when 6; coincides with A,; and suppose that the values of 
t,;, for a considerable series of sets of suffixes, are noted by the 
observers on S, and that they then gather at, say, A, to discuss the 
results. The nature of the set of numbers t,; depends on the nature 
of the relative motion of S; and S,. Apart from multiplying the 
number of observations, these numbers give the only possible way 
by which observers on S, can determine the relative motion of S, 
and S,. Consider the difference t;,, ; — t,;,; between the time shown 
by the clock at A; when B; is passing and that shown by the clock 
at A,, when B; is passing. The observers on S, must either accept 
this difference as the time that B,; takes to go from 4; to A;4,, or 
they must accept the impossibility of determining this time. 

If this difference is the same for a long series of values of 7 
and is equal to 1/u, the observers on S, say that B; passes over 
equal spaces in equal times, and that its velocity is wu. Nowobservers 
on S, say that B; and B, are both at rest, i.e. they have the same 
(zero) velocity. Hence the (accurate) observers on S, say that B; 
and 6, have the same velocity, and therefore for a series of values 

: 1 ‘ ; 
Of 7 tae — bn = ae and this must be true for a long series of 

values of k. 
Observers on S, determine the distance between two marked 

points on S, by noting how many times the interval between them 
contains the measuring rod. It is impossible for them, whenS, andS, 
are in relative motion, to use this method to determine the distance 
between B; and B,, two marked points on S,. The observers on S, 
can only form a rule for deducing the distance between B; and B, 
from the observed numbers ¢,;, and test it by determining whether 
the rule is free from contradiction. A natural form of the rule is to 
take wu (t;,; — ¢;,,) as this distance. From the fact that t,4,,;— ¢;, ; 
is independent of 7 and J, it follows that ¢,,; — ¢;,, is independent 
of 7, while the fact that 

U (ti, 3 ao ti,n) 25 U (ts, % ay ts,m) = U (tix =< ty, Ht) 
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makes the distance from B; to B,, the sum of the distances from 
B, to B, and from B, to B,,. 

U (t:,5 — bi) =! 
the observers on S, say that / is the distance from B; to Bj. 
Now observers on S, say that the distance from B; to B;,, is the 
same as that from B, to B,.,, and therefore 

l 
Ue sami ils arts 

must be true for all (observed) values of the suffixes 7 and 7. The 
two relations so obtained give 

U U 

since it has been assumed that fp.) 1s zero. 
The observers on S, make a similar set of observations which, 

when the relative motion of S, and S, has been stopped, can be 
compared with the observations of those on S,. It is assumed that 
when the observers on S, find ¢,1,,; — t;,; independent of 7, those on 
S, find t’;.,,; — t';,; dependent of 7, where ?’;, , is the time shown 
by the clock of the observer at B; on Sj, when A; is coincident 
with B;. It is further assumed that the quantities corresponding 
to u and 1, which the observers on S, deduce from their observations, 
are — uand/. From this it follows at once that 

y ae) 

Nowt,,; and t’,;,; are the times given by the observers on S, and 
S, respectively for the coincidence of A; and B;. Also, if the 
observers on S, and S, reckon distances from A, and By, 7 and 7 
are the places given by the two sets of observers for the same 
coincidence. Hence (changing the notation) if z,, ¢, are the place 
and time of the coincidence for S, and 2,, ft, for S, 

fe Lal 
Day u’ 

Billy eee 
t, = — 

U uU 

I! Uu 
or fe ae 

j2— ] 1 
by arpa aL alae 

The observers on S, and S, have only obtained their results for the 
coincidence of one of the set of points Ay, A,, Ao, ... with one of 
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the set By, B,, ...; or in other words when a, and 2, are integers. 
To build up a theory they assume its truth for any two marked 
points on S, and S, respectively. 

Let S; be a third one-dimensional world adjacent to S, and S,; 
and suppose that the observers on S; are some of those that were 
originally, with their clocks and rods, on S,. Suppose also that 
the observers on S, observe the times at which a marked point on 
S, passes By, B,, B,, ... and that they find the time differences are 
constant. Then if wv’, l’ are the quantities for observers on S, and S, 
that correspond to u and / for those on S, and S,; and if x, t, are 
the place and time of a coincidence for S; corresponding to z,, f, 
FOLENS, 

~— E = Dy : t 
Sei ade ai 2s 

The relation between x,, t; and 7, t, 1s therefore 

iL Oe utw ae ee 
-Afe-y+te—plardh—%e a= pO — D+ — Dia pl- Sela, 

4 

If z,=0, 2,/t, is constant, so that the observers on S, see the 
marked point Cy on S; describing equal spaces in equal times. With 
the assumptions already made this implies that there are quantities 
U and L for S, and S, corresponding to wu and / for S, and S,, and 
that 

1 U 
eae pei nee 

125 
ts = Shum Ly ey ti. 

It is easily verified that the conditions that the last two pairs of 
equations should be the same are 

pal 
ur Ta y 

u+tu’ je 
1 — kau’ 

where k is some constant. 

Hence Ly = ———_ 7, — - —— t,, 
* wae At + ku2 > 

ku ; ] 
tee riage alae Oy 

“ 71+ ke 2 V1+ ke : 
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while if the observers on S, say that S, is moving with velocity u 
and the observers on S, say that S, is moving with velocity w’, 

then observers on S, say that S; is moving with velocity ee 
— kuu 

If k is not zero its numerical value clearly depends on the unit of 
time: and hence, when the unit of time is suitably chosen, there 
are just three distinct possibilities, which may be taken to be 
EE Neale 

If k = — 1 the formulae imply that no velocity can exceed unity 
numerically. In the other two cases there is no limit to the magni- 
tude of the velocity. 

z - + wu’ 
When &=—1, U= a —; so that if #2 and w? are both less 

than unity, U? is also less than unity. 
When k = 0, U=u-+-w’': so that if u and w’ are both finite, U 

also is finite. 

Whenk=1,U= 
1 t 

U = U 
aE An arbitrary assumption in this case 

that the magnitude of a velocity has an upper limit leads to a con- 

tradiction in consequence of the formula for U. Now if u’ = a U 
u 

is infinite; so that if k is unity the possibility of a point, which has 
a finite velocity for one observer, having an infinite velocity for 
another must be admitted. This seems to be a sufficient reason for 
regarding the other two cases as the only ones of real importance. 

The formulae connecting 7, f, with 7,, t, lead to 

Ci ha 

dt? dt,” 

Coin eal 
and this affords an example of a quantity to which all accurate 
observers give the same value. 

2 
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On the Pedal Locus in Non-Euclidean Hyperspace. By J. P. 
GABBATT. 

[ Received 2 May 1923.] 

Introduction. The pedal property of the circumcircle of the 
euclidean plane triangle was discovered in 1799 by Dr William 
Wallace*. It was known to Steinert that in euclidean space of 
three dimensions the pedal locus (i.e. the locus of a point from which 
the feet of the normals to the faces of a given tetrahedron lie in 
a plane) is a four-nodal cubic surface containing the edges of the 
tetrahedron of reference. Steiner’s pedal locus (otherwise known 
as Cayley’s cubic surface) is the isogonal transformation, q.f the 
tetrahedron of reference, of the plane at infinity; Beltrami§ and 
W. J.C. Sharp|| have discussed the analogous theorem in euclidean 
space of n dimensions. 

The locus, in a non-euclidean plane, of a point from which the 
feet of the normals to the sides of a given triangle are in line has 
been considered by several writers*. This locus is a cubic anal- 
lagmatic for the isogonal transformation q. the triangle; and the 
line containing the feet of the normals to the sides of the triangle 
from any point of the locus is the absolute polar of the isogonal 
conjugate of that point. 

The subject of the present paper is the locus, in non-euclidean 
space of m dimensions, of a point from which the feet of the normals 
to the walls of a given simplex lie in a hyperplane. This locus is 
named the Wallacian, in honour of the discoverer of the pedal 
property of the euclidean circumcircle; and is an (n + 1)-ic hyper- 
surface anallagmatic for the isogonal transformation (§ 1) q. the 
given simplex. It is shown that the pedal (3-22) and other quasi- 
circular or spherical properties (3-21, 4-14) of the Wallacian follow 
naturally from its specification (3-11) as the Jacobian of » + 1 
point-hyperspheres. When the given simplex is orthocentric, it 
appears (§ 5) that the Wallacian and a related locus of the same type 
coalesce in the Hessian of a certain cubic hypersurface. Finally, it 
is proved (§6) that in the euclidean case the Wallacian of any 
simplex degenerates into the Infinite and its isogonal transforma- 
tion q. the given simplex, while the Wallacian of the absolute polar 

* For references v. Gabbatt, Proc. Camb. Phil. Soc. 21 (1922-3), pp. 336-7. 
+ Letter to Jacobi, 25 March, 1845. V. Arch. d. Math. u. Phys. (3), 4 (1903), 

pp. 275-7. For further references v. Neuberg, ibid. (3), 11 (1907), p. 228. Some 
interesting properties of the locus have recently been given by Servais, Bull. Sc. 
Acad. r. de Belgique (5), 8 (1922), pp. 50-66, 103-123, where additional references 
may be found. 

{ The abbreviation q. signifies with respect to. 
§ Mem. Acc. Bologna (3), 7 (1876), p. 241=Op. Mat. mt. p. 53. 
|| Proc. Lond. Math. Soc. 19 (1888), p. 446. 
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simplex degenerates into the hypersphere circumscribing the given 
simplex and the Infinite counted n — 1 times. 

1. Isogonal Conjugates in Non-Euclhidean Hyperspace. 1-1. Let 
S,, denote a linear space of m dimensions. Then n+ 1 points 
A, («= 0,1, ..., n) which do not lie in any S,_, determine a sumplex 
in S,, of which the points A; are the vertices; this simplex will be 
referred to as the simplex [A]. The lines, planes, ..., hyperplanes 
determined by two, three, ..., n of the points A, will be termed the 
side-spaces, of dimensions 1, 2, ..., n — 1 respectively, of the simplex 
[A]. The side-spaces of dimensions 1, x — 2, n — 1 will be termed 
respectively the edges, bastions, walls of the simplex. A side-space 
of dimensions m will be referred to as a s,, of the simplex. A side- 
space determined by any m vertices of the simplex, and that 
determined by the remaining n — m+ 1 vertices, will be termed 
opposite side-spaces of the simplex. The wall of the simplex [A] 
opposite any vertex A, will be denoted by a,. The side-space 
determined by any m vertices A;, A;, A, ... will be denoted by 
A ,x.., and the opposite side-space by @;;,,__. 

1-2. Let any quadric (V2,_,) Q be regarded as Absolute. Then 
we may give the following definition: The order-quadrics (V?,_,) 
to which the simplex [A] and the Absolute (regarded as a class- 
quadric) are apolar constitute an (m — 1)-fold linear system; any 
two points which are apolar to every quadric of the system are 
isogonal conjugates q. the simplex [A]. 

In general one and only one point WZ’ is the isogonal conjugate, 
q. [A], of a given point MW, the point WM being also the isogonal 
conjugate of M/’; but A; is the isogonal conjugate of every point 
Ghia — slew 7) (1-21) 

Let the angles determined by pairs of walls of the simplex [4] 
be termed the ditopic angles of the simplex; then clearly the 
dn (n+ 1) pairs of hyperplanes bisecting the ditopic angles are 
degenerate quadrics of the (x —1)-fold system. Thus the 2” 
incentres of [A] are common to all the quadrics of the system 
(which may therefore be termed the incentric system of quadrics), 
and are the only self-isogonal conjugate points. (1-22) 

More generally, each s,,_, of [A] is the vertex of an (n — m — 1)- 
fold linear system of quadric cones (of species m) of the incentric 
system; any such cone may be termed an incentric cone of species m. 

(1-23) 
Now let A,;.,., denote any side-space of dimensions m — 1 (m< n) 

of [A]. Then the polar hyperplanes of any point M (of general posi- 
tion) q. the incentric cones with vertex A,;,.,are the (n — m—1)-fold 
linear system of hyperplanes containing 4,;.., and the isogonal 
conjugate (M’) of M; every hyperplane of the system therefore 
contains the §,, determined by M’ and 4;;..,.. Also if N denote 
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any point of the S,, determined by M and 4,;._,, then the isogonal 
conjugate N’ of N is a point of the S,, determined by M’ and 
A,;.,. Thus: If the line joining two points meet any side-space 
of the simplex |A]; then the line joining the isogonal conjugates, q. 
[A], of those points also meets the given side-space. (1-24) 

In particular, let WM, N be such that the line MN meets a 
bastion a,; of the simplex [4], and let us consider the one-fold 
linear system of incentric cones of which the vertex is a given 
Sn—3 (@ij-) Which lies in that bastion. The polar hyperplane of MZ q. 
any cone of this system (1-21) contains M’; there is one cone 
(C, say) of the system such that the polar hyperplane, q. C, of MZ 
also contains NV, and is therefore the hyperplane determined by 
M’, N, a,;,. The polar hyperplane, q. C, of N is the hyperplane 
determined by MM, N’, a,;,; also the polar hyperplane, q. C, of any 
point of a,; is the wall a, determined by the edge A,; and a,,,. 
Thus: If the line joining two points M, N meet a bastion of the 
simplex | A], and if M’, N’ denote the isogonal conjugates, q. [A], of 
M, N respectively ; then the space of dimensions n — 2 which contains 
any S,_3 of that bastion and meets the lines MN’, M'N also meets the 
edge of | A] opposite the given bastion. (1-25) 

It follows from (1-24, 5) that: If M, N be such that the ine MN 
meets a bastion of the simplex| A, and the ine MN’ meets the opposite 
edge; then the lines MN, M'N’ meet at a point of the given bastion, 
and the lines MN’, M'N meet at a point of the given edge. Exceptions 
occur only in the anomalous cases when the points M, N le in a 
wall of [A]. (1-26) 

2. A Group of Three Simplices. 2-1. Let B; denote the absolute 
pole of a;, and 6, the absolute polar of A; (¢ = 0, 1, ..., m); then the 
points 6, are the vertices, and the hyperplanes 6, the walls re- 
spectively opposite those vertices, of a simplex [B], the absolute 
polar simplex of [A]. A,;, B, will be termed associated vertices, and 
a;, b; associated walls, of the two simplices. 

2:2. Let A, denote a (fixed) vertex of [A], A; any (variable) 
vertex of [A] other than A,, a,; the bastion of [A] opposite the edge 
A,;, and B,; that vertex of [B] which is associated with 4;. Then 
(for each of the n possible values of 7) B;, a,; determine a hyper- 
plane, and there is one and only one point (B,’, say) common to the 
n hyperplanes so determined. Thus with each vertex A; of the 
simplex [A] may be associated a vertex B;’ of another simplex 
[.B’}. The wall (associated with a;) of |B’ opposite B,’ will be denoted 
by 0, (4: 0;:1, ...5.9). (2-21) 

Now let the hyperplanes bisecting the ditopic angles determined 
by the walls a,, a; of the simplex [4] be denoted by @,;, @;;; then 
the hyperplanes a;, a; are harmonic q. @;;, @;;. The absolute poles 
of a;, a; are respectively B;, B;, and the absolute pole of each of the 
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hyperplanes @,;, @;; lies in the other. Projecting from a;;, we see 
that the hyperplanes (B,, a;;), (B;, a;;) are harmonic q. @;;, @;;3 
also the hyperplane (B,, a,;) contains B,’. Thus B,, B,’ are apolar 
to each of the n pairs of hyperplanes @;;, a;; (7 +7), and therefore: 
The points B;, B,; are isogonal conjugates q. the simplex [A] 
= OIE en): (2-22) 

2-3. $n (n + 3) independent linear conditions are necessary and 
sufficient for the complete determination of a class-quadric in S,,, 
and n independent linear conditions for the apolarity of a class- 
quadric to all the order-quadrics of the incentric system; one and 
only one such class-quadric will therefore satisfy dn (n + 1) further 
independent linear conditions. In particular there is one and only 
one class-quadric which is apolar to all the order-quadrics of the 
incentric system and touches $n (n+ 1) hyperplanes (otherwise 
arbitrary) each containing one of the dn (n+ 1) bastions of the 
simplex [A]. Now any class-quadric apolar to all the order-quadrics 
of the incentric system is in particular apolar to the pair of hyper- 
planes a@,;, a;; which bisect the ditopic angles determined by any 
two walls a,;, a; of the simplex [A]; the hyperplanes a,;, a;; therefore 
bisect the angles determined by the tangent hyperplanes to such 
a class-quadric from the bastion a,; (7 +7 = 9, 1, ..., m). Consider- 
ing the case in which the 3n (n + 1) pairs of tangent hyperplanes 
are themselves at right angles, we obtain the theorem: There is one 
and only one class-quadric (Q’) which touches each hyperplane of the 
gn (n+ 1) pairs of hyperplanes bisecting the angles determined by 
the pairs of bisectors of the ditopic angles of the simplex [A]; and Q’ 
is apolar to all the order-quadrics of the incentric system. The quadric 
Q will be termed the Secondary q. | A]. (2-31) 

Let us now consider the four hyperplanes determined by the 
bastion a,; of [A] and the four points A;, 4;, B;, B; respectively. 
From (2-22), the bisectors @,;, a@;; are the double hyperplanes of the 
involution specified by a,;(A;, A;; B;, B;); and (since B, is the 
absolute pole of the hyperplane a; determined by 4,, a,;) the 
tangent hyperplanes 7,;, 7;, from a,; to the Absolute are ae double 
hyperplanes of the involution specified by a,;(A;, B;; A;, B,). 
Thus, since the tangent hyperplanes (7 jo T 7) trom a,; £0 the 
Secondary are harmonic q. both the pairs of hyperplanes Cig, O54; 
Ti, 73:3 therefore 7’,;, 7’;; are the double hyperplanes of the in- 
volution specified by a,;(A;,.B;; A;, B;), 1.e. by a, (A,, By; 
A;, B;'). Hence a; is the polar hyperplane ‘of B,’ q. the hyperplane- 
pair 7’,;, 7’;;; a theorem in which the suffix 7 may be regarded as 
fixed, while 7 assumes in succession all the values 0, 1, ..., n except. 
It follows that B,’, a; are pole and polar q. the Secondary; and the 
simplices [A], |B’] are polar q. the Secondary. (2-32) 

From the specification (2-21) 1t appears that if the quadric Q’ 
were taken as Absolute, then the réles of the simplices [B], [B’] 
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would be reversed, and the quadric Q would become the Secondary 
q.[A]. Moreover (2-31) any pair of isogonal conjugates (Q Absolute) 
remain isogonal conjugates (QY’ Absolute). The simplices [B], [B’] 
and the quadrics Q, Q’ are thus symmetrically related to the 
simplex [A]. (2-33) 

2-4. From the specification (2-21) the line B,B,’ meets the 
bastion a,;; of [A] («+7 = 0, 1, ...,n). In the special case where 
(for one pair of unequal values of 7, 7) the line B;B; meets the edge 
A,A, (opposite a,;) of [A], then (1-26, 2:22) the lines 4;A;, B;B,, 
B,B; meet at a point. (2:41) 

Now if the simplex [A] be orthocentric (Q Absolute), then the 
simplices [A], [B] are in perspective, the lines 4,4;, B,B; meet at 
a point for all unequal values of 7, 7 from 0 to n, and the $n (n + 1) 
meets lie in a hyperplane, the orthaxis of [A], |B]. It follows from 
(2:41) that: If the simplex [A] be orthocentric, then the simplices 
[A], [B], [B’] are in perspective in pairs, with a common axial 
hyperplane. (2-42) 

3. The Wallacian. 3-1. Returning to the general case, let 
us consider the tangent cones (K,) to the Absolute (Q) from 
the points B,; the cone K,, is the point-hypersphere determined by 
B,(1=0, 1, ...,). The cones [K,] determine an n-fold linear 
system of order-quadrics, [A], say. The Jacobian of the system is 
known to be an (n + 1)-ic hypersurface containing the vertices 
of all the cones (of the first species) of the system, and in particular 
containing the points B; (i = 0, 1, ...,”). This hypersurface will 
be termed the (absolute) Wallacian of the simplex [A], and denoted 
by W. (3-11) 

The Jacobian of such a system of quadrics is the locus of a pair 
of points apolar to every quadric of the system, the points of the pair 
being correspondents on the Jacobian. Now it is well known that 
the common points of the tangent cones from any two points (/, NV) 
to a quadric (i.e. a V2,_,, say V) he in a pair of hyperplanes, and 
that those hyperplanes are apolar to V and harmonic q. the polar 
hyperplanes (q. V) of 17, N. In particular, the common points of 
the tangent cones from the points B,, B; to the Absolute lie in the 
pair of perpendicular hyperplanes which contain the bastion a,; of 
the simplex | A] and are harmonic q. a,, a;; these hyperplanes are the 
bisectors «,;, a;; of the ditopic angle a,,; of [A] (¢ +7 = 0, 1, ..., n). 
Thus the hyperplane-pairs @;;, @;; are degenerate quadrics of the 
system [A]; it follows from (1-22) that the system |] includes 
all the quadrics of the incentric system. Thus: Correspondents on the 
Wallacian of any simplex are isogonal conjugates q. that simplex, and 
the Wallacian is anallagmatic for the isogonal transformation q. the 
simplex; in particular, the Wallacian of the simplex [A] contains the 
points B; (1 = 0, I, ..., n). (3-12) 
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Again, the Jacobian of the system [K] contains the inter- 
sections of all the hyperplane-pairs of [K], and therefore: The 
Wallacian of any simplex contains all the bastions of that simplex. 

(3-13) 
We have seen (1-21) that any point of a; may be regarded as 

the isogonal conjugate, q. [A], of A,;. The indeterminacy of the 
correspondent, on W, of A, is more restricted. For (if 1+ 7) the 
polar, q. the cone K,, of A, is easily b;; and the polar, q. the cone K,, 
of A, is the hyperplane determined by A, and the intersection of 
a;,b;. Thus every point of this intersection may be regarded as 
correspondent to A,;, and: The Wallacian of any simplex contains 
the intersection of each wall of that simplex with the associated wall 
of the polar simplex. (3-14) 

Thus $(n + 1) (n + 2) linear spaces of dimensions » — 2 are 
contained by the Wallacian of a given simplex; n+ 1 of those 
spaces lying in each wall of the simplex. (3-15) 

3-2. The polar hyperplane (m;) of any point MW q. the cone K; 
is the hyperplane normal, at the vertex B, of that cone, to the line 
MB, (1 = 0, 1, ...,n). The Wallacian is (3-11) the locus of a point 
M such that the n + 1 hyperplanes m,; meet at a point MW’; and 
(3-12) the points 17, M’ are then isogonal conjugates q. the simplex 
[A]. Thus: The Wallacian of a given simplex is the locus of two points 
which subtend right angles at all the vertices of the absolute polar 
simplex; and the two points are isogonal conjugates q. the given 
simplex. (3-21) 

Now let P,; denote the point at which the line WB, meets the 
wall a; of [A]; then P; is the absolute pole of the plane m;, and 
therefore lies in the absolute polar hyperplane of MW’ (7 = 0,1, ..., 7). 
Thus: The Wallacian of a given simplex is the locus of a point such 
that the feet of the normals from that point to the walls of the given 
simplex lie in a hyperplane; and that hyperplane is the absolute polar 
of the isogonal conjugate, q. the given simplex, of the given point. 

(3-22) 
The hyperplane just specified may be termed the pedal (or 

Wallace) hyperplane, q. the given simplex, of the given point. Then: 
The pedal hyperplanes of the points of the Wallacian envelope a 
hypersurface of class n + 1. (3-23) 

Further, given any » + 1 points in line on the Jacobian of an 
n-fold linear system of order-quadrics, it is easy to show that each 
of the points lies in the hyperplane determined by the corre- 
spondents of the remaining » points. Thus: Given any n+1 
points in line on the Wallacian; the meet of the pedal hyperplanes 
of any n of the points lies in the pedal hyperplane of the isogonal 
pee of the remaining pownt. (3-24) 

Further Loci of Wallacian Type. 4:1. The (absolute) Wallacian 
( of the simplex [B] may be specified (3-11) as the Jacobian 

ee ee eee 
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of the n-fold linear system of order-quadrics determined by the 
tangent cones (point-hyperspheres) from the vertices of the simplex 
[A] to the Absolute; or again (3-21) as the locus of two points which 
subtend right angles at all the vertices of the simplex [A]; or (3-22) 
as the locus of a point M such that the m + 1 points (7A, b,;) le 
in a hyperplane, the pedal hyperplane of M q. the simplex [B]. It 
is convenient to term the locus W the polar Wallacian of the 
simplex [A]. (4-11) 

It should be observed (cf. 3-12) that the (nm — 1)-fold linear 
system of order-quadrics containing the 2” circumcentres of [A] 
forms part of the n-fold system of which W is the Jacobian; the 
pedal hyperplanes, q. [B], of any two correspondents on W therefore 
meet each edge of [A] at points harmonic q. the middle points of 
that edge. (4-12) 

W is an (n + 1)-ic hypersurface containing (4:11) the vertices 
of the simplex [A], and also (3-13) the bastions of the simplex [ B] 
and (3-14) the + 1 intersections of associated walls of the two 
simplices. (4-13) 

Thus part of the section of W by a wall (say a,) of [A] is the 
absolute polar S,,_. of a line (A,B,). It is easy to determine the 
remainder of the section. ae 

For let M denote any point which is common to W and a, but 
does not lie in },,. Then the n + 1 points (WA,, b,) (¢ = 0, 1, ..., n) 
hie in a hyperplane (m’), the pedal hyperplane, q. [B], of M. The 
n points (WA,, b;) (« = 0, 1, ...,2 — 1) also he in the hyperplane 
a,, and therefore in the S,_,(m’, a,). Also the section by a, of b; 
is the polar of A, q. the section by a, of the Absolute Q; 1.e. q. the 
Absolute in the space of n — 1 dimensions a, (? = 0, 1, ....n — 1). 
Thus: If [A*] denote the simplex in a, determined by all the vertices 
except A, of the simplex | A]; then the section by a, of the polar Wallacian 
of [A] consists of the absolute polar S,,_» of the line A;B,, and the polar 
Wallacian (in a;) of [A*] (¢ = 0, 1, n). (4-14) 

4-2. The Jacobian of the n-fold ree ar system of order-quadrics 
determined by the tangent cones [K, ‘| from the vertices | B,’] of the 
simplex [ B] to the quadric Q’ (2-31) may be termed the secondary 
Wallacian of the simplex [A], and denoted by W’. This locus, like 
W, is (2:31, 3-12) anallagmatic for the isogonal transformation q. 
[A]; also W’ contains the bastions of [A], the vertices of [B], [B’] 
and the intersections of associated walls of [A], [B’]. 

4-3. If n= 2, then the simplices (triangles) [A], [B] are in 
perspective; B,’ is the meet of the lines 4,B,, A,B; (2,7, k = 0, 1, 2); 
the three lines a;, b;, 6,’ meet at a point C; (i = 0, 1, 2), and the 
three points C; are in line. Each of the plane cubies W, W, W’ 
contains the twelve points A;, B;, B,’, C;; the three cubics are 
therefore identical. (4:31) 

If n > 2, then the three (n + 1)-ics, W, W, W’ are in general 
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all distinct. For W, W’ contain the bastions of [A], while (4-14) W 
does not; and W, W contain the intersections of pairs of associated 
walls of [A], [B], while in general W’ does not, since the inter- 
section of a,, b,’ is not generally the same as that of a;, b; (v., 
however, 5-14 below). (4-32) 

5. The Case of the Orthocentric Simplex. 5-1. If the simplex [A] 
be orthocentric (q. the Absolute Q), let ¢ denote its orthaxial hyper- 
plane. Then c and the n + 1 hyperplanes a, determine an (n + 2)- 
hedroid, [A] say. Any n of the n+ 2 walls of [A] determine a 
vertex, and the remaining two walls a bastion, of [A]; such a vertex 
and bastion may be termed opposite. The bastion of [ A] opposite the 
vertex A, is the intersection of the hyperplanes a,, b;; thus it is 
true for the n +1 vertices A; of [A], and therefore for the re- 
maining $n (n + 1) vertices, that: The absolute polar hyperplane of 
any vertex of the (n + 2)-hedroid [A] contains the opposite bastion. 
Thus [A] is apolar to the Absolute. (5:11) 

But the cone K;, (3-11) touches the Absolute at every point of 
its section by the wall a, of [A] («= 0, 1,...,). Thus [A] is 
apolar to each of the n + 1 cones K,, and therefore: [A] 7s apolar 
to every quadric of the n-fold linear system | K}. (5-12) 

Now the quadrics of an n-fold linear system to which a given 
(n + 2)-hedroid is apolar are the polar quadrics of a certain cubic 
hypersurface symmetrical q. that (n+ 2)-hedroid. Thus: Jf a 
siemplex be orthocentric, then its absolute Wallacian is the Hessian of 
a certain cubic hypersurface ; and so for its polar Wallacian. (5-13) 

Further, since (3-11) the cone K,, of which the vertex is B;, 
touches the Absolute at every point of its section by a;, therefore 
the polar, q. A;, of B; contains a,;, and is thus the hyperplane 
(B;;, say) determined by B,, a,,; from (2-21) B,,; contains B,’. 
Similarly f,; is the polar hyperplane of B,’ q. the cone K,,’ (4-2) of 
which the vertex is B,’. 

But if [A] be orthocentric, and W therefore the Hessian of a 
cubic hypersurface (U, say); then (3-12) A; is the polar quadric, 
q. U, of B,’, and £,,; is the mixed polar hyperplane, q. U, of the pair 
of points B;, B,’; thus £,; is the polar of B,’, q. that polar cone 
(K,’’, say), q. U, of which the vertex is B,’. Regarding B,’ for the 
moment as fixed, we see that the polar hyperplanes, q. K,’, K;’’, of 
the n points B,’ (7 +7) are identical; also K,’, K,’’ have the same 
vertex B,’. Thus K,’, K,’’ are identical (4 = 0, 1, ..., m), and W, W’ 
are Jacobians of the same +1 cones K,’, i.e.: If a simplex be 
orthocentric, then its absolute and secondary Wallacians are identical. 

(5-14) 
6. The Euchdean Case. 6-1. If (in S,) the Absolute @ be a 

quadric in a space of n — 1 dimensions (the Infinite) which does not 
contain any vertex of the simplex [A]; then all the vertices of the 

EE 
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polar simplex [B] are at infinity, and each of the cones K, de- 
generates into the Infinite counted twice (the doubled Infinite). 
The n-fold linear system of quadrics [K] is thus (3-12) deter- 
mined by the (nm — 1)-fold incentric system and the doubled 
Infinite. (6-11) 

The necessary and sufficient conditions that a point should be 
on the (absolute) Wallacian are therefore that the point and its 
isogonal conjugate q. [A] are apolar to the doubled Infinite. Thus: 
In the euclidean case the absolute Wallacian of any simplex consists 
of the Infinite and its isogonal transformation q. that simplex. The 
correspondent of any finite point of the Wallacian is the point at 
infinity orthogonal to the pedal hyperplane of the given point. 

(6-12) 
6-2. The polar Wallacian (4-1) of [A] is the Jacobian of the 

n + 1 point-hyperspheres A;. In the euclidean case every such 
hypersphere, and therefore every order-quadric of the n-fold linear 
determined by them, is a hypersphere orthogonal to the hyper- 
sphere which circumscribes [A]; in particular (cf. 4-12) the Infinite 
and each hyperplane which contains the circumcentre of [A] 
constitute a degenerate quadric of the system. Thus: In the 
euclidean case the polar Wallacian of any simplex consists of the 
hypersphere circumscribing that simplex and the Infinite counted 
n — 1 times. The correspondent of each point on the hypersphere is 
the diametrically opposite point of the hypersphere, and the corre- 
spondent of each point of the Infinite is any point of the space of dimen- 
sions n — 2 at infinity orthogonal to the given point. (6-21) 

The second form of the specification (4-11) of W of course yields 
the rectangular property of the hypersphere; while the degenerate 
form of (4:14) is the theorem that the section by any S,,_, of a 
hypersphere in S,, is a hypersphere in the given S,_,. Wallace’s 
property of the circumcircle appears as a consequence of (4:31). 
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A focal line method of determining the elastic constants of glass. 
By G. F. C. Szarte, Se.D., F.R.S., University Lecturer in Experi- 
mental Physics. 

[Read 27 February 1922.] 

§ 1. Introduction. We suppose that the glass bar is rectangular 
in form, having a considerable length 2/, width 2s and comparatively 
small thickness 2¢ cm. Those surfaces which contain the edges 2], 2s 
will be called the “faces” of the bar. It is these faces whose 
curvatures are determined by optical observations on focal lines. 

Let the bar be bent by equal and opposite couples applied at 
the ends of the bar, the magnitude of each couple being G dyne-cm. ; 
the axis of each couple is parallel to the edges 2s. Let the un- 
stretched longitudinal filament, which les in the plane bisecting 
the edges 2s at right angles, be bent into an arc of a circle of 
radius bcm. Then, if # be py s modulus, 

= 3 Gbi(4572) 400 eee (1) 
A transverse filament ee intersects at right angles the 

longitudinal filament just mentioned and, when the bar is un- 
strained, is parallel to the edges 2s, will be bent to radius c, where 

C= bio, I ee eee (2) 

and o is Poisson’s ratio*. The negative sign indicates that the point 
of intersection of the two filaments lies between the centres of 
curvature. 

When 2¢/b is small, it will be sufficiently accurate to consider 
that the principal curvatures of either face of the bar are 1/b and 
1/e. The plane of one principal section of a face bisects the edges 
2s at right angles and the plane of the other principal section cuts 
the longitudinal filaments at right angles. The two curvatures 
having opposite signs, the face is anticlastic. 

Let the bar be twisted by equal and opposite couples of J dyne- 
cm. applied at the ends of the bar, the axis of each couple being 
parallel to the edges 2/. The particles, which in the unstrained bar 
lay in the median plane bisecting the edges 2¢, now lie ona helicos 
The lines of curvature of the distorted median surface cut at dor 
the median line on this surface to which, before straining, the edges 
21 were parallel. The principal radii of curvature are equal in length 
and opposite in sign; let the length of each be h cm. Then, if n be 
the rigidity, we have to a sufficient approximation, when t/s is 
small, 

BIh 
ie LOS? ==2°637/3) 5 a ee (3) 

* For the conditions under which results (1) and (2) are good approximations, 
see Searle, Experimental Elasticity, §§ 27-34. ee ee ee ee 
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When 2¢/h is small, either face may be considered as having the 
same curvatures as the median surface. 

Unless the faces of the unstrained bar be, to a reasonable 
approximation, optically plane, the focal lines will be ill-defined. 
Bars cut from thin “patent plate” glass are generally satisfactory. 

§ 2. Focal lines due to reflexion at a curved surface. In place of the 
general investigation given in books on optics, we use a “stationary 
time” method, adapting it to the special circumstances of the 
problem for (1) the bending, (2) the twisting of the bar*. 

Take “right-handed” rectangular axes Ox, Oy, Oz, the origin 
O being on the surface, and let Ox coincide with the normal to the 
surface through O. 

In the first case we suppose that the lines of curvature at O lie 
in the planes Oxy, Oxz respectively. Then, for points near the origin, 
the equation to the surface can be written 

e977 (0.2 Ca ee Dayco (4) 

Here b, ¢ are the radii of curvature of the sections by the planes 
Oxy, Oxz, and are counted positive when the centres of curvature 
he on the positive part of the axis of z. 

Let P (Fig. 1) be a luminous point in the plane Oxy, the line 
OP lying in the quadrant yOzx; let OP = p and 
let the acute angle POx be @. Let OQ be a 
straight line in the same plane such that Oz 
bisects the angle between OP and OQ. Then the 
chief incident ray PO becomes, after reflexion, 
the chief reflected ray OQ. Let OQ = q. Let p, 
q be positive when = is positive for P, Q. 

Take any point Z on the reflecting surface 
near O. Then, if the second and third coordinates 
of L be y, 2, the first is }y?/b+ 427/c. Let Fig. 1 
PE— «a, OL =v. Then 

u® = (p cos 6 — 4y?/b — 327/c)? + (p sin 8 — y)? + 22. 

Hence, as far as squares of y and z, 

u? = p* {1 — 2y sin 6/p — cos 8 (y?/b + 27/c)/p + (y? + 2?)/p®. 

Taking the square root, and expanding as far as the squares of 
y, 2, we have 

u = p{l —ysin 6/p — $ cos 6 (y?/b + 27/c)/p + 4 (y? arate 
— hy? sin? 0/p?} 

= p—ysin 0 — $ cos 6 (y?/b + 27/c) + 4(y? cos? 0 + 2?)/p. 

For v we change the sign of sin @ and writ q for p. Thus 

v=q+ysin 6 — } cos 0 (y2/b + 22/c) + 4 (y? cos? @ + 2°)/q. 

* Dr G. T. Bennett has kindly verified the work in this section. 
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For the total distance PL + LQ = u-+ v, we have 

utv=p+q—cosd (y?/b + 27/c) + 3 (y? cos? @ + 2?) (1/p + 1/9). 
soe (5) 

If « + v have a stationary value, i.e. if d (wu + v)/dy = 0, and 
d(u + v)/dz = 0, simultaneously, the ray reflected at L will meet 
the chief ray OQ in Q. We have d(u + v)/dy = 0, if either 

y=0, or’ 1/p+1/q — 2/(b cos 0) = 8B = 0, 

and d(u + v)/dz = 0, if either 

z=0, or I/p+1f/qg—2cos0/e=y=—0. 

If y = 0 and z = 0, the reflexion is restricted to a single point on 
the surface and the positions of P and Q along the lines defined by 
6 are immaterial. If 8 = 0 and y = 0, all the rays from P which 
meet the surface near O pass, after reflexion, through the single 
point Q. This case, however, requires the special conditions 

cos? 0 = c/b, and 1/p + 1/q = 2/(be)?. The points P, Q are then the 
foci of a quadric surface of revolution, with PQ as axis, the re- 
flecting surface coinciding with the quadric near O. When the 
surface is anticlastic, c/b is negative and this special case cannot 
arise. 

We are left with the two pairs of conditions, viz. z = 0 and 
B=0, and y=0 and y=0. When z = 0 and f = 0, all the rays 
from P, which meet the surface in the plane z= 0, pass after 
reflexion through the point Q defined by 

1 / pat tig = 2/6 cose). eee (6) 

Similarly, all the rays from P, which meet the surface in the plane 
y = 0, pass after reflexion through the point Q’ defined by 

Lip =e 1 loi 2 COsOenoy Jae Veco (7) 

In the experiment, 1/p = 0, and then 

b= 2g/cos'6 eee. (8) 

C= 2g eos Gs SP IRIE Ac co8s (9) 

The planes containing (1) Q and Oz, and (2) Q’ and Oy are the 
principal planes of the reflected wave front and contain the focal 
lines through Q, Q’ respectively. 

In the second case, we suppose that the lines of curvature at 
O are inclined at 47 to Oy and Oz. Then, for points near O, the 
equation to the surface may be written 

AOR A eR Medsabs (10) 

The helicoid is left-handed when h is positive. Writing 2yz/h in 
place of y?/b + 2/c in (5), we have 

utv=p+q—2cosd.yz/h + } (y? cos? 6 + 2) (1/p + 1/9). 
tude aa ee (11) 
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If d(u + v)/dy = 0, and d (u + v)/dz = 0, simultaneously, the ray 
reflected at L will meet the chief reflected ray in QY. These con- 
ditions give 

2z/h = y (1/p + 1/¢) cos 8, 2y/h =z (1/p + 1/q)/cos @. ...(12) 

The values of z/y satisfying these equations are given by 

z/y = + cos 0. 

Thus, if Q and Q’ correspond to z = — y cos 0, and to z = y cos 8 
respectively, we have 

Lip t/q =—2/h, Vp-p Vig 2h... (13) 

When p is given, the values of g, q’ depend only on h and not on 8. 
In the experiment 1/p = 0, and then 

S20 shed yen eee (14) 

hi 20)... Fr ees (15) 

We will now find the planes which contain the chief reflected 
ray OQ and the rays reflected at points on the curves in which the 
surface is cut by the planes z = — y cos 0, z = y cos 8 respectively. 

On yO produced take a point M (Fig. 2) and draw KM K’ 
parallel to Oz to meet the planes z= +ycos@ at K, K’. Then 
KM = K'M = OM cos @. Through KM draw 
a plane KMN to meet OQ at right angles at NV. 
Then KN, MN, K’N are perpendicular to ON, 
and KNM, K’NWM are the angles which the 
planes OKN, OK'N make with the plane Ozy. 
Since NOx = POx= 06, and ONM =13n, we 
have OMN = 6. Hence 

Wie — OM cos ¢ = KM — KM. 

Since KMN = 37, we have 

KNM = K'NM =}r. 

The planes OKN, OK’N contain the rays which ee 
meet in Q, Q’ respectively and are thus the principal planes of 
the reflected wave front. The focal lines through Q, Q’ lie in the 
planes OK’N, OKN respectively, but their distances from O depend 
upon h, for g= — 3h, q’ = th. 

§ 3. Optical method of measuring curvatures of reflecting surface. 
The surface S (Fig. 3) is placed so that the tangent plane at its 
central point O is vertical. The normal Ox and the axis Oy are 
horizontal. The surface is placed so that its lines of curvature at 
O are either vertical and horizontal or are inclined at 47 to Oz. 
A collimator, consisting of a lens Z and cross-wires, which intersect 
at K in the focal plane of LZ, is directed to O, the line of collimation 
being horizontal. The wires are stretched across an opening in a 
plate and are illuminated by a flame. The rays from K fall on S as 
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a parallel beam and thus 1/p = 0 in (6), (7) and (13). The rays 
reflected at S are received by a 
converging lens V of focal length f, \ =< 
whose axis passes through O and (\ 
is horizontal, and are brought to a_\ \ 
point-focus or to a focal line on 
the ground glass screen JN, fixed 
to a carriage sliding on a short | 
optical bench. If S be one surface 
of a glass plate, the other surface 
is smeared with vaseline to stop 
reflexion there. 

It is convenient that one focus of M should coincide with O. 
A plane mirror is substituted for V, and then JM is set so that a 
speck of paper placed on S at O coincides with its own image. 

If S be plane, both wires will be sharply focussed when N is 
in the focal plane through F, the other focus of M. 

If S be curved, and 6, the angle of incidence, be finite, it will 
not be possible to obtain an “image” of either cross-wire, unless 
the directions of the wires be properly adjusted. It will still be 
impossible to obtain images of both wires simultaneously, but each 
can be focussed in turn by adjusting JV. 

If, instead of cross-wires, there were a fine hole at K, a parallel 
beam would fall on S and the reflected rays would pass through 
two focal lines meeting the chief reflected ray in Q, Q’. Ifa luminous 
point were placed at Q, it would give rise to two focal lines, one 
passing through K and one elsewhere. A luminous point at Q’ 
would give rise to two focal lines, one passing through K and one 
elsewhere. If the cross-wires at K be placed in the directions of 
those focal lines due to QY and Q’ which pass through K, it will be 
possible to focus each wire in turn by adjusting the screen NV. 
Hence, when the lines of curvature at O are horizontal and 
vertical, the cross-wires must also be horizontal and vertical. 
When the lines of curvature are inclined at 47 to the vertical axis 
Oz, the cross-wires must also be inclined at 47 to Oz. 

Let R be the image of Q formed by M, let FR = €, and let € 
be counted positive when R les on the same side of F as the focus 
O. Then, as in § 2, counting OQ or q positive when Q is “real,” we 
have, by Newton’s formula, €¢ = f?, or 

PSA Gn Ole Pe CREO (16) 
The distance € is easily measured, as it is merely the displacement 
of the screen N from the position in which both wires are in focus 
when a good plane surface, such as that of a prism, is used as the 
reflecting surface. 

In the case of (14) and (15), we can at once find / from (16) 
when f is known. But in the case of (8) and (9), the value of cos @ 

Fig. 3 
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is required. A convex spherical surface, e.g. the surface of a lens, 
of radius a is substituted for S, and is adjusted so that the chief 
reflected ray has the same direction as before. Then in (8), (9) 
b = — a, c= — a, and thus, if 7, 7’ be the values of € for (1) the 
vertical, (2) the horizontal focal line, f? = 7(— $acos@), and 
f?=7/ (— 4a/cos 0). Hence 

C0870 =, 71/7) OLE ieee (17) 

A convex is used in preference to a concave spherical surface, for, 
unless the curvature of the latter be slight, the images formed by 
M of the focal lines will not be “real.” 

In practice f is more easily determined than a, but, if desired, 
f can be found in terms of a, since f* = ta*y7’. 

§4. Determination of Young's modulus and of Poisson’s ratio. 
The glass bar rests with one face against two vertical pillars, whose 
sections are C’, D (Fig. 4), rising from a base H (see Fig. 6); the 
base is fixed to the table in any convenient manner. The bar is 
bent by two strings which pass over pulleys U, V and are attached 

Fig. 5 Fig. 4 

at A’, B’ (Fig. 5) to a light yoke Y. A loop at the end of the U- 
string passes round the bar at A, and similarly for the other string. 
From the centre of the yoke hangs a light pan in which loads are 
placed. The screen N is adjusted so that (1) the vertical wire, 
(2) the horizontal wire is in focus for each value of the load. 

Let €, &’ be the values of FN for the vertical and horizontal 
lines when the total load carried by the two strings is m grms. 
When the bar is bent as in Fig. 4, ON is greater than OF for the 
vertical focal line and thus € is negative. Let } (AB — CD) = kem., 
where CD is measured between the lines of contact. Then, G, the 
bending moment at any part of the bar between C and D, is con- 
stant, if AC = BD, and G = 4mgk. Since, by (8), b = 2q/cos 0, we 
have, by (1) and (16), sghf? | m| 

~ 4st3cos0°| & |" 

The value of cos 6 is given by (17). 
VOL, XXI. PART VI. 51 
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By (2), o = — b/c, and, by (8), (9), b/c = q/(q’ cos? 0). Hence, 
by (16) and (17), 

o— — €4(Ecos*0) =e ey, eee (23) 

A series of loads, increasing by equal steps, is used. It is con- 
venient to adjust the mass of the yoke and pan to form the first 
of the series of loads. In view of the difficulty of the observations, 
it is best to plot the values of — & against those of m and to draw 
a straight line to lie as evenly as possible among the plotted points. 
The ratio of the rate of increase of — € to that of m is then found 
from the straight line, and this ratio is used in place of — &/m in 
(18). The ratio — €’/€é is found by plotting é’ against — &€. 

§5. Determination of rigidity. The base and pillars used in § 4 
are again employed. On the pillars C, D slides a bridge EF (Fig. 6) 
which can be clamped to C, D. The upper end A of the glass bar 

Fig. 6 

is placed between the bridge EF and a metal plate RS and is 
clamped by screws passing through the ends of RS. The lower end 
B of the bar rests in a groove cut in the wheel W, which turns 
freely about a vertical pivot rising from a plate 7, which is attached 
to the base H in such a position that the edges of the bar are vertical. 
A fine string attached to W passes over a pulley and supports a 
mass m grms. Let the radius of the drum on which the string is 
wound be x cms., and let J be the couple applied to the glass bar; 
then J = mgr dyne-cm. 

The small table Z (Fig. 7), having an angle-piece K, which can 
be clamped between HF and RS in place of the bar, is used for — 
supporting a prism or a lens; the height is adjusted by sliding EF 
on the pillars. 

We suppose that the axes of y and z are as shown in Fig. 6, and 
that, in the standard case, the load m turns the wheel W in a 
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clock-wise direction as seen from the end A of the bar. The bar is 
thus twisted into a right-handed helicoid, and hence the quantity 
h in (10) is negative. By § 2, g=— $h for that focal line which has 
a north-east direction, as seen on the ground glass screen NV, when 
N lies between the lens M and the observer, and, by (16), &¢ is 
positive. In the standard case, / is negative and hence € is positive 
for the north-east focal line and €’ is negative for the north-west 
line. 

If the direction of the couple be reversed, € is negative for 
the north-east line and é’ is positive for the north-west line. 

A series of loads is applied for each direction of the couple; the 
loads which produce a left-handed helicoid are counted as negative. 
From the straight lines lying most evenly among the points, when 
é and — é’ are plotted against m, €/m and — &’/m are found. The 
mean of these two values is used in (20) below. By (14), (15) and 
(16), h = — 2f?/é = 2f?/é’, and thus, since J = mgr, we have for 
the rigidity, 

3grf? m : 
SRG ee ( 

§ 6. Practical example. Mr C. F. Sharman, of King’s College, used a bar 
cut from a photographic plate of thin “patent plate” glass kindly supplied by 
the Astronomer Royal at a time when such glass was difficult to obtain. For 
this bar, s =1-25 cm., t =-0902 cm. 

The focal length of the lens M (Fig. 3) was found, by the goniometer method, 
to be f=16-13 cm. When a face of a prism was the reflector, the bench reading 
of the screen N was 17-72 cm., corresponding to the point F (Fig. 3). When 
the convex surface of a lens was the reflector, the bench readings of N for the 
vertical and horizontal focal lines were 29-12 and 27-21 cm. respectively. In 
each of the latter readings NO was greater than FO, and thus », n’ are negative. 
Hence 7 =17-72 -29-:12= -11-40cm., 7’ =17-72 —27-21= -9:-49cm. Then 
cos? 6 =n’ /n =-83246; thus cos 6 =-91238 and 6 =24° 9’ 49”. 

The radius, a, of the convex surface of the lens is not required in this 

experiment. By § 3, | a| = 2f?/(nn’)2 =50-03 cm. 
Determination of Young's modulus and Poisson’s ratio. The distance AB 

between the strings was 15-20 cm., and the distance CD between the lines of 
contact of the bar with the pillars was 6-98 cm. Hence k= $(AB- CD) = 4-11 cm. 
To allow for any slight initial curvature of the bar, the zero readings of the 
screen N for the vertical and the horizontal focal lines respectively were 
obtained, not by aid of the prism, but from the bar itself when the load was 
zero. 

The values found for €, &’ were as follows: 

n 

Load=m 
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On plotting — € against m, and &’ against —&, the values 

— €/m =1-3125 x 10-3 cm. grm.+4, é’/E = -0-215, 

were obtained. Then, by (18), we have for Young’s modulus, 

a 3gkf? 3 x981 x4-11 x 16-13? 

~ 4st? cos 6. | E/m | 4 x 1-25 x 0902? x -9124 x 1-3125 x 10-3 

—i 16 x10!" dyne cma 

Also, by (19), we have for Poisson’s Ratio, 
Bo 65: 

o=- ef - an =-258. 

Determination of rigidity. The radius of the drum on which the string was 
wound was (with allowance for thickness of string) r =2-535 em. In the table, 
couples straining the bar into a left-handed helicoid are indicated by the 
negative sign prefixed to the loads. 

grms cm cm. grms cm cm 
200 15 —-17 — 200 —-17 22 
400 29 — -35 — 400 —-40 42 
600 53 —-59 — 600 — 58 57 
800 72 —-72 — 800 —"77 81 

On plotting € and -€ against m, the values &/m=9-30 x 10-4, and 
— £’/m=9-60 x 10-4 were obtained. The mean is 9-45 x 10~* cm. grm.! Then, 
by (20), we have for the ees 

3qrf? m)_ 3981 x 2-535 x 16-13? 1 

8st? (1 — -63t/8) "| lz a 8 x 1-25 x -09028 x -9545 ° 9-45 x 10-4 

=2-93 x 101! dyne cm.—? 

{= 
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The absorption spectra of some organic and inorganic salts of 
didymium. By J. E. Purvis, M.A. 

(Plates VII and VIII.) 

[Read 7 May 1923.] 

Ostwald’s well-known experiments on the absorption spectra 
of a number of permanganates* endeavoured to prove that there 
was no difference in the character and appearance of these spectra. 
It was considered to be conclusive that the spectrum common to 
all the salts of the same metal is due to the metallic ions. 

Merton (Trans. Chem. Soc. 1911, 99. 637), from a study of the 
absorption spectra of permanganates in certain solvents, concluded 
that the general nature of the absorption is due to the atomic 
grouping MnQ,, and that it is influenced very little, if at all, by 
the nature of the kation or the extent of the dissociation, the 
position of the points of maximum absorption being determined 
by the nature of the medium in which the salt is dissolved. 

It has been suggested that any differences in the appearance 
of such absorption bands would be small, and instruments of con- 
siderable dispersive power would be required. The author hasshown, 
for exampley, that in the third order of the dispersion by a Rowland 
grating of 21 feet radius, a band at A427 (described as a sharp band 
normally), in the spectrum of didymium, divides into two. It is 
certain that, with larger dispersions than have hitherto been em- 
ployed, bands would split up which have been considered indivisible. 

Dr Liveingt describes the effects of dilution, temperature, and 

other circumstances on the absorption spectra of solutions of 
didymium and erbium salts. He found (1) that with regard to 
temperature the spectrum afforded no confirmation of the suppo- 
sition that the absorptions are due to an increase in the number of 
ions, (2) that the absence of any diminution of intensity in the 
bands by the addition of acid, taken in conjunction with the fact 
that rise of temperature does not increase their intensity, goes a 
long way to negative the supposition that these bands are produced 
by the metallic ions. Dr Liveing concluded from the whole series 
of observations that the characteristic absorptions of didymium 
(and erbium) compounds, namely those which are common to dilute 
aqueous solutions, and are only modified by concentration, by 
heat, and by variations of the solvent, are due to molecules which 
are identical in all cases, though their vibrations are modified by 
their relations to other molecules surrounding them. 

* Zeit. Phys. Chem. 1892, 9. 579. 
+ Proc. Camb. Phil. Soc. 1903, 11. 206. 
{ Trans. Camb. Phil. Soc. 1899, 18. 298 sqq. 
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Hartley*, in an examination of the absorption spectra of 
metallic nitrates, considers that the absorption bands of the 
different salts are not identical, but only very similar. He argues 
that there is no separation of the compound into ions, but only 
a dissociation of such a character that the molecule is shown to 
consist of two parts, the movements of the one being influenced 
by those of the other, so that the molecule is not resolved into 
ions, but is in a condition of molecular tension. 

The author} has described the influence on the absorption of 
much greater dilutions of the chlorides and nitrates of didymium 
and erbium chlorides than were employed by Dr Liveing, and found 
similar results. The bands in the concentrated solutions of the 
chlorides of didymium and erbium were not altered on dilution, 
the bands of very concentrated solutions of the nitrates of didymium 
and erbium were less diffuse when these solutions were diluted, 
and the bands of concentrated and diluted solutions of the chlorides 
of didymium and erbium are precisely similar to those in the 
diluted solutions of the nitrates. In the ultra-violet regions, the 
only point of difference in the strong and diluted solutions was an 
extension of the general absorption of the more refrangible end 
of the spectrum in the concentrated didymium and erbium chlorides, 
and this was comparable with that of the concentrated didymium 
and erbium nitrates. 

None of these inorganic salts of didymium possesses any bands 
in the ultra-violet regions; and, so far as the author knows, no 
organic salts have been studied. He has investigated the absorption 
of didymium-phenyl-acetate, which gives a large band in the ultra- 
violet regions, and compared it with the absorption of equivalent 
amounts of the acetate, the chloride, and the nitrate of didymium. 
Acetic acid has no absorption band in the ultra-violet regions; 
but phenyl acetic acid in considerable thickness exhibits a well- 
marked band, and also the weak remnants of three toluene bands, 
when the light passes through a few millimetres of the solutiont. 
Didymium-phenyl-acetate is not very soluble, but it is sufficiently 
soluble to produce a solution of about M/1000 strength. Equivalent 
amounts of the four salts, 1.e., 0-248 gm. Di,O, in 1000 c.c., acetate, 
phenyl-acetate, chloride and nitrate of didymium and also of 
phenyl-acetic acid itself, were investigated. 

For surveying the visible regions of the spectrum the method 
of comparison was similar to that used by Dr Liveing and the 
author§. The tubes containing the liquids were 610 mm. and 
300 mm. long respectively, and 20 mm. inside diameter. For 

* Trans. Chem. Soc. 1903, 83. 221. 
+ Proc. Camb. Phil. Soc. 1903, 12. 206. 
t Purvis, Trans. Chem. Soc. 1915, 107. 966. 
§ Loc. cit. 
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the ultra-violet regions the tube was similar to that introduced 
by Baly, with a movable inside cylinder to produce varying thick- 
ness of the liquid. A Welsbach burner, without the cover, was the 
source of radiation for the visible spectrum; and a condensed 
cadmium spark for the ultra-violet regions. The times of exposure 
for the visible regions varied from 5 to 15 seconds, determined by 
a stop-watch, and spectrum plates were employed; for the ultra- 
violet regions two minutes’ exposure was given, and the thickness 
of the liquid varied between 2mm. and 30mm. The following 
bands were examined. Other bands of didymium were too weak 
for a close examination. 

A623 a weak band. 
A596 a somewhat weak band. 
A590-A570. a group of bands overlapping one another. 
A531 a somewhat weak band. 
A528-A520 a strong group of overlapping bands. 
A510 a strong group of two diffuse bands. 

ed a well-marked series of bands of which A476 is weaker 
469] than the other two. 

A444 a strong broad band. 

Visible Spectrum. In the visible regions didymium acetate 
shows distinct differences from the didymium-phenyl-acetate, and 
also from the chloride and the nitrate. If didymium acetate is com- 
pared with didymium-phenyl-acetate (Fig. 1) the more marked 
differences are the following: 

A623 is weaker in the didymium acetate and nearly disappears. 
A596 is also weaker and more diffuse and widens into the 

group A590-A570. 
A590-A570 this also widens, but there is no difference in the 

intensity. 
A531 a shade weaker and more diffuse. 
A528-A520 a group of bands which is perhaps a shade stronger. 
A510 a group which is a shade stronger. 
Of the triplet A483, A476, A469 the band at A476 is weaker, 

the other two show no difference. 
A444 a band which is a shade stronger. 

The most definitely marked differences in the bands of these 
two salts are at A596, A590-A570, A476 and A444. 

On comparing didymium acetate with the nitrate and chloride 
of didymium (Fig. 2) there are some slight differences, but 
they are not so well marked as those in didymium acetate and 
didymium-phenyl-acetate described above. For example, the band 
at A623 is weaker in didymium acetate and at A596 is a shade more 
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diffuse than in the nitrate and chloride; the group A590-A570 is a 
shade more diffuse on the less refrangible edge than the corre- 
sponding group of the nitrate and chloride, the band at A531 is a 
shade weaker in didymium acetate; and the narrow band at A476 
is weaker in didymium acetate. The nitrate and chloride of didy- 
mium in thin dilute solutions show no difference, as Dr Liveing 
‘has shown before*. 

These results, therefore, indicate that, in the visible regions, 
various bands of didymium show slight differences according to 
the nature of the acid radicle. 

Ultra-violet regions. The absorption of phenyl-acetic acid has 
been described by the author}. In solutions of 2 and 4 mm. 
thickness the three bands of toluene appeared but much weaker _ 
and wider than in toluene itself. In thicker solutions these widened 
out into one large band. The author has shownt that this band 
almost disappears in triphenyl-acetic acid. 

Now, through thicknesses of solution of 10 mm. (Fig. 3) the 
chloride and the acetate of didymium transmit the radiations to 
A2100, ¢.e. as far as the photographic plate is sensitive. There is 
no difference either in the intensities or the position of the trans- 
mitted rays. In didymium-phenyl-acetate there is a large band 
between A2830-A2450 and the rays are then transmitted to about 
A2300. This band is more diffuse on the more refrangible side than 
on the less refrangible. In didymium nitrate the rays are transmitted 
to about A2320. So that in both these salts there is more general 
absorption than in the acetate and chloride. 

On comparing the absorption of phenyl-acetic acid and didy- 
mium-phenyl-acetate through a thickness of 6 mm., the width 
of the band of the former is 160 A. units (A2780-A2620), and 

that of the latter is 170 A. units (A2790-A2620). And, through 
the same thickness of 6 mm., the line of general absorption 
is at A2290 in phenyl-acetic acid and at A2310 in didymium- 
phenyl-acetate; through 20 mm. thickness the line of general 
absorption stops at A2820 in phenyl-acetic acid, and at 42835 in 
didymium-phenyl-acetate. Through a thickness of 2 mm. the two 
weak “toluene” bands at about A2730 and A2660, in both of 
these substances, do not show any well-defined differences. These 
photographs. have not been reproduced. Figs. 1, 2, and 3 show 
the differences which are described above, fairly well, but the 
original photographs are, of course, much clearer. 

* ‘Loc: cit. 
+ Loc. cit. 
t Trans. Chem. Soc. 1914, 105. 1372. 
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Fig. 2 

1. Didymium nitrate. 2. Didymium chloride. 3. Didymium acetate. 

] 

2 

D 

4 

Cd. 2146 Cd. 2196 Cd. 2329 Cd. 2572 Cd. 2747 

1. Didymium nitrate. 2. Didymium chloride. 3. Didymium phenyl acetate. 
t. Didymium acetate. 

The transmitted rays in 2 and 4 are well seen in this reproduction, and the large 
band in 3 between \28830—) 2450 is quite clear. 
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RESULTS. 

The results show (1) that in the visible regions of the spectrum 
there are some slight differences in the width and intensity of the 
bands of didymium chloride, nitrate, acetate, and phenyl-acetate; 
the differences are more apparent in the two latter substances, 
particularly at A596, A590-A570, and A476: (2) that in the ultra- 
violet regions the differences in the absorption of the rays are 
much more marked, as for example, in didymium chloride, didymium 
nitrate and didymium acetate; and (3) the large band of didymium- 
phenyl-acetate is a little wider than that of phenyl-acetic acid and 
the line of general absorption is shifted a little more towards the 
red end. 

If the basic and acidic constituents of these salts were com- 
pletely separated from each other in solution, the absorption bands 
should be similar in the visible regions, and there would be well- 
marked differences in the ultra-violet regions, depending on the 
chemical nature of the acid radicle. These experiments prove that 
there are some differences in the bands of various salts both in the 
visible and the ultra-violet regions. Each of the constituent parts 
of the salts exercises its own powers to a considerable extent; but 
they are not free from each other’s influence. The anions and kations 
of the molecule do not vibrate independently of each other. 

There is also the influence exerted by each molecule acting on 
and being acted on by other molecules in their mutual encounters. 
Didymium is not a single element. It is composed of several con- 
stituents two of which we know as neodymium and _praseo- 
dymium, the atomic weights of which are 144-3 and 140-6 re- 
spectively. The various salts of these elements would differ, to 
some extent, in their absorptive capacities, and what we observe 
is the result of a complex series of vibrations of the electrons, 
atoms and molecules of closely related elements. 

I desire to thank the Government Grant Committee of the 
Royal Society who were good enough, some years ago, to place 
funds at my disposal for the purchase of the spectroscope. 
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The absorption spectra of solutions of benzene and some of its 
derivatives at various temperatures. By J. E. Purvis, M.A. 

(Plates IX and X.) 

[Read 7 May 1923.] 

The absorption spectra of the vapours of benzene and its homo- 
logues at different temperatures and pressures and of solutions of 
benzene have been described by Hartley*. He found that at 
increasingly higher temperatures, the general absorption is broad- 
ened and extended towards the less refrangible rays, and that the 
narrow vapour bands were unaltered in position by variations in 
temperature and pressure. He explains the general absorption as 
due to the translatory kinetic energy of the molecules, and the 
selective absorption to the vibrations of the atoms or atom- 
complexes within the molecules, so that they are not affected by 
rise of temperature in the same manner as the translatory molecular 
movements; they are not displaced. When a large number of 
molecules pass the slit of the spectroscope, a greater number of 
the intra-molecular vibrations is brought into the field and the 
feeble bands are intensified. 

So far as the author knows, there are no recorded results of 
the effect of temperature on the spectra of solutions of organic 
substancest. He has investigated the vapours of a number of 
organic substances, and he noticed that narrow bands widened 
into each other at the higher temperatures and pressures. They 
gradually became comparable with the wide and diffuse solution 
bands. The results are published in various volumes of the Trans. 
Chem. Soc. and references to these earlier investigations of the 
substances are given at the end of this paper. From among these 
substances he has selected the following for an examination of the 
effect of changes of temperature on their solution spectra, viz. 
benzene, toluene, monochlorobenzene, benzonitrile, phenol and 
aniline. 

Apparatus. The tube containing the alcoholic solutions was 
40 mm. long and 15 mm. internal diameter; polished quartz plates 
were screwed on each end, and there was a side tube for introducing 
the solutions. The absorbing tube was placed in a brass cell with 
an opening at each end, and a polished quartz plate screwed over 

* Trans. Roy. Soc. A, 1907, 208. 475 et seq. 
+ Hartridge (Proc. Phys. Soc. 1920-21, 54. 128) found that, at the temperature 

of liquid air, the absorption bands of oxy-hemoglobin were sharper to the eye 
than those at laboratory temperatures, and were shifted towards the violet 
approximately 41 A.U. 

» == 
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each opening. The cell was covered with thick asbestos board and 
filled with water—the absorbing tube being completely immersed. 
The cell and its contents were mounted in front of the slit of the 
spectrometer, and a condensed cadmium spark was the source of 
radiation. The times of exposure of the photographic plate varied 
from two to five minutes. Alcoholic solutions of various strengths 
were used—that solution being selected which showed clear and 
well-defined bands of each substance. The temperatures ranged 
from that of the unheated cell, and its contents, to 30° C., 45° C., 
and 60° C. 

Benzene. Alcoholic solutions of benzene of 17/500, M/750 and 
M/1000 strengths were investigated. Three of the seven bands were 
selected as they are strong and well defined; these are at (2618, 
A2554, 42497. It will be noticed (Fig. 1) that at the higher tem- 
peratures they are a little wider, more diffuse, and with a slight 
shift towards the red end. They are also slightly weaker, but this 
does not appear very clearly in the reproduction. The reproductions 
are twice as large as the original photographs. 

Toluene. Fig. 2 is a reproduction of the absorption by a solution 
in alcohol of M/500 strength. As the temperature increases the 
three bands at A273, A266, and A263 gradually widen, become a 
little more diffuse and are shifted towards the red end. The band 
at A263 nearly disappears at 60° C. 

Monochlorobenzene. The absorption by an alcoholic solution 
of M/400 strength is reproduced in Fig. 3. This substance has 
seven bands of varying degrees of width and intensity. At the 
higher temperatures the band at 42714 widens, is more diffuse and 
is shifted towards the red end. The bands at (2645, A2622, A2577 
and A2549 almost disappear. The bands at A2510 and A2450 
are too weak to show anything in this strength of solution. 

Phenol. An alcoholic solution of M/5000 strength was investi- 
gated. This substance has one large diffuse band the centre of 
which is at about A2750. At the higher temperatures the edges of 
this band become more diffuse, but the differences do not come 
out very well in the enlarged reproduction (Fig. 3); the darkening 
at 60° on the more refrangible side of Cd. 2836 is well seen. 

Aniline. The absorption by an alcoholic solution of 1/2500 
strength was investigated. This substance has one large band the 
centre of which is at about A2850. At the higher temperature of 
60° C. the edges of the band appear to be a little more diffuse. 
Photographs have not been reproduced. 

Benzonitrile. In an alcoholic solution of M/1500 strength at 
the higher temperature of 60° C. the band at A2785 is wider, more 
diffuse and shifted a little towards the red end (Fig. 4). The bands 
at A2710 and A2640 are also more diffuse, but this is not so definite 
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as in the band A2785. In a solution of M/1000 strength the 
widening of the band at A2785 is better seen. 

The results show that the effect of an increased temperature 
on solutions of these six substances is a widening of the bands; 
the edges become more diffuse; there is a slight shift towards the 
red end; and they are a shade weaker. 

Dr Liveing* concludes from an investigation of various salts 
of didymium and erbium, whether in dilute or strong solutions, 
that increasing the temperature makes the bands more diffuse, 
spreads them out, makes their limits less definite, and, in the case 
of weak bands, makes them appear weaker. He argues that the 
effects of heat on the spectra afford no confirmation of the supposi- 
tion that the absorptions are due to an increase in the number 
of ions. 

The author’s observations of the action of heat on dilute solu- 
tions of organic substances are similar to Dr Liveing’s results with 
solutions of inorganic substances. There is no suggestion that 
benzene or toluene or aniline are ionised in solution, but the effects 
of heat on the absorption bands are similar to the effects of heat 
on solutions of inorganic salts which are supposed to be dissociated. 
The two sets of phenomena are similar. This may be explained by 
assuming that the selective absorption of all these substances, 
inorganic and organic, is caused by vibrations within the molecule, 
v.e. they owe their origin to the acting and reacting atoms and 
their electrons. The fundamental vibrations of the simpler sub- 
stances are modified by the type of atom or group of atoms which 
may be introduced. In regard to benzene, for example, the funda- 
mental vibrations which produce the seven solution bands in the 
ultra-violet regions are modified in every one of its compounds. 
The bands may be shifted towards the red end, or be diminished 
in number, or may close up to produce one large band, or they 
may disappear altogether. Neither dilution nor heat has any 
such influence. Within the limits of the temperatures to which 
they were submitted there is no difference in the specific type of 
the absorption peculiar to each substance. The type remains con- 
stant and peculiar to each molecule; and, according to this investi- 
gation, at the higher temperatures it is only slightly widened and 
shifted towards the red, it becomes a little more diffuse and a little 
weaker. 

I desire to thank the Government Grant Committee of the 
Royal Society who were good enough, some years ago, to assist 
me in the purchase of the spectroscope. 

* Trans. Camb. Phil. Soc. 1899, 18. 298 et seq. 
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Fig. 2, Toluene, J//500 strength in alcohol. 
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Further references to investigations on the, absorption spectra of the 
substances described in this paper: 

Benzene :— 

For solution: Hartley and Huntingdon, Phil. Trans. 1879, 170. i. 257. 
Hartley and Dobbie, Trans. Chem. Soc. 1898, 73. 695. 
Baly and Collie, Trans. Chem. Soc. 1905, 87. 1332. 

For vapour: Hartley, Phil. Trans. A. 1907, 208. 475. 

Monochlorobenzene:— 

For solution: Baly, Trans. Chem. Soc. 1905, 87. 1332, and Proc. Chem. Soc. 
TL Bl, WP 

Purvis, Trans. Chem. Soc. 1911, 99. 824. 

For vapour: Purvis, Trans. Chem. Soc. 1911, 99. 812. 

Benzonitrile:— 

For solution and vapour: Purvis, Trans. Chem. Soc. 1915, 107. 501. 

Phenol:— 

For solution: Hartley, Dobbie and Lander, Trans. Chem. Soc. 1902, 81. 929. 
Baly and Ewbank, Trans. Chem. Soc. 1905, 87. 1347. 

For vapour: Purvis and McCleland, Trans. Chem. Soc. 1913, 103. 1089. 

Aniline :— 

For solution: Hartley and Huntingdon (loc. cit. above). 
Baly and Collie (loc. cit. above). 

For vapour: Purvis, Trans. Chem. Soc. 1910, 97. 1547. 





PROCEEDINGS AT THE MEETINGS HELD DURING 
THE SESSION 1922—1923. 

ANNUAL GENERAL MEETING. 

October 30, 1922. 

In the Cavendish Laboratory. 

PROFESSOR SEWARD, PRESIDENT, IN THE CHAIR. 

The following were elected Officers for the ensuing year: 

President: 

Mr C. T. Heycock. 

Vice-Presidents : 

Prof. Newall. 

Prof. Seward. 
Dr H. Lamb. 

Treasurer: 

Mr F. A. Potts. 

Secretaries : 

Prof. Baker. 
Mr F. W. Aston. 

Mr J. Gray. 

Other Members of Council: 

Prof. Hopkins. Mr T. C. Nicholas. 
Dr Bennett. Dr E. H. Griffiths. 
Dr Hartridge. Mr C. T. R. Wilson. 
Mr H. Hamshaw Thomas. Mr J. M. Wordie. 
Mr R. H. Fowler. Mr G. I. Taylor. 
Mr KE. Cunningham. Mr H. MeCombie. 

The’following were elected Associates of the Society: 
Nazir Ahmid, Peterhouse. 
L. F. Bates, Trinity College. 
F. Bath, King’s College. 
A. H. Bebb, Downing College. 
L. F. Curtiss. 
F. Goldby, Gonville and Caius College. 
W. G.S. Hopkirk, Gonville and Caius College. 
J. Hyslop, St John’s College. 
J. K. Jones, Trinity College. 
Hem Singh Pruthi, Fitzwilliam Hall. 
F. I. G. Rawlins, Trinity College. 
J. 8. Rogers, Trinity College. 
Miss H. G. Telling, Newnham College. 
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The following Communications were made to the Society: 

1. Determinations of the velocity with which Carbon Monoxide dis- 
places Oxygen from its combination with the blood pigment Haemo- 
globin. 

(a) A spectroscopic method of estimating the relative proportions 
of Oxygen and Carbon Monoxide in combination with 
Haemoglobin. 

(b) Factors which affect the accuracy of the Spectroscopic method. 
(c) Basic principles of the two methods of estimating the velocity 

of the Reaction. 
(d) Description of the actual technique employed. 
(e) The results obtained and conclusions. 

By Dr Harrripce and F. J. W. Rouenton, B.A., Trinity College. 

2. Some problems of Diophantine approximation. By Prof. G. H. 
Harpy and J. E. Lirrtewoop, M.A., Trinity College. 

3. A preliminary investigation of the Intensity Distribution in the 
B-ray Spectra of Radium B and C. By Dr Caapwick and C. D. Extis, 
M.A., Trinity College. 

4. Partition Functions for temperature radiation and the internal 
energy of a crystalline solid. By C. G. Darwin, M.A., Christ’s College, 
and R. H. Fowter, M.A., Trinity College. 

5. On an integral equation. By J. E. LirrLewoop, M.A., Trinity 
College, and E. A. Mitnz, M.A., Trinity College. 

6. The automatic synchronization of Triode Oscillators. By E. V. 
AppLeton, M.A., St John’s College. 

7. Note on the curved tracks of B Particles. By P. L. Kaprrza. 
(Communicated by Mr C. G. Darwin.) 

8. Meteorology and the non-flapping flight of tropical birds. By 
Dr G. T. WALKER. 

9. The algebra of symmetric functions. By Major P. A. MacManon. 

November 13, 1922. 
In the Botany School. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following was elected an Associate of the Society: 
R. Schlapp, St John’s College. 

Dr Arthur Smith Woodward delivered a Lecture entitled “The Skulls 
of Palaeolithic Men,” which was illustrated with lantern slides. 

The following Communications were made to the Society: 
1. On a system of differential equations which appear in the theory 

of Saturn’s rings. By W. M. H. Greaves, M.A., St John’s College. 

2. Fluctuations in an assembly in statistical equilibrium. By C. G. 
Darwiy, M.A., Christ’s College, and R. H. Fowter, M.A., Trinity College. 



Proceedings at the Meetings 793 

November 27, 1922. 

In the Cavendish Laboratory. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

J.C. Burkill, B.A., Trinity College. 
J. A. Carroll, B.A., Sidney Sussex College. 
R. A. Fisher, M.A., Gonville and Caius College. 
J. P. Gabbatt, M.A., Peterhouse. 
A. Hopkinson, M.B., Emmanuel College. 
A. E. Ingham, B.A., Trinity College. 
C. G. F. James, B.A., Trinity College. 
F. J. W. Roughton, B.A., Trinity College. 
M. Thomas, B.A., Trinity Hall. 
C. EK. Tilley, Ph.D., Emmanuel College. 
Hugh Watson, M.A., Trinity College. 

The following were elected Associates of the Society: 

K. A. Guggenheim, Gonville and Caius College. 
O. H. Malik, Fitzwiliam Hall. 

The following Communications were made to the Society: 

1. On some a-ray tracks. By C. T. R. Witson, M.A., Sidney Sussex 
College. 

2. The interpretation of the Pelvic Region and Thigh of Monotremata. 
By A. B. Appteton, M.D., Downing College. 

3. Observations on the innervation of the pubi-tibialis (sartorius) 
muscle. By A. B. AppLeton, M.D., Downing College, and F. Gotpsy, 
Gonville and Caius College. 

4. The axioms of elliptic geometry. By Dr W. BurnsIpe. 

5. The periodic solutions of the differential equation for the triode 
oscillator. By W. M. H. Greaves, M.A., St John’s College. 

6. Complexes of cubics in ordinary space. By C. G. F. James, B.A., 
Trinity College. 

January 22, 1923. 

In the Comparative Anatomy Lecture Room. 

Mr C. T. Hrycock, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

L. E. Bayliss, B.A., Trinity College. 
F. Debenham, M.A., Gonville and Caius College. 
Sir G. P. Lenox-Conyngham, M.A., Trinity College. 
R. E. Priestley, B.A., Clare College. 

VOL. XXI. PART VI. 52 
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The following were elected Associates of the Society: 

H. J. Brennan, Trinity Hall. 
H. Davis, Trinity College. 
G. P. Wells, Trinity College. 
Miss G. L. Elles, Newnham College. 
Miss D. L. Foster, Newnham College. 
Miss D. M. Wrinch, Girton College. * 

The following Communications were made to the Society: 

1. (1) The stellate appendages of telescopic and entoptic diffraction. 

(2) Can gravitation really be absorbed into the frame of space 
and time? 

By Prof. Sir JosepH Larmor. 

2. The representation of a cubic surface upon a quadric surface. By 
Prof. H. F. Baker. 

3. Measurements of the rate of oxidation and reduction of Haemo- 
globin. By Dr Harrripce and F. J. W. Rovueuron, B.A., Trinity 
College. 

4. A method of measuring the Carbon Dioxide output of aquatic 
animals. By J. T. SaunpeErs, M.A., Christ’s College. 

5. Changes in the specific gravity of Daphnia pulez L. By Miss 
D. Eypen. (Communicated by Mr J. T. Saunders.) 

February 5, 1923. 

In the Cavendish Laboratory. 

Me C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

E. G. Dymond, B.A., St John’s College. 
W. B. R. King, M.A., Jesus and Magdalene Colleges. 
E. G. Williams, B.A., Trinity Hall. 
A. F. R. Wollaston, B.Ch., King’s College. 

The following were elected Associates of the Society: 

Miss A. Bishop, Girton College. 
Miss F. M. Hamer, Girton College. 
C. C. Hurst, Trinity College. 
Miss D. M. Moyle, Girton College. 
Miss M. B. Thomas, Girton College. 
Miss B. Trevelyan, Girton College. 

The following Communications were made to the Society: 

1. The escape of molecules from an atmosphere, with special reference 
to the boundary of a gaseous star. By E. A. Mrinz, M.A., Trinity College. 

2. Free paths in a non-uniform rarefied gas with an application to 
the escape of molecules from an isothermal atmosphere. By J. E. JonEs. 
(Communicated by Mr R. H. Fowler.) 
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3. L Series of Tungsten and Platinum. By J. S. Rogers. (Com- 
municated by Prof. Sir EK. Rutherford.) 

4. Contributions to the theory of @-particle phenomena. Part I. Stop- 
ping Powers. Part II. Ionization. By R. H. Fowrsr, M.A., Trinity 
College. 

5. The representation of varieties in space of three and four dimen- 
sions. By C. G. F. Jamss, B.A., Trinity College. 

6. On the fifth book of Huclid’s elements. By Dr M. J. M. Hixt. 

7. A chapter from the note-book of Mr Ramanujan. By G. H. Harpy, 
M.A., Trinity College. 

8. Hankel Transforms. By E. C. Trrcomarsa. (Communicated by 
Mr G. H. Hardy.) 

9. A generalisation of Feuerbach’s theorem. By J. P. Gapsart, M.A., 
Peterhouse. 

February 19, 1928. 

In the Anatomy School. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

Dr Richard Goldschmidt (Kaiser Wilhelm-Institut, Berlin) delivered 
a Lecture entitled ‘‘ Intersexuality and the problem of sex determination.” 

March 5, 1923. 

In the Cavendish Laboratory. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

A. W. Barton, B.A., Trinity College. 
L. C. G. Clarke, M.A., Trinity Hall. 
Prof. H. R. Dean, M.D., Trinity Hall. 
H. M. Fox, M.A., Gonville and Caius College. 
E. C. Francis, M. oN Peterhouse. 

Ae? Gardiner, B. A., Gonville and Caius College. 
. Goard, B.A. , Trinity College. 

. 5. Haldane, M.A. , Trinity College. 
. Hartree, B. A., St John’s College. 
. Hobson, B.A., Christ’s College. 
._M atthews, B.A. , King’s College. 
erton, M.A. , Trinity College. 

EGU iL, Perkins, B.A. , Trinity College. 
Ee W.8- Skinner, B.A. , Trinity College. 

The following were elected Associates of the Society: 

A. T. Akers, Gonville and Caius College. 
O. R. Howell, Emmanuel College. 
T. Moran. 
J. Piqué. 
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The following Communications were made to the Society: 

1. Some observations on a-particle tracks in a magnetic field. By 
P. Kaprrza. (Communicated by Prof. Sir Ernest Rutherford.) 

2. The capture and loss of electrons by a@-particles. By Prof. Sir 
ERNEST RUTHERFORD. - 

3. The magnetic field of a helix. By Dr H. Lams. 

4. (1) The theory of errors of observation. 
(2) The solution of a certain partial difference equation. 

By Dr W. BurnsIbe. 

5. A note on the natural curvature of alpha Ray Tracks. By P. M.S. 
- Buackett, B.A., Magdalene College. 

March 12, 1923. 

In the Chemical Laboratory. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

Professor Sir William Pope gave a Demonstration on Doubly Re- 
fracting Liquids. 

May 7, 1923. 

In the Cavendish Laboratory. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following Communications were made to the Society: 

1. The recuperation of energy in the Universe. By Dr G. D. Liverne. 

2. (1) Infra-red spectra. 
(2) The absorption spectra of some organic and inorganic salts 

of didymium. 
(3) The absorption spectra of solutions of benzene and some of its 

‘derivates at various temperatures. 
(4) The absorption of the ultra-violet rays by phosphorus and some 

of its compounds. 
By J. E. Purvis, M.A., Corpus Christi College. 

3. A note on the electromagnetic mass of the electron. By E. C. 
Sronrr, B.A., Emmanuel College. 

4. Chemical constants of diatomic molecules. By R. R. 8. Cox, B.A., 
Christ’s College. (Communicated by Mr R. H. Fowler.) 

May 21, 1923. 

In the Cavendish Laboratory. 
Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

Sir Robert Waley Cohen, M.A., Emmanuel College. 
V.C. Pennell, M.A., Pembroke College. 
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The following was elected an Associate of the Society: 

J. 8S. Bentwich, Trinity College. 

The following Communications were made to the Society: 

1. (1) The partitions of Infinity. 
(2) The prime numbers of measurement. 

By Major P. A. MacManon. 

2. On Approximate Continuity. By M. H. A. Newman, B.A., St 
John’s College. (Communicated by Prof. H. F. Baker.) 

3. The pedal locus in hyperspace. By J. P. Gapsartt, M.A., Peterhouse. 

4. On some approximate numerical applications of Bohr’s theory of 
spectra. By D. R. Harrrer, B.A., St John’s College. 

5. Some statistical aspects of Geographical Distribution. By A. G. 
THAcKER. (Communicated by Mr J. Gray.) 

6. On the structure of a middle Cambrian Alga from British Columbia 
(Marpolia spissa, Walcott). By J. Watton, M.A., St John’s College. 

7. On the invasion of woody tissues by wound parasites. By F. T. 
Brooks, M.A., Emmanuel College, and W. C. Moors, B.A., Trinity 
College. 

June 12, 1923. 

In the Cavendish Laboratory. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

Niels Bohr (Hon. Sc.D., Cambridge), Professor of Theoretical Physics 
in the University of Copenhagen, was elected an Honorary Member of 
the Society, on the ground of his valuable contributions to Mathematical 
Physics, and especially to the Theory of the Constitution of the Atom. 

July 16, 1923. 

In the Cavendish Laboratory. 

Mr C. T. Heycock, PRESIDENT, IN THE CHAIR. 

The following were elected Fellows of the Society: 

W. W. Rouse Ball, M.A., Trinity College. 
Rev. F. D. Bateman, M.A., Sidney Sussex College. 
John Brill, M.A., St John’s College. 
S. Brodetsky, M.A., Trinity College. 
G. 8. Carter, B.A., Gonville and Caius College. 
T. M. Cherry, B.A., Trinity College. 
K. F. Collingwood, B.A., Trinity College. 

E. Cullis, M.A., Gonville and Caius College. 
EK. J. Curzon, M.A., Downing College. 
B. Dale, M.A., St John’s College. 
B 

C. 
H. 
J. 
B. Bentham Dickinson, M.A., Emmanuel College. 
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W.C. Fletcher, M.A., St John’s College. 
C. Fox, M.A., Sidney Sussex College. 
Peter Fraser, M.A., Queens’ College. 
R. A. P. Gray, B.A., St John’s College. 
H. Ronald Hassé, M.A., St John’s College. 
L. Isserlis, B.A., Christ’s College. 
T. R. Lee, B.A., Pembroke College. 
G. H. Livens, M.A., Jesus College. 

Bish Macaulay, M. A, St John’s College. 
. R. Mehra, Ph.D., Fitzwilliam Hall. 
. P. Milne, M.A., Clare College. 

. H. A. Newman, B.A., St John’s College. 
. R. Parsons, M.A., Sidney Sussex College. 
. Prasad, M. iA. Christ’s College. 

. Proudman, M. A., Trinity College. 
alak Ram, M. A., St John’s College. 
olin M. Ross, M.A. , King’s College. 

. A. Sampson, MLA., St John’s College. 
. H. Smart, M.A., Queens’ College. 
. O. Street, M.A., St John’s College. 

J. F. Tinto, M.A., Trinity College. 
H. W. Turnbull, M.A., Trinity College. 
C. Walmsley, M.A., King’s College. 
K. L. Watkin, M.A., St John’s College. 

The following was elected an Associate of the Society: 

T. Alty, Trinity College. 

a0 gach ale 

EOS 

The following Communications were made to the Society: 

1. The possible mechanics of the hydrogen atom. By W. M. H. 
Greaves, M.A., St John’s College. 

2. The motion of a neutral ionised stream in the earth’s magnetic 
field. By 8S. Coapman, M.A., Trinity College. 

3. Analytical theory of crystals. By J. D. Bernat, B.A., Emmanuel 
College. (Communicated by Prof. H. F. Baker.) 

4. Two geometrical notes: (1) Theory of confocal quadrics and 
Poncelet’s porism of inscribed triangles. (2) A self-reciprocal figure, and 
the associated cubic surfaces. By Prof. H. F. Baker. 

5. Sur la représentation analytique des congruences de coniques. 
By Monsieur L. Gopraux. (Communicated by Prof. H. F. Baker.) 

6. Dougall’s theorem on hypergeometric functions. By C. T. PREECE. 
(Communicated by Dr G. N. Watson.) 

7. A quintic locus defined by five points in a plane. By W. L. Marr. 
(Communicated by Mr W. P. Milne.) 

8. On the problem of three bodies. By J. Britt, M.A., St John’s 
College. 
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9. Extensions of a theorem of Segre’s, with their natural position in 
space of seven dimensions. By C. G. F. Jamzs, B.A., Trinity College. 

10. The form of the solution of the equations of dynamics. By 
T. M. Cuerry, B.A., Trinity College. 

11. Note on Dr Burnside’s recent paper on errors of observation. 
By R. A. Fisuer, M.A., Gonville and Caius College. 

12. Further examples of partition functions. By C. G. Darwin, 
M.A., Christ’s College, and R. H. Fowter, M.A., Trinity College. 

13. Real twisted cubics which are geodesics on quadric surfaces. By 
H. W. Ricumonp, M.A., King’s College. 

[Note. The Membership of the Society on 30 September, 1925, consists 
of: 

Honorary members, 32; Life Fellows, 215; Life Fellows paying a 
voluntary annual subscription of one or two guineas, 20; Fellows paying 
an annual subscription of two guineas, 180; Associates, paying one 
guinea annually, 52; Readers in the Library, paying ten shillings 
annually or five shillings for a single term, 56. 

A revised list of the members of the Society will be issued as soon as 
the expense of printing this seems justified. | 

MEETINGS OF THE SOCIETY 1923—1924 

Mondays Oct. 29, Nov. 12, Nov. 26, Dec. 3 

Jan. 21, Feb. 4, Feb. 18, Mar. 3_ 

May 5, May 19 

July 14 

at 4.30 p.m., except on Nov. 12 and Feb. 18, when the Meetings will 
be at 8.45 p.m. 
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with references to 

Absorption of the ultra-violet rays by 
phosphorus and some of its com- 
pounds (Purvis), 566 

Absorption spectra of some organic and 
inorganic salts of didymium (PURVIS), 
781 

Absorption spectra of solutions of ben- 
zene and some of its derivatives at 
various temperatures (Purvis), 786 

Accounts, statement of, for 1922, 800 
Aumip, Nazir, Elected Associate 1922, 

October 30, 791 
Axers, A. T., Elected Associate 1923, 

March 5, 795 
Algebra of symmetric functions (Mac- 

Manon), 376 
Alpha particle emission (HENDERSON), 

56 
Alpha particle tracks in a magnetic field 

(Kaprrza), 511 
Alpha particles, capture and loss of 

electrons by (RUTHERFORD), 504 
Alpha particles, effect of deviations from 

the inverse square law on the scat- 
tering of (BIELER), 686 

Alpha particles through matter, theory 
of the motion of (Fow eR), 521, 
531 

Alpha ray tracks (WiLson), 405 
Alpha ray tracks, natural curvature of 

(BLACKETT), 517 
Atty, T., Elected Associate 1923, 

July 16, 798 
Ammonia gas the absorbing surface 

(LupLAM), 48 
ANDRADE, E. N. pa C., 126 
Angular momentum (SEARLE), 75 
Aphides (HaviiAnp), 27 
Apolar quadrics, geometrical theory of 

(TELLING), 249 
AppLeton, A. B., The interpretation of 

the pelvic region and thigh mono- 
tremata, 793 

—— and GoupBy, F., Observations on 
the innervation of the pubi-tibialis 
(sartorius) muscle, 793 

AppLeTon, E. V., The automatic syn- 
chronization of triode oscillators, 231 

Arachnids of Jan Mayen (Bristowe), 
38 

ARCHIBALD, R. C., 336 
ARKADIEW, W., 55 

the Transactions 

Asymptotic relation between arithmetic 
sums (Wrson), 140 

Atom, hydrogen, mechanics of the 
(GREAVES), 600 

Baker, F. B., Elected Fellow 1921, 
November 28, 292 

Baxer, H. F., 158 
Batrour-Browneg, W. A. F., Elected 

Fellow 1922, February 6, 292 
Batt, W. W. R., Elected Fellow 1923, 

July 16, 797 
Barcrort, J., The physiology of life in 

the Andes, 296 
BaRnss, C., 13 
Barnes, E. W., 492, 498, 499 
Barton, A. W., Elected Fellow 1923, 

March 5, 795 
BatEMAn, F. D., Elected Fellow 1923, 

July 16, 797 
Bates, L. F., Elected Associate 1922, 

October 30, 791 
Batu, F., Elected Associate 1922, Octo- 

ber 30, 791 
Baxter, G. P., 546 
Bayuiss, L. E., Elected Fellow 1923, 

January 22, 793 
Brss, A. H., Elected Associate 1922, 

October 30, 791 
BELTRAMI, 763 
Beuz, M. H., The measurement of mag- 

netic susceptibilities at high fre- 
quencies, 52 

Bentwicnu, J. 8., Elected Associate 
1923, May 21, 797 

Benzene, absorption spectra of solutions 
of (Purvis), 786 

BERKHAN, G., 297, 337, 338 
Busse, 91, 92 
Bessel functions (LAMB), 477 
Beta particles, curved tracks of (KAprrza), 

129 
Beta ray spectra, 

(Exits), 121 
Beta ray spectra of radium B and C, 

intensity distribution in the (CHap- 
wick and Exuis), 274 

Beta rays, magnetic deflection of (Har- 
TREE), 746 

Biever, E. §8., The effect of deviations 
from the inverse square law on the 
scattering of a-particles, 686 

interpretation of 

* Made by Mr 8S. Matthews, of the Philosophical Library. 
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Breer, E. S., 514 
Bionomics of certain parasitic Hymen- 

optera (HAVILAND), 27 
Birds, meteorology and the non-flapping 

flight of tropical (WALKER), 363 
Bisoop, A., Elected Associate 1923, 

February 5, 794 
Buiackett, P. M. §., Elected Fellow 

1922, February 6, 292 
A note on the natural curvature of 

a-ray tracks, 517 
Slits files Gls aye) 

Buaks, F. C., 431 
BopEnsteny, M., 544 
Bour, N., Eleeted Honorary Member 

1923, June 12, 797 
— 8], 86, 515, 519, 521, 522, 523, 525, 

531, 629, 630 
Bohr atom (TrxKAL), 80 
Bohr’s theory of spectra, approximate 

numerical applications of (HARTREE), 
625 

Borst, E., 4 
Boring, 22 
Bosanquet, C. H., 625, 638 
Bower, F. O., 110, 115, 116 
Braae, W. L., 549, 625, 638 
Brennan, H. J., Elected Associate 

1923, January 22, 794 
Brix, J., Elected Fellow 1923, July 16, 

797 
On the problem of three bodies, 753 

Bristol Channel, tide in the (GREENHILL), 
91 

BristowrE, W. S., The Insects and 
Arachnids of Jan Mayen, 38 

Bropetsky, 8., Elected Fellow 1923, 
July 16, 797 

Brooks, F. T. and Moors, W. C., On 
the invasion of woody tissues by 
wound parasites. See Biological 
Sciences, 1 

Brown, T. A., Elected Fellow 1921, 
November 28, 292 

BuppeEn, M. T., Elected Associate 1921, 
November 28, 292 

BumsteEap, H. A., 406 
Burcers, J. M., 81 
Bureuss, H., Elected Associate 1922, 

February 6, 293 
Burk, J. C., Elected Fellow 1922, 

November 27, 793 
The fundamental theorem of Den- 

joy integration, 659 
Burnsipe, W., On errors of observa- 

tion, 482. (FisHmrR), 655 
The solution of a certain partial 

difference equation, 488 
— On the formulae of one-dimensional 

kinematics, 757 
Burusr, F. H. C., Elected Fellow 1921, 
November 28, 292 

803 

Caporaut, E., 302 
CARATHEODORY, 659 
Carson, F., 494 
CaRRoty, J. A., Elected Fellow 1922, 
November 27, 793 

Carter, G. S., Elected Fellow 1923, 
July 16, 797 

CaASTELNUOVO, G., 216, 218 
Cauchy’s theorem (WI1GERT), 17 
CayLey, A., 304, 315, 376 
Cuapwick, J., Elected Fellow 1922, 
May 15, 295 

121, 128, 514, 686 
and Eris, C. D., A preliminary 

investigation of the intensity distri- 
bution in the 8-ray spectra of radium 
Band C, 274 

Cuapman, R. E., Elected Associate 1922, 
February 20, 293 

CHAPMAN, S8., The motion of a neutral 
ionised stream in the earth’s magnetic 
field, 577 

CHARLIER, 603 
Chart, alignment, for thermodynamical 

problems (CosEns), 228 
CuawortuH-Musters, J. L., The vege- 

tation of Jan Mayen, 292 
Chemical constants of diatomic mole- 

cules (Cox), 541 
CHERRY, T. M., Elected Fellow 1923, 

July 16, 797 
On the solution of difference 

equations, -711 
CHRYSTAL, C., 91 
Circles, generalization of the theory of 

(GABBATT), 297 
CuarKk, M. L., 525 
CiaRKE, L. C. G., Elected Fellow 1923, 

March 5, 795 
Ciawson, 348 
CuezscH, A., 171, 227, 299, 337, 615, 619 
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